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1. Introduction

Steady states of an open quantum system are considered equilibrium or
nonequilibrium states according to whether or not they satisfy a quantum
detailed balance condition (see [3,4,16,17,18,19,23,26,29] and the refer-
ences therein). Concepts of entropy production have been proposed in several
papers ([5, 6,14, 15,20, 24, 29] is a short list far from being complete) as an
index of deviation from detailed balance (see [22] also for classical Markov
processes).

In [14, 15] we introduced a definition of entropy production rate for faith-
ful normal invariant states of quantum Markov semigroups, inspired by the
one brought into play for classical Markov processes, by considering the
derivative of relative entropy of the one-step forward and backward two-point
states at time ¢t = 0. Moreover, we proved an explicit formula for the entropy
production of a quantum Markov semigroup in terms of the completely posi-



tive part of the generator (Theorem 3 here). This formula shows that nonzero
entropy production is closely related with the violation of quantum detailed
balance conditions and singles out states with finite entropy production as a
rich class of simple nonequilibrium invariant states.

In this paper we compute the entropy production for a class of quantum
Markov semigroups, a faithful invariant state p, arising in the weak coupling
limit of a system coupled with reservoirs, whose generators £ are sums of
other generators L, associated with positive Bohr frequencies w of the system
(see [2,10,11]).

Our main result is the explicit formula (15) for the entropy production
rate in terms of second order moments of Kraus operators in the GKSL
(Gorini-Kossakowski-Sudarshan-Lindblad) representation of the generator.
This formula shows that the entropy production of a semigroup in this class
is the sum of non-negative entropy productions of all semigroups generated
by each L,. As a consequence (Theorem 6) the semigroup generated by £
satisfies the quantum detailed balance condition if and only if so does each
semigroup generated by L.

The plan of the paper is as follows. In Sect. 2 we introduce the class of
quantum Markov semigroups we are dealing with. In Sect. 3 we recall various
notions of quantum detailed balance. Our new formula for the entropy pro-
duction is proved in Sect. 4 and, finally, in Sect. 5 we essentially show that
equilibrium states for the semigroup generated by £ are equilibrium state for
all semigroups generated by each L.

2. QMS of Stochastic Limit Type

We will be concerned with the class of quantum Markov semigroups (QMS)
we describe below under some restrictive assumptions in order to avoid do-
main problems and similar technicalities. This class arises in the weak cou-
pling limit as well as in the stochastic limit of a Hamiltonian system S inter-
acting with a reservoir (see [2,10,11] and the references therein).

Let h be a fixed d-dimensional (d < oo) Hilbert space and let Hg be a
self-adjoint operator on h with spectral decomposition

HS = anpana
n

where €, # €, for m # n and P., is the orthogonal projection onto the
nullspace of Hg — €,1}, (here 1; denotes the identity operator on h). We
denote by B(h) the algebra of all bounded operators on h. We call Bohr
frequencies the differences ¢€,, — &, with €, > .

Choose an operator V' on h and define

V.= > P,VP.,. (1)
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Moreover, let H,, be a self-adjoint operator on h commuting with Hg. For
all Bohr frequency w let £, be the GKSL generator of a QMS on B(h)

Lo(z) = i[Hy,x]— %w (V2 Voz — 2V2V, + 2V*V)
,.)ﬂr
— ?“’ (Vo Vie = 2VaV) + 2V, V), (2)

where 7,75 > 0. QMSs in our class are generated by the linear map £

Note that, defining

Go = —5 (EVIVo+ AL V) — iH (4)

we can write the generator £, simply as
Lo(r) = Gro+, ViV, + i Voa Ve + 2Gy, .

Since the Hilbert space h is finite-dimensional, the QMS generated by L,
admits an invariant state p. Moreover, it is well-known (see e.g. [2]) that
there exists an invariant state whose density matrix p commutes with the
system Hamiltonian H so that it can be written as

p =Y pilep)esl,

1<j<d

where p; > 0, the above sum is finite, >, ;<;p; = 1, (&j)1<j<d s an or-
thonormal basis of h and each e; belongs to an eigenspace P, of Hg. We
shall also assume that p is faithful (if not we can reduce the semigroup by its
recurrent projection [13]).

The generators of these QMSs turn out to admit a special GKSL repre-
sentantion ([28] Theorem 30.16)

12b

L(z) = i[H,z] - > (LiLex — 2LjxLe + zLiLy) (5)
=1

where b is the number of Bohr frequencies, such that tr(pLy) = 0 for all

1 < /¢ < b and operators (Ly)¢>1 are linearly independent in B(h). Indeed, it

suffices to associate with each Bohr frequency w a pair of operators
Ly = (W)*Vi, Loy = (G)'YPV (6)

where the indexes run over a finite set, and define H =) H,,.



3. Quantum Detailed Balance and Entropy Production

A number of conditions called quantum detailed balance (QDB) have been
proposed in the literature to distinguish, among invariant states, those en-
joying reversibility properties.

The first one, to the best of our knowledge, appeared in the work of
Agarwal [3] in 1973 (see also Majewski [25]) and involves a reversing operation
© : B(h) — B(h), namely a linear x-map (©(z*) = O(z)* for all z € B(h)),
that is also an antihomomorphism ( ©(xy) = O(y)O(x) ) and satisfies 02 = I,
where I denotes the identity map on B(h). A QMS T satisfies the Agarwal-
Majewski QDB condition with respect to a faihtful normal invariant state
p if tr (pxTi(y)) = tr(p©(y)Te(O(x))), for all x,y € B(h). If the state p
is invariant under the reversing operation, i.e. tr(pO(z)) = tr(px) for all
x € B(h), as we shall assume throughout the paper, this condition can be
written in the equivalent form tr (px7:(y)) = tr (p ((© o Tz 0 ©)(z)) y) for all
x,y € B(h). Therefore the Agarwal-Majewski QDB condition means that
maps 7; admit dual maps coinciding with © o T;0© for all ¢ > 0; in particular
dual maps must be positive since © is obviously positivity preserving. The
map O often appears in the physical literature as a parity map; a self-adjoint
x is an even (resp. odd) observable if O(z) = = (resp. O(x) = —x).

In our framework, since Hg is the energy of the system, which is a typical
even observable, a reasonable map O is the transpose O(a) = aT with respect
to an orthonormal basis (e;)1<j<q of h diagonalizing Hg as in [12]. Interested
readers can consult [17,18,25] in more general situations.

The best known QDB notion, however, is due to Alicki [4] and Kos-
sakowski, Frigerio, Gorini, Verri [23]. According to these authors, a QMS
with generator £ as in (5), with invariant state p whose density commutes
with H, satisfies the quantum detailed balance condition if tr (pzL(y)) =
tr(p L(z)y) where £ = £ — 2i[H, -]. As a consequence, the QMS 7 on B(h)
generated by £ satisfies tr (p z7;(y)) = tr(p Ti(z)y) for all ¢ > 0.

Both the above QDB conditions depend in a crucial way from the bilinear
form (x,y) — tr (pry). In particular, if they hold true, all positive maps T;
admit positive dual maps; as a consequence, all the maps 7; must commute
with the modular group (of)ser, given by of (z) = pitzp~", associated with
the state p (see [23, Prop. 2.1], [26, Prop. 5] and also [9]) as well as the
generator L. This algebraic restriction is unnecessary if we consider the
bilinear form (z,y) — w (ai/g(x)y) for defining dual QMSs.

QDB conditions arising when we consider this bilinear form are called
standard (see e.g. [11,18]); we could not find them in the literature, but it
seems that they belong to the folklore of the subject. In particular, they were
considered by R. Alicki and A. Majewski (private communication).



DEFINITION 1 Let 7 be a QMS with a dual 7’ defined by
w (01/2(55)7?(.@)) = w (01/2 (77(@) y) for all z,y € B(h), t>0.
The semigroup 7 satisfies:

1. the standard quantum detailed balance condition with respect to the
reversing operation © (SQBD-0) if T/ =© o T; 00O for all t > 0,

2. the standard quantum detailed balance condition (SQDB) if the differ-
ence of generators £ — L' of T and T is a derivation.

It is worth noticing here that the above standard QDB conditions coincide
with the Agarwal-Majewski and Alicki-Gorini-Kossakowski-Frigerio-Verri re-
spectively when the QMS 7 commutes with the modular group (o¢)icr as-
sociated with w (see [16, 18]).

In the framework of this paper all states are normal and will be identified
with their densities. In particular, w(z) = tr(pz), oi(z) = plzp~ and
w (032 (x)y) = tr (p"/2zp ?y).

In [18, Theorems 5, 8 and Remark 4] we proved the following character-
isations of QMS satisfying a standard QDB condition we recall here in the
present framework.

THEOREM 1 A QMS T satisfies the SQDB if and only if for any special
GKSL representation of the generator L by means of operators G, Ly there
exists a unitary (Ume)i<me<2n on a Hilbert space k (called the multiplicity
space) which is also symmetric (i.e. gy = Ume for all m, £) such that, for all
{>1,

P2y = Z g Linp™'? . (7)

1<m<2b

THEOREM 2 A QMS T satisfies the SQBD-© condition if and only if for
any special GKSL representation of L by means of operators G, Ly, there
exists a self-adjoint unitary (Wem)i1<me<2p Such that:

1. p'2GT = Gp'/2,
2. pV2L] =31 cop WemLmp'/? for all 1 < £ < 2.

The SQBD-0© condition is more restrictive than the SQDB condition because
it involves also the identity p*/2GT = Gp'/? (see [15, Example 7.3]). However,
this does not happen if GT = G and p commutes with G. This is a reason-
able physical assumption satisfied by many QMSs as, for instance, those of
stochastic limit type we are considering in this paper. Conditions obtained
including the reversing map © seem more suitable for studying quantum
detailed balance [18, 21].



4. A Formula for Entropy Production

We begin this section by recalling our notion of entropy production [15].
Since it provides an index describing deviation from detailed balance, it was
introduced in [14, 15] through the forward and backward two-point states on

B(h) ® B(h)
Di@oy) = tr(p2%Tp 2 Tiy))
ﬁt (r@y) = tr (pl/Qﬂ(mT)Tplmy) ,

which clearly coincide if and only if 7 satisfies the SQDB-© condition, and
their relative entropy S(2¢, 24) as

ep(T,p) = limsup@.

t—0t 13

(8)

Moreover, in [15, Theorem 5], we proved an explicit formula based on the
Krau(i operators Ly in a GKSL decomposition of the generator L. Let 5)*
and @, be the linear maps on trace class operators on h ® h

F(X) = Y (G AV)XASV)+4f 10 V)X A0 V,)), (9)
1

w

(X)) = D (e X (el + (Vo)X (Vo). (10)

w

Let 6 be the antilinear conjugation in a basis (e;)1<;<q diagonalizing p and
let D be the entangled state on B(h) ® B(h) introduced in [15] as

D = |r)(r|, r = ijl-ﬂ@ej@ej. (11)
J

It is not hard to check as in [15] that D is the density of the state ﬁo = (ﬁg.
THEOREM 3 Let T be QMS on B(h) and p a faithful invariant state. As-

sume:
1. p2GT = Gp'/2,
2. the linear spans of {Lgpl/2 | ¢ > 1} and {pl/QL} | ¢ > 1} coincide.

Then the ranges of g*(D) and %*(D) coincide and the entropy production
8

ep(T7 p) =



In order to compute explicitly the entropy production for QMS in the class
described in Sect. 2 we begin by establishing a preliminary Lemma. We

denote by (-, -) the scalar product in h ® h.
LEMMA 1 Let X and Y be bounded operators on h, then

(Velr,(1eX)r) = t ((pl/QQY*Q)*XpI/z) (13)
(1Y), X)r) = tr(pY*X). (14)
Proof. Both formulas follow from straightforward computations
(Yor,AeX)r) = Y (pipk)/*(Y0e;,0c)(e;, Xex)
g,k
= ) ex, 0V 0p'%e;) (ej, X p' Pey,)
g,k
= Z(pl/QOY*Qek,ej)<ej,Xp1/26k>
7,k

= Z<p1/29Y*96k,X,01/2€k>
k

— tr ((pl/ZGY*H)*Xp1/2> ’

(AeY)r,AeX)r) = Y (pjpr)/*(0e;,0e)(Yes, Xey)
ik
= > (Yp'Pe;, Xp' %)
J
= tr(pY*X).

Replacing the operators X,Y in Lemma 1 by operators V,, and taking into
account that V0 =V if V,, is a real matrix, we have the following

COROLLARY 1 If the operators V,,, defined by (1), are represented by real
matrices we have

(Vi @Dr,(1 V,)ry = d,utr <p1/2pr1/2Vw> )
<(]1 X Vw/)T, (]1 & Vw)r> = 5w,w’tr (pV(ij) ’

where 6, .y is the Kronecker delta.

We are now in a position to prove our entropy production formula



THEOREM 4 Assume that V,, and H, are real matrices for all Bohr fre-
quency w, then the entropy production is

) . Yo [t (pVE V)
ep(T.p) = [% ; <pr Vulos <%‘f [tx (pl/QVJpl/QVw)P)

+ Ayt (prVJ log< - st (pVLVo)! )]2)>] - (15)

Yo [tr (p1/2V2p/2V,

Proof.  Replacing X by D in (9) and (10) and denoting ?w =1 V,,
w =V, ® 1 one obtains

T.(0) = 3 (EVer)(Varl +E Vir)(Virl) (16)

w

.(0) = > (V) (Vurl + Vi (Vir). a7

w

By Corollary 1, each vector ?wr is orthogonal to any vector 727“ and each
vwr (respectively ?Zr) is orthogonal to ‘_}w/r (resp. 72#) with W' # w.
Therefore, normalizing vectors vwr, v:r yield an orthonormal basis of h®h
by adding appropriate vectors if necessary, on these vectors @_{;*(D) and
® (D) are null, so that the computations remain unchanged). In this basis

® (D) turns out to be a diagonal matrix with 2 x 2 blocks associated with
each Bohr frequency w given by

Yoo tr (pVi Vi) 0
0 Vo tr (pVo V)

In order to write <5*(D), compute first (‘7(”7‘:

o tr (p1/2VUjp1/2Vj) tr (pl/Qprl/QV;) *
Vor = =aovv e g
_tr (pl/Qprl/QVj) 7

tr (pV, V) Wl

since the first term is 0. In the same way we have

L () tr (P2 VL)
Vir = Tapvi et g
t 1/2v* 1/2Vw
I G T O E

tr (pVi Vi)



Thus, by the cyclic property of the trace, we have

G VL) Vi C o w (P Vo
’ tr (pV2Vi) 2 (V||

tr (pVL VY2 Vo v

It follows that, in the above orthonormal basis of h x h, obtained normalizing
*
vectors V}wr, ?wr, <CI_>>.<(D) becomes

L [tr (0 2V p PV PV ) (V o

F

$.(D) = Z Yo (VL) |V ur|?
L (R PR Vo) (Vi
O T (VLY IV or?

and it turns out to be a matrix with 2 x 2 diagonal blocks associated with
each Bohr frequency w given by

N [tI’ (,01/2V;p1/2Vw)]2

e R V) ’
0 _[tr (,OI/QVJPI/QVW)]Z
e tr (pVu, V)

and our entropy production formula follows immediately.

5. Global and Local Equilibrium

In this section we show that the entropy production (15) vanishes if and only

if all the semigroups generated by each L, satisfy the SQDB-0 condition.
It is useful to introduce some notation that allows us to focus more clearly

contributions of each QMS generated by L, to the entropy production:

w

v, = tr(pV V), vh = tr(pV,Vr), [ = tr (pl/QV;pl/sz> .

In this notation the entropy production is written as

- %7’4;2 + o+ %jy‘jQ

ep(T,p) = > [ovs log | =% + 5y log | —= . (18)
o 2 2
w wuw wa

Note that, by the Schwarz inequality,

po < vhvg (19)



Moreover,

F,,F2 FF +, -
log (7“!‘“2 ) = log <%iy"i> + log <V“’ Zw )
Yoo K Yo Vo e

so that we can rewrite the entropy production as

_ Yo Vi
Top) = X (ovs v o (425

w w rw

— Vv
+(/7wyw +’7wyw)10g o |-

w

COROLLARY 2 The entropy production is zero if and only if v v, = v vt
and vV} = 12,

Proof. Tt suffices to note that log(v}v; /u2) is non-negative by (19) and
(t — s)log(t/s) is non-negative for all reals t, s with t # s.

The following result shows that QMSs of stochastic limit type have zero
entropy production if and only if the standard quantum detailed balance
condition with reversing map © (SQDB-© condition) holds. This is not true
for an arbitrary QMS as shows in [15, Example 7.3].

THEOREM 5 Assume that V,, and H, are real matrices for all w, so that
the semigroup commutes with the reversing map ©. Then the following are
equivalent:

1. the entropy production is zero,

2. p 2Ly = Lo p'/? forall =1,...,20,

3. (7:)1/2 P2V, = (75)1/2 Vop'/? for all w,
4. the SQDB-© condition holds.

Proof. 2 < 3. Clear from the definition (6) of Lgoy and Losyi. Indeed,
()2 pM 2V = pV/2L5,_ | and (43) "2 Viup!/? = Logp'/? for all £=1,... b,

1= 3. By Corollary 2 we have v v} = 2 and so the Schwarz inequal-
ity (19) turns out to be an equality. It follows that the operators V,,p'/?
and V,,p!'/2, thought of as vectors in the Hilbert space of Hilbert-Schmidt
operators on h are parallel, i.e. p'/2V,, = ¢,V,p*/? for some constant c,.
Computing the scalar product with V,,p"/? we immediately find j, = Cwly s

o _ \1/2
i.e., since 42 = 5k, o = (vt /u7)Y? so that

V+ 1/2
pl/QVw = (i) pr1/2

Vw



and 3 follows from v v, = vlvt.

3 = 4. The SQDB-O condition is characterized by [18, Theorem 8§,
namely Theorem 2 in this paper. Now, the identity p'/20G*0 = Gp'/? holds
because we have assumed that V,, and H,, are real matrices. Moreover, since
Ly = 0Ly0 and L; = 0L;0 for all £ > 1, condition 2 of Theorem 2 holds
choosing as unitary self-adjoint the operator u flipping even and odd indexes
l,ie. up; = 1if either k=20 and j =2/ —1or k=2/—1 and j = 2/ and
ug; = 0 otherwise.

4 = 1. TFor all vector v = Za’ﬁ Vg leq @ eg we have

e d _
<v, @*(D)U> = D Tipus <€6’» Lépl/2€j> <sz1/2€k, 6/3> (20)
£7j7k7/3718/

and also, by the properties of the antiunitary 6
<v, <5*(D)v> = Z Tg/ jVak <9€a/,Lgpl/2(9€j> <Lgpl/2(9€k, 96a>

£,3,k,00!

. fa/jvak<9L59p1/26j,€a/><ea,9L59,01/26k>

Z7j7k7a’a/

= Z To/ jVak <ej, p1/29L296a1> <9L2<0p1/260“ ek> .
€7j7k7a’a/

Now, the SQDB-6O condition holds, then pl/QHL’gG => . Wmmel/2 for a
unitary self-adjoint (wey,)i1<sm<2p S0 that, Y, Uen e = Opym and

< _ _
<Ua CI)*(D)U> = Z Vo jVak Uem! Wim <€ja Lm’pl/zea/> <me1/2€aa €k>

€7j7k’a7a,’m’m,
— 1/2 1/2
= g Vo jVark <€j, Lmp / 6o/> <me / €a, 6k> .
j7k7a7a/7m

Changing indexes and comparing with (20), by the arbitrarity of v, we find
3*(D) = %*(D) and the entropy production, given by (15), is zero. O

Remark. Tt is worth noticing here that conditions of Theorem 5 are also
equivalent to the QDB-0 condition and so in our class of QMSs of stochas-
tic limit type the SQDB-0© and QDB-0O. Indeed, since the modular group

is given by oy(z) = pitzp~it, the identity (vF)"?pl/2V, = (v5)"?V,p!/2
reads o_j/5(Vl,) = (75 /73)"/? V.. Taking the adjoint of (v)"? pl/2V, =

(75)? Vup!/? we find also, in the same way, o_ip(VE) =0 /)
follows that

o_i(Vo) = o_ipp(o_ipp(Ve)) = (75/7:)1/20—1/2(%) = (/) Ve
o(V2) = o i (omp(VD) = (/)P olipnVE) = (/) Ve



and

o_i(Lay) = (75 /) Lae s o-i(Las1) = (0 /15) Lae—r
o-i(L3) = (v /%) Lae 0-i(L3es1) = (v /7)) Lo -
Straightforward computations show that o_i(H,) = H,. It follows then from
[16, Theorem 9], that the QDB-0 condition holds.
Theorem 5 and the above remark lead us to the following result essentially

showing that p is an equilibrium state for the QMS generated by £ if and
only if it is an equilibrium state for the QMSs generated by each L.

THEOREM 6 Let L be the generator of a QMS as in Sect. 2, let p be a
faithful invariant state. Assume that V,, is a real matrixz for all w and H,, is
a linear combination of V;V,, and V,,V;. Then the following are equivalent:

1. the QMS generated by L satisfies the SQDB-© condition,

2. for all w, the QMSs generated by each L, admits p as invariant state
and satisfies the SQDB-O condition.

Proof. Clearly 2 = 1.
Conversely, if the QMS generated by £ satisfies the SQDB-0© condition,
then by Theorem 5 and the above Remark we have

+ —
PViVup™ = pVip 'l pVep ' = %VJ%‘;VW = ViV
w w

and so p commutes with VV,. In the same way, we can check that it
commutes with V, V7. As a consequence, by the commutation rules found in
the above Remark pV} = (v /45 )Vip and pV,, = (75 /7. ) Vup and we have

Gup + 75 VupVe + 5 VI pVie + pGE,
= (Gu+GL)p + V5V Vip+15ViVp
= (Gu+ G+ Vo Vs + 9 ViiV) p = 0.

Thus p is an invariant state for the QMS generated by L,. This semi-
group also satisfies the SQDB-0 condition because, from (7:)1/2 V2V, =
(Vo )1/ 2V,,p'/2, condition 2 of Theorem 2 follows immediately. O

Remark. If we drop the assumptions on matrices V,, and H,, similar result
holds considering the quantum detailed balance condition without reversing
operation ©. In this case, however, the forward €1, and backward ﬁt states
used to define the entropy production, defined in the same way without trans-
positions, must be thought of as states on the tensor product of the opposite

algebra B(h)° with B(h) (see [15, Remark 2]).
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