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Highlights 

• A novel CFD approach for simulate liquid reactions is proposed. 

• The model can be used for any value of the kinetic and mixing characteristic times. 

• Continuous reactors are analyzed as case-studies. 

 

Abstract 

 

Design and safety assessments of chemical reactors can be done using Reynolds Averaged Navier-Stokes 

(RANS) type equations. The averaging procedure of transport equations gives rise to unclosed terms, which 

must be properly modeled independently on the computational cell size. In particular, presence of chemical 

reactions leads to an additional source term in species equation. The averaged value of this term involves 

effects of both chemical kinetics and turbulence. Turbulence-kinetics interaction (TKI) models must be then 

developed in order to close species transport equations, so that Computational Fluid Dynamics (CFD) can be 

used to reduce the number of experiments required to design a chemical reactor.  

Many TKI models have been developed in the past, mainly for gaseous systems, while liquid-phase models 

have been less investigated because of demanding theoretical challenges. Therefore, the purpose of this work 

is the development of a new TKI model for liquid phase reactions, which combines the Laminar Rate model 

(for kinetic controlled systems) with the Multiple Time Scales model (for turbulence controlled systems) 

allowing its use also when kinetic and turbulent mixing characteristic times are comparable. An analysis of 

the influence of the turbulence model coupled with the proposed model was carried out to identify the most 
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suitable turbulence model, and two different case studies were investigated to show the potentialities of the 

proposed approach. 
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1. INTRODUCTION 

In the process industry, discontinuous and continuous reactors are often used to carry out liquid phase 

reactions. These systems, as well as the gaseous ones, are characterized by relevant mixing phenomena (due 

to turbulence) and chemical transformations: mixing is the key process for which two reacting species get in 

contact from separate regions of the reactor. A detailed description of turbulent reactive systems is therefore 

of notable importance for the design and control of process equipment, especially if safety aspects are to be 

taken into account, such as when a runaway reaction can occur [1, 2]. In that case, not only the reactor but 

also the emergency quenching system involves effective and efficient mixing of a reacting mixture [3]. 

Turbulent mixing, along with chemical reactions and energy transfer, can be simulated using Computational 

Fluid Dynamics (CFD), which solves numerically the relevant mass, energy, and momentum balance 

equations [4]. The numerical procedure requires a discretization of the space domain through computational 

cells, which form the so-called mesh. Mesh elements must be small enough to capture every feature of the 

flow, even if the greater is the number of elements, the greater is the computational time. If the mesh 

dimension resolves all the details of the turbulence, the so-called Direct Numerical Simulation (DNS) can be 

carried out. However, DNS cannot be used to simulate cases of industrial interest, due to the huge amount of 

computational resources required. Therefore, equations averaged over time (Reynolds Averaged Navier 

Stokes, a.k.a. RANS [4]) or in space (Large Eddy Simulation, a.k.a. LES [5]) are usually solved in practice. 

If a chemical reaction proceeds in the system, the involved species quantities vary along space and time 

coordinates according also to a production or consumption rate. This term in the mass balance equation 

depends on both the intrinsic chemical kinetic rate, as well as on the mixing rate of the reactants. In other 

words, the effective production (or consumption) rate depends on both the kinetic and the turbulent 

characteristic time and must be computed in the RANS framework through suitable turbulence-kinetics 

interaction (TKI) models. This modeling is required independently on the computational cell size, as the 

RANS approach adopts time averaged equations regardless the mesh size. Many TKI models have been 

developed in the past [6, 7, 8], mainly for gaseous phase reactions (that is, for conditions characterized by the 

Schmidt number, Sc, equal to about one), while liquid systems (characterized by Sc>>1) have not been much 

considered. The reason is that gaseous systems are characterized by a comparable importance of momentum 

and mass transport. This leads to similar characteristic times of these phenomena, which simplify the 



development of TKI models. Liquid systems, on the other hand, exhibit different characteristic times that 

must be accounted for separately with a proper model. When models developed for gaseous systems are used 

to represent liquid reacting systems, they generally leads to a poor description of real systems. Baldyga [9, 

10] proposed a solution for liquid systems based on the spectral density functions for the concentration 

variance dissipation, the so-called MTS (Multiple Time Scales) model, which is supposed to work properly 

when Da>>1 (being Da the Damköhler number, which represents the ratio of the characteristic turbulence 

time to the kinetic one), that is, for turbulence controlled systems; when Da<<1 (that is, kinetic controlled 

systems), the average reaction rate equals the reaction rate computed at the average scalar values and the 

simple Laminar Rate (LR) TKI model can be used [8].  

The aim of this work was to propose a new TKI approach, which combines MTS and LR methods to 

effectively account also for intermediate situations where neither MTS nor LR models alone are expected to 

work properly. The proposed approach was implemented in the commercial CFD code ANSYS Fluent 16.2 

and its performance was assessed by comparison with other TKI models. Moreover, two case studies that 

involve a continuous reactor design were investigated to show potentialities and limits of the proposed 

approach.  

 

2. MATERIAL AND METHODS 

The general form of a Reynolds averaged transport equation for a generic scalar 𝜙, assuming isotropic 

conditions, is [4]: 

𝜕(𝜌𝜌)
𝜕𝑡

+ ∇(𝜌𝜌𝒗) = ∇�Γ𝜙∇𝜙�+ 𝑆𝜙 #(1)  

 

where 𝜌 is the fluid density, v the velocity vector, Γϕ is the effective scalar diffusivity and 𝑆𝜙 is the scalar 

source term. These last two quantities must be computed through a suitable model since both include the 

influence of turbulence. Effective diffusivity is generally expressed as sum of a molecular term (density 

times molecular diffusivity for species, thermal conductivity for energy, and dynamic viscosity for 

momentum transport) and a turbulent term.  



In the frame of RANS models, the turbulent viscosity is calculated with specific models, which introduce 

further transported variables. Among these, the well-known 𝜅 − 𝜖 model [4, 5, 11] uses the turbulent kinetic 

energy, 𝜅, and the turbulent dissipation rate, 𝜖, as additional transported variables., while the 𝜅 − 𝜔 model 

[4, 5] uses the specific turbulent dissipation rate, 𝜔, instead of the turbulent dissipation rate 𝜖. The 𝜅 − 𝜔 

SST model [4] uses a 𝜅 − 𝜔 model in the inner parts of the boundary layer, allowing the model to be used all 

the way down to the wall through the viscous sub-layer: this actually makes it a low Reynolds (Low Re) 

model. The SST formulation of the 𝜅 − 𝜔 model switches to a 𝜅 − 𝜖 model in the free-stream, therefore 

avoiding some known problems of the 𝜅 − 𝜔 model (for example, it is too much sensitive to the turbulent 

properties of the inlet free-stream). 

Also, the source terms require additional models to compute them. In the species transport equation, these 

models are called TKI models. The time averaged species transport equation can be deduced from the 

general equation (1), whereas 𝜙 = 𝜔𝑘, as: 

𝜕(𝜌𝜔𝑘)
𝜕𝑡

+ ∇(𝜌𝒗𝜔𝑘) = −∇�𝜌𝔇𝑒𝑒𝑒∇𝜔𝑘�+ Ω̇𝑘����        𝑘 = 1 …𝑁𝑁 #(2)  

 

where 𝜔𝑘 is the species k mass fraction, 𝔇𝑒𝑒𝑒 = 𝔇 + 𝔇𝑡 is the effective diffusivity (𝔇𝑡 = 𝜇𝑡
𝜌⋅𝑆𝑐𝑡

 represents 

the turbulent diffusivity), 𝑁𝑁 is the number of species, and Ω̇𝑘���� is the average species production (or 

consumption, when negative) rate, that can be computed as the product of an always positive scalar (the 

reaction rate) times the stoichiometric coefficient of the k-th species assumed positive for products and 

negative for reactants. Given the high non-linearity of  Ω̇𝑘, its average value differs from the value computed 

using the averaged properties. A model for computing this term is then required to properly close the species 

transport equation. The averaged reaction rate will then depend on the fluid dynamics of the system, and 

consequently from the chosen turbulence model. The different turbulence models used in the simulations 

discussed in the following are reported in the caption of the corresponding figures. 

 



2.1. TKI models 

In the following, the various TKI models from the literature that have been used for the calculation of the 

average reaction rate are briefly presented. The novel TKI approach for liquid phase reactions is also 

proposed. 

 

2.1.1 Laminar Rate model (LR) 

For an irreversible single-step reaction 𝜈𝐴𝐴 + 𝜈𝐵𝐵 → 𝜈𝐶𝐶 + 𝜈𝐷𝐷, with negligible pressure effects (as in 

liquid phase reactions), the production (or consumption) rate can be computed through an Arrhenius rate 

constant times a power law using the average values of both temperature and species concentration [8]: 

Ω̇𝑘���� = 𝜈𝑘𝒦0 exp �−
𝐸𝑎
𝑅𝑅

�𝑀𝑊𝑘�𝑐𝑖
𝛼𝑖 

𝑁𝑁

𝑖=1

#(3)  

 

where 𝜈𝑘 is the stoichiometric coefficient of species k, 𝒦0 is the Arrhenius pre-exponential factor, 𝐸𝑎 is the 

activation energy, 𝑅 is the universal gas constant, T is the time averaged absolute temperature, 𝑀𝑀𝑘 is the 

molecular weight of species k, 𝑐𝑖 is the time averaged molar concentration of species i, and 𝛼𝑖 is the reaction 

order of species i. As it can be noted, this model does not include the effects related to turbulence. For this 

reason, it is usually called Laminar Rate model. As a strength, the model is suitable for well mixed systems 

(Da<<1), where the chemical reaction is dominant over scalar transport in determining the overall 

consumption or production rate. 

Equation (3) represents the generic form of a massive production (or consumption) rate for a transformation 

limited by chemical reactions. The molar reaction rate for an isothermal system can be written as 𝑟 =

 𝒦∏ 𝑐𝑖
𝛼𝑖 𝑁𝑁

𝑖=1 , where 𝒦 = 𝒦0 exp �− 𝐸𝑎
𝑅𝑅
� at a given temperature, so Ω̇𝑘���� = 𝜈𝑘𝑟𝑟𝑊𝑘. The particular 

expression of r will be reported in every paragraph of chapter 3, making explicit the values of 𝒦 and 𝛼𝑖 

used.  

 



2.1.2 Eddy Dissipation Model (EDM) 

Fast irreversible single-step reactions are limited by the mixing rate of the reactants and not by the intrinsic 

chemical kinetics when Da>>1. Considering an irreversible single-step reaction 𝐴 + 𝜈𝐵𝐵 → 𝜈𝐶𝐶, a 

turbulence-limited reaction rate can be computed as [7]: 

Ω̇𝑘���� = 𝜈𝑘𝒜𝒜
𝜖
𝜅

min �𝜔𝐴,
𝜔𝐵

𝑠
,ℬ

𝜔𝐶

1 + 𝑠
� #(4)  

  

where 𝑠 = 𝜈𝐵 𝑀𝑊𝐵/𝑀𝑊𝐴, 𝒜 is a numerical constant equal to 4 in the case of gases [8], and ℬ is another 

constant, whose value has been chosen arbitrarily high in order to avoid product limited reaction rates. 

 

2.1.3 Scalar Dissipation Theory model (EDM-SDT) 

Fox [12,13,14] has proposed a modification to the EDM to be used with fluids having a Schmidt number 

greater than 1 (that is, liquids), and has derived the scalar dissipation rate divided by its variance, equivalent 

to 𝜖/𝜅 in equation (4), as: 

𝜖
𝜅

=
2 + 𝑆𝑐−1

2 �
3〈𝑢′2〉

4𝜖
+

1
2

ln(𝑆𝑆) �
𝜈
𝜖
�
0.5
�
−1

#(5)  

 

where 〈𝑢′2〉 is the mean value of velocity fluctuations, and 𝜈 is the kinematic viscosity. In this model 𝒜 and 

ℬ values are the same as in the EDM. 

 

2.1.4 Multiple Time Scale model (MTS) 

Liquid reactions (Sc>>1) are mainly influenced by concentration gradients [8] rather than temperature 

gradients. A measure of the variance of local concentration is therefore an index of unmixedness and strongly 

affects reaction rates. In this context, a spectral density function of concentration distribution becomes useful 

and can be divided into three ranges [9]: 

1) inertial-convective; 

2) viscous-convective; 

3) viscous-diffusive. 



It is assumed that concentration variances (σi2, where 𝑖 = 1, 2, 3 refers to the subrange) in these subranges 

are transported as generic scalars, together with the so-called mixture fraction 𝑓. The mixture fraction is a 

conserved scalar describing all possible mixture of reagents and it can vary between 0 and 1; therefore, it is a 

measure of unmixedness.  

Their transport equations are [10, 15, 16] 

𝜌
𝐷𝜎𝑖2

𝐷𝐷
= ∇�𝜌𝔇𝑒𝑒𝑒∇σi2� + Ω̇𝜎𝑖2

𝑝𝑝𝑝𝑝 − Ω̇𝜎𝑖2
𝑑𝑑𝑑𝑑    𝑖 = 1, 2, 3 #(6)  

𝜌
𝐷𝐷
𝐷𝐷

= ∇(𝜌𝔇∇𝑓)#(7)  

since dissipation can be seen as an energy cascade, σ12 production term (Ω̇𝜎12
𝑝𝑝𝑝𝑝) comes from unmixedness, σ12 

dissipation term (Ω̇𝜎12
𝑑𝑑𝑑𝑑) is equal to σ22 production term (Ω̇𝜎22

𝑝𝑝𝑝𝑝), and  σ22 dissipation term (Ω̇𝜎22
𝑑𝑑𝑑𝑑) is equal to 

σ32 production term (Ω̇𝜎32
𝑝𝑝𝑝𝑝). 

By averaging in time the transport equation for 𝑓 and analyzing its variance transport equation, it is possible 

to derive the following relation for the production rate of 𝜎12 [10, 15, 16]: 

Ω̇𝜎12
𝑝𝑝𝑝𝑝 = 2 

𝜇𝑡
𝑆𝑐𝑡

‖∇𝑓‖2 = 2𝜌𝔇𝑡‖∇𝑓‖2#(8)  

where 𝜇𝑡 is the turbulent dynamic viscosity, and 𝑆𝑐𝑡 is the turbulent Schmidt number. 

The inertial-convective subrange ranges from the macroscale (the largest scale of turbulence) down to the 

Kolmogorov scale. The viscosity does not influence the flow (inertial flow) and there is no influence of 

molecular diffusion (convective mass transfer). In this subrange there is neither creation nor destruction of 

both kinetic energy and concentration variance, but some parts of the fluid are deformed leading to a scale 

reduction (thinning). 

Introducing the dissipation decay time 𝜏 = 𝜅
𝜖
, it is possible to model the variance dissipation rate as [10, 15, 

16] 

Ω̇𝜎12
𝑑𝑑𝑑𝑑 = 𝜌

𝜎12

𝜏
= 𝜌ℛ

𝜖
𝜅
𝜎12 = Ω̇𝜎22

𝑝𝑝𝑝𝑝#(9)  

 

where ℛ = 2 represents the timescales ratio for the decay of velocity fluctuations to concentration ones. 



The viscous-convective subrange ranges from the Kolmogorov scale down to the Batchelor scale [17]. 

Laminar stresses further reduce the scale with almost no influence of molecular diffusion. Using the same 

approach as for the inertial-viscous subrange, decay time is used in order to obtain [10, 15, 16] 

Ω̇𝜎22
𝑑𝑑𝑑𝑑 = 𝜌𝜌𝜎22 = 𝜌0.0578 �

𝜖
𝜈
�
1
2 𝜎22 = Ω̇𝜎32

𝑝𝑝𝑝𝑝#(10)  

where E is the engulfment parameter. 

The viscous-diffusive subrange is characterized by an equal relevance of laminar stresses and diffusion 

where the eddies are smaller than the Batchelor scale. Using Baldyga’s simplification [10], first order 

kinetics for variance in the viscous-diffusive subrange can be written as 

Ω̇𝜎32
𝑑𝑑𝑑𝑑 ≈ 𝜌𝜌𝜎32 = 𝜌 �0.303 +

17051
𝑆𝑆

� ⋅ 𝐸𝜎32#(11)  

where G is a molecular diffusion parameter.  

From the values of the different variances an overall variance σs2 =  σ12 + σ22 + σ32 can be computed and used 

to estimate the turbulence characteristic time [10] 

𝜏𝑇 =
𝜎𝑠2

𝐺𝜎32
#(12)  

In reactive turbulent system involving fast irreversible single-step reactions rates (Da>>1), the production (or 

consumption) rate is determined by the turbulence characteristic time. Considering the following general 

reaction 

𝐴 + 𝜈𝐵𝐵 → 𝜈𝐶𝐶 #(13)  

 

and defining 𝑠 = 𝜈𝐵𝑀𝑊𝐵
𝑀𝑊𝐴

, the final expression of the production (or consumption) rate can be found as [10, 

15, 16]: 

Ω̇�𝑘 = 𝒜𝒜
𝐺𝜎32

𝜎𝑠2
min �𝜔𝐴,

𝜔𝐵

𝑠
�#(14)  

 

where 𝒜 is a constant equal to 1 in the case of liquid reactions [15, 16]. As expected, there is no influence of 

kinetics in this equation, since turbulent transport controls the overall production (or consumption) rate. In 

other words, reactants immediately get consumed when they get in contact. In the frame of TKI models for 



combustion systems, this approach is called “mixed-is-burned” approach. Equation (14) represents the 

Multiple Time-Scales (MTS) model. 

 

2.1.5 Proposed hybrid approach (LR – MTS) 

Considering a generic second order reaction, the characteristic reaction rate can be represented by the general 

relation 

𝑅� = 𝒦𝑐̅2#(15)  

Therefore, a kinetic characteristic time can be estimated as: 

𝜏𝑅 = (𝒦𝑐̅)−1#(16)  

Comparing the turbulence characteristic time (12) with the kinetic one (16), the local value of the Damkӧhler 

number can be computed in each cell of the computational domain as [18]: 

𝐷𝐷 =
𝜏𝑇
𝜏𝑅

#(17)  

When in a computational cell Da>>1 the controlling step is transport (mixing limited) and MTS model can 

be used, while when Da<<1 chemical reaction is the controlling step (reaction limited) and LR model can be 

used. However, when the two characteristic times are comparable (𝐷𝐷 ≈ 1), neither MTS nor LR can be 

used to estimate the production (or consumption) rate. 

As usually done for gas-phase reactions by the so-called LR-EDM approach [8], in the transition region from 

Da<<1 to Da>>1 a hybrid approach (in the following referred to as LR-MTS) could be introduced. This new 

approach computes the local production (or consumption) rate as the smallest between the values computed 

using the MTS and LR models: 

Ω̇�𝑘 = 𝜈𝑘 min�𝒦𝒦𝑊𝑘�𝑐𝑖
𝛼𝑖 

𝑁𝑁

𝑖=1

,𝒜𝒜
𝐺𝜎32

𝜎𝑠2
min �𝜔𝐴,

𝜔𝐵

𝑠
� �#(18)   

In other words, the LR-MTS approach requires computing in each computational cell two values of the 

production (or consumption) rate using both the LR and the MTS formulations (i.e., using the previously 

discussed Equations (3) and (14), respectively). Once these two values are computed in all the computational 

cells, in each cell the smallest one is used to compute the local production (or consumption) rate. This 

approach, following the same lines as the LR-EDM approach used for gas-phase reactions [8], arises from a 



comparison of the characteristic times (which are inversely proportional to the rates) of the two key physical 

processes that can determine the production (or consumption) rate, namely: mixing and chemical kinetics. 

When mixing and reaction characteristic times are comparable the overall rate can be calculated with both 

models interchangeably; while, when one characteristic time is greater than the other one, it should be 

chosen as the rate determining one. This approach was implemented in Fluent through user-defined functions 

(UDF) and user-defined scalars (UDS), which allow for performing in each computational cell the 

aforementioned comparison.  

3. Results and discussion 

3.1. Sensitivity analysis 

The proposed hybrid approach requires computing in each cell the production (or consumption) rate using 

both the LR model (3) and the MTS model (14). While the LR model does not involve any turbulence-

related quantity, the MTS model involves the turbulent dynamic viscosity value, which in turn is computed 

from the turbulence model used.  Therefore, it is expected that the results of the MTS model (and 

consequently of the LR-MTS model) could depend on the turbulence model selected. In the following, the 

performance of the LR-MTS model is compared at first with both some experimental values and the 

predictions of other TKI models showing, in conditions characterized by Da>>1, the superior performance of 

the proposed model. Moreover, the influence of the selected turbulence model on the LR-MTS model 

performance is also investigated. 

The kinetic parameters used for the simulations are reported in the following sections; the values of the 

constants involved in the various models have been set equal to the default values proposed in the 

commercial CFD code ANSYS Fluent 16.2. 

 

3.1.1. Obstructed reactor 

The first set of experimental data were measured in a steady-state isothermal square section reactor equipped 

with a central obstruction [19], located at the center of the channel, as sketched in Figure 1. An acid solution 

A (acetic acid) has been injected from one side of the obstruction, while a basic solution B (ammonium 

hydroxide) has been fed from the other side, leading to a neutralization reaction into the reactor [20, 21]: 



𝐶𝐻3𝐶𝐶𝐶𝐶 + 𝑁𝐻4𝑂𝑂 → 𝐶𝐻3𝐶𝐶𝐶𝐶𝐻4 + 𝐻2𝑂 

𝑟 = 𝒦𝑐𝐴𝑐𝐵    𝒦 ≈ 1𝐸11 𝑚3𝑘𝑘𝑘𝑙−1𝑠−1#(19)  

 

 

 

Figure 1 Obstructed reactor geometry. Cartesian axes are dashed and represent the origin of the coordinates system. 

This reactor was simulated using the boundary conditions reported in Table 1. After a mesh independence 

analysis, the number of hexahedral cells used for the computations was set equal to about 900,000. 

 

Inlet A 

𝜔𝐴 = 6𝐸 − 4 

𝑣𝐴 = 0.170
𝑚
𝑠

    (𝑅𝑅 = 6800) 

𝑣𝐴 = 0.085
𝑚
𝑠

    (𝑅𝑅 = 5100) 

𝑓 = 1 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Inlet B 

𝜔𝐴 = 3.5𝐸 − 4 

𝑣𝐵 = 0.170
𝑚
𝑠

    (𝑅𝑅 = 6800 𝑎𝑎𝑎 5100) 

𝑓 = 0 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Outlet 
𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓 = 0 

𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 𝑓𝑓𝑓𝑓 = 0 

Wall No slip condition 

Table 1 Boundary conditions used for simulating the obstructed reactor sketched in Figure 1 

 



 

 

Figure 2 Obstructed reactor product dimensionless concentration distribution along the axial coordinate computed using the 𝜅 − 𝜖 

model compared with experimental data in [19] for vA/vB=1 on the left and for vA/vB=0.5 on the right. MTS and LR-MTS results 

overlap. The model results reported by Hjertager Osenbroch et al. [19] are also shown for comparison. 

Simulation results obtained using the turbulence 𝜅 − 𝜖 model are reported in Figure 2 for different TKI 

models together with the experimental data. In particular, LR model (3), EDM model [6], EDM-SDT model 

[12, 13, 14], MTS model (14), and LR-MTS model (18) were compared (note that MTS model and LR-MTS 

model predictions are coincident, being in these conditions Da>>1 in all the computation cells).  As 

expected, no model but MTS and LR-MTS have a reasonable agreement with the experimental data in the 

first part of the reactor (that is, in the proximity of the obstruction), where experimental data show a 

stagnation of product close to the obstruction, probably due to recirculation. A stagnant region is predicted 

by all models, but LR, EDM, and EDM-SDT models overpredict the reaction rate, resulting in an 

overestimation of product concentration in the stagnation region. Increasing the axial coordinate, the MTS 

and LR-MTS models become less accurate, predicting a lower product concentration. This behavior is 

probably due to a too low predicted reaction rate or to an excessive dilution effect of the model. 



 

 

Figure 3 Obstructed reactor product dimensionless concentration distribution along the reactor axis predicted using the MTS model 

(or equivalently the LR-MTS model) together with different turbulence models compared with experimental data in [19] for vA/vB=1 

on the left and for vA/vB=0.5 on the right. The model results reported by Hjertager Osenbroch et al. [19] are also shown for 

comparison. 

In Figure 3 the results computed using different turbulence models together with the MTS model (or LR-

MTS: the two models give the same results) are shown. We can see that there are no large differences among 

the investigated turbulence models. 

For the sake of completeness, also the modeling results present in [19] were reported in the figure, even if 

they were obtained with a completely different approach (e.g., a 5-peak pdf one). This pdf approach is based 

on statistical considerations on the turbulence structure, and is generally much more computationally 

expensive. As it can be seen from the figure, also this completely different (and much more complex) model 

cannot reproduce the whole data set. 

 

3.1.2. First tubular reactor 

The second set of experimental data investigated has been carried out in the steady-state isothermal tubular 

reactor sketched in Figure 4 [22]. It has been equipped with a capillary inlet, concentric to the larger reactor 

pipe.  



 

 

Figure 4 First tubular reactor geometry. Cartesian axes are dashed and represent the origin of the coordinates system.  

An acid solution A (hydrochloric acid) has been injected from the capillary, while an alkaline solution B 

(sodium hydroxide) has been fed through the circular corona between the capillary and the wall, leading to a 

neutralization reaction in the reactor [23]: 

𝐻𝐻𝐻 + 𝑁𝑁𝑁𝑁 → 𝑁𝑁𝑁𝑁 + 𝐻2𝑂 

𝑟 =  𝒦𝑐𝐴𝑐𝐵    𝒦 = 1.692𝐸11 𝑚3𝑘𝑘𝑘𝑙−1𝑠−1#(20)  

In Table 2 the boundary conditions used for simulating this reactor are reported.  

Inlet A 

𝜔𝐴 = 3.6𝐸 − 2 

𝑣𝐴 = 1.5
𝑚
𝑠

 

𝑓 = 1 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Inlet B 

𝜔𝐵 = 4𝐸 − 2 

𝑣𝐵 = 0.3125 
𝑚
𝑠

 

𝑓 = 0 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Outlet 
𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓 = 0 

𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 𝑓𝑓𝑓𝑓 = 0 

Wall No slip condition 

Table 2 Boundary conditions used for simulating the tubular reactor sketched in Figure 4 

In this case, it was possible to use the symmetry boundary condition taking advantage of the axial symmetry 

of the reactor. This greatly reduces the number of cells required: after a mesh independence analysis, the 

number of cells used for all the computations was equal to about 50,000.  



Simulation results obtained using the 𝜅 − 𝜖 turbulence model for the concentration distribution along the axis 

are reported in Figure 5. 

 

 

Figure 5 Tubular reactor reagents dimensionless concentration distribution along the reactor axis using the 𝜅 − 𝜖 turbulence model 

compared with experimental data in [22]. Acid concentration on the left, base concentration on the right. MTS and LR-MTS results 

overlap. 

As expected (since the reaction is very fast), LR model predicts a sudden consumption of acid and base. The 

base concentration then increases along the axis solely due to dilution effect. Concentration values calculated 

using EDM and EDM-SDT models are substantially the same, while MTS model follows the experimental 

trend quite reasonably in the first part of the reactor. Again, MTS and LR-MTS model predictions coincide 

as the intrinsic chemical reaction is very fast. Dilution effects are dominating in the second part, as can be 

noted by observing the overestimation of acid concentration and the underestimation of base concentration. 

This means that the reaction region length is overestimated. A complete consumption of the acid reagent is 

correctly not predicted by the MTS and LR-MTS models, contrary to the other TKI models which force 

concentration gradients to be dissipated quickly. Comparing experimental data and model results for the 

radial velocity profile along the reactor shown in Figure 6, it can be concluded that the previously discussed 

differences among measured species concentration and model predictions should be ascribed to the TKI 

model. 



 

 

Figure 6 Tubular reactor dimensionless velocity distributions at different axial coordinates along the radial direction computed 

using MTS (or equivalently the LR-MTS model) with 𝜅 − 𝜖 model compared to experimental data in [22]. 

This is confirmed by the turbulence model analysis, whose results are shown in Figure 7. We can see that the 

𝜅 − 𝜖 model and the low Re model lead to very similar results, while the 𝜅 − 𝜔 model predicts initial data 

slightly better, while it has the same behavior in the second part of the reactor.  

 

 

Figure 7 Tubular reactor reagents dimensionless concentration distribution along the axis computed using MTS model (or 

equivalently the LR-MTS model) together with different turbulence models compared to experimental data in [22]. 

 

3.1.3. Second tubular reactor 

The third set of experimental data investigated has been carried out in the steady-state isothermal tubular 

reactor sketched in Figure 8 [24]. 

 



 

Figure 8 Second tubular reactor geometry 

An alkaline solution A (sodium hydroxide) has been injected from the capillary (concentric to the larger 

reactor tube), while an acid solution B (hydrochloric acid) has been fed to the circular corona between the 

capillary and the reactor wall, leading to a neutralization reaction [23]: 

𝐻𝐻𝐻 + 𝑁𝑁𝑁𝑁 → 𝑁𝑁𝑁𝑁 + 𝐻2𝑂 

𝑟 =  𝒦𝑐𝐴𝑐𝐵    𝒦 = 1.692𝐸11 𝑚3𝑘𝑘𝑘𝑙−1𝑠−1#(21)  

This reactor configuration was simulated using the boundary conditions reported in Table 3. 

 

 

Inlet A 

𝜔𝐴 = 4𝐸 − 4 

𝑣𝐴 = 0.325
𝑚
𝑠

    (𝑅𝑅 = 13000) 

𝑣𝐴 = 0.5
𝑚
𝑠

    (𝑅𝑅 = 20000) 

𝑣𝐴 = 0.625
𝑚
𝑠

    (𝑅𝑅 = 25000) 

𝑓 = 1 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Inlet B 

𝜔𝐵 = 5.47𝐸 − 4 

𝑣𝐵 = 0.325
𝑚
𝑠

    (𝑅𝑅 = 13000) 

𝑣𝐵 = 0.5
𝑚
𝑠

    (𝑅𝑅 = 20000) 

𝑣𝐵 = 0.625
𝑚
𝑠

    (𝑅𝑅 = 25000) 

𝑓 = 0 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Outlet 𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓 = 0 



𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 𝑓𝑓𝑓𝑓 = 0 

Wall No slip condition 

Table 3 Boundary conditions used for simulating the tubular reactor sketched in Figure 8 

Also in this case, it was possible to use the symmetry boundary condition, therefore reducing the number of 

cells required: after a mesh independence analysis, the number of cells used in all the computations was 

equal to about 70,000.  

Experimentally, a plume emerged from the capillary, whose length, ℒ, was estimated as the maximum axial 

coordinate for a 95% sodium hydroxide conversion. The results obtained using different TKI models coupled 

to the 𝜅 − 𝜖 turbulence model are summarized in Figure 9, in terms of parity plot for the experiments 

considered. 

 

 

Figure 9 Second tubular reactor plume length computed using various TKI models with 𝜅 − 𝜖 model vs. the experimental values in 

[24]. The model results reported by Hjertager et al. [15] are also shown for comparison. 

As expected MTS and LR-MTS models predict the same results, and also in this case each model but these 

two is unable to predict a reasonable value for the reaction region. It can be noted that MTS and LR-MTS 

model predictions are in line with literature results [15]. However, in this case different turbulence model 

seem to affect the predicted plume length, as shown in Figure 10.  



 

 

Figure 10 Second tubular reactor plume length computed using MTS model together with different turbulence models vs. the 

experimental values in [24]. The model results reported by Hjertager et al. [15] are also shown for comparison. 

In particular, 𝜅 − 𝜔 turbulence model predicts values slightly different from those of the 𝜅 − 𝜖 and Low Re 

models, which lead to similar results.  

For the sake of completeness, also the modeling results reported in [15] were shown in the figures. As 

expected, since the model used in [15] was the 𝜅 − 𝜖 coupled with MTS, the literature results are almost 

superimposed with the results we found using the same approach, therefore representing an independent 

cross validation of the model results reported in this paper. 

 

3.2. Case studies 

In the following, an assessment of two qualitative behaviors that should characterize the proposed approach 

is investigated. In particular, since the reaction rate is evaluated in each cell of the computational domain as 

the smallest between the LR and MTS values, the solution obtained using the hybrid LR-MTS model should 

lead always to conversion values lower or equal to that predicted by the LR and MTS model. Moreover, for 

Da<<1 or Da>>1 the LR-MTS model must provide results equal to those of the LR or MTS model, 

respectively. 

For the analysis of these two points, two distinct case studies were investigated. The former is a tubular 

reactor with multiple intermediate feeds, the latter is a tubular reactor equipped with a static mixer. Also in 



this case, apart from the kinetic parameters (whose values are reported in the following sections), for all the 

values of the constants involved in the various models the default values proposed in the commercial CFD 

code ANSYS Fluent 16.2 were used. 

3.2.1. Tubular reactor with intermediate feeds 

The first case study involves an isothermal tubular reactor with intermediate feeds with two concentric tubes 

positioned along the tube axis, as shown in Figure 11. 

 

 

 

Figure 11 Tubular reactor with intermediate feeds geometry. 

The process involved is supposed to produce a valuable species E through a series of two consecutive 

reactions 

𝐴 + 𝐵 → 𝐶    𝑟1 = 𝒦1𝑐𝐴𝑐𝐵 

𝐶 + 𝐷 → 𝐸    𝑟2 = 𝒦2𝑐𝐶𝑐𝐷#(22)  

 

where 𝒦1 = 30 𝑚3𝑘𝑘𝑘𝑙−1𝑠−1 and 𝒦2 = 1𝐸11 𝑚3𝑘𝑘𝑘𝑙−1𝑠−1. 

A was fed from the largest inner tube, D from the smallest one and B from the outer corona. All reagents 

were fed in aqueous diluted solutions in stoichiometric quantities. As two reactions are present, two mixture 

fractions were defined along with appropriate variances for MTS and LR-MTS models: 𝑓1 is the mixture 

fraction describing all possible mixtures of A and B, and 𝑓2 is the mixture fraction describing all possible 

mixtures of C and D.  

Boundary conditions used to simulate such a tubular reactor are reported in Table 4. 



Inlet A 

𝜔𝐴 = 4𝐸 − 3 

𝑣𝐴 = 0.6
𝑚
𝑠

 

𝑓1 = 1 

𝑓2 = 0 

𝜎112 = 𝜎212 = 𝜎312 = 0 

𝜎122 = 𝜎222 = 𝜎322 = 0 

Inlet B 

𝜔𝐵 = 4𝐸 − 3 

𝑣𝐵 = 0.3
𝑚
𝑠

 

𝑓1 = 0 

𝑓2 = 0 

𝜎112 = 𝜎212 = 𝜎312 = 0 

𝜎122 = 𝜎222 = 𝜎322 = 0 

Inlet D 

𝜔𝐵 = 2.4𝐸 − 2 

𝑣𝐵 = 0.8
𝑚
𝑠

 

𝑓1 = 0 

𝑓2 = 1 

𝜎112 = 𝜎212 = 𝜎312 = 0 

𝜎122 = 𝜎222 = 𝜎322 = 0 

Outlet 
𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓 = 0 

𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 𝑓𝑓𝑓𝑓 = 0 

Wall No slip condition 

Table 4 Boundary conditions used for simulating the tubular reactor with intermediate feeds 

Also in this case, it was possible to use the symmetry boundary condition thanks to the axial symmetry of the 

reactor. After a mesh independence analysis, the number of cells used in all the computations was equal to 

about 370,000.  

Yield was used as a target parameter to compare the performance of the various TKI models, and it is 

defined as 



𝜂𝐸 =
𝑛̇𝐸
𝑛̇𝐷0

=
∫ 𝑐𝐸𝒗 ⋅ 𝑛𝑑𝑑𝒜
𝑐𝐷0𝒜𝐷𝑣𝐷0

#(23)  

where 𝑛 is the normal of the cross section 𝒜.  

 

 

Figure 12 Valuable product yield as a function of reactor length according to different TKI models coupled with the 𝜅 − 𝜖 turbulence 

model . 

In Figure 12 the model results obtained using the LR, MTS, and LR-MTS TKI models are reported in terms 

of yield. Quite a large difference between the results obtained using the various analyzed models was found. 

However, we can see that LR-MTS correctly predicts lower yield values, as expected being the reaction rate 

always lower than that of both LR and MTS models, therefore limiting conversion and yield. 

The different behavior of these models can be evidenced by the predicted reaction rate profiles, as shown in 

Figure 13, where the hybrid nature of the LR-MTS model is quite evident.  



 

Figure 13 Reaction rate (A+B->C) distribution in the double injection reactor according to different TKI models coupled with the 

𝜅 − 𝜖 turbulence model. Aspect ratio modified for the sake of readability. 

 

3.2.2. Tubular reactor with static mixer 

The isothermal tubular reactor equipped with a static mixer to provide a fast mixing between reactants A and 

B, as sketched in Figure 14, was used as a second case study.  

 

 

Figure 14 Tubular reactor with static mixer geometry. 

The following reaction occurs 

𝐴 + 𝐵 → 𝐶 + 𝐻2𝑂      𝑟 = 𝒦𝑐𝐴𝑐𝐵#(24)  



with 𝒦 = 0.4𝐸 − 3 ÷ 50 𝑚3𝑘𝑘𝑘𝑙−1𝑠−1. Reactant A was fed from the reactor entrance, while the other 

reactant B from the side inlet. Boundary conditions used for the simulations are shown in Table 5. 

After a mesh independence analysis, the number of cells used in all the computations was equal to about 

470,000. 

The effect of changing the Da value from Da<<1 to Da>>1 was investigated by changing the value of the 

kinetic constant leading to Da values in the range 10−2 ÷ 102.  

 

Inlet A 

𝜔𝐴 = 0.1 

𝑣𝐴 = 0.1
𝑚
𝑠

 

𝑓 = 1 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Inlet B 

𝜔𝐵 = 0.1 

𝑣𝐵 = 0.6 
𝑚
𝑠

 

𝑓 = 0 

𝜎12 = 𝜎22 = 𝜎32 = 0 

Outlet 
𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓 = 0 

𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 𝑓𝑓𝑓𝑓 = 0 

Wall No slip condition 

Table 5 Boundary conditions used for simulating the tubular reactor with static mixer 

These values are sufficient to read the asymptotic behavior of the hybrid model, that should degenerate in the 

LR model for Da<<1 and to MTS model for Da >>1. In Figure 15 the results obtained using the different 

TKI models are reported in terms of conversion of reagent A as a function of Da for three different models. 



 

 

Figure 15 Reagent A conversion as a function of Da according to different TKI models coupled with the 𝜅 − 𝜖 turbulence model. 

We can see that, as expected, the hybrid LR-MTS model results are always lower than these of the LR and 

MTS models. Moreover, for Da<<1 the LR-MTS hybrid model gives the same results as the LR model, 

while for Da>>1 the LR-MTS hybrid model results superimpose those of the MTS model. 

However, in the transition region where neither Da<<1 nor Da>>1, the hybrid LR-MTS model provides 

results which are different from both the LR and MTS asymptotic models. 

4. Conclusions 

 

A new TKI model for liquid phase reactions, which combines the Laminar Rate model (for kinetic controlled 

systems) with the Multiple Time Scales model (for turbulence controlled systems), was proposed. The main 

feature of this model is that it can be used also when kinetic and turbulent mixing characteristic times are 

comparable, while the existing models can be used only in the limiting conditions of Da>>1 or Da<<1. 

Moreover, its simplicity allows it to be easily embedded in RANS-CFD codes in order to have reliable 

predictions in a reasonably short time, with rather low computational resources. It should be mentioned that 

very complex TKI models, such as the 5-peak beta pdf model, are less suitable for industrial applications, as 

they require large computational resources and suffer large uncertainties in the initial and boundary 

conditions. 



A sensitivity analysis of the coupling between the turbulence model and the proposed TKI approach has been 

performed, showing that on the overall the 𝜅 − 𝜖 and Low Re models give the best results. Furthermore, two 

different case studies were investigated showing the correct qualitative performances of the proposed model 

in all the conditions investigated.  

In conclusion, the proposed LR-MTS model can be considered an effective tool for liquid-phase reactions 

that can be adopted for every value of Da, therefore filling the gap of previously proposed TKI models, 

which can be used only in the limiting conditions of either Da>>1 or Da<<1. 
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