Existence and stability of traveling pulse solutions
of the FitzHugh-Nagumo equation
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Abstract. The FitzHugh-Nagumo model is a reaction-diffusion equation describing the prop-
agation of electrical signals in nerve axons and other biological tissues. One of the model
parameters is the ratio € of two time scales, which takes values between 0.001 and 0.1 in typical
simulations of nerve axons. Based on the existence of a (singular) limit at e = 0, it has been
shown that the FitzHugh-Nagumo equation admits a stable traveling pulse solution for suffi-
ciently small € > 0. Here we prove the existence of such a solution for € = 0.01, both for circular
axons and axons of infinite length. This is in many ways a completely different mathematical
problem. In particular, it is non-perturbative and requires new types of estimates. Some of these
estimates are verified with the aid of a computer. The methods developed in this paper should
apply to many other problems involving homoclinic orbits, including the FitzHugh-Nagumo
equation for a wide range of other parameter values.

1. Introduction and main results
The FitzHugh-Nagumo equation

w1 = 02wy + f(w1) — wa, Orwy = (w1 —yw2) , (1.1)

models the propagation of electric signals in nerve axons [1,2,3]. Here w1 (x,t) is the voltage
inside the axon at position x € R and time ¢. The first equation in (1.1) is Kirchhoff’s
law, expressing that the change 92w, of the current d,w; along the axon is compensated
by the currents passing through the cell membrane: a capacitance based current d;w; and
a resistance based current we — f(w;). The function wy describes a part of the trans-
membrane current that passes through slowly adapting ion channels. The remaining part
of the resistor is modeled by a simple cubic

fry=r(r—a)(1—r), O<a<%. (1.2)

Simulations based on this model are abundant, both with analog and digital comput-
ers. The choice of parameters €,7v,a > 0 depends on the type of system being considered.
For our investigation of FitzHugh-Nagumo equation we choose the values

e:ﬁlo, v=5, a:%, (1.3)
which produce traveling waves in numerical simulations that look very similar to those
observed in biological experiments.

A traveling wave is a solution of the form wy (z,t) = ¢1(z—ct) and wo(x,t) = po(z—ct).
We are interested here only in traveling waves that can be identified as a single localized
pulse. There appear to be exactly two values of the velocity ¢ for which such solutions
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exist, one corresponding to a stable “fast” pulse and the other to an unstable “slow” pulse.
Both have (singular) limits as ¢ — 0 that can be computed explicitly. For e > 0 sufficiently
small, it is possible to use perturbative methods to prove the existence of the fast pulse
[8,9,10,11,17]. This pulse was shown to be stable in [14,15]. The existence and instability
of the slow pulse, for sufficiently small € > 0, was proved in [8,9] and [16], respectively.
Multiple pulse solutions, turning points, and bifurcations are described in [12,13,19,20].
Further information and references can be found in [18].

The equation (1.1) is usually considered for axons of infinite length. In addition to this

case, we also consider a circular axon of length ¢ = 128. Our first result is the following.
Let Sy = R/({Z).

Theorem 1.1. The equation (1.1) on S,,5 x R with parameter values (1.3) has a traveling
pulse solution with velocity ¢ = 0.470336308 ... Furthermore, this solution is real analytic
and exponentially stable.

By stability we mean nonlinear stability, as defined below. A proof of this Theorem will
be given in Section 4, based in part on estimates that have been carried out by computer.
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Figure 1. Components ¢1 (large) and ¢2 (small) of the periodic pulse.

The equation for a traveling pulse solution with velocity c is

1+t = —f(é1) + 2, chy = —€(dp1 —vp2) . (1.4)

In the case of a pulse on R, one also imposes the conditions ¢;(+to00) = 0. As usual, a
second order equation like (1.4) can be written as a system of first order equations: Using
the auxiliary function ¢y = ¢, we have

®o —coo — f(P1) + @2
¢’ = X(o), p= ||, X(@) = Po : (1.5)
®2 —c te(pr — v2)

This defines a dynamical system in R3. For the value of ¢ given in Theorem 1.1, this
dynamical system has a periodic orbit of length 128.
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Notice that the origin is an equilibrium point, since X(0) = 0. It is not hard to
check that for every ¢ > 0, the derivative DX (0) has one real negative eigenvalue, and
two complex conjugate eigenvalues with positive real parts. Thus, the origin has a stable
manifold W of dimension 1 and an unstable manifold W of dimension 2. We will show
that there exists a value of ¢ for which these two manifolds intersect at some point other
than the origin. (In fact WY C W¥, since both manifolds are invariant under the flow.)
To be more precise, we prove the following

Theorem 1.2. The equation (1.1) on R x R with parameter values (1.3) has a traveling
pulse solution with velocity ¢ = 0.470336270 ... Furthermore, this solution is real analytic,
decreases exponentially at infinity, and is exponentially stable.

A proof of this Theorem will be given in Section 4, based in part on estimates that have
been carried out by computer. The stability proof involves estimates on the Evans function
[7]. For the existence proof we follow the approach used in [22]. The model considered in
[22] is a modification of the FitzHugh-Nagumo model, proposed and studied first in [21],
which takes into account electro-mechanical effects that are important in tissues such as
the heart muscle. Our choice of parameter values (1.3) is the same that was used in [21]
for numerical comparisons. A result similar to Theorem 1.2, but with local uniqueness in
place of stability, was proved in [33] for a system of equations that descibes the propagation
of a pulse in relaxing media.

For the value of ¢ described in Theorem 1.2, the negative eigenvalue of DX (0) is larger
in absolute value than the real parts of the two complex conjugate eigenvalues. Under this
condition, it was shown in [13] that the existence of a homoclinic pulse implies the existence
of a wide variety of multiple pulse solutions for the same velocity .

We use the standard notion of stability, described e.g. in [4]. It takes into account
that the equation (1.1) is invariant under translations, so that any translate of a solution is
also a solution. Let ¢ = [¢1 ¢2]" be a traveling pulse solution of (1.1) with velocity c¢. To
be more precise, ¢ satisfies the equation (1.4), and the asymptotic condition ¢(+oc) =0
in the case of a pulse on R. For any bounded solution w = [w; ws|" of (1.1) define

d(w,t,s) :sup’wj(:zz,t)—@(x—s—ct)’. (1.6)

7,z

The sup in this equation is taken over all z € R (or x € Sy in the periodic case) and
J € {1,2}. The pulse ¢ is said to be exponentially stable if there exist constants a, b, C > 0
such that for 0 < 8 < b, and for any solution w that satisfies §(w,0,0) < 3, there exists
s € [-CpB,Cp] such that §(w,t,s) < CBe > for all t > 0. Here, and in what follows, a
solution w of (1.1) is always assumed to be uniformly continuous and to have uniformly
continuous bounded derivatives d,w1, 3%101 and 0, ws.

The remaining part of the paper is organized as follows.

In Section 2 we consider the existence of the pulse solutions. For the periodic pulse,
the problem is reduced to solving an appropriate fixed point equation in a space of real
analytic periodic functions in the variable y = x — c¢t. The homoclinic pulse is obtained

t We thank Stuart Hastings for bringing this result to our attention.
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via Taylor expansions (after a suitable change of variables) at y = +0o0 whose terms can
be computed order by order.

In Sections 3 and 4 we consider the stability of the pulse solutions. As one would
expect, the stability problem can be reduced to proving that the generator L, of the
linearized flow has no eigenvalues in a half-plane. But more importantly, we can exclude
eigenvalues outside some small region R. In the periodic case, the problem is reduced via
perturbation theory to estimates on matrices. In the homoclinic case, we determine the
number of eigenvalues in R by estimating the Evans function along the boundary of R and
then applying the argument principle.

What remains to be proved at this point are four technical lemmas. In Section 5
we show how this problem is reduced further, to a point where the remaining steps can
be mechanized and carried out by a computer. This includes a description of how the
mechanical part is organized. The complete details can be found in [37].

2. Existence of pulse solutions

2.1. Existence of a periodic pulse

Our goal here is to reduce the existence part of Theorem 1.1 to a suitable fixed point

problem. Let n = ¢/(2m). Substituting ¢1(y) = ¢(y/n) and ¢2(y) = ¥(y/n) into the
equation (1.4) we get

N2 +en Tl =w— fle), o =e(yp— ). (2.1)

We need to find two 2m-periodic functions ¢ and @ that satisfy (2.1) for some positive
value of c¢. Notice that ¢ — f(¢) and y¥ — ¢ must have average zero. Thus,

(vflp)—p) =0, (2.2)

where (.) denotes averaging. As a first step we rewrite (2.1) as an equation for the function
¢ alone. Let D~! be the antiderivative operator on the space of 2m-periodic continuous
functions with average zero. Then 1y = 1) — (¢)) can be computed from ¢ as follows:

o = enD ™ () — )
= enD ™ (V[ — F(@)] + [vf () — )

. o (2.3)
= eynD [ — f(@)] + enD™ [ f(p) — ]
= e[~ + epo] + enD () — o],
where ¢y = ¢ — (¢). Substituting this into the first identity in (2.1) we have
-2, 1 -1 ./
+ = () + 1o —
et et = (W) + o — flp) (2.4)

= () + ¢ teyn ¢ + Ne(po),
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where
N(p0) = —f(0) + eypo + ec D Yy f(@) — o). (2.5)

In writing N.(¢g) instead of N.(y), we are assuming that the function ¢ is determined
by its zero-average part ¢q via the condition (2.2). This assumption will be verified later.
The equation (2.4) can also be written as

O + ke = nQIONC(gOO) , K = n(c - cile'y) , (2.6)

where Igh = h — (h) denotes the zero-average part of a continuous 27-periodic function.
Finally, applying (D? + kD)~! to both sides of this equation, we obtain the fixed point
equation

wo =Ne(wo),  Nelpo) = n*(D? = k1)1 (I — kD™ 1) IgNe(e0) - (2.7)

Here we have used the identity (D? +xD)™! = (D? — k1)~ }(I—-xD~1). This factorization
is convenient with respect to our representation (2.8), since the first factor is diagonal
(preserves parity) and the second factor is close to the identity at high frequencies k.

We consider the fixed point equation for N, in a space Fy = IgF of real analytic
functions. To be more precise, given p > 0, let S, be the strip in C defined by |Im (x)| < p.
Every 2m-periodic analytic function on S, admits a Fourier series

h(z) = Z hy cos(kx) + Z h_ sin(kzx) . (2.8)
k=0 k=1

Denote by F the space of all real analytic functions (2.8) that have continuous extensions
to the closure of S, and a finite norm

o0

1hll =D |hx| cosh(pk). (2.9)

k=—oc0

Our reason for considering a space with this norm, as opposed e.g. to the sup-norm on S,,,
is that the sum (2.9) is easy to estimate from our bounds (5.26) on periodic functions.

Remark 1. As defined above, F is a Banach space over R. When discussing eigenvectors
of linear operators on F, we will also need the corresponding space over C. Since it should
be clear from the context which number field is being used, we will denote both spaces by
F. Since we are only interested in in real solutions to (1.1), the default field is R. The
same applies to the spaces A, B, C, and V considered later.

Our goal is to solve the fixed point equation NV (¢g) = o via a Newton-type procedure.
However, there is an obvious obstruction that needs to be taken care of first. Namely, N,
commutes with translations 75 : h +— h(. — s). Thus, if (g is a fixed point of N, then so
is any translate 7T;¢q. Differentiating the identity N.(Ts¢0) = Tso with respect to s, we
see that DN, (yp) must have an eigenvalue 1,

DNc(0)eo = ¢ - (2.10)
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We intend to eliminate this (simple) eigenvalue 1 by projecting onto the orthogonal com-
plement of a function close to ¢p. The inner product used here is Q(g,h) = >, grhs.
Notice that @ is invariant under translations, and thus Q(g,¢’) = 0 for all g € F.
Assume that we have found numerically a Fourier polynomial py € Fy that is an
approximate fixed point of NV, for some value c,um of c. Let p; € Fy be a Fourier polynomial
close to a constant multiple of pj, normalized in such a way that Q(p1,p1) = 1. Now define

Ne(g) =PNe(g), g€ Fo, (2.11)

where PP is the projection operator on F defined by Pg = g — Q(g, p1)p1-

By assumption, p; is approximately @Q-orthogonal to pg. Thus pg is an approximate
fixed point of N/, for values of ¢ close to cyum. Furthermore, we can expect DN!(g) to
have no eigenvalue 1, for g near py and ¢ near ¢pum,. In particular, N/ can be expected to
have a fixed point near pg, for every value of ¢ near c¢,u,. The value of ¢ for which a fixed
point g. of NV is also a fixed point of N, is determined by the condition

Q(N(gc):p1) =0. (2.12)

In order to solve the fixed point problem for N we consider a quasi-Newton map
Mc(h) = h+ N/(po + Ah) — (po + AR),  heFy, (2.13)

with A an approximation to [I — DN/(po)]~!. A solution of the fixed point equation
N!(g) = g is then obtained by solving M.(h) = h and setting g = po + Ah.

Given r > 0 and h € Fy we denote by B,.(h) the open ball of radius r in Fy, centered
at h. Let p =1log(1+4271%) and § = 27%.

Lemma 2.1. There exist two Fourier polynomials pg,p1, an open interval J, and two
constants cg = 0.4703363082... and R > 0, such that the following holds. For every
function g € Bg(po) there exists a unique real number g € J, such that ¢ = g+ g satisfies
the condition (2.2). The resulting map (c,g) — N.(g) is differentiable on some open
neighborhood of I x Br(pg), where I = [co — §,co + 6]. The function ¢ — Q(N.(g),p1)
changes sign on I, for every function g € B,.(pg). Furthermore, there exists a continuous
linear operator A on Fy, and positive constants K, r, e satisfying e+ Kr < r and ||A|r < R,
such that the map M. defined by (2.13) satisfies

IMO) <&, [IDM(B)| <K, he B(0). (2.14)

This lemma, together the contraction mapping theorem, implies the claims in Theo-
rem 1.1 concerning the existence of the periodic pulse. A more detailed argument will be
given in Subsection 4.1. Our proof of Lemma 2.1 involves estimates that have been carried
out by computer. More details can be found in Section 5.

2.2. Existence of a homoclinic pulse

The equation (1.5) for a pulse solution on R can be written as

dy¢ = DX(0)¢ + B(¢r), (2.15)
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where
—c a 1 —f(¢1) — ags
DX(0)=| 1 0 0 |, B(¢)= 0 : (2.16)
0 —clte cley 0

Here we have used that f/(0) = —a. Notice that DB(0) = 0. We restrict the analysis to
real velocity parameters c in a ball |c—cy| < ¢ of radius ¢ = 279¢. For these values of ¢, the
matrix DX (0) has a negative real eigenvalue 1o and two complex conjugate eigenvalues vg
and 7y with positive real part. The numerical values are

co = 0.4703362702...
1o = —0.6628889605 . . . | (2.17)
vo = 0.1494298049 ... — i x 0.1605660907 . . . .

Our first goal is to construct a solution ¢ = ¢° that satisfies ¢*(4+00) = 0. This solution
parametrizes the one-dimensional local stable manifold W?* of the origin. A similar problem
was solved in [22] via the ansatz

¢ (y) =L5(r)+ Z°%(r), r = ety (2.18)

with ¢°(r) = rUp and Z*(r) = O(r?). Here Uy is the eigenvector of DX (0) associated with
the eigenvalue po. The equation (2.15) for ¢ = ¢® can now be written as

7° = [0, — DX(0)] 'B(; +Z5), 0, = poro . (2.19)
Notice that the monomials r + ¥ are eigenfunctions of 0y. Furthermore, the second
component of Uy is nonzero and thus can be chosen to be 1, making ¢5(r) = r. Thus, the
equation (2.19) can be solved order by order in powers of r, yielding a unique formal power
series solution Z%(r) = >, <, Zxr*. We will show that this solution is actually analytic in
a disk centered at the origin, which includes the point e*0¥% with yy = % This holds for
all values of ¢ in the interval mentioned above.

The stable manifold is now “prolonged” backwards in time, using a simple Taylor
integrator: For n = 0,1,...,26 we determine the Taylor expansion of ¢°(y) in powers of
Yy — Yy, and evaluate the result at y,, 1. As described in Section 5, this is done order by
order up to a certain degree, and the reminder is estimated rigorously. The endpoint is
Yoy = —43, and ¢°(—43) is again close to the origin.

The next goal is to compute the two-dimensional local unstable manifold. Following
again the procedure in [22], we make the ansatz

¢"(y) = ®“(Re"Y, Re™Y) , (2.20)
with R > 0 fixed but arbitrary, and

QU (s) =1"(s)+ Z"(s), s = (s1,82), (2.21)
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where £%(s) = s1Vo + s2Vo and Z%(s) = O(|s|?). Here, Vo and Vg are eigenvectors of
DX (0) for the eigenvalues vy and 7y, respectively. The equation for Z" is analogous to
the equation (2.19) for Z°, namely

7% = [0, — DX(0)] "Bty +Z), 8y = vps10s, + V05205, - (2.22)

Notice that the monomials s + s¥sJ' are eigenfunctions of §,. Furthermore, the second
component of Vg is nonzero and thus can be chosen to be 1, making ¢} (s) = s1 + s3. Thus,
the equation (2.22) can be solved order by order in powers of s; and ss, yielding a unique
formal power series solution for Z*. That is, each component h = Z3 of Z* has a unique
expansion

h(s) = Z hlemShsy (2.23)
k,m

with hg ., = 0 for K+ m < 1. Notice that (2.22) reduces by projection to an equation for
the component Z7* alone. We will prove that the solution Z“ is real analytic in a polydisk
D2 characterized by |si], |s2| < p. The analysis is carried out in the space A2 of all real
analytic function h on D?) that extend continuously to the closure of D%, and which have
a finite norm

IR, = Z ||hk,m||Pk+m : (2.24)
k,m

To be more precise, our functions i = Z}" also depends on the velocity parameter c. The
function in .Af) take values in a space B of function that are real analytic in the disk
lc — co| < 0. The norm of a function g : ¢ — ) gn(c — o)™ in the space B is given by
lgll =>_,, lgn|o™. This is the norm that appears in (2.24) for the coefficients Ay p,.

To emphasize the dependence on the velocity parameter ¢, we will now include ¢ as
an extra argument. So r — ¢°(c,r) parametrizes the local stable manifold W? of the
origin, and s; — ®“(c, s1,81) is a parametrization of the local stable manifold W5. The
two manifolds intersect if the difference

Y(c,0,7) = P“(c,0 +it,0 —iT) — ¢$°(c, —43) (2.25)

vanishes for some real values of o and 7. Let now p=27°, o =279 and R = 1.

Lemma 2.2. For ¢y — ¢ < ¢ < ¢g + o the eigenvalues of DX (0) satisfy the bounds (2.17).
The functions Z}' that define the unstable manifold belong to A,%. Similarly, y — ¢°(.,y)
is a real analytic function on (—45,+00) taking values in B. So in particular, Y is well
defined and differentiable on the domain |c—cg| < ¢ and |0 +i7| < p. In this domain there
exists a cube where Y has a unique zero, and |c — co| < 27172 for all points in this cube.

Our proof of this lemma involves estimates that have been carried out by computer.
More details will be given in Section 5. Clearly Lemma 2.2 implies the claims in Theo-
rem 1.2 concerning the existence of the periodic pulse.
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Figure 2. The 1d stable manifold ¢° and 2d local unstable manifold ®“.

3. Stability of the pulse solution

Following a common strategy, we reduce the stability problem for the nonlinear equation
(1.1) to the problem of proving that the generator L of the linearized flow has no spectrum
in a half-plane Re (2) > —a, except for a simple eigenvalue 0. The spectrum of Ly will be
discussed in the next section.

3.1. Reduction to linear stability

It is convenient to rewrite the FitzHugh-Nagumo equation in moving coordinates y = x—tc.
Substituting w;(z,t) = u;(z — ct, t) into (1.1) yields the equation

2 _
D = Oyu1 + cOyur + f(u1) — ug 7 a= | (3.1)
cOyug + €[ug — yus] U9
A stationary solution u;(y,t) = ¢;(y) of this equation corresponds to a moving pulse

solution for the original equation (1.1). The definition of (exponential) stability for (3.1) is
analogous to the definition for the original equation, and the two are manifestly equivalent.
The linearization of (3.1) about such a stationary solution is

Owu = Lgu, (3.2)
where

02 + co,, + -1 u
Low= v " % Fiey cay—ev}u’ u:[l}’ (33)
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The time-t map u(0) — u(t) will be denoted by e!l¢. Since the equation (3.1) is invariant
under translations, ¢’ is a stationary solution of the equation (3.2). Notice that ¢’ has the
same regularity property as ¢, as can be seen e.g. from equation (1.5). Similarly for the
decay at infinity in the homoclinic case.

For a proper discussion of the equation (3.3) we need to introduce some functions
spaces. Let C,, be the space of all bounded and uniformly continuous functions h : S — R",
equipped with the sup-norm ||v|| = sup, , |v;(y)|. Notice that orbits s — v(. — s) for the
translation group are continuous in this space. This implies in particular that the C*>
functions with bounded derivatives are dense in C,,.

In what follows, the space Co will also be denoted by C. See Remark 1 concerning the
complexification of C. Let C’ to be the the set of all functions v € C with the property that
the derivatives v}, v{, and v/, exist and belong to C;. We say that the stationary solution
@' of the linearized system (3.3) is exponentially stable if there exists a continuous linear
functional p : C — R, and two constants C,w > 0, such that ||e'*¢v — p(v)¢'|| < Ce=™||v||
for all ve C" and all ¢ > 0.

Assume now exponential stability of @' for the linearized system. This stability con-
dition implies in particular that e!’¢ extend to a bounded linear operator on C. Assuming
also that ¢ — e’“ is a semigroup, one easily finds that p(¢') = 1, and that p(e'*¢v) = p(v)
for all v € C and all ¢t > 0. Thus P;v = p(v)¢’ defines a projection onto span(¢’) that is
invariant under the linearized flow.

The following lemma was proved in [4] for pulse solutions on the real line. Instead of
complementing this with a proof for the circle only, we will give a proof that covers both
cases.

Lemma 3.1. Let ¢ € C' be a traveling pulse. That is, ¢ satisfies the equation (1.4) and
vanishes at oco. If ¢’ is exponentially stable for the linear system (3.3) then the traveling
pulse ¢ is exponentially stable as well.

Proof. A curve u = u(t) in C’ is a solution of (3.1) if and only if v = u — ¢ satisfies the
equation

aty _ L¢Y + Q(Ul)a Q(Ul) — |:f(¢1 + Ul) - f(g¢>1) - f,(gbl)vl ) (34)

The corresponding integral equation with fixed initial condition at time 7 > 0 is

v(T 4 t) = etloy(r) + / te@—s)Ld»Q(vl(T +3s))ds, t>0. (3.5)
0

Here we have used that the orbits ¢ — eL¢c are continuous for every ¢ € C. This follows
from standard results on semigroups; see also the next subsection. Define

w=v+od =u—g¢+o¢, o=-p(r). (3.6)
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Here ¢ and @' stand for the constant curves ¢t — ¢ and ¢ — @', respectively. Then the
equation (3.5) can be written as

t
w(r +t) = et P ow(r) +/ e(t_s)L¢Q(w1(T +s)—o¢))ds, (3.7)
0
where P, =1— P,. This equation can be regarded as a fixed point problem w = N (w) on
the space of continuous C-valued functions on a given interval |7, 7+ T, equipped with the
norm ||w|| = supg<,<7 ||[w(7+1t)||. To be more precise, N acts on the affine subspace where
w(7) is fixed. Let wy(7 +t) = et P, w(7). Notice that Q is a polynomial with a zero of
order 2 at the origin. Thus, it is clear that there exists Cy > 0 such that if ||w(7)|| < ¢ and
lo| < §, with 6 > 0 sufficiently small, then N is a contraction on the ball ||w — wgl|| < Coé.
Assume now that the solution ¢ of the linearized system (3.3) is exponentially stable with
exponent w > 0. Then the integral in (3.7) grows at most linearly with ¢. Thus, the above
constant Cj can be chosen to be independent of T, provided that T < §—1/2.
Let 0 < w’ < w. Assume that

u(r) — éll <. (3.8)

Then |o| < ||p|le and ||w(7)|| < ||P.|le. Thus, if € > 0 is sufficiently small, then the solution
w of the equation (3.7) satisfies a bound

lwir+8)] <Cie, 0<t<Cpe 2, (3.9)

Here, and in what follows, C, (s, ... are universal positive constants that depend only on
the model parameters (1.3), the solution ¢, the constant in the linear stability condition,
and on w’. Using the bound (3.9) to estimate the right hand side of (3.7), we find that

[w(r +t)|| < Cse™ e + Cyte® < Cse ™ [e_t(”_“/)+ teet“/]s <e e, (3.10)
for 0 < e < Cg and C7 <t < Cg|loge|. This can now be used to estimate the difference
u—Top=w—[Top—9¢+0¢], (3.11)

where 7, denotes translation by o. Since the term in square brackets is bounded in norm
by Cylo|?, we obtain from (3.10) a bound

Ju(r +1) = Tog|| < e™™'e, (3.12)

for e < C1p and Cy; <t < Ch2|logel.

This procedure can now be iterated: Choose k > C11. At step 0 consider the solution
u with initial condition u(0) satisfying |[u(0) —¢|| < exp(—2k/Ci2). At stepsn =0,1,2,...
we use 7 = nk, denote u and ¢ by u,, and ¢, respectively, and define 0,41 = p(¢ —u, (nk)).
The initial condition at step n > 1 is given by u,,(nk) = 75, u,,_;(nk). By (3.12), and by
the translation invariance of the norm in C, we have

en = [|u, (nk) = Il = u,_y(nk) = T, ]| < ep1e™™. (3.13)
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Thus the procedure can be iterated ad infinitum. The values ¢,, and o, converge to 0 at
least geometrically with ratio e=**". In particular, if s = > i>10j then

n
|s| < Cisep, | — 5| < Chracoe ™ Sy = Zaj ) (3.14)
7j=1

By the translation invariance of the equation (3.1) we have 7_, u, (nk+t) =u, _,(nk+t)

for all n > 1 and for 0 < ¢ < k. Thus, each of the functions 7_; u,, extends the original
solution u = u,, and

lu(t) = To, ¢l <eoe™™',  nk<t<(n+1)k, (3.15)

for n > 1. For n = 0 the same holds by (3.9) with an extra factor C;5 > 1. Combining
this inequality with (3.14) yields the bound

Ju(t) ~ Tegll < Cisllu(0) = g™, ¢ >0.

This completes the proof of Lemma 3.1. QED

3.2. Reduction to a problem about eigenvalues

The problem considered here is a common one. The sequence of steps in this subsection
follows roughly those in [5,6]. But we need to cover both the periodic and the homoclinic
case, and our function spaces are not exactly the same as those used in [5,6].

Consider the linear operator Ly : C' — C defined by equation (3.3). It is convenient
to split

Ls=1ILo+F, (3.16)

where D*+cD—-0 -1 f(p1)+60 0O
Lo = j CD_W} . F= { ; 0} : (3.17)
and where § = — f/(0) unless specified otherwise. Here we have replaced 9, by D, since

we are now considering functions of one variable only. And f’(¢1) + 6 stands for the
multiplication operator vy — [f'(¢1) + 0]vy. Similarly for the other scalar entries in Ly.
Clearly Lo : C' — C is closed, so Ly is closed as well, since F' is bounded.

Proposition 3.2. The operator Lq generates a C° (strongly continuous) semigroup on C
that satisfies HetLO H < Ce~ 7 for some C' > 0 and all t > 0.

Proof. Consider the decomposition Lo = As + A1 + Ag + B, where
D? 0 cD 0 -0 0 0 -1
AQ_[O 0]’141_{0 CD}’AO_[O —e'y]’B_[e O} (3.18)

The operators A; and A, (with obvious domains) generate the translation group and the
heat flow (in the first component), respectively. Both are easily seen to be C° contraction
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semigroups on C. Given that these two semigroups commute, it follows that their product
defines a C° contraction semigroup whose generator is H = A, + A;. The same holds if we
change the norm on C to the equivalent norm ||v||" = sup, (eX2vr(y)|* + 6_1/2|1)2(y)|2)1/2.
For this new norm, B generates a uniformly continuous group of rotations that are isome-
tries. Since B is bounded, H + B generates a C° semigroup as well [26]. In fact, this
is again a contraction semigroup, as one can see e.g. from the Trotter product formula
etM+B) — lim,, (etH/”etB/”)n, which holds in the strong sense [27,28]. Using that 6 > ey
for our choice of parameters (1.3), we have |le!4ov||’ < e7*7||v||’ for all v € C and all ¢ > 0.
The assertion now follows by applying Trotter’s formula to the sum Ly = (H + B) + Ag.
QED

Proposition 3.3. F' is compact relative to L.

Proof. In the periodic case where S is compact, the assertion follows e.g. from the fact
that (D? + ¢D — 2¢?)~! is a compact convolution operator on Co(S).

Consider now the case S = R. Given w € C define W = diag(w,0). Notice that
W :C — C is bounded in norm by sup,, [w(y)|. Thus, since f'(¢1(y)) +0 — 0 as |y| — 0,
we can find w € C’ with compact support, such that |[IW — F|| < e, for any given € > 0.
Given that the compact operators on C constitute a closed subspace of B(C), it suffices to
prove that any such W is compact relative to Ly. But this follows from the fact that the
composition of (D? + ¢D — 2¢?)~! with h — wh is compact as an operator on C°(S). QED

Proposition 3.4. Let t — ¢4 be a C° semigroup on a Banach space X. Let B and F
be bounded linear operators on X. Then A + B generates a C° semigroup. If Fe'4 is
compact for all t > 0, then so are Fe!A+B) and e!(A+F) _ ¢tA,

Proof. The fact that the perturbation of A by a bounded operator B generates a C°
semigroup is standard [26]. Similarly for the identity

t
Met(A+B) — prptA +/ Me(t=9)ABes(A+B) go t>0, (3.19)
0

where M can be any bounded linear operator on X. The integral in this identity is to
be understood in the sense of equation (3.20) below. The compactness properties claimed
above are a consequence of the following result [29, Theorem 1.3]: Let (Q,%,u) be a
complete positive finite measure space. Let U be a bounded function from Q to B(X),
such that s — U(s)z is measurable for every x € X. If U(s) is compact for every s € Q
then so is [, U(s) du(s), where by definition,

{ /S U(s) du(s)] x = /S [U(s)x] dpu(s) . (3.20)

Applying this theorem to the integral in (3.19), with M = F, yields the compactness of
FettA+B) for t > 0. Applying it with M = I, and with B replaced by F, yields the
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compactness of e!(ATF) — ¢t4 for ¢ > 0. Here i is Lebesgue measure on Q = (0,), and we
have used the fact that the semigroups involved are strongly continuous. QED

Given « > 0, denote by H, the half-plane in C defined by Re (2) > —a.

Proposition 3.5. Let 0 < a < e7y. Assume that Ly has no spectrum in H, except for a
simple eigenvalue 0. Denote by P, the spectral projection associated with the spectrum
of Ly in C\ {0}. Then for every w < « there exists a constant C, > 0 such that
Het%PLH < Cpe ™ forallt > 0.

Proof. Consider the decomposition Lo = A+ B and A = Ay + A1 + A as defined by
(3.18). Approximating F' by localized operators as in the proof of Proposition 3.3, we see
that Fe!4 is compact for all t > 0. Thus Fet is compact for all t > 0 by Proposition 3.4.
Applying Proposition 3.4 again, with Lj in place of A, shows that e!*¢ — e'l0 is compact
for all ¢ > 0. By Proposition 3.2 the operator e!° has no spectrum outside the disk
|z] < e~¢7. Thus, the spectrum of e/# outside this disk consists of isolated eigenvalues
only [24].

Let e* be an eigenvalue of e*¢ with Re (\) > —a. The goal is to show that A = 0. Let
L = Lg — Al Then e” has an eigenvector v with eigenvalue 1. Since ef'v = v whenever
t is a positive integer, the orbit of v under the flow for L is either a point or an invariant
circle. In either case, L has an eigenvalue on the imaginary axis. By our assumption on
the spectrum of Ly, this implies that Re (A) = 0. Thus the orbit of v under the flow for L,
is either a point or an invariant circle. The circle is excluded, since 0 is the only eigenvalue
of Ly on the imaginary axis. Thus A = 0.

Let P be the spectral projection for e’¢ associated with the eigenvalue 1. Given that
the eigenvalue 0 of Ly is simple, the Laplace transform of ¢ etls P has a pole of order 1
at the origin. Thus P has rank 1, implying that P =1— P,.

Let 0 < w < a. Since the spectral radius of el¢ P, is bounded above by e~
}e”L‘i’PLHl/n < e~ ¢ for n € N sufficiently large, and thus He”%PLH < Cy,e~ ™ for some
C,>0andallt>0. QED

“, we have

4. Spectral properties

4.1. Bounds on the eigenvalues

In this subsection we consider eigenvalues of Ly and L, with eigenfunctions that are
square-integrable. Denote by H the Hilbert space of all C?-valued functions on S whose
components are square-integrable, equipped with the inner product and norm

2 [
o) =3 [wwnEdy. el = ()2, (@)

Let H' be the subspace of all functions u € ‘H that have square-integrable derivatives u},
uf, and uj. Clearly H' is dense in H. Moreover, Lo : H' — H is closed and F' = Ly — Ly
is bounded. Thus Ly : H' — H is closed as well.
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Proposition 4.1. If A is an eigenvalue of Ly : H' — H then

Re(\) <A, A= sup fl(r) =35 (4.2)

Proof. To simplify notation we consider a scaling S : [uy, us]" — [6_1/4U1, 61/4U2]T. Then
L =S5"1L,S can be written as

_ T8 a s _ D2+f,(¢) 0 a cD —\/E
L=L+1° L= Jo _67},L_[\/E CD], (4.3)

Of course the spectra of L, and L are the same. Notice that L® is symmetric, and L® < A
in the sense of quadratic forms. And the operator L% is antisymmetric. Thus, if Lu = Au
with [Jul|2 = 1, then

Re(\) =

N~

(Lu,u) + 3 {u, Lu) = (L*u,u) < (Au,u) = A, (4.4)
as claimed. QED

Proposition 4.2. For every § > 0 there exists w > 0 such that the following holds. If A
is any eigenvalue of Ly : H' — H, then either Re (\) < —w or else

Im (A)| < /2 +471 AYZ2 45, (4.5)

Proof. Consider the operator L defined in (4.4), which has the same eigenvalues as L.
Let u be an eigenvector of L with eigenvalue A. Writing just the first component of the
identity (L — A\)u = 0, we have

[D? + f'(¢1) + ¢D — Aus — eus = 0. (4.6)

We may assume that u; is nonzero. Taking the inner product of each side with u; in this
equation, we obtain

([D?* + f'(¢1) + ¢D — M]ut,u1) = Ve(us, ug) . (4.7)
Taking the imaginary part on both sides yields
clm (Duy, ur) —Im (V) [Jur || = VeIm (ug, ur) . (4.8)
Here we have used that (D?uy,u1) = —(Duy, Duy) is real. Thus,
[t (V)| [lua[|* < ellun[[| Dua || + Vel || [[uz]]. (4.9)
In addition we have
Re()\)HuH2 = (Lu,u) = /S[U1D2U1 + a1 f'(p1)ug — e’yﬂguz]

< —[1Dual* + Aflua |* — eylluz|* -

(4.10)
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Assume now that Re (A) > —w with 0 < w < e7y. Then from (4.10) we obtain

1Dus|[* + eylluzl* < Alfua[|* + wllul|* . (4.11)
To simplify notation, let us normalize ||u;|| = 1. Then (4.11) becomes
2
| Duq||* + (Vey —w|us]))” < A+ w. (4.12)

And the inequality (4.9) can be written as

[Tm (A)| < ¢l|Duy || + Vellua|| = [(7 _w;e)lﬂ] lmuwu

Applying the Cauchy-Schwarz inequality in R? to the product on the right hand side, and
using (4.12), yields the bound

I (\)| < V2 + (v —w/e) L (A +w)/2. (4.14)

Given that the right hand side depends continuously on w for 0 < w < €7y, the assertion
follows. QED

Remark 2. The operator @ : u; — f’(¢1)u; that appears in the definition of (3.3) of
Ly is symmetric on L? and bounded above by A. This is the only property of Q that was
used in the proof of Proposition 4.2. Thus, the bound (4.5) remains valid if we replace @
by sQ + (1 — s)PQP, where P is any orthogonal projection on L? and 0 < s < 1. This
fact will be used later.

Remark 3. Using the bounds on ¢ given in Lemma 2.1 and Lemma 2.2, it is easy to

check that .
VT TAY2 <0 0.35745. (4.15)

Next consider the operator L defined in (3.17), with 8 > 0 to be specified later. Given
that the operator Lo commutes with translations, it can be diagonalized using the Fourier
transform F : H — H. For v € H' we have (FLov)(p) = Lo(p)(Fv)(p), with

2
~ _|-pr—=0 -1 .
Lo(p) = [ . —e*y} +icpl, (4.16)
where p € R in the homoclinic case S = R, and p € QT’TZ in the periodic case S = S;. The
eigenvalues of Lo(p) are
A~ (p) = —p* +icp— 0 — R(p?), (4.17)
At (p) = icp — ey + R(p?), '

where

[\/(p2 +0—ey)2—de— (p*+0—e€7)|. (4.18)

R(p?) = %



stable pulse solutions of the FHN equation 17

Define
J(p*) = —p* — 0 — ey — R(p?) . (4.19)

Assumption. Here we assume that 8 > 0 is chosen sufficiently large, such that the
argument of the square root in (4.18) is nonnegative, and such that J(p*)? > e.

Then the following two matrices are well defined and are inverses of each other:
— B —1/2 1 + J( 2)—1
+1 _ . 2\—2 p
W = (1=t ) | e T (4.20
In fact, the column vectors of M (p) are the eigenvectors of Lo(p). Thus

Mol L) ¥l = |V P\ (w21)

The corresponding diagonalization of L is

My LoMy =

D? +¢D — 60— R(-D?) 0 } (4.22)

0 ¢D — ey + R(—D?)

Notice that R(—D?) is bounded, since R(p?) = O(p~2) for large |p|. In the periodic case
S = Sy, the above shows that Ly : H' — H has only discrete spectrum, and that the
resolvents of L are compact.

4.2. Eigenvalues for the periodic pulse

First we show that every eigenvalue of Ly has an analytic eigenvector. For convenience we
perform the same scaling as in Subsection 2.1 to change the periodicity from ¢ to 27, but the
various functions and operators will not be renamed to indicate the scaling. In particular,
C is now a space of 2m-periodic functions. And the rescaled operator Ly = Lo + F is given
by

o 62D2—|—61D—9 —1 o fl(¢1)+9 0
Lo € ch—ev}’ F_{ 0 0’ (4.23)

with ¢; = en™! and c; = ™2, where n = £/(2m). Of course the spectrum of Ly and of

L4 are not affected by this change of variables. Denote by V the space of all 27-periodic
functions v : S, — R? whose components v; and v, belong to the space F defined after
(2.8). We equip V with the norm ||v|| = max{||v1||,||v2]|}. See Remark 1 concerning the
complexification of V.

Let V' be the set of functions v € V with the property that v}, v{, and v} belong to F.
Clearly the operator Lo : V' — V is closed. Furthermore, I is a bounded linear operator
on V, due to the fact that F is a Banach algebra containing ¢;. Thus, Ly : V' — V is
closed as well.

Proposition 4.3. Ly, : C' — C and Ly : V' — V have the same eigenvectors.

Proof. The following applies to both X = H or X = V. As the computations in the
preceding subsection show, Ly : X’ — X has a set of analytic eigenfunctions whose span
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is dense in X. The eigenvalues of Ly have finite multiplicities and accumulate only at
infinity. The same is true for the eigenvalues of Lg : X' — X, since F' is a bounded linear
operator on X.

Denote the operators Ly : H' — H and Ly : V' — V by L} and Ly, respectively. Then
the resolvents z +— (zI—LZ;)_l and z — (zI—L;)_1 are both analytic outside some discrete
set Z. Furthermore, the restriction of (zI — Lg)_1 to V agrees with (zI — L;)_l, since
zl — L;‘ is one-to-one on H' D V' for z € Z. This carries over to the spectral projections
for points in Z by contour integration. Thus, since V is dense in H, the corresponding
spectral subspaces agree. The claim now follows from the fact that V C C C H. QED

Our goal is to prove that Ly : V' — V has no nonzero eigenvalues in a half-plane
Re(\) > —a, for some o > 0. By Proposition 4.2 and Remark 3, it suffices to prove that
every nonzero eigenvalue A of Ly : V' — V with |Im (\)| < © has a negative real part. We
approach this problem using perturbation theory.

The basic idea is to split F' into a low-mode approximation and a high-mode remainder.
This is best described in terms of the Fourier series

v(z) = Zyk cos(kx) + Z _psin(kz), zeS,, (4.24)
k=1

associated with every function v € V. An operator M on V that commutes with transla-
tions will be called a multiplier operator; it is defined by its symbol: a sequence of 2 x 2
matrices M (k), such that (Mv), = M(k)v,, for all ve V and k € Z.

Let x be some positive integer, to be specified later. Then the projection onto the
“low modes” is the multiplier operator P with symbol P(k) = x(|k|<x)I, where x(true) =1
and x(false) = 0. If k is chosen sufficiently large, then the operator Ly + PF P should be
a good approximation of Lg. At high modes it agrees with Ly, and the low-mode part
is “just” a matrix. With the help of a computer, it is possible to diagonalize this matrix
approximately. For practical purposes, it is useful to diagonalize the high-mode part as
well. This is achieved by the multiplier operator M : V — V with symbol

M(k) = x (k<) T+ x(k|>x) Mo (k/7) , (4.25)

where My(p) is the 2 x 2 matrix given in (4.20). To be more precise: Here, and in what
follows, we choose 6 = 0 in the definition (4.23) of the operator Lg. Since the matrices
My(p) are being used for p > x/n only, the Assumption made after (4.19) is satisfied.
Clearly, the operator M is bounded and has a bounded inverse. Thus, M _1L¢,M has the
same spectrum as Lg. As indicated above, we now split M *1L¢M into a sum Ly + I,
where

Lo=M""LoM + PFP,

K=(1-PM 'FM+PM 'FM1-P).

We also define

L1 =M "'LyM, Ls= Lo+ sK, 0<s<1. (4.27)
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The goal is to verify the hypothesis of Proposition 3.5. Let 9 = 27%. Let I' be the
shortest path in C passing through the points 10, i), —¢, —i), and —i©, in this order.
Define 2 C C to be the open neighborhood of 0, bounded by I' and by the set of points z on
the imaginary axis with |z| > ©. As we will describe later, £y has exactly one eigenvalue
in €2, and this eigenvalue is simple. By Proposition 4.2 and Remark 3, it suffices to show
that £; has the same property. By Remark 2, this could fail only if one of the operators
L¢ had an eigenvalue on I'. So the task left is to exclude this possibility as well.

For z € I' we have

21— Ly =[1—sK(zI - Lo) '] (21— Lo). (4.28)

Thus, in order to show that z is not an eigenvalue of L, it suffices to show that the
operator in square brackets has a bounded inverse.

This task is more delicate than it may seem, for the following reason. Notice that
IC couples high modes to low modes and vice versa. If zI — Ly were uniformly large at
high modes, this would be no problem. However, £ has an infinite number of eigenvalues
AT (p) = icp — ey + O(p~1), and many of them are not far from I'. Thus, it is crucial to
control the coupling terms of K efficiently.

To this end, we perform yet another conjugacy, by the multiplier operator U with
symbol

U(k) = x(1k1<w’) T+ x(x'<lkl<r) U (ee"*7T5) 4 x(w<in) Ue) (4.29)

where U(t) = [é 0]. For the constants r and ¢ in this definition we use the values 0.035

and 0.015, respectively. The constant &’ is determined by the equation S

In view of (4.28), we would like to show that the operator K(zI — Ly)~! has a spectral
radius less than 1, for all z € I". It suffices to prove this for the operator

UK (21— Lo) U™ = (UKU) U (21— Lo) U] (4.30)

Lemma 4.4. The operator Ly : V' — V has no spectrum in ) except for a simple
eigenvalue. Furthermore, there exists o > 0 such that

lUKU|| < 6, U= (1= Lo) UM <67, zeTl. (4.31)

Our proof of this lemma is computer-assisted; see Section 5 for more details. The
value of § is approximately ﬁ.

These estimates show that no eigenvalue of L4 crosses I' as s is increased from 0 to 1.
The same “homotopy principle” was used also in [30,31], but the operators considered in
these papers had only finitely many eigenvalues within any fixed distance of the imaginary
axis. This made it possible in [30] to estimate the relevant resolvents along the entire
imaginary axis. The same methods would not work here, but what saves the situation are
the eigenvalue bounds in Proposition 4.1 and Proposition 4.2.

Using Lemma 4.4 and Lemma 2.1, we can now give a

Proof of Theorem 1.1. Existence of the pulse: The estimates (2.14) ensure that M,
is a contraction on B,(0). Thus, M. has a unique fixed point h. € B, (0). This holds
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for every ¢ € I. The differentiability of (¢,g) — N.(g) ensures that the map ¢ — h, is
continuous on /. Define g. = pg+ Ah.. Given that the function ¢ — Q(N/(g.), p1) changes
sign on the interval I, it follows that (2.12) holds for some ¢ € I. For this value of ¢, the
function g. is a fixed point of N.. The function 1) is reconstructed from ¢ = g. + g. as
described in Subsection 2.1. Thus, the existence part of Theorem 1.1 is proved.

Stability: The bound (4.31) implies that the operator IC(zI— L) has a spectral radius
less than 1. Thus, by (4.28), the operator L4 for 0 < s < 1 has no eigenvalue on TI'.
As explained after (4.27), this shows that £, : V' — V has no spectrum in a half-plane
Re (z) > —a with @ > 0, except for a simple eigenvalue 0. The same holds for L4 : ' — C
by Proposition 4.3. By Proposition 3.5 this implies that the solution ¢’ is exponentially
stable for the linear system (3.2). The exponential stability of the periodic pulse ¢ now
follows from Lemma 3.1. QED

4.3. Eigenvalues for the homoclinic pulse

Let 0 < w < e, so that Ly has no spectrum in the half-plane H,. The goal is to show
that Ly has no nonzero eigenvalues in H, for some positive o < w.

In [7] Evans introduces a function that is analytic on H, (in our case) and whose
zeros are precisely the eigenvalues of Ly in H,. After describing the method and intro-
ducing some notation, we will prove exponential stability of the homoclinic pulse based on
estimates on the Evans function.

The eigenvalue equation (Ly — AI)u = 0, written in terms of the components u; and
U, 18

cD + D? + f'(¢1) — A -1 ur | |0
€ cD—ey—X||uz| |O]" (4.32)
Setting ug = Duq, this equation can also be written as
—1 D 0 (%) 0
c+ D f/(¢1) - A —1 U1 =10 . (433)
0 € cD —ey— A U9 0
Or equivalently,
u = Ay (Nu, (4.34)
where
—c —f'(p)+= 1
Ay(z)=| 1 0 0 . (4.35)
0 —cte c ey + 2)

Notice that Ay, (0) is the linearized vector field DX (¢).

The differential equation ' = Ay, (2)u can be solved even if z is not an eigenvalue of
L,. But for z = X to be an eigenvalue of L, the solution of (4.34) has to be bounded. To
see what this entails, consider first the simpler equation v’ = Ag(z)u, which is the analogue
of (4.34) for the rest solution ¢ = 0 of (1.5). If z belongs to the half-plane H,,, then we
know from Proposition 3.2 that this equation has no bounded solutions. Thus, the matrix
Ap(z) is hyperbolic (has no purely imaginary eigenvalues) for all z € H,,. The eigenvalues
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for z = 0 are given by (2.17). Consequently, Ay(z) has one eigenvalue p, with negative
real part, and two eigenvalues v with positive real part, for each z € H,. Denote by U,
and W the corresponding eigenvectors (or generalized eigenvectors if v; = v ). Then the
dynamical system u' = Ag(z)u has a linear stable manifold U, = span(U,) and a linear
unstable manifold W, = span(W%).

Given that the equation w' = Ag, (z)u is linear, it is convenient to consider the as-
sociated equation for a function 7 that takes values in the projective plane CP2. Notice
that the coefficient function y — Ay, (,)(z) is bounded. Thus, a solution of (4.34) cannot
vanish at any point without being identically zero. In order to simplify the discussion, let
us identify u(y) with span(u(y)). Then our dynamical system becomes

¢ = X(¢), 0 = Ay, (2)0. (4.36)

We have included here the evolution equation (1.5) for the pulse ¢, in order to make the
system autonomous. This system has a fixed point (0,U0,) and an invariant projective line
{0} x W,. The fixed point is hyperbolic, with a 1-dimensional local stable manifold that
is tangent at (0,U.) to the line Uy x U,. Thus, the only way for a solution u of (4.34) to
stay bounded as y — 400 is for u(y) to be on the local stable manifold, in which case
i(y) — U, and u(y) — 0.

The invariant line {0} x W, is hyperbolic as well, with 3-dimensional local stable and
unstable manifolds that are tangent (at this line) to Wy x W, and Uy x CP2, respectively.
So a solution u of u" = Ay, (2)u stays bounded as y — —oo only if u(y) lies on the local
unstable manifold, in which case 4(y) approaches the projective line W. as y — —o0, and
u(y) — 0. And by hyperbolicity, the only alternative is @(y) — U., with u(y) growing
exponentially.

What will be needed from this discussion is summarized in the proposition below.
Notice that W, is the set of all vectors w € C3 with the property that VIw = 0, where V,
is the eigenvector of the transposed matrix Ag(z)" for the eigenvalue p,.

Proposition 4.5. If z € H,, then the equation ' = Ay, (2)u has a solution u = wu,
satisfying
3 —YHz —
ygrf_loo u,(y)e U,. (4.37)

A € H, is an eigenvalue of L if and only if Viuy(y) — 0 as y — —oc.

This was proved already in [7] for a more general class of equations, under the as-
sumption that the rest solution ¢ = 0 is exponentially stable. Notice that (¢,u.) is a
parametrization of the local stable manifold for the system ¢’ = X (¢) and v’ = Ay, (2)u.

Proposition 4.5 by itself is of limited practical value, due to the asymptotic nature of
the condition on uy. The idea is to “propagate” this condition from y = —oco to finite y.
More specifically, consider the “adjoint” equation

vV =—A4 (2) 0. (4.38)

The limiting behavior of its solutions, as y — +o00, is governed by the matrix —Ay(z)".
This matrix has an eigenvalue —p, with positive real part, and two eigenvalues —vF with
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negative real part. The discussion preceding Proposition 4.5 shows that we can find a
solution v = v, that satisfies
lim v, (y)ets =V,. (4.39)

Yy——00

The main reason for solving (4.38) is that
[wiu.) = [vl]Tu. 4+ v, = [ Ag, (2) 0] +v] Ag, (2)ul, = 0. (4.40)

So the product v] u, is a constant function. In particular, if v,(y) " u.(y) = 0 for some y
then v u, = 0. This property remains the same if we replace v,(y) by v,(y)e¥#, which
tends to V, as y — oo. This shows that z € H, is an eigenvalue of Ly if and only if
vju, = 0. A stronger and more general result was proved in [7]. The following theorem
only describes the parts that are relevant to our problem.

Theorem 4.6. [7] Given any y € R, define the function A : H, — C by the equation
A(z) =v,(y) "u,(y). Then A is analytic and independent of the choice of y. Furthermore,
A € H,, is an eigenvalue of Ly with algebraic multiplicity m, if and only if X is a zero of A
of order m.

Let r = % and 9 = 15683581. Denote by R the closed rectangle in C with corners at

+i9 and r £ 4. Let D be the closed disk in C, centered at the origin, with radius 3—12

Lemma 4.7. The function A has a simple zero at 0 and no other zeros in D. Furthermore,
the restriction of A to the boundary of R\ D takes no real values in the interval [0, 00).

Our proof of this lemma is computer-assisted; see Section 5 for more details.
Using Lemma 4.7 and Lemma 2.2, we can now give a

Proof of Theorem 1.2. The existence and real analyticity of the homoclinic pulse
follows from Lemma 2.2.

Stability: Lemma 4.7 together with the argument principle imply that function A has
no zeros in R U D besides the simple zero at 0. So by Theorem 4.6, the operator L, has
a simple eigenvalue 0 and no other eigenvalues in R U D. Given that » < A and ¥ < O,
we conclude by Proposition 4.1 and Proposition 4.2 that L4 has no nonzero eigenvalue in
H,, for some o > 0. By Proposition 3.5 this implies that the solution ¢’ is exponentially
stable for the linear system (3.2). The exponential stability of the homoclinic pulse ¢ now
follows from Lemma 3.1. QED

5. Further reduction of the problem

5.1. The periodic pulse

What remains to be proved are Lemma 2.1 and Lemma 4.4.
Notice that f is a polynomial, so the map N, defined in (2.7) involves little more than
products of functions in F and multiplier operators. These are rather easy to compute. By
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“computing” an element z in some space X we mean finding a set 2° C X, that contains
z. The types of enclosures z° that we use, and the procedures for finding them, will be
described in Subsection 5.3.

What can be surprisingly difficult in computer-assisted proofs are estimates on linear
operators. It is often necessary to “condition” an operator via conjugacies as in (4.27) or
(4.30). But once things boil down to computing operator norms, the norm (2.9) used in
the spaces F and V makes the task easy: Let {eg,eq,...} be an enumeration of the Fourier
modes ¢, cos(k.) and sy sin(k.), with ¢; and s; chosen in such a way that ||e;|| = 1 for all
j. Then the operator norm of a bounded linear operator U : F — F can be bounded by
using that

Ul = sup |[Ue;|| < max {|[Ueoll, [Uel,....[|Uen—1l, IUE]}, (5.1)
J

where E,, = {en,€n11,...}. As we will describe later, computing a set UFE,, is not more
involved than computing a function Ue;. So it suffices to choose n sufficiently large, such
that the bound on ||UE, || is smaller than the bound on ||Ue;|| for some j < n.

This procedure is used to obtain the estimate (2.14) on the operator DM._.(h). One
reason why this is possible is that DM, (h) is compact, due to a factor (D? — x2I)71.
But this alone is not sufficient. What contributes is that the pulse ¢ has effectively a
much larger domain of analyticity than the strip |Im (z)| < log(1 + 271°) considered here.
Thus, multiplication operators like h — @h, when viewed as a “matrix” for the Fourier
coefficients, are very small far away from the diagonal.

The same procedure is used to obtain the estimate (4.31) on the operator UKU. Here
we do not have compactness, but the two factors & compensate for this.

This leaves the operator Ly and its resolvents. Ly is a direct sum of a high-mode part
and a low-mode part. The high-mode part is trivial. Its eigenvalues are given by (4.17)
with p > k/0, and it is easy to check that all of them have a negative real part. But we use
the computer to do this, which also verifies that the high-mode part of U=t (21— Lo) "1/~
satisfies the bound (4.31) for all z € I.

The low-mode part L = P(Lg+ F)P of Ly is in effect just a matrix. After performing
an approximate diagonalization D = A~'LA, we use the Gerschgorin disks to check that
exactly one (simple) eigenvalue of D lies in €2 and the others are a positive distance away
from €.

Denote the low-mode part of & by U. The task left is to show that the matrix
U=1(z21 — L)"'U~! satisfies the bound (4.31) for all 2 € I. This is done by covering I'
with a finite collection of disks |z — z;| < ; with centers z; € I'. The resolvent matrices
R; = (2;1 — L)™' are computed explicitly (with error estimates, of course) and shown to
satisfy d,||R;|| < 1. This bound implies that the matrix

Zl—L=[I+(z—z)R;|](1 - L) (5.2)

is invertible whenever |z — z;| < §;. Estimating its inverse is straightforward.
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5.2. The homoclinic pulse

In Subsection 2.2 we described our construction of the traveling pulse ¢ solution of the
equation (1.5). It involves an expansion near y = +oo for the parametrized local stable
manifold ¢*, an expansion near y = —oco for the parametrized local unstable manifold ®*“,
and a sequence of integration steps to prolong ¢®. All three problems were reduced to
equations that can be solved order by order. At the end of this subsection we give a result
that applies to such order by order computations. (As mentioned earlier, by “computation”
we mean a process that leads to a rigorous enclosure.)

The main ingredients needed to prove Theorem 4.6 are estimates on the functions w,
and v, that enter the definition A(z) = v,(y) u.(y) of the Evans function A. We will
show that, after suitable reformulation, the equations for u, and v, can again be solved
order by order. The eigenvector U, of the matrix Ay(z), used in (4.37), and the eigenvector
V. of the transposed matrix Ag(z)", used in (4.39), are given by

Mz 1
U, = 1 , vV, = c+ s , (5.3)
—1 —1
e(ey +z —cpz) —c(ey + 2z — cuz)

where p. denotes the eigenvalue of Ag(z) with negative real part. In what follows, we
always assume that z € H,, with 0 < w < €.

Given that ¢ is an analytic function of r = e#°¥ near r = 0, and that e #=Yu,(y) — U,
as y — +0o, we consider a re-normalized version of u,,

U.(y) = eV, (y) . (5.4)
Since u, = Ay, (2)u,, the function U, has to satisfy the equation
UL= M3 ()Us, M3, (2) = Agy (2) + (o — i) (5.5)

Recall that Ay(2)U, = u,U,, and thus M§(2)U, = poU,. Having in mind an expansion in
powers of r = ef°Y we decompose

Uy) = €(r) +3°(r),  £(r) =710, (5.6)

with 3%(r) = O(r?). To simplify notation, we have suppressed here the dependence on z.
Using that pord,-£° = pol® = Mg (2)0%, the equation (5.5) can be rewritten as

p080r3° = Pol® + Mj (2)3°, (5.7)
where
0 —f(¢1)—a O
PO = A¢,1 (Z) - A()(Z) =10 0 0 (58)
0 0 0

Finally, we convert (5.7) to the integral equation

30 = [0, - M§(2)] ' Po(€+3%), Oy = pord,. (5.9)
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This equation for 3° = U, — ¢* is the analogue of the equation (2.19) for Z* = ¢° — (5.
Notice that, due to the special form of Py, the equation (5.9) reduces by projection to
an equation for the component 3] of 3° alone. Using that Re(u.) < 0, the operator
0y — M§(2) is easily seen to be invertible on the space of analytic functions .A}J defined
below. Recall also that f/(0) = —a. Thus Py(s) = O(s). This shows that (5.9) can be
solved order by order in powers of r.

We will prove that the solution 3 is analytic in a disk D, characterized by |r| < p.
The analysis is carried out in the space A}, of all analytic functions h on D, that extend
continuously to the boundary of D, and have finite norm

hllo =Y lhwllp®, Ay =" har®. (5.10)
k=0 k=0

To be more precise, our functions h = 3‘; also depends on the spectral parameter z. The

function in Aé take values in a space B of function that are real analytic in the disk
|2 — 20| < . The norm of a function g : z — > gn(2 — 20)" in the space B is given by
lgll = >_,, |gn]o™. This is the norm that appears in (5.10) for the coefficients hy,.

The procedure for computing the solution v = v, of the adjoint equation (4.38) satis-
fying (4.39) is similar. To match the asymptotic behavior of ¢ near y = —oo we consider

V. (y) = eotPoth=)yy (y) (5.11)

where vy and 7y are the eigenvalues of Ay(0) with positive real part. The function V, has
to satisfy the equation

V! = — My, (2)"V,, Mg, (2) = Ap, (2) — (vo + Do + )1 (5.12)
As in (2.20) we make the ansatz
Va(y) = V. (Re™Y, Re™Y), (5.13)

and
V.(s) =0"(s) + 3"(s), s =(s1,82). (5.14)

But here ¢*(s) = s1s2V, and 3“(s) = O(|s|*). Using that Ag(z) "V, = p.V., the equation
(5.12) can be rewritten as
(108105, + D0520s,)3" = =Py £ — M (2)" 3", (5.15)
or )
3u = — [8y + M#(Z)T} a POT (gu + su) y ay == 1/081851 + 17082852 . (516)

Again, due to the special form of P, the equation (5.16) reduces by projection to an
equation for the component 3 of 3* alone. Using that Re (v,) > 0, the operator 0, —M§(2)
is easily seen to be invertible. Recall also that Py(s) = O(s). So (5.16) can be solved order
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by order in powers of s; and so. The function space considered here is the same space Af,
that is used to solve the equation (2.22) for the unstable manifold. Again, each coefficient
him in the expansion (2.23) is a function in the space B. But now the variable is the
spectral parameter z, and not the velocity ¢. At this point, the velocity c is fixed to the
value (interval) described in Lemma 2.2.

Recall that the local stable manifold ¢° obtained by solving (2.19) has to be “pro-
longed” in order to get it to meet the local unstable manifold ®“. Similarly, we have
to prolong the curve V, in order to be able to compute the Evans function A(z) via the
product V. (y)"U.(y). This is done for y = —43, which is the same value of y that is used
to verify the homoclinic intersection.

As mentioned in Subsection 2.2, the prolongation of ¢* is carried out via repeated
application of a Taylor integrator. The same is done for the prolongation of the curve V.
The details are different in the two cases, but the principle is the same: We integrate a
vector field V,

o' (t) = V(z(t)), z(0) =z, (5.17)

where all functions involved are analytic near the origin. Decomposing

V(z) ={+Q(z — z0), t=V(z9), Q0)=0, (5.18)
and substituting
w(t) =wzo+tl+Z(t),  Z(t)=) Zt*, (5.19)
k=2

into the equation (5.17) yields the integral equation

2(t) = /O Qs+ Z(s)) ds. (5.20)

Clearly this equation can be solved order by order, meaning that the coefficients Z; can
be determined inductively one after the other.

Unlike in the periodic case, we are not using the contraction mapping principle to
solve fixed point equations. In the homoclinic case, all of our equations can be solved
order by order. The details differ from one equation to the next, but the general principle
is the same and can be described as follows.

Let (X, ||.|lx) be Banach spaces for £ = 0,1,2,... and let (X,|.||) be the Banach
space of all functions z : N — J, X with z(k) € X}, for all £ and ||z| = >, ||z(k)||x
finite. Denote by P, the projection on X defined by setting (P,x)(k) = x(k) for k < n
and (P,z)(k) =0 for k > n.

Lemma 5.1. Let Yy be a closed bounded subset of X such that P,Yy C Y, for all n,
and PyYy = {yo} for some yy € X. Let F : Yy — Yy be continuous, having the property
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that P, 1F = P,1FP, for all n. Then F' has a unique fixed point y € Yy, and P,y =
P, F™(yg) whenever n < m.

Notice that the set Yy in this lemma need not be compact or convex. The norm on X
is of course very special. But this framework fits perfectly with the function spaces used
here and in other computer-assisted proofs.

Proof. Let y € Yy. Then PoF™(y) = yo for all m. If 0 < n < m then

P,F™(y) = P,F(P,_ F™" (y)) = ...
= P,F(P,_1F(... PL(F(PoF™ " (y)))...)) (5.21)
= PoF (Pt F(... PL(F(yo)) - ) -

So P, F™(y) is independent of y. For a fixed point y of F' this yields P,y = P,F™(yo)
whenever n < m. In particular, there can be at most one fixed point.

In order to prove that a fixed point exists, define y,, = P,, F"(yo) for each n. By (5.21)
we have y, = P, F™(yo) and thus y,, = P,y,, for all m > n. This shows that

lymll = llgoll + D llye = yall- (5.22)
k=1

The sum in this equation is bounded uniformly in m, since y,, belongs to the bounded set
Yo. Thus, n — vy, is Cauchy sequence. It converges since X is complete, and y = limy,,
belongs to Yj since Yj is closed. Using again that the right hand side of (5.21) is independent
of m > n, we have

PoF(Yym) = PoF (P B (y0)) = PuF(P—1F™(y0))

1 . (5.23)
= P F(Pp F (%0)) = PuF"(yo) = Yn -
Taking m — oo and using the continuity of F', we get P,F(y) = y, for all n, and thus

F(y) =y. QED

5.3. Estimates done by computer

In Sections 2-4 we have reduced the problem of proving the existence and stability of pulse
solution for the FitzHugh-Nagumo equation (1.1) and (1.3) to a proof of four lemmas:
Lemma 2.1, Lemma 4.4 in the periodic case, and Lemma 2.2, Lemma 4.7 in the homoclinic
case. In Subsections 5.1 and 5.2 we described how the claims made in these lemmas are
reduced to concrete computations. Our aim here is to explain how these computations are
carried out with the necessary error estimates. In essence, the problem is being reduced
further, to a point where each step is as trivial as verifying an inequality a x b < c¢. These
steps are then carried out by a computer. The full description, with all the necessary
definitions (declarations) and propositions (procedures and functions), are written in the
programming language Ada [32] and can be found in [37]. Here we only give a sketch of
this reduction process and its organization.
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At the highest level, our programs are essentially translations of expressions that
appear in our equations like (2.5) and (5.9). At the lowest level, numbers are being added,
multiplied, compared, etc., using interval arithmetic. The intermediate levels mostly reduce
the problem. They are kept as independent from each other as possible.

Each level builds upon a generic type Scalar for which various operations are defined.
These scalars are the “representable” subset of some algebra S. By algebra we mean a
commutative Banach algebra with unit. The collection of all scalars will be denoted by
R(S). Among the scalar operations is a function Sum : R(S) x R(S) — R(S) with the
property that S; + So € Sum(S7, S2) whenever Sq,S; € R(S). Here S; + S5 denotes the
collection of all sums s1 + so with s; € S7 and so € Ss. If there exists no scalar in R(S)
that includes S7 + Sz, then Sum(S7, S2) returns a special element Undefined. (In practice,
the program simply stops with an error message.) The same scalar Undefined is returned
by other functions whenever some operation is undefined, either by necessity or choice.

It is not necessary to know the innards of a Scalar, except that it includes error
estimates in the form of balls {s € S; : ||s|| < r}, where S; can be any subspace of S. Let
F be an algebra of S-valued functions on some domain D, and assume that F contains all
constant functions. Then to every scalar S C S we associate an extended scalar F' C F
by replacing a ball {s € S; : [|s]| < r} with the ball {f € F; : ||f| < r}, where F;
denotes the subspace of all function in F that take values in §;. The collection of all such
extended scalars is denoted by R(S,F). We assume that the above-mentioned function
Sum extends to a function Sum : R(S,F) x R(S,F) — R(S,F) with the property that
Fy + F5 € Sum(F}, Fy) whenever Fy , F5 € R(S, F). This is assumed to hold for any choice
of the algebra F.

Our scalars in R(R) are all of the form ¢+ {s € R : |s| < r} where ¢ and r are real
numbers that are representable in the given floating point environment. It is well-known
how to implement a function Sum with the above-mentioned properties. Similarly for other
elementary functions such as SetZero, Neg, Diff, Prod, Quot, Exp, .... The scalars in
R(C) are all sets of the form X + Y with X, Y € R(R).

Our type Taylorl is now defined as follows. Consider a disk D, = {z € C : |z| < r},
with 7 > 0 representable. Let 7,. be the space of all analytic functions f : D, — S that
extend continuously to the boundary of D, and have a finite norm

1A= lenlr™,  f2) =) _euz",  cocr,...€S. (5.24)
n=0 n=0

Clearly 7, is a Banach algebra under pointwise multiplication. Given a positive integer d,
a Taylorl is any set of the form

d
F:ze Y Cn)z",  C0..k—1)€R(S), C(k..d)€R(S,T), (5.25)
n=0

for some nonnegative integer k£ < d. The collection of all these sets is denoted by R(7;).
Now a Taylorl is simply another type of Scalar, based on 7, instead of S. An extended
Taylorl is defined by replacing the algebra 7, in (5.25) by a function algebra F, as
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described earlier. In our Ada implementation, Taylorl is a triple F=(F.R,F.K,F.C),
where F.R is the radius r of the domain D,, F.X is the integer k in (5.25), and F.C is an
array F.C(0..d) of (extended) scalars. The component T.R is used for inclusions 7, — T,
when r > ' > 0.

Implementing Sum : R(7,) x R(7T,) — R(T;) is trivial: Given F1=(F1.R,F1.K,F1.C)
and F2=(F2.R,F2.K,F2.C) of type Taylorl, we set F3.R := Min(F1.R,F2.R), F3.K :=
Min(F1.K,F2.K), and F3.C(N) := Sum(F1.C(N),F2.C(N)) for N =0,1,...,d, and then
return F3. The function Prod is equally trivial: just multiply F1 and F2 as if they were
polynomials, except that terms of degree n > d are added to F3.C(d), after being enclosed in
zero-centered balls and multiplied by F3.R"~¢. For functions like Quot or Exp we compute
the first N terms of the power series, using Sum and Prod. For the remainder of the
Taylor series we use simple norm estimates, and the corresponding balls are added to the
component F.C(d) of the result. Functions like ArcCos are implemented by first computing
an approximation and then estimating the errors from the corresponding Newton map.

Our list of “standard” scalar operations also includes an upper bound on the norm,
comparisons (which may be Undefined for some scalars), inclusion relations, certain de-
compositions, input/output, etc. After implementing each of them for the type Taylori,
this type can now be used as Scalar to construct new types. A type Taylorl with coeffi-
cients of type Taylorl is used e.g. to represent the functions ¢* whose Taylor coefficients
depend on the velocity parameter ¢ € R, or the functions u, that depend on the spectral
parameter z € C.

To give a simple example of how the type (5.25) can be used, consider the fixed
point problem for the map M : T; — T defined by (M f)(z) = [z + f(2/2)]? and f(z) =
O(zQ). Here § = R. Starting with F=(1,D,0) and iterating M d — 2 times, the coefficients
F.C(0..D-1) stay the same under further iterations of M. Now enlarge F.C(D) to some
closed ball B and apply M again. If M(F) .C(D) is included in B then M(F) contains the fixed
point of M, according to Lemma 5.1.

In addition to Taylorsl, we also need a type Taylor2 to represent sets of analytic
functions on D, x D,.. For reasons of efficiency, we have implemented Taylor2 directly, as
opposed to deriving it from Taylorl. It is represented again by a triple F=(F.R,F.K,F.C),
but F.C is now a two-dimensional array of scalar coefficients F.C(m,n) with m +n < d.
The type Taylor2 could also be used as scalar, but this is not needed for the problem
at hand. A type Taylor2 with coefficients of type Taylorl is used e.g. to represent the
functions @7 and v, whose Taylor coefficients depend on the spectral parameter z € C.

Besides the standard scalar operations, there are also some Tayloril-specific and/or
Taylor2-specific operations such as as evaluation, derivatives (with result in 7, for some
r’ < r), antiderivatives, and integrals. A quick look at the Ada packages Taylorsl and
Taylors2 in [37] should make clear that all of this is rather straightforward. But as with
other proofs, some essence is in the details as well.

Next, consider the space F of 2w-periodic analytic functions defined after (2.8). The
representable sets in F are called Fourier1 and are of the form

d d 2d

F =Y C(k)cos(k.)+ Y _ C(=k)sin(k.) + > Bn(ra), (5.26)
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with C(—d..d) € R(S), and with B, (r,) defined as follows. Given n > 0, let F,, be
the subspace of all even functions (cosine series) in F with frequencies k > n. For every
representable real number 7, > 0, we define B,,(r,) to be the closed ball of radius r, in
Fn. Similarly, the balls B,,(r,) for n < 0 contain all odd functions f € F with frequencies
k > |n| and norm | f|| < r,. Notice that B, (1) U B_, (1) is an enclosure for the set E,
described after equation (5.1).

Each Fourier1 is represented by a triple F=(F.R,F.C,F.E), where F.R = ¢, and where
F.C and F.E are arrays containing the coefficients C'(k) and the radii r,,, respectively, that
appear in the definition (5.26). We have implemented all standard scalar operations for
the type Fourierl, plus a number other useful Fourieri-specific operations. For details
we refer to the package Fouriers1 in [37].

Basic linear algebra for matrices and vectors with scalar entries is covered in the
packages Matrices, Vectors, and ScalVectors. The procedure ScalVectors.FindZero3
is used e.g. to locate a zero of the function Y defined in (2.25). Procedures that are specific
to vectors with Taylor components are defined in MultiTaylorsl and MultiTaylors2.

Some of the problem-specific procedures can be found in the child packages Fouri-
ersl.Periodic, MultiTaylorsl.Homoclinic, and MultiTaylors2.Homoclinic. Most
high-level procedures are defined in the two packages FHN Periodic and FHN Homoclinic.
They contain implementations of the procedures that have been discussed in earlier sec-
tions. (Our main programs merely call these procedures.) It is impossible to describe them
all in detail here. To find out e.g. how [9, — M (2)] ! is being estimated, there is no better
way than to read MultiTaylorsl.Homoclinic.InvDyMinusM.

For the centers of the balls in R(R) we use a MPFR floating point type with up to
256 mantissa bits, depending on the program. MPFR is an open source multiple-precision
floating-point library that supports controlled rounding [35]. Numeric types that do not
require high accuracy, such as the radii of the balls in R(R), we use a standard 80 bit
extended precision format [36] provided by the Gnat compiler [34]. On a current personal
computer with a 3.4GHz processor, our proof for the existence and stability of the periodic
(homoclinic) pulse takes approximately 33 minutes and 140 hours (13 hours and 425 hours),
respectively. With a multiprocessor machine, the effective computation time can be much

shorter. Further details, including instructions on how to compile and run our source code
can be found in [37].
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