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. Introduction

Geothermal models for simulating heat and mass transfer are a
ey tool for geothermal exploration and planning (e.g. Rühaak et al.
010; Sippel et al., 2013; Huenges et al., 2013). Inputs to such mod-
ls include information/data on parameters such as permeability
nd thermal conductivity. Knowledge of the details of the spatial
istribution of these system parameters is typically very limited

easurements are associated with diverse sources and are dis-

ributed on a multiplicity of scales. These data can be obtained from
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different sources, including but not limited to well-logs, outcrop 
analogues, plugs, or thin sections (Fig. 1).

Remarkable databases of petrophysical properties in geother-
mal reservoirs have been maintained in the past (e.g. Sass et al.,
1971; Haenel and Staroste, 1988; Williams and Anderson, 1990;
Clauser and Huenges, 1995; Bär et al., 2011; Homuth et al., 2014).

Depending on the approach and data type availability, pro-
jecting these measurements onto reservoir models requires, for
example, geostatistical/stochastic modeling, upscaling and possi-
bly also downscaling. A key requirement associated with all these
approaches is the intention to keep as much of the small scale infor-
mation as possible while projecting their effect onto the model
scale.
Several well-established modeling and upscaling techniques for 
petrophysical properties in hydrocarbon reservoirs can be found, a 
short review is added in this text. Few works exist about the upscal-
ing of thermal conductivity for geothermal modeling (e.g. focusing

http://crossmark.crossref.org/dialog/?doi=10.1016/j.geothermics.2015.08.004&domain=pdf
mailto:ruehaak@geo.tu-darmstadt.de
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Fig. 1. The concept of upscaling fro

n crystalline rocks, Sundberg et al., 2009), but no established pro-
edure exists.

Yet, geothermal reservoirs have a much tighter margin to be
conomically profitable. Therefore, being able to reliably model
nd upscale petrophysical properties in such reservoirs is of
ritical importance to reliably forecast heat in place and energy
xtraction.

There are diverse approaches to parameter upscaling. Numerical
odels with scales of several kilometers are discretized through a set of

rid blocks; upscaling has to be performed for each grid block with
ypical sizes of tens to hundredth of meters. One approach is simply
ased on some type of averaging. However, the selection of the
ppropriate method of averaging (i.e., arithmetic, geometric, harmonic)
epending on scale and flow conditions is not trivial and is a matter of
he corresponding scale (Hartmann et al., 2005).

The following scales are typically defined and considered in 
umerical modeling and theoretical studies:

Microscale (X-ray computer tomography, nuclear magnetic res-
onance (NMR), thin-sections, electron microscopy, mineralogy,
fissures, microcracks).
Mesoscale (rock-samples, cores, borehole-geophysics, NMR,
positron emission tomography (PET), laboratory measurements
of thermal conductivity, permeability, porosity, fractures, small
scale modelling).
Macroscale (seismics, gravimetry, magnetics, helicopter electro-
magnetics (HEM), fault zones, outcrop studies, remote sensing,
medium–large scale modelling).

Following Scheibe and Yabusaki (1998) the aim of this work is to
emonstrate the effects of thermal conductivity upscaling in gen-
ral, rather than determining rules for upscaling and/or values of
arameters for general use.

. Upscaling of thermal and hydraulic conductivity

.1. Constitutive relations

Several thermo-physical properties are relevant for assessing
nd planning geothermal exploration and production. Among these
arameters, bulk permeability and thermal conductivity are critical
or the assessment of the subsurface distribution of fluids and tem-

erature field. A detailed analysis of the way upscaling strategies for 
hermal conductivity might impact temperature and pressure dis-
ributions and the assessment of the sustainability of a geothermal 
eservoir is still missing.
rse scales to a desired model scale.

For example, Fig. 2 depicts the ranges of thermal conductivity
values documented for diverse rock types and indicates the typical
degree of spatial variability of this parameter.

Based on Fourier’s law (Eq. (1)) the thermal conductivity � (W
m−1 K−1) controls the rate of heat flow q (W m−2) which results
from a given temperature gradient ∇T (◦C m−1):

q = −�∇T. (1)

Heat transport equation in a geological formation occurs by
a combination of convective and conductive processes. It is fre-
quently modelled by the following equation (e.g. Nield and Bejan,
1999).

(�c)g
∂T

∂t
= ∇ ·

(
�g∇T − (�c)f vT

)
+ H (2)

Here, T (◦C) is temperature, c is specific heat capacity (J kg−1 K−1), �
is density (kg m−3), � is thermal conductivity (W m−1 K−1), v is
Darcy velocity (m s−1), and H (W m−3) represents sink/source
terms. Subscripts f and g denote fluid and bulk properties, respec-
tively.

Since heat transport in the subsurface is governed by the joint
effects of conductive and convective processes, as seen in Eq. (2), a
simple deduction of the thermal conductivity based on
temperature or heat flow space–time distributions is fraught with
theoretical and conceptual difficulties and can lead to ambiguous
results.

As we are here interested in analyzing upscaling of thermal
con-ductivity, �, which is fundamentally different from upscaling
of hydraulic conductivity as we illustrate in Section 2.2, we
consider only pure conduction in Eq. (2) (i.e., when �g∇T � (�c)f

vT). From a practical point of view, such situations can take place
when the permeability of the host formation is approximately 10
−15 m2 or less (Hayba and Ingebritsen, 1997). Basin modelling
studies often consider only conductive heat transport (e.g. Förster
and Merriam, 1999; Beardsmore and Cull, 2001).

2.2. Key differences between upscaling of hydraulic and thermal 
conductivities

Upscaling of permeability and porosity has been the subject of
several studies in the field of oil and gas exploration (Farmer,

2002) as well as in the groundwater hydrology literature.

Starting from the work of Clauser (1992) detailed reviews of the 
diverse upscaling techniques for hydraulic conductivity and perme-
ability where provided, e.g. by Wen and Gomez-Hernandez (1996) 
and Renard and de Marsily (1997). Stochastic and deterministic
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ig. 2. Box–Whisker plots (after Tukey, 1977) of the thermal conductivity of differen
s well as for one rock type. The Box is defined by the first and third quartile, the l
istance between the quartiles, points indicate outliers, stars indicate outliers which

pscaling approaches to asses representative values for hydraulic
onductivities have been reviewed by Sánchez-Vila et al. (2006)
caling of statistics of hydraulic conductivity and/or permeability
nd other soil properties has been recently analyzed, amongst oth-
rs by Neuman et al. (2013), Guadagnini et al. (2013, 2015) and
eferences therein.

Upscaling of hydraulic and thermal conductivities share some
imilarities. Independent of the adopted theoretical approach
mportant differences can also be observed. These differences are
elated to the phenomenological basis according to which fluid
ow and heat transport are described as well as to the diverse
ehavior of measured/estimated parameters. The range of
ocumented hydraulic conductivity values of clastic sedimentary
ocks (typically 10−3 m s−1–10−12 m s−1) is very dif-ferent from
hat associated with thermal conductivities (typically 0.5 W m−1 K
1–4.5 W m−1 K−1).

Sample probability distributions of hydraulic conductivity are
ften modeled as lognormal or through modern techniques based
n the notion of sub-Gaussian processes (see, e.g. Riva et al., 2013;
uadagnini et al., 2015) while thermal conductivity is typically

nterpreted through Gaussian density models.
Another notable difference is that while fluid flow (as driven by

ydraulic conductivity at a continuum scale) occurs only in the
ore space, conductive temperature flux occurs within both the
olid matrix and the pores. While hydraulic conductivity can be
trongly anisotropic, thermal conductivity is generally observed to
e isotropic.

.3. Common upscaling techniques

Information included in data bases relevant for geothermal rock
roperties originate either from outcrops or from drillings. Trans-
er of these meso-scale information to the macro-scale (i.e., the
umerical reservoir model) can be performed in principle through
he following three approaches:

1 By lithological considerations: it is relatively well understood that
(a) thermal conductivity of sedimentary rocks reflects the
mineralogy, the cementation, the porosity and the compaction of

the grains, while (b) thermal conductivity of volcanic/plutonic and 
metamorphic rocks reflects mainly the mineralogy (e.g. Clauser 
and Huenges, 1995). Additional factors that need to be considered 
include the reservoir conditions such as
mentary rock types, illustrating the variability both in between different rock types
side the box is the median, the length of the whiskers is limited to 1.5 times of the

ore than 3 times the distance between the quartiles.

saturation degree, fluid type(s), temperature and pressure which
can also strongly affect each lithological unit to different
degrees. In this context, one can assume that by studying the
broad geo-logical settings, in terms of spatial distribution of
facies (Sass and Götz, 2012; Homuth et al., 2014), as well as
commonali-ties between geological/mineralogical conditions
may be used as basis to assign correspondingly similar thermal
conductivity values.

2 By applying (geostatistical or deterministic) inter- and extrapo-
lation techniques (Desbarats, 1992; Goovaerts, 1997; Chilès and
Delfiner, 1999; Gu et al., 2013; Pyrcz and Deutsch, 2014).

3 By stochastic or deterministic inverse modelling (e.g. Rath et al.,
2006; Vogt et al., 2010; Li et al., 2012), where observed values of
thermal conductivity, q, and/or T (see Eq. (1)) can be used as a
priori information.

Various studies have attempted to calculate the thermal con-
ductivity based on the mineral content of rocks (e.g. Pribnow and
Umsonst, 1993; Hartmann et al., 2005; Sundberg et al., 2009; Fuchs
and Förster, 2010; Al-Zyoud et al., 2014). However the resulting
values often show a strong bias when compared against measured
bulk values and the applicability of this approach is limited if large
scale values are required.

Based on differences which reflect the physical behaviour of rock
types, it is unlikely that one can identify an upscaling procedure as
universally valid for all types of rocks and environmental condi-
tions. Instead, diverse procedures have to be considered depending
on rock composition and (possibly) flow conditions.

Existing approaches to upscaling can loosely be grouped into
either local (e.g. based on local averaging of the target property) vs.
non-local methods (where the larger system is also considered in
the upscaling procedure), or two-step vs. direct upscaling methods
(Wen and Gomez-Hernandez, 1996).

Power averaging (Journel et al., 1986), as introduced in the con-text
of hydraulic conductivity upscaling, is the most commonly applied
upscaling technique. It can be expressed as (Scheibe and Yabusaki,
1998):

¯

[
1

N∑
p

] 1
p

� =
N

i=1

�
i

(3)

where �i is the thermal conductivity of the ith element of the sub-
domain based on which upscaled conductivity values associated
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Fig. 3. Schematic of the resistor analogue used in small cell renormalization 
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ith larger scales are estimated; N is the number of elements in the
ubdomain, and �̄ is the averaged (equivalent/representative) con-
uctivity of the subdomain. The averaging exponent p is selected
rom the range −1 < = p < =1 (p /= 0). We note that p = 1, − 1, respec-
ively, define the arithmetic and the harmonic means. As p = 0 is
nvalid for averaging it is superseded by p→ ∞ which gives the
eometric mean.

It is well known that the use of these means leads to upscaled
roperties related by

armonic mean ≤ geometric mean ≤ arithmetic mean (4)

Effective thermal conductivity of a layered system is equal to
he volume averaged arithmetic or harmonic mean of the local
onductivities, respectively for flow parallel or normal to the
irection of layering (Hartmann et al., 2005). For the simple case of
 two-layer system, this implies that:

¯ a = V1�1 + V2�2 (5)

¯
h = V1

�1
+ V2

�2
(6)

here �1 and �2, respectively are the conductivities of medium 1
nd 2, associated with volumetric proportions V1 and V2. Subscripts
 and H denote arithmetic and harmonic averages, respectively.

Christie (2001) states that the most promising methods pro-
osed in the last few years may be those that regard upscaling as
n integral part of the solution of the flow equations, rather than as
n external process which must be complemented with appro-
riate boundary conditions to provide an appropriate answer. This
iew is still not convincingly supported either by unambiguous
nd rigorous theoretical arguments or by results based on
umerical simulations on synthetic or real life settings.

A comparison between flow based upscaling (so called pressure
olver methods) against renormalization approaches is given by

hristie (1996), while a comparison between inverse based upscal-

ng and renormalization is given by Lunati et al. (2001).
  In the context of heat flow, a flow based upscaling may be under-
tood as an approach leading to integrated (or global) thermal 

 
 

ig. 4. Photograph of a Carboniferous to Permian Rotliegend sandstone outcrop (Oberkir
ain, Germany) (a), a closer view on a stratigraphic section from the Messel borehole GA

cales (a) meter to hundreds of meter scale, (b) decimeter to meter scale and (c) millimet
(Hastings and Muggeridge, 2001).

conductivities. This can be expressed as the numerical solution for
an effective volumetric thermal conductivity, by rearranging the
classical Fourier Law as Eq. (1):

∫
V

� = q

∇T
(7)

q being the rate of heat flow q (W m−2) which results from a given 
temperature gradient ∇T (◦C m−1).

Renormalization was first introduced by King (1989) for upscal-
ing of permeabilities. Following Hastings and Muggeridge (2001),
the principle is to take a subregion formed by an array of two by
two cells as the smallest unit and then employ an analogy with a
cir-cuit of electrical resistors to calculate a representative/
equivalent property. The general idea is illustrated in Fig. 3. The
resulting (rep-resentative) value of the property is then used as
one of the four cell properties at the following, larger, length scale,
and so on. An advantage of this procedure is that calculating

effective properties relies on an analytical expression and hence 
successive upscaling is straightforward.

ch formation) close to the town of Hochstätten (50 km southwest of Frankfurt am
2 (b) and samples (c) taken at this outcrop showing the heterogeneities at different
er to centimeter scale.



Fig. 5. Histograms for the (a) vertical dataset measured at dry conditions, (b) vertical dataset measured at water saturated conditions and (c) regional horizontal distribute
dataset measured at dry conditions.

F ne-dimensional), (b) intermediate (Table 2, vertical one-dimensional) and (c) large scale 
( riograms are based on dry measured values.
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ig. 6. Experimental and theoretical variograms (a) for the small (Table 2, vertical o
Table 4, horizontal two-dimensional omnidirectional) datasets, respectively. All va

The analytical expression for block effective thermal conductiv-
ty �2×2 using the resistor analogue is (Hastings and Muggeridge
001):

2×2 = 4(A + C)(B + D)[BD(A + C) + AC(B + D)]
[BD(A + C) + AC(B + D)][A + B + C + D] + 3(A + B)(C + D)(A + C)(B + D)

(8)

here the same notation as provided in Fig. 3 is employed.
In comparison to a two-dimensional solution, it is remarked that

 three-dimensional solution is far more complex to derive (Green
nd Paterson, 2007; Karim and Krabbenhoft, 2010).

Other upscaling approaches discussed in literature with ref-
rence to transfer of information between meso- to macro-scale
ontinuum models, but not used in the study presented here
nclude:

Wavelets (Press et al., 1992); this approach is for instance used in
the field of image processing as it allows reflecting the main 
characteristics of a property distribution both on small and large 
scales. Application of wavelets to geoscientific upscaling has 
become very popular (Lu, 2001; Chu and Schatzinger, 1996; Reza
Rasaei and Sahimi, 2008) since the early 1990.
A combination of upscaling and inverse modeling using the
Ensemble Kalman Filter (EnKF), as given, e.g. by Li et al. (2012).
A multilevel upscaling approach using multigrid solvers and
operator-induced variational coarsening, as suggested and ana-

lyzed by MacLachlan and Moulton (2006).
Upscaling of shale rock properties based on three-dimensional 
imaging and modeling, as discussed by Zhang et al. (2012).

Fig. 7. Experimental variogram for the vertical one-dimensional dataset based on
water saturated measurements.



Fig. 8. Left: Random unconditional field of thermal conductivity with a 512 × 512 resolution. Right: Resulting temperature distribution.
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Fig. 9. Comparison of RMSE for all realizations and all scales of the arithmetic (a), harmonic (b), geometric (c) and renormalization (d) approach.
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ig. 10. Comparison for all realizations and all scales with the flow based upscaling
alues shown are the differences of thermal conductivity compared with the result

. Numerical examples of the effects of diverse upscaling 
echniques

.1. Data

We study the relevance of the appropriate choice of upscaling
pproach through a synthetic example which is inspired to a field
etting and associated data. The rock system we mimic is formed by
ermo-carboniferous Rotliegend clastica (Fig. 4). The basic statistics
f the available thermal conductivity data originally measured along
 50 m long vertical core (80 m deep borehole GA 2 of the Messel
ampaign performed by the Leibniz Institute for Applied
eophysics/Hannover-Germany in 2004) are listed in Table 2
easurements were taken in the core at intervals of approximately

mm using a thermal conductivity scanner (designed by Lippmann
nd Rauen according to Popov et al., 1983, 1999).

The Messel pit (20 km south of Frankfurt, Germany), well known
or its fossil-rich oil shales (Harms, 2002; Schulz et al., 2002) formed

s a maar structure by phreatomagmatic explosions 47 Ma ago 
long a fault zone (Schulz et al., 2005; Mezger et al., 2013). It is 
ocated on the Sprendlinger Horst, a Paleozoic Horst structure east 
f the northern Upper Rhine Graben. Above crystalline bedrocks
arithmetic (a), harmonic (b), geometric (c) and renormalization (d) approach. The
l resolution.

of the Paleozoic Variscan basement Permo-Carboniferous
volcanics and sediments of the Carboniferous to Permian
Rotliegend and Mid-dle Eocene sediments have been deposited. To
identify the Messel Fault Zone two fully cored boreholes called
GA1 and GA2 were drilled in 2004. The cores were used to measure
complete thermal conductivity profiles (Gu et al., 2013).

In addition to this dataset representative of small scale vari-
ability, we consider a dataset formed by all available thermal
conductivity measurements collected from a basin scale outcrop
analogue study representative of the large scale. In this study sedi-
ments of the Carboniferous to Permian Rotliegend of the Saar-Nahe
Basin (Germany) (Schäfer, 2011) were sampled from outcrops and
shallow (max. 250 m TVD) and deep (max. 2800 m TVD) boreholes
from an area spanning 150 km in W–E and 50 km in N–S direction
(Aretz et al., 2013). The basic statistics of this second data-set are
listed in Table 4.

Both samples are essentially normally distributed (Fig. 5) and
show similar minimum, maximum, mean and median values. Data

associated with the whole northern Rheingraben are less abundant 
than those related to the available core and appear to be associated 
with an increased standard deviation/variance. The frequency dis-
tribution of thermal conductivity changes with increasing domain
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Table 1
The three different theoretical variogram settings; all are spherical.

Small scale Medium scale Large scale

Nugget 0.02 0.03 0.06
Sill 0.022 0.03 0.1
Range 0.4 m 4.5 m 2500 m

Table 2
Basic statistics of dry measured thermal conductivity (W m−1 K−1) of the 50 m long
core dataset.

Minimum 1.107
Maximum 3.745
Mean 2.3638
ig. 11. Upscaled thermal conductivity distribution based on the random field show
erformed by arithmetic mean. At the right side the difference of the temperature d

ize. Even as the average value remains approximately unchanged,
he variance increases considerably.

Variogram analysis has been performed on both available
atasets. We consider the sample variograms associated with the
orehole and outcrop data to be respectively indicative of the type
f vertical and horizontal variability (in a geostatistical sense) of
he spatial distribution of thermal conductivities we consider in
ur synthetic study. The latter is performed upon relying on a two-
imensional (along the vertical) domain, mimicking a cross-section
f a sedimentary formation associated with the variogram mod-
ls we derived. The vertical sample variogram could be modeled
y two nested spherical structures, respectively associated with
anges of 0.4 m and 4.5 m (Fig. 6(a) and (b), Table 1). Otherwise

he horizontal sample variogram (Fig. 6(c)) could be interpreted 
hrough a spherical model associated with an estimated range of 
500 m. Table 1 lists the key results of the variogram modeling we 
erformed.

Median 2.3900
Standard deviation 0.2670
Variance 0.071
Number of observations 31,049



Fig. 12. Upscaled thermal conductivity distribution based on the random field shown left in Fig. 8 using 64 × 64, 32 × 32, 16 × 16 and 8 × 8 nodes, respectively. Upscaling is 
performed by harmonic mean. At the right side the difference of the temperature distribution calculated this way to the original one (Fig. 8 right) is depicted in percent.

Table 3
Basic statistics of water saturated measured thermal conductivity (W m−1 K−1) of
the 50 m long core dataset.

Minimum 1.919
Maximum 4.044
Mean 2.943
Median 2.957
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Table 4
Basic statistics of dry measured thermal conductivity (W m−1 K−1) of the large area
dataset (Northern Oberrhein Graben).

Minimum 1.172
Maximum 3.59
Mean 2.3042
Median 2.3

 
 

Standard Deviation 0.223
Variance 0.05
Number of observations 24,079

The available data are, mainly due to technical reasons, based
n measurements at dried rock samples. However, for the ver-
ical dataset, a smaller part was also measured while saturated

ith water (Table 3). Details with respect to the measurements 

an be found in (Gu et al., 2013). Besides of a larger thermal con-
uctivity for the water saturated values and a different, smaller 
ill, both range and shape of the variograms are similar from a
Standard deviation 0.3874
Variance 0.150
Number of observations 611

qualitative point of view (Figs. 6 and 7). Due to a lack of saturated
measurements no such correlation can be deduced for the regional
dataset.

As this study aims at upscaling of reservoir thermal conduc-

tivities, data have been scaled according to the available water 
saturated measurements (Fig. 5(b)), while using the theoretical 
variograms of the dry measured dataset.
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ig. 13. Upscaled thermal conductivity distribution based on the random field show
erformed by geometric mean. At the right side the difference of the temperature di

.2. Methods

A discrete flow based upscaling approach (using the full data-
et) is compared with the solutions we obtain upon relying on
iverse power averaging exponents and renormalization.

The diverse upscaling procedures we test and the subsequent
eat flow modeling (using routines based on Alberty et al., 1999)
re performed in the MATLAB environment (The MathWorks
014).

By using all three variograms shown in Fig. 6 and Table 1, a ran-
om unconditional field of thermal conductivity on a mesh with
12 × 512 nodes, and a 5.86 m × 5.86 m resolution (resulting in a
000 m × 3000 m two-dimensional vertical domain), was gener-

ted using the sequential Gaussian simulation code from the GSLIB 
ibrary (Deutsch and Journel, 1998). The resulting distribution is 
caled, according to water saturated conditions (Table 3), between 
.919 W m−1 K−1 and 4.044 W m−1 K−1.
in Fig. 8 using 64 × 64, 32 × 32, 16 × 16 and 8 × 8 nodes, respectively. Upscaling is 
tion calculated this way to the original one (Fig. 8 right) is depicted in percent.

Based on the random thermal conductivity distribution (Fig. 8,
left), coarsened meshes with locally upscaled thermal conductivi-
ties were generated.

Four cases were considered, each of these constructed by respec-
tively grouping 64 × 64, 32 × 32, 16 × 16 and 8 × 8 cells (see the
Appendix for examples of such reconstructions).

We start by calculating upscaled thermal conductivity distri-
butions on the basis of the original high-resolution conductivity
field by using power averaging and considering diverse values of
the exponent p leading to the arithmetic, harmonic, and geometric
mean values, and renormalization. We then solve the steady-state
conductive heat-transport equation to compute the temperature
distribution for the fine-scale and upscaled conductivity fields.
3.2.1. Mathematical model and boundary conditions
   Similar to MacLachlan and Moulton (2006) we consider two-
dimensional (along a vertical plane) steady heat-flow through a
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ig. 14. Upscaled thermal conductivity distribution based on the random field show
erformed by renormalization mean. At the right side the difference of the temp
ercent.

ock whose thermal conductivity, �(x), is specified on a fine-scale
ver the domain of interest, ˝.

This flow may be modelled at the continuum scale using
ourier’s law and conservation of energy (Eqs. (1) and (2)) for all x
 ˝, i.e.:

∇ · [�(x)∇T(x)] = 0. (9)

The thermal conductivity, �(x), is a positive scalar or a positive
efinite tensor that is assumed to be piecewise smooth with jump
iscontinuities at interfaces.

We consider problems with a combination of flow boundary

onditions (Neumann) and prescribed temperature (Dirichlet) at
he boundaries � of ˝. For the bottom boundary a heat-flux of
5 mW m−2 is used while at the top boundary a temperature of
0 ◦C is assigned.
 in Fig. 8 using 64 × 64, 32 × 32, 16 × 16 and 8 × 8 nodes, respectively. Upscaling is
e distribution calculated this way to the original one (Fig. 8 right) is depicted in

Using Eq. (9) a fine-scale discrete numerical model is obtained
upon relying on bilinear finite elements on a uniform rectangular 
mesh that resolves the variation in �(x).

3.2.2. Numerical methods
We employ the standard Galerkin finite element formulation to 

solve the heat conduction problem; for the diverse schematizations 
we consider.

T(x) =
N∑

i=1

Ti�i(x), (10)

where {�i(x)} are the nodal basis functions associated with the rect-
angular mesh of N nodes. Substitution of (10) into the weak form of

(9) results in a discrete problem that may be expressed as a sparse 
linear system of equations:

Ab = x. (11)
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ere b defines the resulting temperatures which are resulting from
he large, sparse N × N matrix, A, which elements are given by:

ij =
∫

˝

(�(x)∇�i(x)) · ∇�j(x)d˝. (12)

Since �(x) is symmetric and positive definite, so is A.

.3. Results

For each of 10 simulated system realizations upscaling is per-
ormed (using Eqs. (3) and (8)) and the temperature results for the
pscaled grid are subtracted from the results of the original dis-
ribution (Fig. 8, right). In order to avoid numerical effects due to
ifferent grid resolutions, all upscaled distributions have the same
esolution (512 × 512) as the initial data set. As such, neighboring
lements have identical (upscaled) values of conductivity accord-
ng to the level of upscaling. The resulting root mean square errors
RMSE) are compared in Fig. 9.

The RMSE is smallest for harmonic and geometric power
veraging, while it is largest for the arithmetic mean and the renor-
alization approach.
For the arithmetic approach the RMSE is always slightly increas-

ng with decreasing number of blocks. In case of renormalization
he situation is vice versa. The RMSE of each realization associated
ith the harmonic and geometric approach are different. Visual

nspection of our result suggest that the RMSE does not correlate
ith the upscaling resolution.

All upscaling methods rendered distinctly different RMSE for the
ifferent realizations.

Two-dimensional temperature differences are depicted for the
ast (10th) realization in the appendix (Figs. 11–14).

Finally an average thermal gradient was calculated on the basis
f the mean temperatures at the model base. As the heat-flow is
nown, the associated (uniform) average thermal conductivity can
asily be calculated. The results obtained for all model resolution
cales (Fig. 10) gave similar results with only very small
ifferences, but with some distinct characteristics: harmonic and
eometric mean give smallest deviation, the harmonic mean is the
nly one with negative differences; arithmetic mean and
enormalization are comparable good, an interesting feature is
hat for all power averaging means differences are increasing with
ecreasing reso-lution, only for renormalization the differences
re not related with the resolution.

. Conclusions

Upscaling thermal conductivity can be fundamentally differ-
nt from upscaling other hydrodynamic or transport parameters
n porous media and rocks.

In this study a comparison of upscaling procedures for a suite
f synthetic media mimicking the geostatistical structure of a sed-
mentary rock system has been illustrated.

The compared different upscaling approaches show only a
inor impact on the resulting simulated reservoir temperatures.
hen upscaling is performed according to power averaging relying

n a composition of local conductivities associated with their arith-
etic mean, the discrepancy with the fine scale numerical solution

f temperature tends to systematically increase with the degree of
oarseness of the upscaled blocks. Otherwise, this discrepancy does
ot appear to show a clear correlation with the level of coarseness of
he system description values when either harmonic or geometric
ean values of local conductivities are employed in the upscaling
rocedure, i.e., for some realizations the error is larger for the finer
rid than for the coarser one. In the case of the approach based on
enormalization, the magnitude of the discrepancy is comparable
for all scales tested, even as it tends to diminish for coarser levels 
of descriptions.

The smallest RMSE is generally associated with the harmonic
and geometric mean upscaled values. The RMSEs associated with
arithmetic mean upscaled values and renormalization are compa-
rable and essentially twice the values resulting from the harmonic
and geometric mean approaches.

These observations are generally consistent with findings asso-
ciated with block-averaging of hydraulic conductivities in single
realizations of heterogeneous two-dimensional porous media (e.g.
Sánchez-Vila et al., 2006, and references therein). We note that the
type of layering which is considered in this study is commonly
found in sedimentary rock formations in diverse parts of the
world. As such, ours can be considered an observation-driven
study from which one could then develop future synthetic
scenarios within which the impact of diverse principal directions
of anisotropy could be systematically analyzed.

Finally, the results of the flow based upscaling reveal that the
estimated amount of heat-in-place is essentially insensitive to the
upscaling procedure employed.
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Appendix

In the following figures examples of the results of upscaling
of the 10th and last realization of the random field (Fig. 8 left)
are depicted for the four different upscaling resolutions (64 × 64,
32 × 32, 16 × 16 and 8 × 8 cells). Similar to the previous results, 
arithmetic, harmonic, geometric and renormalization approaches
were used for the upscaling. For comparison the resulting dif-
ferences between the temperature field based on the upscaled 
distribution and that of the original, full distribution are shown.
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