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1 Introduction

In this paper we address the discretization of the following quasilinear elliptic problem:
—div(k(|VuH)Vu) = f inQ, u=0 onde, (1)
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where f is a given function, and £2 is an open, bounded set of R?. The approximation of
problem (1) is a challenging standalone problem, see, e.g., [27,30,32,45] and [36,37]
in the context of conforming and discontinuous finite element methods, respectively.
For the finite volume approximation of nonlinear elliptic problems we refer for example
to [1,19].

At the the same time, efficient discretizations of problem (1) represent a necessary
intermediate step towards the solution of non-newtonian flow problems, see, e.g.,
[6-10,18,39,44] and [28] again in the conforming and discontinuous finite element
context, respectively. It is important to remark that non-newtonian fluids are ubiquitous
in industrial applications. For example, for polymeric extrusion, robust and reliable
numerical algorithms are mandatory in order to predict and, possibly, to optimize the
production process, c.f. [5,43], for example.

The aim of this paper is to show that the flexibility of the Mimetic Finite Difference
(MFD) method (see, e.g., [21-24] for a detailed introduction) can be successfully
exploited to discretize quasilinear elliptic problems, and that the Kacanov algorithm
can be successfully employed to solve the discrete nonlinear system resulting from
MFD discretizations; we refer to [47] for more details on the Ka¢anov method and to
[34] for an application in the context of adaptive finite element methods. The MFD
method can be naturally employed on very general decompositions made of (possibly
non convex) polyhedrals which do not have to fulfill matching conditions. Thanks to
such a flexibility, the MFD method has been rapidly applied to a wide range of problems
[2,11,15-17,21,41,42], and to Maxwell’s equations and magnetostatic fields problems
[38,40], Stokes equations [13,14], eigenvalue problems [26], problems governed by
variational inequalities [3] and optimal control problems [4]. Very recently, a very
promising evolution of the MFD scheme, namely the Virtual Element Method, has been
introduced in [12,25,29]. However, the application to nonlinear elliptic problems has
not been taken into account yet. The aim of this work is to approximate the solution of a
quasilinear elliptic problem of monotone type by using the MFD method. We show that
the MFD solution converges to the exact analytical solution in a suitable discrete energy
norm. The convergence holds under a suitable approximation assumption which is
verified through numerical experiments. The resulting nonlinear problem is then solved
iteratively via linearization by applying the Kacanov method, and the convergence of
the Kacanov algorithm is proved in the discrete mimetic framework.

The rest of the paper is organized as follows. In Sect. 2 we introduce the weak
form of (1) and state its well-posedness. The MFD discrete formulation and its well-
posedness is discussed in Sect. 3, and the a priori error estimates are derived in Sect. 4.
In Sect. 5, we introduce the Ka¢anov method in the mimetic context, and prove that
the algorithm converges to the mimetic discrete solution. Finally, in Sect. 6 we present
some numerical results to confirm our theoretical analysis.

2 A quasilinear elliptic problem

Throughout the paper we will use standard notation for Sobolev spaces, norms and
seminorms (see, e.g., [33]). Moreover, the symbol < denotes an upper bound that
holds up to a positive constant independent of the discretization parameters.



We first introduce the following semilinear form

b(u; v, w) Z=/K(|VM|2) Vv - Vwdx Yu,v,w € H} (), )
2

where ¥ : Rt — R™ is a nonlinear function whose properties will be stated below
(cf. Assumption 21), and §2 is a sufficiently smooth two-dimensional domain. We are
interested in solving the following quasilinear elliptic problem: find u € HO1 (£2) such
that

b(u; u,v) = F(v) Yv e Hi(2), 3)
where
F(v) :=/fvdx,
Q

foragiven f € L*(2). We remark that relevant physical applications, as the modeling
of non-Newtonian fluids governed by the Carreau law:

k() = Mo + (0 — o) (1 + 20T, 120, @)

with 79 > 10 > 0, A > 0 and p € (1, 00), fit in this framework.
Throughout the paper, the nonlinear function « : Rt — R™ is assumed to satisfy
the following.

Assumption 21 (Assumptions on the nonlinearity) The nonlinear function x
R*T — R satisfies the following

i) k(-) is continuous over [0, +00);
ii) there exist two positive constants k., k* such that:

ket —5) < k(t2)t — k(s2)s <k*(t —s) Vi>s>0. (5)

We observe that, by choosing s = 0 into (5) we get
ke < k(2 <k* Vit >0. (6)

Remark 1 The Carreau law (4) satisfies Assumption (21) provided that p € (1, 2) and
Noo > 0. To prove the upper bound in (5), it is sufficient to observe that the function

t 1
v =Gy Ve (0’ 5)

is Lipschitz continuous with constant equal to one. Indeed,
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is positive and bounded from above (the maximum is equal to one) and it tends to zero
as t goes to infinity. Therefore, setting v := 277”, we have

t s
(4212 (14 As2)

N2t — n(s2)s = Noolt — 5) + (10 — Noo) [ } < no(t—s).

The lower bound in (5) follows straightforwardly

t S
A+ A2 (1 + As2)Y

N2t — n(s2)s = Noolt — 5) + (10 — Noo) [ } > oo (t—5),

since the term in the square brackets is positive.

Remark 2 The nonlinear function « (-) could also be a function of the space position,
ie,k : 2xRT — RT.Insuch cases, Assumption 21 has to be modified as follows:

i) (-, -) is continuous over £2 x [0, +00);
ii) there exist two positive constants k, k* such that:

kot — ) < kc(x, 1)t —k(x,52)s <k*(t—s) Vi>s>0 VxeR.

Since we are interested in non-Newtonian fluids governed by the Carreau law (4)
we will not address in this paper this case specifically.

Before going after let us recall here some useful results. Let us introduce the function
B : RT — RT given by

52

/K(t)dl‘.

0

N =

B(s) :=

By observing that 8/(s) = «(s?)s, for all s € RT, and using Assumption 21, we
get

kit —s) < /(1) = B'(s) <k*(t —s) Vi>s=>0.

Next, let us state the following Lemma (we refer to [47, Lemma 25.26] for the
proof).

Lemma 1 Let y(x) := B(|x|) for x € R%. Under Assumption 21, for all x,y € R?
it holds

ly'(x) — ¥’ )| < 3k*|x — y| (7
(V' @) =¥/ (3, x = Y)pa = kelx — yI?, ®)

where (-, -)ra denotes the Euclidean scalar product of RY.



Next, we address the well-posedness of problem (3). To this aim, we introduce the
nonlinear operator

B:H(Q) — HYQ) (Bu,v):=b(u;u,v) Yve H (Q). 9)

The existence and uniqueness of such an operator follows from the Riesz’s Theorem.
Hence, problem (3) can be equivalently stated as follows: find u € H(} (€2) such that

Bu =F, (10)

where F € H~!(£2) is given. The next result is a key point towards the proof of the
well-posedness of problem (10).

Lemma 2 The operator B defined as in (9) is Lipschitz continuous and strongly
monotone with respect to the H L()-norm, i.e.,

1Bu — Bl g-1(g) S3k*||’4—v||H1(s2) Yu,v e H(}(Q), (11)

(Bu — Bv,u—v) = kellu — vl121 ) Vi, v € H(R).

Proof From (7), we obtain that, for all u, v, z € Hj (), it holds

\(Bu — B, 2) s/\x(|vbt|2>w—:<(|w|2>w V2] dx
Q
< 3k*/|w — VullValdy < 3K lu — vl 10y Il 1 -
Q

and

(Bu — Bu, u — v) = / (K(|Vu|2)Vu - K(|VU|2)W) V(u — v)dx
Q
> k*/ [Vu — Vo> dx = kyllu — v||§{1(9).
Q

This easily implies that

1Bu — Boll -1y < 3k*llu —vligq  Vu.v e Hy (),

(Bu —Bv,u —v) > killu = vl o, Y, v e Hy ().

Finally, we can state the well-posedness of problem (10).

Proposition 1 Let B be the operator defined as in (9) and let F € H™'(£2) be given.
Under Assumption 21, Eq. (10) admits a unique solution u € HO1 (2).



Proof By using the Zarantonello’s Theorem (see, e.g., [47, Theorem 25.B]) and
Lemma 2 we can conclude that Eq. (10) admits a unique solution u € HO1 (2).

3 The MFD discretization

In this section we derive a mimetic discretization of problem (3) by introducing suitable
mesh assumptions and the discrete space endowed with a proper scalar product. We
refer [3,21,24] for more details on the MFD method for elliptic problems.

3.1 Mesh assumptions, discrete space and norms

Let £2;, be a non-overlapping partition of §2 into, possibly non-convex polygonal
elements £ with granularity & := supgc, hE, being hg the diameter of E € €2;,. We
denote by N and IV ha the sets of interior and boundary mesh vertexes, respectively,
and set \j, = NV, U N, ,? . Proceeding as in [24] we also assume the following.

Assumption 31 (Mesh regularity assumptions) There exist an integer number N,
independent of %, and a compatible sub-decomposition 7j, of every 2, into shape-
regular triangles in such a way that every element E can be decomposed in at most
N triangles.

We point out that Assumption 31 only requires the existence of a compatible sub-
mesh that does not have to be constructed in practice. Moreover, Assumption 31
guarantees that the following mesh regularity properties are satisfied (cf. [21]).

i) There exists Neg > 0 such that every element E has at most Ng edges;
ii) There exists y > 0 which only depends on Ng such that, for every element E and
for every edge e of E, it holds

le| > yhe |E| > yh%,

where |e| is the length of e and | E| denotes the area of the element E;
iii) Forevery E € §2;, and for every edge e of E, the following trace inequality holds

W12y SR I N2 +hE 1V gy YV € HY(E). (12)

Next, we introduce the discrete space by choosing as degrees-of-freedom the nodal
values in each vertex v € N},. More precisely, every discrete function vy, is a vector
of real components vy, := {v"}yen;, , one per mesh vertex. The space of unknowns Vj,
is then defined taking into account the homogeneous Dirichlet boundary conditions,
ie.,

Vy = {vh ={v'len;, (v, =0Vve th} .
Clearly, the number of unknowns is equal to the number of interior mesh vertexes.

The space V), is endowed with the following discrete norm that mimics the usual
HO1 (€2)-norm:



1 2
lallf == D loalipe= D IEI D [H(UVZ—W')] .3

Eec2, Ec2, ee:di‘h
eCioE

where v and v, are the two vertexes of € € &, and |E| is the area of the element
E € Q.

Finally, we introduce the standard nodal interpolation operator satisfying classical
approximation estimates [20]. For every function v € C°(£2) N H} (£2), the interpo-
lation vy € Vj, is given by

v\I’ =v(V) VveN,. (14)

A local interpolation operator from C°(E)N H'(E) into VhE can be defined analo-
gously, where we denote by VhE the restriction of Vj, to the E € Q, i.e., VhE = VulE.

3.2 The discrete formulation of the problem

The mimetic approximation of problem (3) is essentially based on the following obser-
vation. Let us consider the local semilinear form given by the restriction of the form
(2) on each element E of the partition, i.e.,

bE(u; v, w) = /K(|Vu|2)VU -Vwdx Vu,v,w e H'(E). (15)
E

Next, denoting by P!(E) the space of linear polynomials on E € £2),, we can
observe that it holds

bE (@: v, w) =K(|V(p|2)/VU-dex Vo e PY(E) Vv,w e H(E).
E

In view of the above relation, the idea is to construct a suitable discrete approxi-
mation of the nonlinear term « (| V¢|?) and of the integral one.

To this aim, we introduce a symmetric bilinear form af (-, : VhE X VhE — R
that locally mimics

af (vp, wp) ~/Vi7h - Vi, dx. (16)
E

In this context, vy, wy, can be interpreted as regular functions living on E which
“extend the data” vj,, wy, inside the element and the symbol ~ stands for approximation.
As shown in [21], the local forms a,f (-, -) can be constructed in such a way that the
following properties are satisfied.



Proposition 2 For every E € 2y, it holds
2 E E E
lorllT e S ap ns o), @y as vp) S lunllvnellvnlline Yun, ve € V.

Moreover, for every E € Qy, and every linear function ¢ € P'(E)

lel
af (n. o = > (Vg 11‘,35)7 (v' +v)?) Yo e VE, (17)
eeé‘h
eCoE

where V| and V; are the two vertexes of € € &y, and n% is the unit normal vector
to € € &y, that points outside E.

Identity (17) is usually refereed to as local consistency property and is related to
the following observation. Let E any element in §2;,. For all v € H'(E) and for all
linear functions ¢ on E, using an integration by parts formula, we obtain

/Vv-Vgpdx:—/A<pvdx+ Z /(Vrp-n%)vds

E ectf e

E
> voeng [ vas. (s)

ectf e

If we substitute the integral in the last term of (18) with a trapezium integration
rule, we get condition (17) which means that that the discrete bilinear form af (-,-)
respects integration by parts formula whenever tested with linear functions. As pointed
out in [3], the local form a f (-, -) can be written in an algebraic manner by introducing
a suitable symmetric and positive definite local matrix Af € RFEXKE guch that

af(uh, vp) = MZAEU}[ Yup, v, € VhE,
where kg denotes the number of vertexes of E € Q.
Next, we discuss the mimetic discretization of the nonlinear term within each ele-

ment. To this aim, for every E € 2, we introduce the operator

af(uh, up) _ u,{A,‘lEuh
|E| |E|

GE :VE — RY GEuy) = (19)

Bearing in mind (16), the above operator turns out to be a good candidate to approx-
imate |Vuy,|? within each element, as the following heuristics shows:

[& IVul?

T Gr (ur)Vu € C°(E) N H'(E),

where ur € VhE is defined according to (14).



In view of the above discussion, we define the mimetic discretization of the local
semi-linear form (15) as follows:

by (ups vn, wi) = & (GE ) af (vp, wp) Vup, vp, wy € VE,
and set

bu(up; v, wi) == > b (s v, wi) Vitn, v, wy € Vi (20)
Ees2,

Then, the mimetic discretization of problem (3) reads: find u;, € Vj, such that
bp(up; up, vp) = Fp(vp) Yop € V. 2n

The right-hand-side of problem (21) is defined as

kg
Fi(wp) = D fp Yy vV,

Ee$2), i=1
where Vi, ..., Vi, are the vertexes of E, a)}g, R a)IfEE are positive weights such that
Zfﬁl w% = |E|, and
Fei= o [ £d
E = — X.
|E|
E

3.2.1 Well-posedness of the discrete problem
This section is devoted to prove the well-posedness of the discrete problem (21).

The following straightforward generalization of Lemma 1 will be useful in the
forthcoming analysis.

Corollary 1 LetM € RY*? be a symmetric and positive definite matrix, and let (-, -y
and || - ||y the induced scalar product and norm, respectively, i.e.,

(x, V)M := xTMy, ||x||lzw = xTMx Vux, y € RY.
Under Assumption 21, the function yyi(x) := B(||x|nv) satisfies

() — v ), x — yimal < 3kellx — yl2,
Vp ) — V). x — Y)m = kellx — I3,

forall x,y € R%.



Proceeding as before, we introduce the discrete operator
Bh i Viy —> R, (Bpuyp, vy) := by (up; up, vy)Voy, € Vy, (22)
and rewrite problem (21) as: find uj;, € V}, such that
Bnuyp = Fy, (23)
where Fj, is given.

Lemma 3 The operator By, defined as in (22) is Lipschitz continuous and strongly
monotone with respect to the discrete norm (13), i.e.,

|(Brun — By, up — va)l S llun — vall}, Yup, vp € Vi (24)
(Buun — Byvw, un — vn) 2 lun — vall7, VYup,vp € Vo (25)

Proof The proof follows by applying Corollary 1 to the following function

leen I o
Vun) = IElﬁ(Wl}Af) = |EIp (@)

after having observed that it holds

(7' wn), vn) = k(GFup)af (un, vi) = bE (up; up, vi) Vup, vy € Vi

Finally, the following well-posedness result holds.

Proposition 3 Let B), be the operator defined as in (22). Under Assumption 21, Eq.
(23) admits a unique solution up, € V.

Proof The thesis follows by the Zarantonello’s Theorem and the Lipschitz continuity

and strongly monotonicity of the operator 5, proved in Lemma 3. O

4 Error analysis

In this section we derive the a-priori error estimates in the mesh-dependent norm (13)
to prove the convergence of the MFD approximate solution to the exact solution of
problem (3).

Let us preliminary prove the following result that will be useful in the subsequent
analysis.

Lemma 4 For every u, € Vj, it holds

[br (urs vis wp)| S lvnlleallwellig Ywn, vy € Vi (26)



and
2
by (up; wp — vi, wp — o) 2 llwp — vally, Ywp, vy € V. 27

Proof We first show (26). By observing that by, (-; -, -) is symmetric and linear in its
second and third arguments and by using (6) and Proposition 2, we get

i (un; v, wi)l < D |Gy wi))ay (v, )]
EeQy,

< D Monlinelwaliine < loallallwn .
EeQy

Similarly, we have

. 2 2
ba (s wi — Vi, wp = vi) 2 D Nwn = valli g g = lwn = vllf s
EeQy,

which is (27), and the proof is complete.

Next, we introduce the following lifting operator.

Lemma 5 For every E € Qy, there exists a local lifting operator
RE . vE — HYE)NC'(E),
that satisfies the following properties:

(L1) it vanishes on the boundary of 2;

(L2) Rfvh|e is a linear function Ve € &y, € C IE and ¥ vy, € VhE;
(L3) IR vl oy S WWonllf p . Yon € Vi

(LA R vi — v}l 2g) S hElvalling Yon € V).

We observe that it is not necessary to build explicitly the lifting operator, but it is
sufficient to show that it exists. A detailed way to construct it and more details about
its properties con be found in [24]. We can then extend this definition, by introducing
the global lifting operator given by

Rp @ Vi — H' (@) NCY(2)),
Ru(wn)|g := REnlg) You € Vi, E € 2.

Finally, the following result states the convergence of the MFD approximation
towards the exact solution of problem (3).

Theorem 1 Let u € H*(Q) N HOl (2) be the solution of the continuous problem
(3) and let uy, be the solution of the discrete problem (21). Moreover, let u; be the



interpolation of the exact solution u defined according to (14). Finally, assume that
there exists o« > 0 so that

I (IVV?) — K (GE ) Iy S h* Vv e CO(2) N Hy (£2). (28)
Then, it holds

lut — wpllyp S HMRE), (29)

Proof Throughout the proof we set e, := uj, — uy. For every E € §2;, let u}f be the
L?*(E)-projection of u onto the space of linear polynomials on E. We then define the
piecewise discontinuous linear function ul asu! g = u}g forall E € ©2;. With alittle
abuse of notation, in the following we indicate with (ul)I a collection of nodal values
such that for all elements E the restriction of (u')1 to E € j, is given by the local
interpolation (u}f)I. Note that both the || - ||1,5 norm and the bilinear form ay (-, -) can
be immediately extended to (u');, since both operators are a sum of local terms. By
using (25) and the discrete problem (21) we get

2 ) . )
lenlly ) < bn(uns un, en) — bu(uz; uz, en) = Fylen) — bp(uz; uz, ep)

= Fy(en) — bp(ur; ur — ()1, en) — by ur; ()1, ep)

= Fi(en) — ba(uziur — ). en) + D 8k, (30)
EeQy
where 8 := —« (GE (u1)) aF ((u')1, ep). We next estimate the local term 8. We

first observe that, thanks to (L2)

e
% (e}:l +€Z2) =/Rfehdx VE € Qj,e € Ef.
e

Then, by integrating twice by parts and using the fact that Ryep, vanishes on the
boundary of €2, it follows

ecé,
eCioE

P 1
b5 = —k(GE W) S aie/n,feh ax
nE s
- —x(g,f(ux))/vnfeh Vil dr
E
= @) [ VREer Ve —u)dx —xGE o) [ VREer Vuds
E E

:K(g,f(ul))/vnfeh-V(u—ul)dx
E



+ [ [evul) = € @GF @} VREen - Vuax

+ [ div (K(IVM|2)Vu) RE ey, dx. 31)

B

Finally, by using problem (3) and employing (31) into (30) together with Proposi-
tion 2 we have

leall} ), < |Falen) — (f. Ruen)| + llur — @zl nllenllrn

+ Z K(gf(uI))/VRfeh-V(u—ul)dx
E

EEQh

+ > /{K(|W|2)—K(g,f(ul))}vn,feh-Vudx
EGQhE
=I+II+IITH IV.

Let us estimate separately the terms I—IV. Proceeding as in the estimate of the
First Piece in [21], there holds

T = |Fu(en) — (fs Ruew)| S Al fllz2llenllin < hllenllnn.

Applying the trace inequality (12) and employing a standard interpolation error
estimate yield to

1/2

112 2 2
1S D0 IV —u) Gy +hE iy | lenllin S B lulgagy llenllp.
EeQ)

Term IIT can be estimated using the Cauchy—Schwarz inequality, assumption (L3)
and again standard interpolation error estimates

E 1
ITI S IVRy enll 2oV —u)lli2e,) S Rllenllin lul g2y S Rllenllin -

Finally, by using Assumption (28) and (L3), we get

s 3 (VHP) ~ e GE i@ [ [VREes - Vu] ax

Ec$2), E

S hNVRE enll 2ol Vull 2, S B llenllin lul g1 g -

Combining the estimates of I-IV with (4) yields the result.



Remark 3 (On Assumption (28)) Theorem 1 relies on assumption (28), whose the-
oretical justification is still object of an on-going research. However, the numerical
investigation performed in Sect. 6 suggests the validity of (28) with « = 1, so that the
error estimate (29) reduces to |ut — uplli.p S 5.

5 The Kac¢anov method
In this section we present the Kacanov method (see, e.g., [47]) to solve the nonlinear

problem (21). For k > 0, the idealized algorithm without any stopping criterion (that
will discussed later) reads as follows: given uzk) € Vp, find u;lkﬂ) € Vj, such that

k k
s Y o) = Fr(u) Yo € Vi (32)

The convergence of the sequence {uik)}kzo to the “exact” discrete solution uj,
of problem (21) is stated in Theorem 2, below. The proof takes the steps from the
general ideas of [47, Theorem 25.B] and requires some preliminary results that will
be collected in the following.

We introduce the functional Ej, : Vj, —> R defined as

1
En(on) =5 > IEIB (\/g,fwh)) (33)

Ees2y

that represents the energy associated to system (21). It is easy to see that
(E},(un), vn) = by (ups up, vw) Vup, vy € Vp. (34

Finally, we state two auxiliary lemmas that will be crucial to prove the convergence
of the Kacanov algorithm.

Lemma 6 Let Ej,(-) be defined according to (33) and let assume that k () is monotone
decreasing, i.e., k(t1) > k(t2) for all0 < t; < t5. Then,

1
Ep(up) — Ep(vp) < 3 [bn (vns up, up) — bp(ops v, v, (35)

(E'(up) — E'(vn), up — vn) 2 Nup — vnll3 (36)

forall up,, vy € Vj,.

Proof Inequality (35) can be proved by using that k(-) is monotone decreasing and
(19), (20) and (33)



Gy (un) Gir (wn)
Bvun) ~ B =3 S UEN| [ k@ [ e d
e nn) = 3 k(s) ds k(s) ds

Ee$2y, 0 0
1 af (up,up)  af (vn, vp)
=3 X 1Bk (GFen) | 2 -
2%; ! |E| IE|
h

1
=5 [bn (Uns un, up) — bp(vas va, V).
Inequality (36) easily follows from (34) and the strongly monotonicity of the operator
B, shown in Lemma 3. O

We also have the following result that is a consequence of Lemma 4.

(k)
h

Lemma 7 For every k > 0, given u, ’ € Vj, the variational problem (32) admits a

(k+1)
h

unique solution u € Vj, that is also the minimum of the quadratic variational

problem

1
min H(vy) = min = by, (u}lk); U, vh) — Fp(vp),
v eV eV, 2

where H : V), —> R. On the other hand, the functional H(-) admits a unique
minimum that is also solution to (32).

Proof The first part of the proof follows immediately from Lemma 4. On the other
hand, for u;lk) € V), fixed, we observe that

(H' (), wp) = bh(’/l;lk)§ v, wp) — Fp(wp) Yop, wp € Vi,
and from Lemma 4 we deduce
(H'(vp) — H' (wn), vh — wp) 2 llvy — whlli;1 Yup, wp € V.

By following [47, Problem 25.3] we get that the functional H is weakly coercive,
strictly convex and continuous and therefore it admits a unique minimum u . Moreover
(H'(u}), wy, — uf) > 0, for all wy, € Vj, and this implies that uf = ™" is the

unique solution to (32).

We are now ready to prove the convergence of the Kacanov method (32).

(k) (k)
h h

Theorem 2 Let {u; " }x>0 be the sequence built by the Kacanov method, thenu, " —

up in Vi, as k — +oo.
Proof We preliminary observe that, by defining £y, (up) := Ej(up) — Fp(up), the

following minimization problem

min L(vp)
v eV



admits a unique solution thanks to the well-posedness of problem (21) together with
(34). Next, let us define

1
gun) = 5 (bn s wnoun) = by sl uf)) + By = Fytun).
Thanks to (35), we get

k+1 k+1 k k+1 k+1 k k k
E(u(+)) Fh(u§1+))<—(b(u() (k+1). 2+)) b(()u;)’ 2)))

k k+1
FEL ) — Fyul™),
that is
k41 k+1
L@y < gDy,

From Lemma 7 we deduce that u(k+1)

Then, we get

€ Vp, is the minimum of the functional g(-).

Lo, ) < gDy < g = Lo, (37)

So, we can conclude that the sequence {L}, (uzk))}kzo is monotone decreasing and
is limited from below, since the operator L, (-) admits a minimum. Consequently,

: (k+1) (k)
klggo {L’h(uh ) — £h(uh )} =

Finally, by using (37), the linearity of the form b, (:; -, -) in its second and third
arguments and property (27) we get

k k+1 (k k+1
£(uh( )) - Eh(u( )) = ﬁ(ul )) g(u( ))
k+1 k k k+1 k k k
=F, (u( ) _ ())——(bh(u(,),u(, ) (, ))—bh(ugl),u;), up )))

k k+l k k+1 k k+1 k

So we can conclude that
k+1 k
g — w10 = 0, (38)

as k tends to +o00. Next, we prove that the sequence {uzk) }k>0 converges to the solution

up, lalls k tends to +o0o. By using (36), (34) and that i, is the solution of problem (21)
we have



k k k
ey — unll? , S CEfGuy) — EfGun). ) — up)
k k k
< (@), ul® —up) + Fpup —ul)
k k k k
= bV w0 — ) + By —u). (39)

Then, by using twice (32) we get

k k k k
b u® ™ — ) + Fyup —ul)

k k k+1 k k k+1 k+1 k
=bh(u§l);u§l)—u§l+),uz)—uh):l:bh(u;);u;"r),u§l+)—ufl))

k k k+1 k k+1 k+1 k
=bh(u§l);u§l)—u§l+),uz)—uh+u,(1+))+Fh(u§l+)—u§l)).

Finally, by inserting the above estimate into (39), using (26) and that
|Fr(uim)| S 1 fllp2e2)lvnlln we get

k k+1 k k k+1
o =l S Nt =P (e = o+ O+ 1 2e))-
(40)
. . . (k) (k+1) H
The proof is complete by observing that the quantity [lu, " — up +u, " ll1,5 is

bounded from above since each term is bounded thanks to the well-posedness of
problem (21) and of the corresponding linearized ones (see Proposition 7). Therefore,

thanks to (38) we get ||u§tk) —up|| — 0 as k tends to oo.

The following result, stemming from the approach described in [35], contains a
computable estimate for the error ||u), — u,(ik) l1,n, which can be employed as a reliable
stopping criterion for the Kacanov method (see also Sect. 6 for further details).

Proposition 4 Assume the function k() satisfies Assumption 21 and also «'(t) < 0
and 2k’ (t)t + k(t) = 1. Then

k k k
lun — w0113 ), S EnCui) — i) + Ef (p))

k
where pZIE = K(gf(u,(l

defined as

_1)))(Af)1/2 ”;k)m’ and the conjugate functional Ej (-) is

Ej(pp) == D |E|B* (,/g;?(p;)) :
Ees2y,

Here, B*(s*) := k(53%)5% — B(3) for every s* € R being s = 5(s*) the unique
solution to the algebraic equation

B'() = s*.



Proof Setting, as before, L, (+) := E,(-) — Fj(-), we first observe that it holds

D) i= L) = L) — (L up), u — up)

1
= / (= Ly + 1@ = up) @ =), ul® —up)de, (41)
0

where the second order Fréchet derivative satisfies

2 2
lleen % E 2 lln I
AE\ (ay (un, vp)) AF\ g
Ll up)vp, vp) = 2k’ h K h) at vy, v
(L (up) ) EE E| E| E] i ( )
2 2
2
>3 (2 benllag \ Buanll i lvallt
> K K v
~ IE] E] |E] bE
> 2 42)
=~ ”Uh”]’hs (

where we used Proposition 2 together with the fact that k’(z) < 0and 2« ()t + « (¢) 2,
1. Observing that uy, is the unique solution to (21) yields (E;l (un), vp) = 0 for every
v, € V). Hence, combining (41) and (42) we get

L) — LaGun) = Dyy) 2 u — upl?,. 43)

Using the standard theory of duality in optimization (see, e.g., [31, Ch. 3],[46, Sec.
51.5] or [35, Sec. 2.7] for a general introduction) and following the approach outlined
in [35, Sec. 5.3] (see also [46, Theorem 51.B] and [47, Theorem 25.K] for similar
results), we obtain

Lh@Py = L) < L) + Ef (), (44)

where it is crucial to observe that pj has been chosen to solve the linear elliptic

problem P,{ A;l/ 2vh = F(vy) for every v; € Vj. A closer inspection reveals that pj' is
indeed the solution of the k-th linearized problem (32). Finally, combining (43) and
(44) yields the thesis.

Remark 4 Tt is easy to see that the Carreau law defined in (4) satisfies the assumptions
on the function « (-) of Proposition 4.

We conclude this section by observing that Theorems 1 and 2 can be combined to
. . (k)
obtain an estimate of the error |lur — u;, " [|1,1.

Corollary 2 Let ur € Vy be the interpolation of the exact solution of problem (3) as
defined in (14). Then, for every h > 0 there exists k € N, k = k(h), such that

k k
lur —uPlhn S OB + llup — w114,
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Fig. 1 Examples of the considered decompositions of 2 = (0, 1)2. From left to right: hexagons typel,
hexagons type2, quadrilaterals and trapezes

(k)
h

where u,’ € Vy, is the k-th iterate obtained with the Kacanov method (32).

6 Numerical experiments

This section is devoted to investigate the performance of the MFD method for the
approximate solution of problem (3) and to validate the convergence analysis stated
in Theorem 2.

Throughout the section, the function « (-) is chosen equal to the Carreau law defined
in (4), with n9 = 3, noo = 1 and p = 1.7. We consider four different sequences of
decompositions of the domain £ = (0, 1)2. Figure 1 shows an example of all the
considered computational grids, that we denote by hexagons typel, hexagons type2,
quadrilaterals and trapezes, respectively.

To solve problem (21) we have employed the feasible Kacanov method supple-
mented with a suitable stopping criterion, as shown in Algorithm 6.1. The tolerance
in the stopping criterion has been set equal to 1078, We remark that, the reliability
of the stopping criterion is justified in view of inequality (40). Alternatively, one can
resort to the computable estimate presented in Proposition 4.

Algorithm 6.1: Feasible Ka¢anov method

1 Given the initial guess u,(,LO)7 set toll, k= —1, ugl_l) = u;o);
2 while ||u§f+1) - ugc>||17h > toll do

3 k+1«—k;

4 SOLVE bh(uglm;uik"q),vh) = Fp(vp) Yop € Vg

5 end

6 SET up 1= uglkJrl);

6.1 Example 1

In the first example we choose u (x, y) = log(1+x-+y)+x-+y as the exact solution and
set the data and the non-homogeneous boundary conditions accordingly. The relative
errors in the discrete norm (13) computed on all the sequences of the considered grids
are reported in Fig. 2a (loglog scale). We clearly observe a linear convergence as
predicted by our a-priori error estimates stated in Theorem 2.
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Fig. 2 Computed relative errors [lut — upll1,5/lluzll1,n versus 1/h (loglog scale). Example 1 (left) and
Example 2 (right)

6.2 Example 2

The second example is taken from [37]. Here, the source term f is selected so that
ux,y)=x(1—x)y(1 —y)(1 —2y)exp(—20((2x — 1)?)) is the analytical solution
of problem (21). The numerical results are reported in Fig. 2b, where the computed

relative errors in the discrete norm defined in (13) are shown (loglog scale). Also in
this case, we observe that the error goes to zero linearly as the mesh is refined.

6.3 On Assumption (28)

Finally, we check numerically the validity of hypothesis (28) in Theorem 1. On the
sequence of considered grids, we have computed the quantity

e (70 1vul) —c@f ) -

where I7° denotes the projection onto the space of piecewise constant functions defined
on £2,, uz is the interpolation of the exact solutions of Examples 6.1 and 6.2, respec-
tively, and

i lloo,n == sup |v)|Vun € V.
veN,

The computed results are reported in Fig. 3. From the numerical results it seems that

Ik (170 |Vu|2) — k(G W) lloon S h-

This, together with standard interpolation error estimates suggests the validity of (28)
with o = 1.
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7 Conclusions

We have proposed a MFD discretization of a quasilinear elliptic problem. Under a
suitable approximation assumption, we have shown optimal a-priori error estimates
in a mesh-dependent energy norm. A Kacanov iterative scheme has been proposed
and analyzed to solve the resulting nonlinear discrete problem. All the theoretical
results have been confirmed by numerical experiments. Future research will be devoted
to extend the presented results to (free-boundary) quasi-newtonian flow problems
governed by the non-linear Stokes equations by taking advantage of the Uzawa iterative
algorithm, where at each step a quasilinear elliptic problem similar to (1) has to be
solved.
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