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This paper investigates the continuation of solutions to the modified coupled two-component Camassa-Holm system after wave
breaking. The underlying problem is rather challenging due to the mutual coupling effect between two components in the system.
By introducing a novel transformation that makes use of a skillfully defined characteristic and a set of newly defined variables, the
original system is converted into a Lagrangian equivalent system, from which the global conservative solution is obtained, which
further allows for the establishment of the multipeakon conservative solution of the system. The results obtained herein are deemed

useful for understanding the inevitable phenomenon near wave breaking.

1. Introduction

We consider here the following modified coupled two-
component Camassa-Holm system with peakons [1]:

m, +2mu, + mu+ (mv), +nv, =0, >0, x €R,

n,+2nv, +nv+ (nu), +mu, =0, t>0, x€R,
m=u-u,, t>0, x€R, W
n=v-v t>0, x €R

xx?

System (1) is a modified version of the new coupled two-
component Camassa-Holm system in the following equation;
namely,

m, =2mu, + mu+ (mv), +nv,, t>0, x €R,
n,=2nv, +n v+ (nu), +mu, t>0, x€R,
2)
m=u-u,, t>0, x€R,
n=v-v,, t>0, x€R,

which, as an extension of the Camassa-Holm (CH) equation,
has been established by Fu and Qu to allow for peakon

solitons in the form of a superposition of multipeakons. By
parameterizing f = —t for system (2), it then takes the form
of (1), which can be rewritten as a Hamiltonian system

OH _
2 m\ _ [ Om+md dm+nd Sm_u 3)
ot\n)” "\ on+md on+nd J| OH _

on

with the Hamiltonian H = (1/2) J(mG «*m+nG*n)dx, where
Gxm=u,G*n=v,and G = (1/2)ei|x|.Particularly, when
u = 0 (or v = 0), the degenerated (1) has the same peakon
solitons as the CH equation. We are interested in such system
because it exhibits the following conserved quantities, as can
be easily verified:

E, (u) = J udx, E,(v) = j vdx,
R R
E;(u) = JR mdx, E,(u) = JR ndx, (4)

Es (u,v) = J (u2 U+ v+ vi)dx.
R



Note that, when u = v, system (1) is reduced to the scalar
Camassa-Holm equation as follows:

m, + 4mu, +2m,u = 0. (5)

The CH equation, which models the unidirectional propa-
gation of shallow water waves over a flat bottom, has a bi-
Hamiltonian structure [3] and is completely integrable [4-6].
The CH equation has attracted considerable attention because
it has peaked solitons [4, 7] and experiences wave breaking
[4, 8]. The presence of breaking waves means that the solution
remains bounded while its slope becomes unbounded in
finite time [8, 9]. After wave breaking, the solutions of the
CH equation can be continued uniquely as either global
conservative [10-13] or global dissipative solutions [14].

As one of the integrable multicomponent generalizations
of the CH equation, system (1) has been shown to be
locally well posed with global strong solutions which blow
up in finite time [1, 2]. Moreover, the existence issue for a
class of local weak solutions for the modified coupled CH2
system was also addressed in [1]. It has been known that
the continuation of solutions for the system beyond wave
breaking has been a challenging problem. In our recent work
[15], the problem of continuation beyond wave breaking for
the modified coupled CH2 system was studied by applying an
approach that reformulates the system (1) into a semilinear
system of O.D.E. taking values in a Banach space. Such
treatment makes it possible to investigate the continuity of
the solutions beyond collision time, leading to the uniquely
global solutions of this system. Also the global dissipative
and multipeakon dissipative solutions of this system have
been established in [16, 17], while, as far as the authors’
concern, there is no effort made in the literature on the
study of the global conservative as well as multipeakon
conservative solutions of such system, another important
feature associated with the system. Motivated by our recent
work [15-17], in this paper we develop a new approach to
establish a global and stable solution for the modified coupled
CH2 system, which is conservative and further allows for the
construction of the multipeakon conservative solution. The
approach utilized in this paper makes use of a novel system
transformation, which is different from [15] and is based on a
skillfully defined characteristic and a set of newly introduced
variables, where the associated energy is introduced as an
additional variable so as to obtain a well-posed initial-value
problem, facilitating the study on the behavior of wave
breaking. It should be stressed that both global stable solution
and multipeakon solution are important aspects related to
the solutions near wave breaking, while there is no effort
made in the literature on the study of multipeakon property
of system (1), which is another motivation of this work.
Our inspiration of investing the underlying issue mainly also
stems from the early work [10, 11] in the study of the global
conservative solution of the CH equation and [13] where the
multipeakon solution is obtained for the CH equation. In
this work a coupled system is dealt with where the mutual
effect between two components makes the analysis more
complicated than a single one as considered in [10, 11, 13].
By utilizing the novel transformation method, the inherent
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difficulty is circumvented and then the global conservative
solutions of (1) are obtained, which then allows for the
establishment of the multipeakon conservative solution of
system (1).

The remainder of this paper is organized as follows.
Section 2 presents the basic equations. In Section 3, by
introducing a set of Lagrangian variables, we transform the
original system into an equivalent semilinear system and
derive the global solutions of the equivalent system. We
obtain a global continuous semigroup of weak conservative
solutions for the original system in Section 4 and the
multipeakon conservative solution in Section 5.

2. The Original System

We first introduce an operator A = (1 — ai)‘l, which can be
expressed by its associated Green’s function G = (1/2)e ™!
suchas Af(x) =G * f(x) = (1/2) JR e_lx_xrlf(x')dx', for all

fe L*(R), where  denotes the spatial convolution. Thus we
can rewrite (1) as a form of a quasilinear evolution equation:

U+ (w+v)u, +G=* (uv,) +0,G
1 1 1
*<u2+5ui+uxvx+§"2—5"i)=o> t>0, xeR,

v+ (U +v)v, +G * (u,v) +0,G

Let us define P, P,, P, and P, as

1 I
P62 =G e () = 5 | ) (av) (1) .
2 Jr
2 15 1, 1,
Pz(t,x)=G*<u U UV SV —va>

1 x—x' 1 1 1
:—Je'xx|<u2+—u2+uv +—v2——v2>
2 Jr 2 2
x(t,x')dx',

Py (t,x) = G * (vu,) = % J e (vu,) (1,4 i,

R

1 1 1
P, (t,x) =G * (v2 + zvi + U, v, + Euz - Eui)

1 Cx—x 1 1 1
=—J e|Xx|<v2+—vi+uxvx+—u2——u2>
2 Jr 2 2

5 Ux
X (t, x') dx'.
)
Then (1) can be rewritten as
u+w+vu, +P +P,, =0, t>0, x€R,
vw+t@w+v)v,+P;+P, =0, t>0, x€R. ®



Mathematical Problems in Engineering

For regular solutions, we get that the total energy
E(t) = J u* (t,x) + ui (t, x) + v (£, x) + vi (t,x)dx (9)
R

is constant in time. Thus (8) possesses the H ! norm conser-
vation law defined as

1/2
2 2 2 2
Izl = lullgp + IVl = <L [ + 1l + v +42] dx) ,

(10)

where z(t, x) = (1, v)(t, x) denotes the solution of system (8).
Note that z = (u,v) € H' x H', and so Young’s inequality
ensures that P, P,, P;, P, € H'.

3. Global Solutions of the Lagrangian
Equivalent System

We reformulate system (8) as follows. For a given initial data
(0, &), we define the corresponding characteristic y(¢,§) as
the solution of

¥ (68) = (w+v)(t, y (1,%)), a1

and we define the Lagrangian cumulative energy distribution
H as

y(td) 2 2 2 2
(u +u +v + Vx) (t,x)dx. (12)

HEH- |

It is not hard to check that

2 2 2 2 2 2 2 2
(u U+ +vx)t+((u+v)(u +u+v +vx))x

(13)
= (u’ - 2uP, + v’ - 2vP,)

X

Then it follows from (11) and (13) that

‘Z_I;I = [(® - 2uP, +v’ —2vP,) (£, ¥ (1, E))]i)o- (14)

Throughout the following, we use the notation

Uté) =u(tyt¥),
M (t,&) = u, (t,y(t,8)),

V(&) =v(ty(tE),

N (&) =v, (t,y(t9)).
(15)

In the following, we drop the variable t for simplification.
Here, we take y as an increasing function for any fixed time ¢
for granted (later on we will prove this). Then after the change

of variables x = y(t,&) and x' = y(t,& "), we obtain the follow-
ing expressions for P, and P, (i = 1,2, 3,4); namely,

P (t,§) = P, (t,y (t,%))

1

=2 J IOV [UN) 5] (8) dE,
R

(16)

Pl,x (t’ E) = Pl,x (t’ }’ (t’ E))

1

_ _5 jR sgn (E _ E’) e—ly(E)—y(E’)I [(UN) )’z] 17)

x (&)t
P2 (t,f) = P2 (t>)’(t>€))
_ % L o O—@)
x [<U2 - %Mz + MN + %VZ—%N2>yE]
x (&)t
PZ,x (t’ E) = Pz,x (t’ 4 (t’ g))

_ 1 1 -ly@®-y @)
——ELSgn(f—f)ey g

. [<U2 NESYEIN VIO lVZ—lNZ)yE]
2 20 2
x (&) dt,

P3 (t’E) =P3 (ﬁ)’(ﬁf))

1

_ EJ e PO [(VM) )’g] (El)dgl,
R

P3,x (t’ E) = P3,x (t’ }’ (t’ E))

- '% L sgn (§-¢') e 1V©O-E) (VM) ye]

x ('),
P, (t,&) = P, (t,y (t,8))
_ L ey
Joe

2
1 1, 1
x [(V2 + EN2 + MN + EU2 - EM2> yf]
x (&) dE,
P () =Py, (ty ()

_ 1 1\ Iy -y
_—EJngn(E—E)ey b4

J(v2+ Int e mn o+ toro i ¥
2 ) ¢

x (&) de'. "
18



Since H; = W +ul+v* +v2) o Ve, then Py, P, ., Py, and Py,
can be rewritten as

P, (t,&) = P, (t, y (§))

1 _ !
=2 Le VOV, + (U + 2MN - N?) y

x (&) de,
Py (:,8) = Py, (£, y(§))
L sgn (£ &) o @@
x [Hg + (U” + 2MN = N?) y|
x (&) e,
Py (t,8) = Py (t, ¥ (§))
1

-2 J e VOIVEN[H, 1+ (V2 4 2MN - M?) ]
R

N

x (&) dg,
P (68) =P, (ty ()
_ gl ,~ly®-yE)I
JR sgn (E 3 ) e

x [Hg + (V? + 2MN - M?) yg| x (£') dE'.
(19)

N

From the definition of the characteristic, it is not hard to
check that

Uy (6:8) = u, (t,y) +u, (6 ) 3 (19)
= (=P =Py) oy (1,5),

Vit,8) = v (ty) + v, () 3 (69)
= (=P = Py) oy (1:8),

M, (t,8) = uy (t’ y) T Uyx (t’ )’) ¥, (£,8)

= (—le It iviop, —PZ) (20)
2 2 2 '
°)’(f,f))

Nt (t,f) = th (t’y) + Vxx (t’y) yt (f,f)
1 1 1
= (—ENZ - 5M2 + V4 EUZ -P, - p4)
oy (t,§).
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We introduce another variable (¢, &) with ¢(¢, &) = y(t,&) - &.
It will turn out that ¢ € L*°(R). With these new variables, we
now derive an equivalent system of (8) as follows:

G=U+V,

U =-P-P,

V,=-P-P,,,
Mt:(—%Mz ;N2+U2+—V2—P1 P) (D)
Nt:<—;N2 %M2+V2 UZ—P3x—P4>,

H, = U’ -2UP, + V> - 2VP,,

where P, and P; are given in (18), while P,, P, ,, P, and P, ,
are given in (19). We regard system (21) as a system of ordinary
differential equations in the Banach space

E=WxH xH ' xI*xL*xW (22)
endowed with the norm

IXIIg = llslw + Ul + Vg + IMIz2 + [Nz + 1 Hllyw
(23)

forany X = (¢,U,V,M,N,H) € E.Here W = {f € C(R) n

L*(R) | fe € L*(R)} is a Banach space with the norm given

by Il fllyy = £l eo(ry + "fE"LZ(R)' Note that H'(R) ¢ W.
Differentiating (21) with respect to the variable & yields

Cft = U‘E + VE’
1 1, 5
Uft = 5H£+<EU + MN - N _PZ_Pl,x>yE’
1 1_, 2 (24)
VEt = EHE + zv + MN - M" — P4 - P3)x yE’

Hy = (3U2 - 2P2) Us — 2UP, v
+(3V? - 2P,) Vg - 2VP, . 35,

which are semilinear with respect to the variables y;, U, Vg,
and Hg.

To obtain the uniqueness of solutions, one proceeds as
follows. By proving that all functions on the right-hand side
of (21) are locally Lipschitz continuous, the local existence of
solutions will follow from the standard theory of ordinary
differential equations in Banach spaces. In a second step,
we will then prove that this local solution can be extended
globally in time. Note that global solutions of (21) may not
exist for all initial data in E. However they exist when the

is defined as follows.

Definition 1. The set I is composed of all X = (¢,U,V, M, N,
H) € E such that
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(i)
UV, H) e W' ®)]", (25)
(i)
Ve 2 O,HE >0, Ve +H£ >0 ae,
(JMim H(§) =0, 26
(iif)
yeHg = yiU* + U + V2 + V7 ae, (27)

where W'®(R) = {f € C(R)nL®(R) | f; € L®(R)} and
(&) =¢(&) +&.

Lemma2. Let R, : E —» WandletR, : E — H', orlet
R, : E — W be two locally Lipschitz maps. Then, the product
X — R, (X)R,(X) is also a locally Lipschitz map from E to
H' or fromEto W.

there exists a time T depending only on X g such that the
system (21) admits a unique solution in cY([o, T], E).

Proof. To obtain the local existence of solutions, it suffices to
show that F(X), given by

1
F(X)= (U +V,-P,-P,,,-P; - P, ,,——

1
M* - -N*+U*
2 2

1

1 1 1
+ -V -P —P,—-N - M +V*+ U’
2 2 2 2

1,x

~P,, — P, U’ —2UP, +V° - 2VP4>
(28)

with X = (¢,U,V, M, N, H), is a Lipchitz function on any
bounded set of E which is a Banach space.

Our main task is to prove the Lipschitz continuity of P,
and P, (i = 1,2,3,4) given by (18) and (19) from E to
H'(R). We first prove that P, , given in (19) is locally Lipschitz
continuous from E to H'(R) and the others follow in the same
way. Let us write

PZ,x (f)
-5 , ,
_ e 4 L terege )
x [H,E + (U2+2MN - N2) (1 + qf)] (£’) dag'
C(E) 1 1
N ET L temge e
x [He + (U*+2MN = N*) (1 + )] (¢') dE,

(29)

where x, denotes the indicator function of a given set Q2. Let

P, (®)
_ _e_f) L Yo e
x [He + (U*+2MN - N*) (1 + )] (¢') d€,
P, (®)
_ %(E) L e e @
x [He + (U +2MN - N*) (1 + )] (¢') d¢'.
(30)
We rewrite P, (§) as
(&)
P ®) = —5—AeR() ), (3D

where R is the operator from E to L*(R) given as

R(X) () = xqye’ [He + (UP +2MN - N*) (1 + )]
(32)

Since the operator A (given in Section 2) is linear and
continuous from H (R) to H'(R) and L*(R) is continuously
embedded in H'(R), we have AoR(X) € H'.Itis not hard to
check that R is locally Lipschitz continuous from E to L*(R)
and therefore from E to H™'(R). Thus AR is locally Lipschitz
continuous from E to H' (R). Since the mapping X — e is
locally Lipschitz continuous from E to W, by Lemma 2, we
deduce that le’x(f ) is locally Lipschitz continuous from E to
H'(R). Similarly, PZZ)X(E) is also locally Lipschitz continuous
and therefore P, () is locally Lipschitz continuous. One
proceeds in the same way and proves that P, P, ,, P;, and

P; . defined by (18) and P,, P,, and P, , defined by (19) are

locally Lipschitz continuous from E to H Y(R). We rewrite the
solutions of (21) as

X)) =X+ Jt F (X (1)) dT. (33)
0

Thus the theorem follows from the standard contraction
argument of ordinary differential equations. O

It remains to prove the existence of global solutions of
(21). Theorem 3 gives us the existence of local solutions of (21)
for initial data in E. In the following, we will only consider

initial data that belongs to E given by E = En [(Whee (R))3 n
(L? )2 N W (R)]. To obtain that the solution of (21) belongs
to E, we have to specify the initial condition for (24). Let

Q={g e R[5 ©) < 5] or [U ©)] < [T o

[Ve ] = [Vl oo [Fe O] < [l .}



We have meas(Q°) = 0. For & € QF, (¢, U, Vi, He)(0,8)
is taken as (0,0,0,0), and (g, Ug, Ve, He)(0,8) is given as
(Eg, Ug, V‘E’ HE)(E), for 6 € Q.

The global existence of the solution for initial data in T'
relies essentially on the fact that the set T is preserved by the
flow as the next lemma shows.

one considers the local solution X(t) = (¢,U,V, M, N, H)(t) €
C([0,T], E) of (21) with initial data onr some T > 0. One
then gets that X(t) € T for allt € [0,T]. Moreover, for a.e.
t € [0,T], ye(t,§) > O, for a.e. § € R, and limg_, . ,H(t,§)
exists and is independent of time for all t € [0,T].

Proof. We first show that X(t) e T for all t € [0,T]. For
any given initial data X € E, we get that the local solution

(c,U,V, H)(t) of (21) belongs to [WI’OO(R)]4, which satisfies
(25) for all t € [0,T]. We now show that (27) holds for any
& € Q and therefore a,e.. Consider a fixed £ € Q and drop it
in the notation if there is no ambiguity. On the one hand, it
follows from (24) that

(veHe),
= YerHg + yeHg
= (U + Vi) Hy + y; [(3U% - 2P,) Uy + (3V2 - 2P,) Vi
—2UP, .y — 2VP, . ¥
= UgH; + ViHy + 3U°Ugys — 2P,Ug ys + 3V Vi ye

—2P,Veye — 2UP,  y; — 2VP, )%,

(35)
and, on the other hand,
(U +Uf + 33V + V),
=2y U” + 2y;UU, + 2UgUy, + 29y V°
+ 25 V'V, + 2V, V, (36)

2 2
2 2
—2PViye - 2UP2,xy§ - 2VP4,xyf-

Hence, (J’EHE)t = (y?U2 + UEZ + yEzV2 + Vf)t. Notice that
yeH(0) = (ygU2 + UEZ + y§V2 + V;)(O); then y:Hg(t) =
(VeU? + Uf + 3V + V() for all ¢ € [0,T] and (27)
has been proved. We now prove the inequalities in (26). Set
t* = supft € [0, T]Iy;,(t') >0 for all t' € [0,t]}. Assume that
t* < T. Since Ye(t) is continuous with respect to ¢, we have
ye(t") = 0. It follows from (27) that Ug(t*) = V¢(t*) = 0.
Furthermore, (24) implies that yg, (t*) = Ug(t") + V¢(t") =
0 and yg,(t") = (Ug + Vi )(t7) = He(t"). If He(t") =
0, then (yg, U, Ve, He)(t") = (0,0,0,0) which implies that
(6, U, Ve, He)(t) = 0 for all t € [0,T] by the uniqueness
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of the solution of system (24). This contradicts the fact that
Y£(0)+Hg(0) > Oforall§ € Q.IFH(t*) < 0, then yg,,(t*) < 0.
Since y¢(t*) = yg(t") = 0, there exists a neighborhood @ of
t* such that y¢(t) < 0 for allt € @/{t"}. This contradicts the
definition of t*. Hence, H(t") > 0. We now have y,,(t*) > 0,
which conversely implies that y(f) > 0 forallt € @/ {t*1,
which contradicts the fact that t* < T. Thus we have proved
Ye(t) = 0 forall t € [0,T]. We now prove that H; > 0
for all t € [0, T]. This follows from (27) when y(t) > 0. If
Ye(t) = 0, then Ug(t) = Vi(t) = 0 from (27). As we have
seen, Hy < 0 would imply that yg(t') < 0 for some t' in
a punctured neighborhood of t, which is impossible. Hence,
Hy > Oforallt € [0,T]. Now we get that yg(t) + H(t) > 0
for all t € [0,T]. If yg(t') + H,s(t') = 0 for some ¢, it
then follows that (y, Ug, Vi, HE)(t') = 0 which implies that
(5, U, Ve, He)(t) = 0 forall t € [0,T], which contradicts
the fact that y;(0) + Hg(0) > 0 for all { € Q. Hence,
Ye(t) + Hg(t) > 0. This completes the proof that X(t) € T
forallt € [0,T].

We now prove that yg(t,&) > 0 for almost all £. Define the
set ® = {(t,§) € [0,T] x R | yg(t,§) = 0}. It follows from
Fubini’s theorem that

meas (@) = J meas (®E) dé = J meas (®,)dt, (37)
R

[0,T]

where @ = {t € [0,T] | y:(t,§) = 0}and ®, = {{ € R |
Ye(t,&) = 0}. From the above proof, we know that, for all
& € Q, ©; consists of isolated points that are countable. This
means that meas(®;) = 0. Since meas(Q°) = 0, it thus follows
from (37) that meas(®,) = 0 for almost every t € [0, T]. This
implies that y;(¢,§) > 0 for almost all ¢ and therefore y(t,§)
is strictly increasing and invertible with respect to &.

For any given t € [0,T], since Hg(f) > 0 and H(t, & e
L®(R), we know that H(t, +00) exist. We have the following:

t

HEOH=HOH+ | (U -2nU+V7 - 28Y) @D dr.
0
(38)

Let{ — *oo0. Since U, V, P,, P, are bounded in L*°([0, T] x
R) and lim; _, ., ,U(t,&) = limg_,, V(&) = 0as U(t,),
V(t,-) € HY(R) forallt € [0,T], (38) implies that H(t, +00) =
H(0, +00) for all t+ € [0,T]. Since X € T, it follows that
H(0,+00) = 0 forall t € [0,T]. O

I, there exists a unique global solution X(t) = (y,U,V, M, N,
H)(t) € C'(R*, E) for the system (21). Moreover, for all t € R*,
we have X(t) € I, which constructs a continuous semigroup.

Proof. To ensure that the local solution X = (¢,U,V, M, N,
H) € C([0,T], E) of system (21) can be extended to a global
solution, it suffices to show that

sup [lg (&), U (&), V(t,),M(t,-),N(t,-), H(t,)|g<oo.
te[0,T)

(39)
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Since H(t,&) is an increasing function with respect to &
for all ¢ and lim;_,  H(t,§) = limg_, ,H(0,&), we have

supsero HHE lpeomy = IIEIILOO(R) < 00. We now consider
afixed t € [0,T) and drop it for simplification. Since UE(E ) =
Ve(§) = 0 when y:(§) = 0and y;(§) > 0, for a. e. &, it follows
from (27) that

13
W@FZJlﬂﬂ%@%W

—00

! ! d !

? J{E'<€Iyg(5’)>0} U () de
40
02 (40)

2, ¢ i d /
J{E’<EIJ/5(E’)>0} (yEU " Ve ) (f ) :
< | H(®)a -HE,

IA

which implies that

sup )||U2 )], < Jup I () oo = [F1l ey < oo

(41)
and therefore
sup |U (t,)|l;0 < 00.
o (42)
Similarly,
sup |V (t,)|ljo < 00.
fG[Og) t (43)

We can obtain from the governing equation (21) that
s &, O)] <[5 (0,9)] + sup (U (&) + IV (£ )l) T,
te[0.T)
(44)

and then sup,c(o 1) I6(£, -l ;= < 0O. We can also get from the
governing equation (21) that

sup [|M (¢, )] < 00,

sup IN (&, )l < 00,
te[0,T) L (45)

te[0,T)

From the identity H; = (U*+M*+V*+N?) Ye» we can deduce
that
(U +2MN - N?) y| < (U + M? + N* + N?) y; < 2H,
(46)

which implies that

|P2,x|
1

2
1

2

IN

J e VO [H, 4 (U 42MN - N?) ] (¢) d«s’l
R

IN

ly@®-y(E)| N gl
JRey YOl (&) dE

< C sup [|H (t, )|l oo gy < 00.
te[0,T)

(47)

Therefore, [P, .||, < 00.Itis nothard toknow that [P, .||, <

Cllefy(g) 2 - SUP;c(oT) |H(t, )l peory < 00. Similarly, one can
obtain that the bounds hold for P}, P, ,, P,, P;, P; ,, P,, and
P, . Let

>X2

Z(t) = U &)z + U (¢,)

LIVl

+ Ve &)

+ ||HE t,")

et HCE (&) 2 N

Using the integrated version of (21) and (24), after taking the
L?-norms on both sides, we obtain

Z(t)<ZzZ(0)+C Jt Z (1) dr. (49)
0

It follows from Gronwall’s inequality that sup, (o 1) Z(t) < 0o.
Hence, we infer that the map S, : T — T x R" defined as

S (X)=x( (50)

generates a continuous semigroup from the standard theory
of ordinary differential equations. O

4. Global Conservative Solutions of the
Original System

We show that the global solution of the equivalent system (21)
yields a global conservative solution of the original system
(8), which constructs a continuous semigroup in this section.
To obtain the global conservative solution of the original
system, we have to establish the correspondence between the
Lagrangian equivalent system and the original system.
Let us first introduce the subsets F and F, of I given by

F={X=(»UV,M,N,H) €T | y+H € G},

(51)
F,={X=(»UV,M,N,H) €T | y+H€G,},
where G is defined as
G= {f is invertible | f - Id,
(52)

f7' = Id both belong to W"* (R)} .

And, for any « > 1, the subsets G, of G are given by

G, = {f €GI|f - Idlyroo + | £~ _Id"wlm(ze) = “}’
(53)

with a useful characterization. If f € G, (« > 0), then 1/(1 +
a) < fr < 1+aae Conversely, if f is absolutely continuous,
f —1Id € L(R) and there exists ¢ > 1 such that 1/c < f; < ¢
a.e, and then f € G, for some o depending only on ¢ and
| f - Id] L(R)- With this useful characterization of G, it is not
hard to prove that the space F is preserved by the governing
equation (21). Notice that the map (f,X) — X o f definesa
group action of G on F; we consider the quotient space F/G of
F with respect to the group action. The equivalence relation
on F is defined as follows: for any X, X' € F, if there exists



f € Gsuch that X' = X o f, we claim that X and X' are
equivalent.

We denote the projection IT : F — F/G by II(X) =
[X]. For any X = (y,U,V,M,N,H) € F, we introduce the
mapping Y : F — F, given by Y(X) = X o (y+H)™".
It is not hard to prove that Y(X) = X when X € F, and
Y(X o f) = Y(X) forany X € Fand f € G. Hence, we
can define the map Y : F/G — F,as Y([X]) = Y(X), for
any representative [X] € F/G of X € F. For any X € F,, we
have Y o II(X) = Y(X) = X. Hence, Y o Il; = Id}s and
any topology defined on F, is naturally transported into F/G
by this isomorphism. That is, if we equip F, with the metric
induced by the E-norm; that is, dp (X, X') = |X = X'||, for
all X, X' € F,, which is complete, then the topology on F/G
is defined by a complete metric given by dg,c([X], [X M =
[Y(X) - Y(X")|g for any [X],[X] € F/G. Let us denote by
S : Fx R" — F the continuous semigroup which to any
initial data X € F associates the solution X(¢) of (21). The
system (8) is invariant with respect to relabeling. That is, for
any t > 0,S,(X o f) = Sy(X) o f,foran X € Fand f € G.
Thus the map S, : F/G — F/G given by S,([X]) = [S,X] is
well-defined, which generates a continuous semigroup.

To obtain a semigroup of solution for (8), we have to
consider the space D, which characterizes the solutions in the
original system:

D= {(zu) | zeH (R)x H' (R),
(54)
Yae = (u2 +ul + v+ vi)dx},

where z = (1, v) and ¢ is a positive finite Radon measure with
U as its absolute continuous part.

We now establish a bijection between F/G and D to trans-
port the continuous semigroup obtained in the Lagrangian
equivalent system (functions in F/G) into the original system
(functions in D).

We first introduce the mapping L : D — F/G, which
transforms the original system into the Lagrangian equivalent
system defined as follows.

Definition 6. For any (z, u) € D, let

y (&) =sup{y|u(-0o,y)+y <&}, (55)
U@E)=u-y()), V(€ =vey(d),
(56)
M@ =u,oy(), N@ =v,oy(),
HE) =¢-y(©), (57)

with z = (u,v). We define L(z, ) € F/G as the equivalence
class of (y,U,V, M, N, H).

Remark 7. From the definition of y, U, V, M, N, H in (55)-
(57), we can check that X = (y,U,V,M,N,H) € E, which
also satisfies (25). Moreover, we have y + H = Id from
(57), which implies that X = (y,U,V,M,N,H) € F,.

Mathematical Problems in Engineering

Furthermore, if y is absolutely continuous, then y = (u* +
w2+ +v2)dx and

()
Jy (uz + ui +17 + vi) dx+y (&) =¢ (58)
—00

forall & € R.

We are led to the mapping M, which corresponds to the
transformation from the Lagrangian equivalent system into
the original system. In the other direction, we obtain the
energy density y in the original system, by pushing forward
by y the energy density Hyd§ in the Lagrangian equivalent
system, where the push-forward f,v of a measure v by a
measurable function f is defined as

fvB) =v(f(B), (59)

for all the Borel set B. Give any element [X] € F/G, and let
(z, 1) be defined as

z(x)=Z () forany & such that x = y(§), (60)

u =y, (Hedg), (61)

where z(x) = (u,v)(x) and Z(&) = (U,V)(§). We get that
(z,u) € D, which does not depend on the representative
X = (»UV,M,N,H) € F of [X] that we choose. We
denote by M : F/G — D the map to any [X] € F/G and
(z,u) € D given by (60)-(61), which conversely transforms
the Lagrangian equivalent system into the original system.
We claim that the transformation from the original
system into the Lagrangian equivalent system is a bijection.

Theorem 8. The maps M and L are well-defined and L™ = M.
That is,

LoM =1Idpg ~ MoL=Idp, (62)

Proof. Let [X] in F/G be given. We consider X = (y,U,V, M,
N, H) = Y([X]) as a representative of [X] and (z, Y) given by
(60)-(61) for this particular X. From the definition of Y, we

of L(z, ) in F, given by Definition 6. We have to prove that
X = X and therefore Lo M = Idgg. Let

g(x)=sup{&eR|y()<x}. (63)

Using the fact that y is increasing and continuous, it follows
that

y(g(x)=x (64)

and y"l((—oo, x)) = (-00,g(x)). From (61) and since
H(-00) = 0, for any x € R, we get the following:

g(x)
#((~00,x)) = jﬂ(_m | Hedt = | Hde = (o).
(65)
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Since X € F, and y + H = Id, we have
U ((~00, %)) +x = g (x). (66)

From the definition of y, it follows that

y(&) =sup{x e R| g(x)<E&}. (67)

For any given £ € R, using the fact that y is increasing
and (64), it follows that y(§) < y(§). If y(§) < y(§), there
then exists x such that ¥(§) < x < y(&) and (67) implies
that g(x) > &. Conversely, since y is increasing, then x =
y(g(x)) < p(&) implies that g(x) < &, which gives us a
contradiction. Hence, we have ¥ = y. Since y + H = Id, it
follows directly from the definitions that H = H,U = U,V =
V,M = M, and N = N. We thus proved that L o M = Idgc.

Given (z,u) in D, we denote by (y,U,V, M, N, H) the
representative of L(z,u) in F, given by Definition 6. Let
(z,p) = M o L(z, ) and g be defined as before by (63). The
same computation that leads to (66) now gives

U((-00,x)) +x =g (x). (68)

Given & € R, we consider an increasing sequence x;
converging to y(&) which is guaranteed by (55) such that
p((=00,x;)) + x; < & Let i tend to infinity. Since
F(x) = wu((-00,x)) is lower semi-continuous, we have
p((—00, y(8))) + y(&) < & Take & = g(x) and then we get

(=00, x)) + x < g (x). (69)

By the definition of g, there exists an increasing sequence &;
converging to g(x) such that y(§;,) < x. It follows from the
definition of y in (55) that u((—0c0, x)) + x > &;. Passing to the
limit, we obtain u((-00, x)) + x > g(x) which, together with
(69), yields

(=00, x)) + x = g (x). (70)

We obtain that 7 = p by comparing (70) and (68). It is clear
from the definitions that z = z. Hence, (z,) = (z, ) and
Mo L =Idp,. O

The topology defined in F/G can be transported into D,
which is guaranteed by the fact that we have established a
bijection between the two equivalent systems. We define the
metric dp on D as

dp((z.4).(Z 1)) = dpc (L(z.4), L(Z ), (7)

which makes the bijection L between D and F/G into an
isometry. Since F/G equipped with dp i is a complete metric
space, D equipped with the metric dj, is also a complete
metric space. For each t € R, we define the mapping T, :
D — Das

T, = MS,L. (72)
Then a continuous semigroup of conservative weak solutions

for the original system is obtained as the following theorem
shows.

Theorem 9. Let (z,4) € D be given. If one denotes by t —
(z(t), u(t)) = T,(z,p) the corresponding trajectory, then z =
(u, v) is a weak solution of the modified coupled two-component
Camassa-Holm equation (8), which constructs a continuous
semigroup. Moreover, u is a weak solution of the following
transport equation for the energy density:

p+ [w+vyp] = (u3 —2Pu+v - 2P4v)x. (73)
Furthermore, for all t, it holds that
u(t) (R) = u(0) (R) (74)
and, for almost all t,
1 () (R) = e (£) (R) = 1z (1)
= lu @l + VOl =1 0) (R).

Thus the unique solution described here is a conservative weak
solution of the system (8).

(75)

Proof. To prove that z = (u,v) is a weak solution of the
original system (8), it suffices to show that, for all ¢ ¢
C*®(R" x R) with compact support,

J [—ud, + (u+ v) u, ] (t, x) dx dt
R*xR

__ J [(P, + Py.) ] (t, x) duxc dit,
R*XR
(76)

J (v, + (1 + v) v @] (£, x) dx dt
R*XR

- J (P, + P,,.) ¢] (1, x) dx b,
R*xR

where P, P,,, P;, and P,, are given by (8). Let the
solution (y,U,V, M, N, H)(t) of (21) be a representative of
L(z(t), u(t)). On the one hand, since y(t,&) is Lipschitz
continuous and invertible with respect to &, for almost all ¢,
we then can use the change of variables x = y(t, &) and obtain

J [—ud, + (u+v)u ] (t,x)dx dt
R*XR

[ R eo6 6o )

(U +V)U) (1.8 ¢ (. y (t,6))] dE d.

By using the identities y, = U + V and y;, = U + Vj, it then
follows from (21) that

JmR [~Uyed, (£.) + (U + V) Ugh (1, y) ] dE dt

1 1
= E JR+XR2 {—UNyE + 5 sgn (g _ E’)

x [Hg + (U* + 2MN - N?) y¢] } (&)

L OO 1y (E)) e (E) dE'dE dt.
(78)
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On the other hand, using the change of variables x = y(t,§)
and x' = y(t,&') and since y is increasing with respect to &,
we have the following:

- I [(Py + Po0) ¢] (8, x) dx dit
R*XR

= % me [—uvx +sgn (E - f')

Ly 11/2)] (79)

o (12 1,
u +Eux+uxvx+zv > Vx

% (t)y (f')) e P®-y@)

x ¢ (t, y () ye (£) ye (§) ' dE at.
We obtain from (27) that

- J (P, + P,,) ¢] (t,x) dx dt
R*XR

1 1
= 5 JR+XR2 {_UN)/E + E sgn (£ _ EI)

(80)
x [He+ (U +2MN - N?) g} ()
OV (1, (8)) ye (&) dE'dE dt.
By comparing (78) and (80), we know that
[, [Uret ) + W VI U (0 7)] st
(81)

=- J (P, + P,,) ¢] (t, x) dx db.
R*XR

Hence, the first identity in (76) holds. The second identity in
(76) follows in the same way. One can easily check that p(t) is
solution of (73). From the definition y in (61), we get

pO® = | HedE = H(t.00), (82)

which is constant in time from Lemma 2. Thus, we have
proved (74).

Since yg(t,§) > 0 a.e., for almost every & € R, it then
follows from (27) that

OB =] HE
y

U? V2
:J' <U2+—§+V2+—£2>y5dﬁ,
y1(B) Ve Ve

(83)

for any Borel set B. Since y is one-to-one and u, o yy; = U,
vy o yye = V¢ a.e. and then (83) implies that

p(t) (B) = J (W +ul+v +92) (b x)dx. (84)
B

Hence, (75) is proved (and the solution is conservative),
which completes the proof. O
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5. Multipeakon Conservative Solutions of
the Original System

In this section, we will derive a new system of ordinary
differential equations for the multipeakon solutions which
is well posed even when collisions occur, and the variables
(»,U,V, M, N, H) will be used to characterize multipeakons
in a way that avoids the problems related to blowing up.
Solutions of the modified coupled two-component
Camassa-Holm system may experience wave breaking in
the sense that the solution develops singularities in finite
time, while keeping the H' -norm finite. Continuation of the
solution beyond wave breaking imposes significant challenge
as can be illustrated in the case of multipeakons, which are
special solutions of the modified coupled two-component
Camassa-Holm system of the following form:

u(t,x) =y p;(t)e a0,
i=1 (85)

n
v(t,x) = Zri (t) e el
i=1

where (p;(t), ;(t), g;(t)) satisfy the explicit system of ordinary
differential equations:

Z (szJ + rirj) sgn (q] — ql) e_lqi_qj|’

n
pi =
jELi# ]

n

fi= X (ppier)sen(a;-a)e ™™ 6)

j=Litj

4 = ‘i (py+r)e 0.
j=1

Peakons interact in a way similar to that of solitons of the
CH equation, and wave breaking may appear when at least
two of the g; coincide. Clearly, if the g; remain distinct, the
system (86) allows for a global smooth solution. It is not hard
to see that z = (1, v) is a global weak solution of system (8) by
inserting that solution into (85). In the case where p;(0) and
r;(0) have the same sign for alli = 1,2,...,#n, (86) admits a
unique global solution, where the g;(t) remain distinct and
the peakons are traveling in the same direction. However,
when two peakons have opposite signs, collisions may occur,
and, if so, the system (86) blows up.
Let us consider initial data z = (&, v) given by

a(x) _ Zpie—|X—Ei|’

i=1 (87)
Vv (x) = Zr,-eilx*f"l.

i=1

Without loss of generality, we assume that the p; and r;
are all nonzero and that the §; are all distinct. The aim is
to characterize the unique and global weak solution from
Theorem 9 with initial data (87) explicitly. Since the variables
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p; and r; blow up at collisions, they are not appropriate to
define a multipeakon in the form of (85). We consider the fol-
lowing characterization of multipeakons given as continuous
solutions z = (u, v), which are defined on intervals [y;, y;,,]
as the solutions of the Dirichlet problem

z—2., =0, (88)

with boundary conditions z(t, y;(t)) = z;(t) and z(t, y;,,
(1)) = z;,,(t). The variables y; denote the position of the
peaks, and the variables z; denote the values of z at the peaks.
In the following we will show that this property persists for
conservative solutions.

Letus set A = R\ {{;,...,&,}. The next lemma gives us
the functions U, V, and H which belong to C*(A) (they even
belong to C*(A)).

V,H) € [CZ(A)]4 is given, and then the solution (y,U,V, H)
of (21) with initial data X belongs to CYR", [CZ(A)]4).

Proof. To prove this Lemma, one proceeds as in Theorem 3
by using the contraction argument and replacing E by

E=En[(CwW) n(’)nc@], 9
endowed with the norm

IXIiz = 1Xg + |y = Id]yacoay + [Ullweeoca)
(90)
+ ||V||W200(A) + ||H||W200(A)

Our main task is to prove the Lipschitz continuity of P,
and P, (i = 1,2,3,4) from E to HY(R)NC*(A). We first show
that P, , is Lipschitz continuous from E to HY(R) n C*(A)
and the others follow in the same way. Given a bounded set
B={X €E| |Xlz < Cg} where Cy is a positive constant,
from Theorem 3, we get that

[Poe ) = Poe (B) oy = X - X[ = - X]
(o1

for a constant C depending only on Cg. We can compute the
derivative of P, , given as

1 1
Py =~ He + <P2 - U -MN+ N2> (1+¢). (92)

From Lemma 2, P, ,; is Lipschitz continuous from Eto C(A)

and therefore P, ,. is Lipschitz continuous from E to C'(A).
Similarly, we obtain the same results for P,, P,, P;, and P, and
Py, Ps ., P, .. We can also compute the derivative of P, ,; on
A as follows:

1
Poage = =5 He + (P, ye - UUg - MgN — MN; + 2NN ) y

- <P2 - %Uz ~ MN + N2> Vee.
(93)

1

Since P,y is locally Lipschitz maps from E to C(A), we
then get that P, is locally Lipschitz continuous from E to
C?(A). The same results can be obtained for the other P,

1

and P, (i = 1,2,3,4) by the same way. From the standard
contraction argument, the local existence of solutions of (21)
can be proved in E. As far as global existence is concerned,
I X0y does not blow up for initial data in W"*(R). For
the second derivative, for any £ € A, we get that

Yeer = Uee + Vi
1 | 2
U{;{;t — EHff + <EU +MN - N"-P, _Pl,x>yff
+ (UUg + MgN + MN; — 2NNy ) y;
_ (Pz)x + P, - UN) yf,
1 1 2 2
Vg = EHEE + <5V +MN-M"-P, —Pa,x>yEE
+ (VVE + NeM + NM; - 2MNE) Ve (94)
2
_ (P4,x + P3 — VM) yE$
Hyg = = (UP,  +2VP,,) yg + (3U° - 2P, ) Uge
2 2
+(3V? = 2P,) Vi + 6UU; — 4P, Uy
) 2 3 2
+6VVy — 4P, Veye = 2UP,y; + U y;
5 2 2 2
+ 2UMNy; —2UN’y; + UHgy; — 2VP, y;
3 2 2 2,2
+V°yg + 2VMNy; = 2VM” y; + VH y.

The system (94) is affine with respect to yg, Uge, Vie, H-
Thus, we get that

“XEE @, ')”LDO(A)
¢ (95)
= “Xff , ')"LOO(A) +C+C L "XEE (, ')“LO"(A)dT’

where C is a constant depending only on sup, ¢ (o 1) | X w10 ()
which is bounded on any time interval [0, T'). It follows from
Gronwall’s lemma that || X[|200(4) does not blow up and

therefore the solution is globally defined in E. O
We now prove that X = (3,U,V, M, N, H) is a repre-
sentative of z = (u,v) in the Lagrangian system; that is,
[X] = L(Z, U), where X = (¥, U,V,M,N,H) is given by
7 =%, (96a)
u@=u@, VE=7@,
- . (96b)
M@ =u. ), NE&=v.0),
_ 3
HE¢) = I (@ + 1 + v + 7, dx. (96¢)
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We first check that X € F. Since Z = (%, ¥) is a multipeakon,
we get that Z = (%,7) € W ®(R) n H'(R) from (87). Hence,
U, V, and H all belong to W"*(R) while y — Id is identically
zero. Due to the exponential decay of (i1, V) and (u,,V,) and
ﬁg € L®(R), we get that ﬁg € L*(R). The properties (25)-
(27) are straightforward to check. It is not hard to check that
M(X)) = =z @ + ﬁi +V o+ T/fc)dx) and, therefore, since
Lo M = Id, we get that [X] = L(Z, (u” + 1> + V* + v2)dx).

Theorem 11. Let initial data be given in (87). The solution
given by Theorem 9 satisfies z — z,.,. = 0 between the peaks.

Proof. Let us first prove that u — u,
ye(t, &) #0, we get that

= 0. Assuming that

X

M Ueeye — yeeU,
uxxoy:_iz( 3343 i & E)’ 97)
,Vg yg

Ugoy =M,

and therefore

(UyE = Ugeye + yeeUs)

: (98)
e

(M—l/lxx)o)/:

We set

For a given & € A, differentiating (99) with respect to ¢ and
after using (21), (24), and (94), we obtain

dR
T = 3Uern + Ui — U Ui + yaUs + yeUse
Hyey,
= Uy} + 20V yf - —22%
1343 1343 2
— (MgN + NgM - 2NNg) y; - Ug Vs

+ VEEUE +

He yee
2

= 2U (Ug + Vi) ¢ — 2N (Mg — N¢) y:

_ Heye | Hoye

2 2
(100)
Differentiating (27) with respect to &, we get
2 2
YgeHy + yeHee = 2yeygeU” + 2 UUg + 2UUge o
101

+ 29V + 295V Ve + 2V V.

After inserting the value of y; Hy; given by (101) into (100) and
multiplying the equation by y;, we obtain that

dR
)’z'g

3 212 2172 2
= UUgy; - UUgey; + (Heye = yiU” = 35V° = Vi) yg

3
+UVeye = UgeVeye + UgVeye.
102)
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It follows from (27), and since y;, = (Ug + V), that

dR
L= -R. 103
Ve o = Ve (103)
We claim that, for any time ¢ such that y,(f) #0,
d (R R,y — ygR
—(—)=M=o (104)
dt \ ye Ve

We have to prove that R/ y; is C' in time. Since

R U,
_:Uyg‘Uasty& -
Ve Ve
U, MH, J(X X, X
_ Uy U+ 280 eMIe (X X Xe)
(105)

for some polynomial J and X € CYR,E), we get that X, X &
and Xy are C !in time. Since X () remains in T, for all ¢, from
(26), we have y; + Hy > 0 and therefore 1/(y; + H) is C' in

time, which implies that R/y; is C ! in time. Hence, it holds
that

for some constant K(&) which is independent of time, which
leads to

Y (u=—ug)ey=K(@E). (107)
For the multipeakons at time ¢ = 0, we have y(0,&) = & and
(u—1,,)(0,&) =0 forall ¢ € A. Hence,

R

— (t,§) =0, (108)
Ve

forall time ¢t and all & € A. Thus, (u—u,,)(t,&) = 0. Similarly,

(v=v,)t8& =0. O

For solutions with multipeakon initial data, we have

the following result. If yy(t,&) vanishes at some point & in
the interval (§;,&,,,), then yg(t,§) vanishes everywhere in
(&;,&;.1). Moreover, for given initial multipeakon solution
Z(x) = @v)(x) = (XL, pie ™ 0L YL e ™), let (3, UV,
M, N, H) be the solution of system (21) with initial data
(¥, U,V,M,N,H) given by (96a), (96b) and (96¢), and then,
between adjacent peaks, if x; = y(t,&)#x,, = yt.&.,1),
the solution z(t, x) = (u, v)(t, x) is twice differentiable with
respect to the space variable and we have (z — z,,) = 0, for
x € (x;, X141)-

We now start the derivation of a system of ordinary
differential equations for multipeakons.
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From (21), we get that, foreachi =1,2...,n,

dv:
d_}: =u; + v,
du;
E = _Pl,i - P2,xz’
p (109)
‘V.
d_tl = _P3,i - P4,xi’
dH,; 3 3
E =u; — Zu,-Pz,l- +v; - 2viP4,i’

where (y;,u;, v, Hy) = (y,U,V,H)(t, &), P.; = P(t,&;), and
P = P &), (k = 1,2,3,4), respectively. Since the
function y(t,-) is invertible, for almost every ¢, we can use
the change of variables x = y(t,§) such that P, ; and P ,;(k =
1,2,3,4) can be rewritten as

1

- J e il (uv,)dx,
R

Pl,i=2

1 “ly—
P =3 [ sen 0= 007 ()
R

1 —ly;i—x| 2 12 12 12
Py, == e”"(u + U Uy +—v——v>dx,
2,1 ZIR 2x x'x 2 2x

1 “ly—
Pra= =5 [ san(y-x)e
R

1 1 1
X (u2 + Eui +u,v, + Evz - —v2>dx,

1

= J e 7 (yu,) dx,
R

P3,i = 2

Py =3 | sen -0 () dx,
R

1 (2. 1, 1, 1,
P4,i:EIR€ yix <v Ve UVt U _EM’C)dx’
P, .= _1 s n( ,_x)eflyrxl
4,xi 2 N g yz
1 1 1
X (vz + Evi YUV + U - —u2>dx.

2 X
(110)

Between two adjacent peaks located at y; and y,,;, we
know that z = (u,v) satisfies (z — z,,) = 0 and therefore
z = (u, v) can be written as

co-(s)- (A5 A0).

13

for x € [y;, i1, i = 1,2,...,n — 1, where the constants A,
B;, C;, and D; depend on u;, u;, 1, v;, v;,1» ¥;» and y;,; and read

A:Q[ u . Su; ]

"2 |cosh(dy;,) sinh(dy;)
eyi ﬁi 8141'
Bi = — - >
2 | cosh(8y;) sinh(dy;)
i (112)
e Vi V. v,
C. = — ! - >
i 2 [ cosh (8y;) " sinh (8y;)
e?i Vi 6Vi
D; = — - >
2 | cosh(8y;) sinh(Sy;)
where
_ 1 1
Yi= E(yi+yi+1)’ oy, = z()’i_)’i+1)>
_ 1 1
ui = E (ui + ui+1) > 8”1’ = 5 (ui - ui+1) > (113)
_ 1 1
V; = E(Vi+vi+1)a ov; = E(Vi_viﬂ)'

Thus, the constants A;, B;, C;, and D; uniquely determine z =
(u, v) on the interval [y;, y;,,], and we compute

0H; = H;,, — H;

Yit1
J (u2+ui+v2+vi)dx
"
(114)

2u; tanh (8y;) + 20u; coth (8y;)
+ 27 tanh (8y;) + 28v; coth (8y;)
= 6H,; + 6H,;,

where 8H,; = 2u tanh(8y;) + 28u’ cosh(8y;) and 8H,; =
27 tanh(8y;) + 28v; cosh(Sy;). At this point, we can get
some more understanding of what is happening at a time
of collision. Let t* be a time when the two peaks located
at y; and y,,, collide, that is, such that lim, , ,.dy;(t) = 0.
Since the solution z = (u,v) remains in H' for all time,
the function z = (u, v) remains continuous so that we have
lim, _,,-0u;(t) = lim,_,-8v;(t) = 0, and, when ¢ tends
to t*, A;, B;, C;, and D; may have a finite limit. However,
we know that the first derivative blows up, which implies
that lim, ,,~B; = -lim,_,,+A; = oo and lim,_.D; =
—lim, _, ,+C; = co. Thus, du; and 8v, tend to zero, respectively,
but are slower than 8y,. Indeed, let t tend to t* in (114), and
then, to first order in dy;, we obtain that

OH.
2 2 4|t ° ) 115
\Ou? +0v? = \j 5 \Sy; +9(8y;), (115)
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which implies that du; and dv; tend to zero at the same rate as
1/8y;. We now turn to the computation of P ; (k = 1,2,3,4)
given by (110). Let us write z = (u, v) as

(u(t,x),v(t,x))

n
(S8 )1000

z (t, x)

(116)

2 (Cie" +Die™) Xy (x)> -

j=0

We have sets yy = =00, y41 = 00, thy = thyyy = 0,V = Vpyy =
0,Ay=ue”,By=0,A,=0,B, =u,e’, and C, = vie™”,
D,=0,C,=0,D, = v,e’. We have

n

_ 2x —2x
wr, =) (A;Cie" ~A;D;+ B,C; = B;Die™) x5, 1

+ (Aij -A;D;-BC;+ 2Cij)
3 2 )
+ (EBj + B]-Dj> e
n

_ 2x —2x
Vi, = ZO (A,Cje™ ~C;B;+ D;A; = BiDje ™) xy, .0
£

X
X(yj’yjﬂ))

1,

2 1, 2
V+va+uxvx+5u— »

1
—Uu
2
=Z 3+aC,) e
2 ] 7177
=0

+ (C]-Dj ~C;B;—-D;A; + 2Aij)

3 2 “2x
* <§Dj * Dij> e ) Xp3j00)"
117)
We set
-1 ifi<j,
k. = 118
J {1 otherwise. (118)
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By inserting (117) into (110), we get

_ _Z J'yjﬂ U -
2. -2
x (A;C;e™™ = A;D; +B,C; - BD;e”) dx,
1& (Vin k(e 3, )
P, = _Zoj e kil x)<<EAj+AjCj>e x
+(A;B;- A;D;
~B,C; +2C;D;)

3 2 —-2x
+ (EBj +Bij)e )dx,

n .
Jyjﬂ e—kij(}’i—x)
Vi

Jj=0

0| =

2x -2x
x(AjCje -C;Bj+D;A;-B;Dje )dx,
Vit
P4,i — _ZJ U yx
x<<§C2-+A-C-)eZX
2 ] ]

+(Cij—Cij—DjAj+2Aij)
+(2p?+DB)e™
L CiTEiRi)e )

It follows from (112) and (114) that

_[e—y,( 5o o )}2
] 2 cosh(@yj) sinh(éyj)

e i

(119)

\.}N

= nk? (237, [#sinh (y;)
+2i1,6u; sinh (8y;) cosh (8y;)
+du;cosh’ (8y;)]

e

= ———— |0H,; +4u0u,|,
4 sinh (28yj) [ 4, u]]

(120)

B - e < U . Su; )
7772\ cosh (8y;) sinh(dy;)

ﬂ( U ~ Ou; )
2 cosh(éyj) sinh(&yj)
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2 2
2u; tanh (Syj) — 26u; coth (Syj)]

4ﬁ§ tanh (8yj) - 8H1j] >

(121)

N
>
<

sinh (:Syj) )

_ e’ j
AjC; = 2 <cosh (Syj) ’

e ( v; N ov; )
2\ cosh ((Syj) sinh (8)/]-)
= m [ujvj tanh ((Syj) +0uv;
+0v;u; + 6u;0v; coth (6yj)] ,
(122)

Ou;
smh 5y])

=) 7,
JJ cosh (
e’i Vj
2

J
~sinh Sy])>

[uﬁj tanh (6yj) + 814]-17]»

cosh SyJ

1
2 sinh (28)/])

—SVjEj - 6uj6vj coth (Syj)] ,
(123)
Uj j

B.C, = e 5o
) cosh(c?yj) sinh(Syj)

<cos:( 3" o)
o

h(é 1)
231nh(26yj) v tan (yj)+ vu

—0uv; - 6u;0v; coth (6yj)] ,
(124)

BD. - é( u B Su; )
7772 \ cosh (éyj) sinh (Syj)

é( v; ~ 61/] )
2 \ cosh (8yj) sinh ((Syj)
27,
- m (%7, tanh (8y;) - u;7;
—SVjEj + 6uj8vj coth (Syj)] ,
(125)

15
B - e_yj u; ~ 8uj ’
! 2\ cosh (8yj) sinh (Syj)
(126)
e _
= m [6H1] - 414]6“]] .
Thus, from (120)-(126), we can obtain that
J‘)’jﬂ g_kij(yi_x)Aiezxdx
Vi
e_kij}’i . ekijyj'
= inh k;;) Oy,
2(2+ k) sinh (20y;) sinb ((2-+ ) )
X [(SHU + 4ﬁj6uj] ,
127)
L}jﬂ e_k"f'(y"_x)AjCjezxdx
e_kijyi . ekijyj
= inh k..)Sv.
(2 + k,-j) sinh (26yj) o ((2 ’ U) yj) (128)
. [ﬁjT/j tanh (Syj) + (Suﬁj + 8vjﬁj
+6uj6vj coth (Syj)] ,
J:H e_k"f(y"_x)Aijdx
e (129)
== " nh )
2 sinh (28yj) - (8)/])

X [4&? tanh (Gyj) - (SHIJ-] R

Yij+1
J T e 0TI A D dx
177
Vi
e—kijJ’i . ekijyj

¢ 7 Ginh (S,
sinh (Z(Syj) . (6)}])

. [EjT/j tanh (Syj)+8uj7j - 6vjﬁj - 8uj6vj coth (Syj)] ,
(130)

Yir1 k(v
L,-J e kil x)Bjdex
e kidi . ki
& % T inh(sy.
sinh (28yj) o ( y])
. [ﬁjT/j tanh (8yj)+5vjﬁj - 6uj17j - 8uj6vj coth <5yj)] ,
(131)
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Yi+1
J e_k"f(y"_x)C]-Djdx
Vi

~kijyi | Gkii¥; -
= ZesiT(ZeSij) sinh (Syj) [41/? tanh (Syj) - 6H2j] ,

(132)
Jﬁ+1
ki (y—x) 2 =2
J PR x)Bje *dx
Vi
e kivi . k¥

2 (kij - 2) sinh (28)/])

sinh ((k )6)/])
X [6H1j - 4ﬁj8uj] ,
(133)

yj+1 (v _
J ¢ ki x)Bije 2 dx
y

e ki . ki
- inh ((k.. —
(k,] )smh (28)/]) - (( Y
. [ﬁﬁj tanh ((Syj)—&tj?j - 6v]-ﬁj + (Sujévj coth (8)/]-)] .
(134)

2) dy;)

It thus follows from (127)-(134) that

e kiYi . okii¥;

o (5)/]) [Zk ;7 ;sinh’ (Syj)tanh (Syj)

2 5%

+ 2k;;0u;0v; sinh (8yj) cosh (5yj)
+ 28uj?jcosh2 (Syj)

+ 2(31/J-Ej-cosh2 (Syj)

+Ou; + Ov;ii; - 3u;v; tanh (8y;)

+30u;0v; coth (5)’1')] ’
n ok | okiiY; 2
P, Z4cosh (8)/]-) [ H, jcos ( )’J)
+ 4kijﬁj5ujsinh2 (Syj)

+ 2&? tanh (5yj) + 47; tanh (5yj)
—-0H,; - 4u v, tanh ((Sy])

+ géujévj coth (Syj)
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[SURN

+ Zu;v; cosh (Syj) sinh (Syj)

+ %814]-61/]» coth (8yj) cosh® (Syj)

4 — .
+ gk,-j&,tjvjsmh2 (Gyj)

4
+- kljﬁvju]smh (Syj)].
(135)

We can also write P, ; and P, ; as

(136)

Py = sz,ij’

where
iy, forj=o,
e—kijyi . ekijyj
[zkIJquJSIHh (8)/1') tanh (6yf)
+2k;;0u;6v; sinh ((Syj) cosh (5)’]‘)
Pl’,-j = 4 +28u1v1cosh (8)/]-)
+28v u; .cosh? (5)/]) + 5” Vi
+5VJ”J 3u;v; tanh (Syj)

+36u;0v; coth (Sy])]
for j=1..., n-1,

4 cosh (Syj)

X [SH .cosh’ ((Sy])
+4k;;u;0u; sinh® (Syj) + 2ﬁ? tanh (8yj)
+4vj tanh (6yj) 0H,; - gﬁﬁj tanh (Syj)

L +§5u»5v-c0th(5}’j)

20 = ) +;; 7, cosh (8y,) sinh (8,
+§8uj6vj - coth (8y; ) cosh? (8y;)
+%ik-»8u v .sinh? (5yj)
+3 li‘S"Jufsmh (Syj)]>

L oy 4y, "
4u2 y"+y'+g“n"ne Iutdi

for j =n.
(137)
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The terms Py ;, P, ;, and Py ;, (k = 1,2, 3,4) can be computed
in the same way and we have

n n
Pl,ix = - Zkijpl,ij> P2,ix = _ZkijPZ,ij’
j=0 j=0
(138)

n n
Pyiv= - zkijp3,ij’ Py = _Zkijp4,ij'
j=0 j=0

The result can be summarized in the following theorem.

Theorem 12. Assume thaty, = §;, z; = (u;, v;) = (u(&;), v(&;))
and H; = fio(ﬁz + U+ TV +V)dx fori = 1,...,n with
a multipeakon initial data z = (u,V) as given by (87). Then,
there exists a global solution (y;,u;,v;,H;) of (109), (136),
and (138) with initial data (7i,ﬁi,1_/i,ﬁi). On each interval
[y;(1), y;,1(1)], one defines z(t, x) = (u, v)(t, x) as the solution
of the Dirichlet problem z — z,.,. = 0 with boundary conditions
z(t, y;(t)) = z;(t) and z(t, y;,,(t)) = z;,,(t) for each time
t. Thus z = (u,v) is a conservative solution of the modified
coupled two-component Camassa-Holm system, which is the
multipeakon conservative solution.
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