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Introduction

= Differential Dynamic Programming (DDP) is one of the most recent techniques
used for solving nonlinear optimal control problems.

= |tis based on Bellman’s Principle of Optimality which states [1]:

“An optimal policy has the property that whatever the initial state and initial
decision are, the remaining decisions must constitute an optimal policy with
regard to the state resulting from the first decision.”

= This principle can be mathematically expressed using the following formulations

B oV (x,t)

P muin[L(x,u, t) + (Ve(x,t), f(x,u,t))],

where V' is the optimal value function defined as:

t
V(x,t) = J L(x,u,t) dt + F(x(tf), t7)

to
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Main principle

= The previous partial differential equation is unsolvable analytically.

= The difficulty of the numerical solution lies in the high dimensionality of

the equation.

= Differential Dynamic Programming tries to overcome the curse of

dimensionality associated to Bellman’s Principle of Optimality [2].

= The main idea is to apply Bellman’s Principle of Optimality in the

neighbourhood of a nominal, nonoptimal trajectory of the system.
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Problem statement

= The problem to be solved is the following: considering a trajectory defined by
Xg, X1, ---,» Xn, Which satisfies:
Xiv1 = f(xug ;)

= Determine the control vectors ug, U4, ..., Uy—1 Minimising the cost function:
N-1
‘7 — Z L(xiiui; tl) + F(xN)
i=1

= Subject to the vector equality constraint:

Id(xy) =0
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Constraint consideration

= The equality constraint is embedded in the value function using a set of Lagrange

multipliers k
N-1

Ve t) = ) Lt t) + Flay) + k70 (xy)

=1
= The value function satisfies Bellman’s Principle of Optimality, which in the

discrete case is:
V(x, k t;) = rrllii‘n[ll(xi;ui» t;) +V(xir1, k, tivq)]
l
= |t is possible to rewrite the previous expression in terms of displacements

0x;,0x;41, 0k in the following way:

V(fl + 5Xi, ]; + 5k, ti) = rrglln[L(fl + (le-,ui, ti) + V(fi+1 + 5Xi+1, E + 5](, ti+1)]
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Differential Dynamic Programming

Taylor expansions

= |tis assumed that 6x;, dx;,1, 0k are small enough so that each term can be rewritten
using Taylor expansions around the nominal trajectory terminated at second-order

terms.
= T i i ' i Lo Ty Ty/i 1o Ty
V(% + 0x;, k+ 6k, t;) = a' + Vi + Visx; + Visk + Ele- ViSx; + 6x] V5L 6k + §5k V. ok
. . 1 .
L(fl + 5Xi, ti) = L'+ L§C5xl + §5xlTLgcx6xl
. _ . 1 .
§xi1 = (Ff(@pupty) — Fr (&L t)) + fix + §5xinxlx5xi
_ . _. . . 1 .
V(%41 + 8xi41, k + 8k, tipq) = attt+ VI + Uitsx, + ViYIGk + E(sz;lvxl;laxm +
. 1 .
Sxl  VELSk + EakTV,g,tlcsk

= Where a =V — V represents the difference between the optimal and nominal

value function respectively.
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Minimisation process

= Replacing everything in Bellman’s Principle of Optimality, an expression to be minimised
with respect to the control u; is get.
= The minimisation is performed in two stages:
* First, set 5x; = 0 and 6k = 0 to compute the value of a pseudo-optimal control u*

* Perform a Taylor expansion of the previous terms about the pseudo-optimal control

withu; = u™ + Suy;

* The second stage is accomplished when the new expansion is minimised with

respect to du; leading to the following feedback control law:

ou; = f16x; + Po0k

_ . T - . . —xT - . . ,
Br =071 [Hi + FIVERE+ (FF = F) Vi AL By = —AU VD

. . . . . —T - . ) . ) )
A= Hiy + fEVEE+ (FF = 1) Vi ik Hi= L} + Vi
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Difference equations

= Substituting all the expressions in Bellman’s Principle of Optimality and equating

the coefficients of like powers of 6x; and 6k, the following difference equations
are obtained [3]:

d= gt Hi— i+ %(fi _fi)Tingzl-l(fi ~ 9 aV =0
V= Hi+ (Fi = F) VA VN=F(y) + kS, (%)
Vi= Vi (F - ) v VN = o7 (@)
b= LU VR — BIAB, e = 9% (Xn)
Vike = Vi — B3 0B, VN =0

, . T« . , —~T - , _ - _
Ve = Hiy + fiE VEARE 4+ (FP = FY) Vi AL — BTABL VY = Fe (Bn) + kT0,x(y)

= These difference equations should be integrated backward starting from the set
of final conditions.
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Equality constraint check

= After the minimisation of the cost function in the unconstrained case, it is

necessary to check if the equality constraint is satisfied.

= |f this does not occur a new value for the Lagrange multipliers is computed by

using the maximisation of the value function which leads to this formulation:
-1
SkT = —eVd, 9(xy)

= The parameter 0 < ¢ < 1 is introduced to modulate the size of the §k produced

by the previous equation.

= The Lagrange multipliers are updated and a new stage of the algorithm can start

until the equality constraint is respected and the cost is minimised.
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Introduction

= The main idea is to apply the Differential Dynamic Programming algorithm to
problems where the state is defined in terms of orbital elements (for example

classical Keplerian elements).

= |n this way it is possible to get a more physical interpretation of the problem

since it is easy to understand how the orbit is changing and what its shape is.

= Moreover, it is interesting to compare how the DDP works for different state
representations and check which are the positive and negative aspects

associated to the two formulations.
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Orbital-Element-Based DDP

Dynamics definition

= The first requirement for the DDP algorithm is a formulation of the Dynamics in
terms of Keplerian orbital elements.

= For this purpose, Gauss’ variational equations have been considered, in such a
way that they can be applied also for non-conservative effects [4].

da 2a%v
at u 4
de 1

r .
priais [Z(e + cos f)a; — asmf an]

di rcos(w+ f)

- h "
dQ rsin(w + f)

= . ap
dt h sin i
dw 1 _ r rsin(w + f) cosi
Frie 5[251nfat+(29+acosf)an]— P ap
df h 1

2 Lz o+ (2o + Feosr) ]
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Updated dynamics

= |t is better to express each term explicitly as a function of the six orbital
elements and replace the perturbing accelerations with the control components.

U

da 5 a3(1+ 2ecosf + e?)
- u(1—e?)

dt

de a(l —e?) (1—e?)sinf
g 2 —

dt \/,u(1+26cosf+ez)[ (e + cos flu, 1+ecosf ¥n

di  |a(1—e?)cos(w+ f)

dt U 1+ecosf “a

dQ  |a(1—e?) sin(w+ f)

dt U (1+ecosf)siniuh

d 1 1—e? 1—e?
d—(:zz\/ a( ¢ ) 2) IZSIHfUt <2€+ 1+€COSfCOSf un] a( ° ) Sln(w-l_f) Sin Up
df

u(l+2ecosf +e (1+ecosf)cosi

—=\/ a (1+ecosf)2——\/ a1 — e*) [251nfu <Ze+—cosf>u]
dt a3(1 —e?)3 u(l+ 2ecos f + e?) et 1+ecosf "
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Constraint definition

= After the assessment of the dynamics, it is necessary to express also the equality
constraint in terms of orbital elements.

= The easiest way is to define a final condition given in terms of orbital elements
and consider the following implicit equations:

V1 =a—ar=0
U,=e— e =0
U3=1i—1=0
U, =0— Q=0
Us=w— wr=0
9¢=f—fr=0

= However, these equations imply that there is a rendez-vous, since it is imposed
an equality constraint both on the position and the velocity vectors.
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Test case definition

= An interplanetary transfer to Mars has been considered to test the algorithm.

= The problem is defined both in Cartesian formulation and Keplerian elements

version in order to compare the results.

= Moreover, the problem will be first solved in the unconstrained case and then

the constraint will be added (for which optimal results are still not available).
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Results

Cartesian formulation

= Dynamics = Final condition: Mars orbit
Xf = XMars
( Ty = Uy Yf = YMars
'f'y = Uy Zf = ZMars
T, = U,
H = Constraint definition
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Theoretical considerations

= The first step of the minimisation procedure of the algorithm consists in finding
the pseudo-optimal control u”. It is given by the minimum of this expression:

min lLi + a4+ VHL L (- fY) + %(fi - fi)Tin;rl(fi - fl)]

Ui

= Since the previous quantity is at a minimum when evaluated at u¥, its first
derivative with respect to u; should be zero.

i+ (7= ) v (F = 1) =0
= The derivative of the Hamiltonian is further explored:
Hy = L+ Vg

= Only the last three equations in the equations of motion have the derivative with
respect to the control different from 0.
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Theoretical considerations

25/04/2019

The term Vi1 is simply equal to the vector of Lagrangian multiplier.
Vi+1 — kT
X

Analysing the difference equations for the V.1 and the coefficient S,

, . T . . . —\T - .

Vie = Hux + fE VER+(F = 1) Vi e — BB
_ . T . . . T - .
Br= 07" Hiw + FITVESE+ (FF = F1) VE AL

HL. is identically equal to 0 and also H., is identically equal to O for the position
constraint problem, since its formulation is given by:

Haicx — Lgcx + in+1fxix

The £, matrix has non-zero elements corresponding to the derivatives of the
last three equations of the dynamics but these derivatives multiply null terms.

The result is that V,,, = 0 and since the final condition is equal to 0, this term is
also identically equal to 0.
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Practical consequences

= This result has effects also on the evaluation of the coefficient f; which becomes

always equal to 0.

= This means that the first part of the optimisation process considering 6k = 0

occurs in a single iteration.

= This property is lost if a constraint on the velocity is introduced or if the

constraint is expressed into a different form (for example with a quadratic form).
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Orbital elements formulation

= Dynamics: Gauss’ variational equations

Initial condition: satellite Keplerian elements

kepy = [ag, e, ig, Lo, o, fo]

Final condition: Mars orbital elements

kepf — [aMars: €Mars: IMars» QMars: Wpmars» fMars]

Constraint definition

raN — Appars = 0
ey — epmars = 0 = Cost function
19:<iN_iMars=O B
Qn — Qpars =0 N
Wy — Oygrs = V= z ||u]|| + k79
\fN — fmars = 0 j=0
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Results

Theoretical considerations

= The only constraint that can be neglected is the last one on the true anomaly, in
order to achieve the requirement to be on the final orbit (even if the position

may be different from the one desired).

= This means that the minimum number of constraints to be considered is 5 and

all the properties defined for the Cartesian representation are lost.

= Moreover, one of the main difficulties in using the Keplerian representation is to
establish a proper tolerance for the constraint achievement since the semi-major

axis has a different order of magnitude with respect to the other elements.
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Unconstrained problem

= Both for the Cartesian representation

% 10712

and the Keplerian version, the 2 ' ' ' —

unconstrained problem gives as o1 | ]

optimal solution u = 0.

u[km/s?]

= This solution is correct since the

system of equations defined by the

1.5 7
partial derivatives of the Hamiltonian
2+ E
with respect to the control becomes a - . . . .
0 5 10 15 20
homogeneous system. tldays|
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Results

Unconstrained problem: elements variation
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= An introduction to a Keplerian-Orbital-Element-based optimisation approach via
Differential Dynamic Programming has been investigated.

= The algorithm procedure has been kept the same, considering only a new
formulation for the dynamics (Gauss’ variational equations) and for the equality
constraints.

= Cartesian representation shows numerical advantages in the unconstrained part
of the optimisation.

= New formulations of the constraints will be considered to get better
convergence.

= This kind of procedure suits particularly for low-thrust applications since it
considers a continuous control thrust.

= A further improvement of the technique will be the introduction of state
transition matrix in terms of Keplerian elements to map the partial derivatives.
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