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I. I NTRODUCTION
VER increasing fossil fuel’s cost and environmental
concerns are promoting the search for more efficient
means of transportation. (Hybrid) Electric vehicles are among
the options that received most of the attention. There
are, however, other, possibly more efficient transportation
systems. Bicycles, for example, are extremely cost effective,
eco-friendly, and healthy and, in congested cities, are the
fastest way to reach one’s destination. For these reasons,
bicycles have attracted a considerable amount of industrial and
academic interests (see [10], [17], [20], [26], and references
cited therein).
Although easy to use and efficient, bicycles are not always
perceived as a viable commuting option. The cycling commute
route may be too long and tiring. Two solutions have been
put forward to address this issue. On the one side, municipalities all over the world are promoting the concept of bike
sharing [16], [25]. According to this model, the user
travels to the city via public means of transportation and then
rent as she goes a bicycle to cover the last mile.
Another option is that of physically helping the cyclist
to cover the mid-distance commute. Electric power assisted
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cycles (EPACs) [22], [28], [29], [35] implement this solution. EPACs, by providing torque assistance through an electric motor, considerably lower the pedaling physical effort,
and are experiencing a huge commercial success. However,
added cost of electronics, batteries, and motor is not negligible, so that an EPAC could cost three times a traditional
bicycle.
Advances in mechatronic systems are opening a third path,
namely intelligent passive bikes. These kinds of bikes do not
directly provide assisting traction power, but rather modify the
vehicle response to the cyclist’s input. An example of such
systems is automated gear shifting, implemented through
discrete gear shifting or continuously varying transmissions (CVTs) [12].
Intelligent passive bikes have less potential than EPACs
of reducing the cyclist’s fatigue and physical effort but are
considerably simpler and thus may represent an interesting and
more accessible alternative. This direction is relatively new
and only a handful of contributions are available; among the
most interesting ones, one can find [8], [33], and [35]. In [33],
the authors design a cost effective automated derailleur/multisprocket system. The control system is designed to keep the
pedaling cadence in a comfort zone. Also in [35], the focus
is on the mechatronic actuator design. Chien and Tseng [8]
implement a learning algorithm that determines the optimal
transmission ratio based on the pedaling cadence and pedaling
power (estimated through a model).
In this paper, a different approach is taken, in that the
transmission ratio of a CVT is modulated with the objective
of controlling the cyclist’s heart rate (HR). The control system
modulates the transmission ratio so to keep the cyclist’s HR
at a user-specified value. The rationale behind this concept
is that the HR is a proxy of fatigue [6], [27]; by keeping
the HR constant, one can better distribute her or his physical
effort through the cycling trip. This paper is structured in three
main parts; modeling, control, and validation. In the modeling
part, a control-oriented model of the entire system is derived.
The model has two main components, the model of the
CVT-equipped bicycle and the model of the HR dynamics.
A CVT has been preferred to more common bicycle gear
systems (i.e., the derailleur/multisprocket system) for the possibility of continuously modulating the transmission. See [12]
for a detailed discussion on the advantages and control issues
that arise in applying a CVT to a bicycle. This paper extends
the preliminary results of [14] by more thoroughly discussing
the model, the control system design, and the experimental
results.

HR dynamic modeling is an extremely rich field in
biomechanics literature. The available models can be classified
into two main categories, namely the linearised and nonlinear
modeling approaches. In the first class, the system dynamics
are expressed as the sum of two or more terms generated by
linear systems. According to [5], when the exercise starts, two
time constants are in general involved: the first explains the
nervous system actions, and a second, slower, one is related to
the changes in metabolic activity and to the lactate production.
One of the first and most widely accepted models is a secondorder linear model [15]. The system linearity is interesting
from a control perspective; however, it can be inaccurate if
demanding physical exercises are considered. To cope with
this issue, time-varying versions of linear models have been
recently proposed [19].
Among the nonlinear models, in [7], a physiological-based
second-order nonlinear state space model has been proposed
to describe the HR dynamics during and after a treadmill
exercise. A different dynamical nonlinear model has been
derived from physiological time series in [36], where stochastic optimization methods have been adopted to identify the
model parameters. The same model has been also investigated
in [30] and [37], demonstrating the fitting of the model
output to a set of raw data for multiple constant intensity
exercises. Finally, the Hammerstein model proposed in [31]
seems to be an interesting compromise between the simplicity
of linear models and the accuracy of nonlinear ones. The
authors show that this modeling approach provides a reliable
and effective model, and a satisfactory control performance is
achieved [18], [21], [32]. The goal of the HR dynamic
modeling part of this paper is not that of providing a
complete general model of the HR dynamics but rather
get to a control-oriented model valid for moderate cycling
efforts, typical of leisure, and commuting cycling. The
control-oriented model is the basis to develop the control
strategy.
From the control design point of view, no matter how well
a model describes the HR response of any given subject,
intersubject variability, and exogenous factors (such as ambient
temperature and humidity) necessarily generate uncertainties
that need to be accounted for. In this paper, two control
solutions to deal with this issue are presented: a linear
feedback controller and a second-order sliding mode (SOSM)
controller. The sliding mode controller guarantees a higher
level of robustness and it is thus preferred. The validity of the
proposed control system is tested on two subjects on a series
of trials designed to mimic real word usage.
This paper is structured as follows. In Section II, the
modeling of the overall system is discussed. In Section III, two
control systems are designed and tested using step responses.
The SOSM controller is finally validated during normal
cycling by several subjects in Section IV.
II. S YSTEM D ESCRIPTION AND M ODELING
The overall control system architecture, shown in Fig. 1,
has several components: the bicycle, the cyclist’s pedaling
dynamics, the cyclist’s HR dynamics, and the controller.

Fig. 1.

Overall control system architecture.

Fig. 2.

Instrumented bicycle employed in this paper.

This section analyses and details the bicycle, cyclist, and
HR dynamic models.
A. Bicycle
The test vehicle (Fig. 2) is a standard city bike equipped
with a NuVinci roller-based CVT with a freewheel [11].
The freewheel transmits only positive torque to the wheel.
The CVT comes with power electronics that, by means of
a dc motor, modulates the transmission ratio. The desired
transmission ratio is set by an additional custom electronic
control unit (ECU). The ECU also measures some CVT
quantities, such as the dc-motor angular position, and vehicle
variables, as pedal speed and rear wheel speed. The bicycle is
also equipped with a pedal torque sensor that is only used in
analysis but not for control purposes. The experimental layout
also includes an ONYX II 9560BT HR Monitor (indicated as
HRM in the schematics of Fig. 1) for HR measurement.
The HR control algorithm runs on a Smartphone, while
the ECU performs the low-level CVT control. The three
devices (HRM, Smartphone, and ECU) communicate via
Bluetooth. The vehicle is equipped with a small battery
pack (12 V, 2.5 Ah) that supplies both the CVT and the
ECU electronics.
From the control point of view, there are two components
of interest: the transmission and the road load. The balance of

Fig. 3.

Identification of the overall friction forces acting on the bicycle.

the forces acting of the bicycle yields the road-load equation
1
Mv v̇ = − ρC x Av2 − Dv v +
2
− Mv g(sin(Xroad ) + Cr cos(Xroad )) + Fw

(1)

where Mv is the bicycle mass and v its longitudinal velocity.
The road load is the sum of several contributions.
1) (ρC x A2v )/2 represents the aerodynamic drag: ρ is the
air density, A the vehicle front area, and C x the drag
coefficient.
2) Dv v describes the viscous friction effects due to wheel
bearings and other mechanical elements.
3) Mv g sin(Xroad ) represents the gravitational force, where
Xroad is the road slope and g is the acceleration of
gravity.
4) Mv gCr cos(Xroad ) models the rolling resistance, depending on the normal force on the tires-road contact surface
and on the friction coefficient Cr .
5) Fw is the traction force generated by the wheel.
Note that only the longitudinal dynamics are modeled. The
model parameters are either measured (as in the case of the
mass) or identified from a so-called coasting down experiment
performed on a flat road [1]. The results of the parameter
identification procedure are shown in Fig. 3. The figure plots
the measured road load in several experiments performed at
constant velocity on a flat road and its optimal fitting (along
with the confidence intervals). Note the high level of noise
affecting the road load; in fact, it depends on the cyclist’s
posture, wind, and road disturbances.
The transmission is assumed to be rigid, so that the ratio
between the vehicle velocity v and the pedaling cadence ω p is
instantaneously determined by the CVT ratio τ according to
τ=

rw v
ωp

(2)

where rw is the rear wheel rolling radius. The wheel force
Fw is the cyclist’s pedal torque T p as transmitted by the bicycle
transmission and tire-road friction. Assuming that the tire has
negligible slip, the transmission dynamics is given by
J ω̇ p = T p − Dω p −

τrw
Fw
η

Fig. 4.
model.

Results of the validation experiments for the longitudinal dynamic

factor than can be identified with ad hoc experiments performed on the single components.
Combining the transmission and the road-load model, one
obtains the complete longitudinal model
J ω̇ p = T p − Dω p

τ 2rw2 
1
Mv ω̇ p + τrw ρC x Aω2p + Dv ω p
+
η
2
τrw
(Mv g sin(Xroad ) + Mv gCr cos(Xroad )). (4)
+
η
The overall model is validated comparing the simulated
velocity with the measured one as a response to measured
pedal torque inputs. Fig. 4 shows that the fitting between the
two models is satisfactory. Note that in the deceleration phase,
the model underestimates the deceleration; the reason is that
during the tests the cyclist braked. The friction brakes are not
modeled as they do not play a role in the control problem.
Equation (4) describes one of the critical dynamic components of the control problem; as such it deserves an in-depth
analysis. It has three inputs: cyclist torque, transmission ratio,
and road slope. The role of the inputs is better understood by
defining the following parameters:
rw2 Mv
rw Mv g
r 2 Dv
,
σ0∗ =
,
σ1∗ = w
η
η
η
3
r ρC x A
rw Mv gCr
,
σ3∗ =
= σ0∗ Cr .
(5)
σ2∗ = w
2η
η
Substituting the above definitions into (4), the system model
becomes



1
ω̇ p =
T p − σ2∗ τ 3 ω2p − D + σ1∗ τ 2 ω p
2
∗
J + τ Mv

+ τ  sin (Xroad + φ)
Mv∗ =

= f ω (ω p , T p , τ, Xroad )

(6)

where the road slope terms are collected in
(3)

where η is the transmission efficiency (identified to be
0.87—see [13] for more details on the identification); J and
D are the transmission mass moment of inertia and friction

 sin(Xroad + φ) = σ0∗ sin(Xroad ) + σ3∗ , cos(Xroad )
((σ0∗ )2

+ (σ3∗ )2 )1/2

arctan (σ3∗ /σ0∗ ).

(7)

and φ =
with  =
Equation (6) is a dynamical first-order nonlinear system
with state variable ω p and three input variables, namely the

pedal torque T p , the transmission ratio τ , and the road
slope Xroad . The system response to the input can be analyzed
linearizing it. Linearization implies the seeking of equilibria
of (6).
For a given triplet (T p , τ , X road ), the equilibrium pedal
velocity ω̄ p is
√
2+
±
(8)
ω̄ p =
∗
−2σ2 τ̄ 3
where
= D + σ1∗ τ̄ 2
= 4σ2∗ τ̄ 3 (T̄ p − τ̄  sin(X road + φ)).

(9)

Not all triplets yield a feasible equilibrium ω p . Two constraints
need to be accounted for: 1) only positive real ω̄ p are feasible
and 2) due to the freewheel, no negative torque can be
transmitted from the pedals to the rear wheel, i.e., T̄ p ≥ 0.
These conditions translate into


T̄ p ≥ max{0, τ̄  sin X road + φ }.
(10)
Hence, for a given combination of constant inputs
(T p , τ , X road ) satisfying (10), it is possible to compute the
corresponding equilibrium value of the pedal speed and derive
the linearized model from (6) as


∂ f ω 
∂ f ω 
δ ω̇ p =
δω
+
δT p


∂ω T p ,τ ,X road
∂ T p T p ,τ ,X road 


∂ f ω 
∂ f ω 
δτ
+
+



 δXroad
∂τ T p ,τ ,X road
∂Xroad  T p ,τ ,X road
(11)
where δ has the usual meaning of a perturbation around the
equilibrium. This produces the linearized model equation
δ ω̇ p = Aδω p + B0 δT p + B1 δτ + B2 δXroad

(12)

where



A = − D + 2σ2∗ τ 3 ω p + σ1∗ τ 2 /E
1
B0 =
E


B1 = − 3σ2∗ τ 2 ω2p + 2σ1∗ τ ω p +  sin X road + φ /E
B2 = −τ  cos(X road + φ)/E
E = J + τ 2 Mv∗ .

(13)

It can be easily shown that all admissible equilibriums are
asymptotically stable. Finally, applying the Laplace transformation to (12), three transfer functions can be derived linking
the three system inputs to the pedal speed, namely G T ω (s),
G τ ω (s), and G X ω (s). All these first-order transfer functions
share the common time constant
J + τ 2 Mv∗
Tω =
.
(14)
D + 2σ2∗ τ 3 ω p + σ1∗ τ 2
Fig. 5 shows the values of Tω for different equilibrium points.
As apparent, the time constant increases as the speed or the
transmission ratio decreases.
A brief analysis of the three transfer functions is now
provided.

Fig. 5.

Time constant Tω as a function of the equilibrium point.

1) Torque Transfer Function G T ω (s): The transfer function
from pedal torque to pedal cadence is
μT
G T ω (s) =
(15)
sTω + 1
where Tω is as in (14), and the gain μT has the form
μT =

1
D+

2σ2∗ τ 3 ω p

+ σ1∗ τ 2

.

(16)

The following remarks can be made as follows.
1) The gain is always positive. This is quite intuitive: if the
transmission ratio is constant, an increase in torque
determines an increase in the pedaling cadence.
2) The gain depends on the transmission ratio: the higher
the transmission ratio, the lower the gain (i.e., the less
sensitive the pedaling cadence is to the torque variation).
3) The gain depends on the pedaling cadence: the gain
decreases as the pedaling cadence decreases. This effect
is determined by σ2 , which accounts for the aerodynamic
effects.
2) Transmission Ratio Transfer Function G τ ω (s): It is a
first-order system with time constant Tω . Its gain is


3σ2∗ τ̄ 2 ω2p + 2σ1∗ τ ω p +  sin X road + φ
μτ = −
.
(17)
D + 2σ2∗ τ 3 ω p + σ1∗ τ 2
It can be shown that, for all admissible equilibriums, the
gain is negative. This explains the fact that the pedal speed
decreases as the transmission ratio increases. The additive
term (7), which depends on X̄road , makes the gain decrease
as the road slope increases. Fig. 6 plots μτ as a function of
transmission ratio and road slope for pedal cadences, namely
ω̄ p = 4 rad/s and ω̄ p =16 rad/s, corresponding to 40 and
150 r/min, respectively (the minimum and the maximum pedal
speed reasonably achieved in normal riding conditions). As it
can be seen, the gain exhibits significant variations as a
function of ω̄ p if τ̄  1.5, and it is highly influenced by
X̄road and τ̄ only in that region.
3) Slope Transfer Function G X ω (s): The transfer function
from road slope to pedal cadence is a first-order low-pass filter,
whose time constant Tω has been derived in (14), with negative

Fig. 6. Map of the gain μτ values with respect to the considered linearization
point.

Fig. 7.

gain

(in this application, measuring the slope would require an
inertial measurement unit [9]) disturbance; it is exogenous
and not influenced by any other input. On the other hand,
the cyclist’s torque, which is also an unmeasurable disturbance, is correlated with the other inputs. In fact, the cyclist
responds to variations in both transmission ratio and road
slope. This causality relation needs to be accounted for and
modeled.
To better understand this issue, consider the power
linearized dynamics (19). It yields a negative gain between
transmission ratio and pedaling power. This seems to contradict experimental results and common sense. The cyclist
associates an increase of the transmission ratio to an increase
in pedaling power. The reason for this apparent discrepancy
is that the cyclist herself is a control system.
Evidence suggests [33] that during normal cycling, the
cyclist acts as a pedaling cadence controller, imposing the
pedal torque and comparing the desired pedal cadence with
the current one. In order for the model to be complete and
usable to design a HR controller, also this aspect must be
considered.
To this end, a set of experiments was used to identify
the linear pedal cadence controller that models the rider’s
behavior. In the experiments, performed with a constant
transmission ratio, the rider was asked to accelerate to a
constant velocity starting from standstill. The final steady
state velocity is assumed to be the reference velocity. The
model is identified minimizing the prediction error between the
measured torque and the one computed when the model is fed
with the same velocity tracking error. The resulting pedaling
cadence controller has the following structure:



μX = −

τ  cos X road + φ



D + 2σ2∗ τ 3 ω p + σ1∗ τ 2

(18)

indicating that the pedal speed decreases if the road slope
increases. Although μX depends on the equilibrium values of
both road slope and transmission ratio, only the latter quantity
has a measurable impact on the transfer function gain. The
influence of X road is mitigated by the cosine function. On the
other hand, the transmission ratio effectively acts as a scaling
factor on the system gain, thus modulating the road slope effect
on the speed ω p .
The three inputs directly affect the pedaling power, which,
as will be explained later, is the input of the HR model. The
pedal power is defined as the product of the pedal speed and
torque, P = T p ω p . In an input/output perspective, the pedal
power can be expressed as the sum of the three contributions
δ P = G T (s)δT p + G τ (s)δτ + G X (s)δXroad

(19)

where the transfer function expressions can be easily obtained
as
G T (s) = μ1

T̄ p μτ
T̄ p μX
sT1 +1
, G τ (s) =
, G X (s) =
sTω +1
sTω +1
sTω +1
(20)

with μ1 = ω̄ p + T̄ p μT and T1 = ω̄ p Tω /μ1 .
It is worth noticing that the structure of the transmission
ratio and the slope transfer functions is exactly the same of the
transfer functions G τ ω(s) and G ξ ω(s) analyzed before, which
link the two quantities to the pedal speed, from which they
differ for the gain value only. On the contrary, one zero arises
in the transfer function G T (s) that was not present in G T ω (s).
This correctly models the direct connection that exists between
pedaling power and torque.
B. Cyclist
From the control point of view, the bicycle has three inputs:
the controllable transmission ratio that is modeled by (4),
the cyclist’s torque and the road slope. The CVT ratio
is the control input. The road slope is an unmeasurable

Validation of the cyclist model.

R H ω (s) = μ H ω

(1 + sTz H ω )
(1 + sT p H ω )2

(21)

whose parameters are μ H ω = 60, Tz H ω = 0.08, and
T p H ω = 0.65. Fig. 7 plots the validation of the identified
model.
Note that the cyclist’s model is needed to account for the
effect of a variation in the transmission gear onto the pedaling
power. The HR controller does not use any information on the
current and desired velocity.

Considering the cyclist in the loop and computing the new
transfer function from transmission gear to pedaling power,
one obtains
G τ + R H ω (G T ω G τ − G τ ω G T )
G τ P (s) =
.
(22)
1 + RHω Gτ ω
The resulting transfer function model G τ P (s) presents some
interesting features.
1) The model gain is now positive, thus well explaining the real system behavior i.e., if the transmission
ratio increases also the power increases, as the cyclist
experiences.
2) The main time constant of (22) is noticeably faster
than the one of the transfer function G τ. This is due to
the pedal cadence controller. Fig. 7 offers a qualitative
explanation of this phenomenon: in the initial part of the
experiment (i.e., during the departure), the torque peaks
to high values before reaching steady state.
3) The transfer function (22) is nonminimum phase, as one
of its zeros has a positive real part. The resulting inverse
response can be intuitively explained as a residual effect
of G τ . As a matter of fact, if τ increases, the cyclist
needs a small time interval to adapt the torque to
this variation. During this phase, the pedal speed (and
therefore the power) decreases, exhibiting the typical
inverse behavior. The same holds for a change in τ in
the opposite direction.
C. HR Dynamics
In Section I, it has been shown that a rich literature
exists on the topic of HR dynamic modeling. Among the
available models, the Hammerstein approach presented [31] is
adopted herein. Hammerstein models have several advantages
that make them desirable control-oriented models. The most
important advantage is that they are capable of describing
nonlinear dynamics, while retaining some linear properties.
This allowed researchers to develop identification and control
system design tools that are not available for other nonlinear
models.
A Hammerstein model is constituted by the series connection of a static nonlinearity N and a linear dynamical system
with state-space matrices A–D
ẋ(t) = Ax(t) + B ũ(t)
z(t) = C x(t) + D ũ(t)
HR(t) = HR0 + γ z(t)

ũ(t) = N (u(t))

(23)

where the model output z(t) is a scaled version of the
HR variations from the basal value, while u(t) represents the
input power. One of the advantages of using a Hammerstein
model is that the static nonlinearity and linear dynamics can
be decoupled [2].
In deriving a HR dynamic model, one has to face two
challenges. First, subjects of different age, fitness, and health
conditions respond differently to the same exercise. Second,
even when considering a single subject, the HR dynamics
are affected by numerous factors. Some of them are not
controllable (e.g., temperature, humidity, and stress level);

Fig. 8. Measured power/HR steady-state characteristic (dots), affine and
quadratic approximations.

some of them are controllable. In the following, everything
that is not controllable will be considered as uncertainty.
The controllable factors are on the other hand studied in
details. The CVT can influence pedal power, cadence, and
torque. All of them are therefore potential candidate inputs.
The following discussion starts from the simplifying assumption that HR mainly depends on the pedaling power to then
validate it a posteriori.
To study the HR dynamics, two sets of experiments were
considered: first, a series of slowly varying power profiles was
required to the cyclist, to assess the steady-state relationship
between pedal power and HR, i.e., the model nonlinearity N .
Then, some dynamical experiments were carried out, so as
to capture the main system dynamics. The envisioned field
of application guides the experiment design: the experiments
need to excite the HR dynamics in a realistic HR range for
the application (Section IV).
For the first experiment, the cyclist was asked to keep a
constant pedaling cadence, while the bicycle transmission ratio
is varied so as to produce a sinusoidal power varying from
50 to 300 W. The resulting quasi-static input/output relation
is shown in Fig. 8, where the cyclist’s HR is plotted as a
function of pedaling power.
To explain the relationship between the two quantities, two
different models are proposed
ˆ = a1 + a2 P
N lin : HR
ˆ = a3 + a4 P 2 .
N par : HR

(24)

The first model, N lin , forces an affine characteristics, while
the quadratic model N par follows from the hints of [21].
From Fig. 8, it can be observed that both models fit the data.
2 = 0.642
The resulting coefficient of determinations is Rlin
2
and Rpar
= 0.584; the use of a more complex quadratic
curve is not justified by the added accuracy, so that the affine
approximation is selected. The quadratic nonlinearity would
be more adequate to model the HR dynamics in case of
more intense exercise, as it can ensure a more accurate fitting
of the measured HR (see [21] and references therein). The
linear approximation, however, provides a good accuracy for
the power levels usually involved in leisure and commuting cycling and can be sufficient for the purposes of this
paper.

Fig. 9.

Power sweep and corresponding HR (measured and simulated).

In view of the results obtained for the identification of the
static map, the system can be assumed to be linear and its
dynamics identified by means of prediction error minimization
identification methods for linear systems. A series of pedal
power frequency sweeps is executed with the same methodology as before. The measured HR response in one of these
experiments is shown in Fig. 9 together with the identified
model output.
From the collected data, a nonparametric estimate of
the system frequency response G HR ( j ω) is obtained by
windowed spectral analysis of the input/output cross-spectral
densities [24]. The data are preprocessed by removing the
basal HR (termed HR0 ) and an additional linear trend.
A second-order fitting of the experimental frequency response
yields the parametric transfer function model
μhr
G HR,1 (s) =
(25)
(sThr1 + 1)(sThr2 + 1)
with Thr1 = 22 and Thr2 = 55.
The linear trend represents the dynamics of the long-term
fatigue [15]. This contribution is effectively modeled by an
integral term HRFF
μh F
u2
G HR,2 (s) =
(26)
s
where the integrator gain μh F = 0.004 was identified from
the measured data and the binary control signal input signal
u 2 simply indicates whether the cyclist is pedaling or not.
The HR is constrained within HR0 ≤ HR(t) ≤ HR max ; this
is enforced with an antiwindup configuration. The HR of the
considered subject is therefore given by
G HR (s) = G HR,1 (s) + G HR,2 (s).

(27)

For model validation, two different experiments were considered. The first validation test is performed on subject 1. Fig. 10
plots the time histories of the measured HR and the required
power, together with the simulated HR model output.
The experiment yields a normalized root mean square (rms)
simulation error of Jrms = 8.2%, regarded as satisfactory for
a control-oriented model.

Fig. 10. HR model validation on subject 1. Measured and simulated HR and
pedaling power.

As pointed out above, the proposed model (27) is power
driven. It assumed that the cyclist’s HR depends exclusively on
the pedaling power. This is a simplifying assumption. Power
is determined by pedaling torque and cadence, and they could
influence the HR independently. Potentially, the model could
have two degrees of freedom. To investigate the validity of
this modeling choice for the considered application, the second
subject performed two types of experiments.
1) Iso-Speed Test: In this test, the rider keeps the pedal
speed as constant as possible, while the transmission
ratio is varied by the ECU so as to produce a desired
power profile.
2) Iso-Torque Test: In this test, the rider provides the
same power levels reached in the previous tests, while
keeping the pedal torque as constant as possible, therefore varying the pedal speed. As before, the transmission
ratio was varied by the ECU so as to produce a desired
power profile, while the rider, behaving now as torque
regulator, varies the pedal speed to keep the torque to
the desired level.
Fig. 11 plots the time histories of HR and power measured
in these experiments, together with the simulated HR model
outputs. The model output is very close to the measured
HR with Jrms = 6.12% (iso-torque) and Jrms = 6.05%
(iso-speed). These results support the choice of a power-driven
HR dynamic model.
A control-oriented model of the entire system is now
available. It captures the main dynamic features useful for
control system design; it is not an attempt to exhaustively
capture all dynamic aspects in all conditions. The model
parameters have been identified and validated referring to
a very specific usage i.e., leisure or commuting cycling
for healthy persons. The proposed model will probably fail
if tested under very different conditions (e.g., performance
cycling).
As a matter of fact, a certain model variability is to be
expected even in the considered conditions and possibly also
with the same subject at different time of the day. In particular,
a considerable variability of the steady-state characteristic has

Fig. 11.

HR model validation on subject 2. Iso-torque (left) and iso-speed (right) tests. Measured and simulated HR, pedaling power, torque, and cadence.

been recorded as a function of the overall fitness of the
subject. These challenges are to be accounted for designing
the controller.
III. C ONTROL S YSTEM D ESIGN
The cyclist’s HR control system should rely only on
HR measurements and be robust to intersubject HR dynamic
variability. In this section, two control approaches are investigated: a classical linear-loop shaping controller and a SOSM
controller.
The linear controller design is carried out in two phases.
First, a nominal controller has been designed based on the
overall transmission ratio-to-HR transfer function
G(s) = G τ P (s)G HR (s)

(28)

linearized around nominal working conditions (τ = 1.5 and
ω p = 90 r/min), where G τ P (s) is the dynamic description
of the vehicle including the rider’s pedal speed controller
in (22) and G HR (s) is the transfer function relating the cyclist’s
power to his/her HR. The design of the nominal controller
is carried out using classical loop-shaping techniques with
the objective of reaching a reasonable tradeoff between phase
margin and bandwidth. Considerations on the uncertainties of
the HR model lead to employ a controller with a proportional and integral action (implemented with an antiwindup
scheme) with a nominal bandwidth of f c = 0.01 Hz and
a phase margin of ϕm = 40°. Subsequently, starting from
the nominal controller, the parameters are fine-tuned via trial
and error. Given the duration of the experiments needed
to test the controller, this second phase is extremely time
consuming.

Fig. 12.

Tracking performance of the PI controller.

HR set-point step variations while pedaling on a flat surface
assess the performance of the controller. The results are shown
in Fig. 12. The HR set point (HR°) has been varied from
110 to 130 bpm; these values require a moderate effort that
the subject is capable of maintaining for prolonged periods of
time. The following remarks are due.
1) The controller tracks the reference with a settling time
of approximately 60 s.
2) As soon as the reference changes, the transmission ratio
increases causing an increase in the pedaling power.
3) There are some tracking imperfections due to unmodeled
HR dynamics, external disturbances (such as temporary
and involuntary changes of speed and variations in the
road surface and emotional-related HR changes).

The linear controller achieves a reasonable performance, but
its fine-tuning is time consuming and there are no guarantees
or robustness.
These limitations are overcome by the introduction of a
SOSM controller of the suboptimal type [3], [34]. The choice
of a SOSM controller over a first-order sliding mode one is
dictated by the need of avoiding discontinuities in the control
variable that would be perceived negatively by the cyclist.
The controller is designed choosing the HR tracking error
signal
ehr (t) = HR°(t) − HR(t)

(29)

as the sliding variable. The control objective is to design a
continuous control law τ ° capable of steering this error to
zero in finite time. Linearizing the complete model, the plant
can be easily rewritten in the state-space form, as
ż(t) = Az(t) + Bτ °(t)
y(t) = Cz(t)

Fig. 13.

Tracking performance of the SOSM controller.

(30)

where y(t) is the system output, i.e., the cyclist’s HR, z(t)
is the system state vector, and the matrices A–C have appropriate dimensions. Based on this representation, the first- and
the second-order time derivatives of the sliding variable ehr
are
˙ + C
ėhr = y°
ëhr = ϕ + γ τ̇ °(t)

(31)

where  = −Az − Bτ °, ϕ = ÿ° + C A, and γ = −C B. It can
be shown [4], [23] that the control law
1
τ̇ °(t) = −η(t)U sign ehr (t) − e M
2
η(t) =

η∗ if ehr (t) −
1 if ehr (t) −

eM
2
eM
2

eM > 0
eM ≤ 0

(32)

where U is a control gain, η the modulation factor, and e M
a piecewise constant function taking the value of the last
singular point of ehr (t) (i.e., the most recent value e M such
that ėhr (t M ) = 0) drives the system trajectory to the sliding
manifold ehr = ėhr = 0 in finite time if
3 1
η∗ ∈ (0, 1] ∪ 0,
2

4

U > max ∗ ,
η 1 3 1 − η∗
where

∗


(33)
2

and  are bounds of γ and ϕ such that
|ϕ| ≤ (z, y°, τ °)
0 < 1 ≤ |γ | ≤

2.

(34)

In the considered application, the nominal value of the bounds
on γ in (34) is 1 = 2 = C B; which is easily bounded
considering all the possible operating conditions (linearization
transmission ratio). The existence of +∞ >  ≥ |ϕ| is
guaranteed by the asymptotic stability of the system (30) and
by the physical bounds on ÿ° and τ °. Note that the control law
is only based on the error measurement and does not require
its time derivative.

Fig. 14. Tracking performance comparison of the SOSM and PID controller.

Fig. 13 plots the results of a closed-loop HR step response,
confirming that the SOSM controller is capable of ensuring
the tracking of the desired HR with a continuous transmission
ratio.
The comparison between the two controllers is better appreciated in Fig. 14. The figure plots a longer test with an
ascending and descending step. In the ascending phase, the
performance of the two controllers is similar in terms of
reference tracking; note, however, the difference when the reference decreases to 110 bpm. The PI controller features some
residual oscillations that were not present at the beginning
of the exercise (when the reference was 110 bpm). These
oscillations are attributed to the lack of robustness of the
PI controller. The HR dynamics have changed between the
initial and final phases of the exercise, and the robustness of
the PI is challenged. Quantitatively, the tracking error rms of
the PI controller is 7.5 bpm, whereas the SOSM controller
yields an rms of 5.1 bpm. These step tests are useful to
study the differences between the two controllers; however, to
validate the overall system, more complete tests are needed.
Considering the lack of robustness of the linear controller,
along with the extremely time-consuming fine tuning phase,
the SOSM controller represents a more interesting solution for
further analysis.
IV. VALIDATION
To further assess the effectiveness of the proposed approach,
the SOSM controller was tested on a hilly urban test path.

Fig. 15.

HR controller validation on an urban path (subject 1).

Two additional healthy subjects (not involved in the modeling
phase) were involved in the experiments. Both subjects have
ridden the same bike in two configurations:

Fig. 16.

HR controller validation on an urban path (subject 2).
TABLE I
Q UANTITATIVE A NALYSIS OF THE VALIDATION R ESULTS

1) traditional single-gear mode (CVT set to τ = 1.5);
2) HR controlled mode with a constant HR set point
(HR° = 110 bpm).
The urban path was ridden twice by each cyclist in each
configuration. The cyclists were not given any specific instruction on how to ride the bicycle. Figs. 15 and 16 plot the results
of these experiments, and Table I summarizes the quantitative
results.
By inspecting the figures, some considerations are due.
1) In the single-gear case, the HR is strongly correlated
with the road slope (see the bottom plot in the figure):
when cycling at constant speed, slope is the main factor
determining power variations.
2) The power profiles in the single-gear and controlled
mode are similar until the uphill section. In this section,
the controller effectively limits the cyclist’s power.
3) The performance for subjects 1 and 2 is similar, showing
that the proposed control is robust to variations in both
cycling style and HR dynamic characteristics.
4) The controller successfully keeps the HR close to the
desired set point HR° with small fluctuations.
5) The HR of the two cyclists in single-gear mode is rather
different from one from the other. This is due to the
riders’ physical characteristics and their fitness level.
6) Unsurprisingly, the reductions in both HR variability and
its average values come at a cost of a lower average
speed for the trip.

V. C ONCLUSION
In this paper, an integrated human-in-the-loop control of
bicycle motion and HR regulation for noncompetitive cycling
applications has been proposed. The controller, by adjusting
the bicycle transmission ratio via a CVT, modulates the
cyclist’s effort to track a desired HR target. The design of
the control system was guided by a thorough analysis of
the system dynamics: control oriented models of the bicycle;
cyclists and HR dynamics have been derived and validated
using experimental data. The identified models suggest the use
of robust control design techniques. Two approaches have been
proposed a linear input–output controller tuned on the nominal
model and a SOSM controller that is inherently more robust.
The two controllers are validated using HR step responses
on flat surfaces. Robustness considerations justify the choice
of the SOSM controller for a more complete real-world usage
validation, and two additional subjects were tested to show the
effectiveness of SOSM controller in regulating the HR with
low variability.
The use of a SOSM controller is one possible choice
to account for the inevitable HR model uncertainties and
variability. Another possible option could be that of using

the adaptive control framework, which is being considered
for further development. Ongoing work is also being devoted
to the online selection of the optimal HR reference, in the
attempt of determining the best tradeoff between HR, fatigue,
and overall cycling speed.
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