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1. Introduction

Water alternating gas (WAG) injection techniques have been 
developed in recent years to increase oil recovery in mature 
reservoirs which have been exploited for several years. However, 
direct three-phase experimental data are often unavailable or 
incomplete. For this reason, relative permeability values in three-
phase systems are typically obtained through interpolation models 
based on data col-lected under two-phase flow conditions. In this 
context, several empirical models have been proposed in the 
literature. A first set of models are based on the channel flow 
theory and assume that each pore is occupied by only one fluid 
(e.g., Stone, 1970, 1973; Aziz and Settari, 1979; Delshad and Pope, 
1989). Baker (1988) introduced a second set of three-phase 
permeability models based on saturation-weighted interpolations 
of two-phase data. Along these lines, further developments are 
presented, e.g., by Jerauld (1997), Blunt (2000), DiCarlo et al. 
(2000), Egermann et al. (2000) and Shahverdi and Sohrabi (2012). 
Larsen and Skauge (1998) considered hysteresis effects

due to gas phase trapping during WAG injection processes. Similar to 
two-phase hysteresis models (e.g.,  Killough, 1976; Carlson, 1981), 
their approach is grounded on the computation of the Land coefficient 
(Land, 1968).

Spiteri and Juanes (2006) compared the most commonly employed 
interpolation models against three-phase relative permeability data 
collected by Oak (1990). The authors show that (i) predictions based on 
channel flow theory are generally not accurate in reproducing three-
phase oil relative permeability data, especially for low oil saturations, 
and (ii) the saturation weighted interpolation method proposed by 
Baker (1988) leads to severe underestimation of the observed oil relative 
permeability.

Here, we formulate two new empirical models and procedures to 
predict oil relative permeability during primary gas injection and 
secondary waterflooding, respectively. Our models are able to 
reproduce the effects of key physical processes which occur in a three-
phase environment and are not included in currently available 
methods. In particular, they allow embedding within model predic-
tions hysteresis effects and phase redistribution in the porous system. 
These features have been observed to play a relevant role during 
three-phase displacement (Van Dijke and Sorbie, 2003). We also 
propose a methodology for the estimation of the model parameters
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when (i) three-phase data are available or, as is typical of practical 
applications, (ii) when only two-phase data are accessible.

The paper is organized as follows. In Section 2 we introduce the 
sigmoid-based models for primary gas injection and secondary 
waterflooding, and discuss their ability to embed 
phenomenological issues observed in previous experiments. In 
Section 3 we describe the approaches proposed for calibration of 
model parameters on the basis of two-phase and/or three-phase 
data. Finally, in Section 4 we apply the proposed procedure to two 
sets of experimental data (Oak, 1990; Oak et al., 1990; DiCarlo et al., 
2000). The robustness of the proposed methodology is assessed 
and demonstrated through comparison estimates of model 
parameter estimates relying solely on two-phase data against their 
counterparts estimated within a Maximum Likelihood (ML) 
framework (e.g., Carrera and Neuman, 1986; Riva et al., 2011 and 
references therein) on the basis of three-phase measurements. We 
test the proposed procedure by making use of the two- and three-
phase data collected by Oak (1990) and the three-phase dataset of 
DiCarlo et al. (2000).

2. Model formulation

According to the saturation-weighted interpolation model (Baker, 
1988), the oil relative permeability in a three-phase system, kro, can 
be evaluated as

kro ¼
Sw�Swc

� �
k
i
rowþ Sg�Sgt

� �
krog

Sw�Swc

� �
þ Sg�Sgt
� � ð1Þ

Here, kSrow and krog respectively are water and gas saturations for
three-phase flow conditions; Swc and krog respectively are connate

water saturation and oil relative permeability in an oil–gas envir-
onment; Sgt is the trapped gas saturation, i.e. Sgt is the lowest gas 
saturation observed in oil–gas experiments at the end of oil 
injection; k

i
row is the oil relative permeability in oil–water environ-

ment when water is injected (corresponding to an imbibition 
process in a water-wet system). Note that here and in the following 
all saturations and permeabilities indicated with an overbar (U ) are  
associated with two-phase systems. As recalled in Section 1, 
equation (1) does not properly predict observed oil relative 
perme-ability values (Spiteri and Juanes, 2006).

In the following we introduce two new models to predict oil 
relative permeabilities in three-phase environments during primary 
gas injection (Section 2.1) and secondary water injection (Section 2.2).

2.1. Modeling primary gas injection

We propose the following model to predict three-phase oil 
relative permeability during primary gas injection, kGro

kGro ¼ maxðkGSro ; krogÞ with kGSro ¼ k
M
rowSo

S
M
owþexp λ�βðSo=SMowÞS

M
ow

� � ð2Þ

Here, So is the oil saturation in the three-phase system, λ and β are
model parameters, S

M
ow and k

M
row respectively are the largest oil 

saturation and relative permeability observed in a two-phase oil–
water system. This equation is consistent with previous experi-
mental findings (e.g., DiCarlo et al., 2000) and empirical interpretive 
models (e.g., Blunt, 2000) highlighting that three-phase oil relative 
permeability values at low oil saturations are relatively close to krog . 
Eq. (2) introduces a sigmoid function whose model parameters,

Nomenclature

Ckro covariance matrix of oil relative permeability
measurements error

kro three-phase oil relative permeability
kGro; k

W
ro three-phase oil relative permeability for gas and water

injection
kInro measured oil relative permeability in three-phase

systems for gas (I¼G) and water (I¼W) injection
kGSro sigmoid model for three-phase oil relative permeabil-

ity following gas injection
kinfro oil relative permeability at the inflection point of

sigmoid model kGSro
kinfrow oil relative permeability at the inflection point of

sigmoid model kSrow
krog oil relative permeability in two-phase gas–oil systems
k
i
row; k

d
row oil relative permeability in two-phase water–oil sys-

tems, respectively for imbibitions and drainage
experiments

kSrow sigmoid model for oil relative permeability in two-
phase water–oil systems

k
M
row largest oil relative permeability in oil–water system

J objective function in ML model calibration
J sensitivity (Jacobian) matrix of oil relative permeabil-

ity with respect to model parameters
minf first derivative of kGSro at the inflection point
mog slope observed for krog at the highest oil

saturation value
Sg three-phase gas saturation
So three-phase oil saturation
S
M
ow maximum oil saturation in oil–water system

Soi three-phase initial oil saturation
Sinfo oil saturation at the inflection point of sigmoid model

kGSro
Sinfow oil saturation at the inflection point of sigmoid model

kSrow
Sw three-phase water saturation
Swc ; Srow; Sgt two-phase connate water, residual oil in oil–water

system, and trapped gas saturations
Q covariance matrix of parameter estimates

Greek letters

λ; β parameters for the three-phase gas injection sigmoid
model kGSro

λow; βow parameters for three-phase water injection sigmoid
model kSrow

λ; β predicted values of sigmoid model parameters for
three-phase primary gas injection systems based
solely on two-phase observations

λow; βow predicted values of sigmoid model parameters for
three-phase secondary water flooding systems based
solely on two-phase observations

λ̂; β̂; λ̂ow; β̂ow ML estimate of sigmoid model parameters
σk; σ̂k standard deviation of measurement error and corre-

sponding ML estimate
σ̂λ; σ̂β ML estimates of standard deviation associated with

λ̂; β̂
σ̂λow ; σ̂βow ML estimates of standard deviation associated with

λ̂ow; β̂ow



λ and β, are linked to the coordinates (Sinfo , kinfro ) of the inflection
point of kGSro and to the derivative of kGSro with respect to So at the
inflection point, minf (i.e., to the slope of the tangent to kGSro at the
inflection point) by

λ¼ ln
k
M
rowS

inf
o

kinfro

�S
M
ow

" #
þβ

Sinfo

S
M
ow

!S
M
ow

ð3Þ

β¼ 1

S
M
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minf S
inf
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Fig. 1 depicts the dependence of kGSro on So as a function of (i) λ for
β¼ 27:24 (Fig. 1a) and (ii) β for λ¼ 15:68 (Fig. 1b) upon setting
k
M
row ¼ 0:89 and S

M
ow ¼ 0:74. The values adopted for the fixed para-

meters in the plots correspond to those associated with the two-
phase experimental data of Oak (1990) which we employ in our
analyses, as detailed in Section 4. It can be noted that the two
parameters λ and β have a different influence on the kGSro behavior. An
increase of λ causes kGSro to decrease. When λ-1, kGSro vanishes for all
oil saturation values. At intermediate oil saturation values (i.e.,
0.2oSoo0.5) the rate of increase of kGSro with So effectively displays
only minute variability with λ for all practical purposes. On the other
hand, this rate is strongly affected by β (see Fig. 1b). For large β values,
kGSro is observed to sharply increase with So for low saturations. This
suggests that β might imbue effects associated with oil displacement
at low So values. This aspect is investigated in Section 3.

2.2. Modeling secondary water injection

As suggested by the results of Spiteri and Juanes (2006),
hysteretic effects on oil relative permeabilities in three-phase flow
during secondary water injection, kWro , can be neglected. Therefore,
we propose the following model to represent this scenario:

kWro ¼
Sw�Swc

� �
kSrowþ Sg�Sgt

� �
krog

Sw�Swc

� �
þ Sg�Sgt
� �

with kSrow ¼ k
M
rowSow

S
M
owþexp λow�βowðSow=S

M
owÞS

M
ow

� � ð5Þ

Here, Sow is oil saturation in an oil–water environment, all the
remaining quantities being defined above. The modeling choice
upon which (5) relies corresponds to the commonly adopted satu-
ration-weighted interpolation scheme (1), where k

i
row is replaced by

the sigmoid-curve kSrow to include the effects of pore-scale changes
of fluids arrangement as a function of the relative amount of water

and gas in the system. The sigmoid parameters, λow and βow , are
linked to the characteristics of the inflection point of kSrow by
relationships analogous to (3)–(4). The phenomenological rationale
underlying (2) and (5) is discussed in Section 2.3.

2.3. The phenomenological picture

The model formulations presented in Sections 2.1 and 2.2 are
here discussed in light of experimental data and their physical
interpretation.

The classical saturation-weighted interpolationmodel (1) indicates
that kro should be fall between k

i
row and krog for all oil saturation

values. This is often not supported by experimental evidence, as
shown for example in Fig. 2, where experimental three-phase oil
relative permeabilities measured by Oak (1990) during primary gas
injection, kGro, and secondary water flooding, kWro , clearly lie outside the
region delimited by k

i
row and krog . In particular, it can be noted that kGro

and kWro are generally larger than k
i
row and krog .

The inaccuracy of predictions of kro based on (1) suggests that the
occurrence of a third phase in the porous system has a strong impact
on the functional format of the relationship between oil relative
permeability and oil saturation (Ranaee et al., 2014). As a result, it is
not possible to reproduce observed three-phase relative permeabil-
ities by means of models based on simple linear interpolation of two-
phase data. This observation is also consistent with pore network
modeling results documenting complex features associated with
three-phase flow conditions (e.g., Van Dijke and Sorbie, 2003; Van

Fig. 1. Dependence of kGSro on So for different values of (a) λ for β¼27.24 and (b) β for fixed λ¼15.68 (k
M
row¼0.89 and S

M
ow¼0.74 for all cases).

Fig. 2. Measured oil relative permeabilities (symbols) under two-phase (oil–water,
k
i
row , oil–gas, krog) and three-phase (kGro; k

W
ro ) conditions. The shaded area indicates

the region where predictions provided by (1) are comprised. Data are from
Oak (1990).



Dijke et al., 2006; Piri and Blunt, 2005; Suicmez et al., 2007, 2008)
and/or visualization of experiments in micromodel studies (e.g.,
Sohrabi et al., 2008).

The sigmoid-based approach formulated in (2)–(5) incorpo-
rates diverse physical peculiarities characterizing three-phase flow
into a unique predictive model.

During WAG procedures the primary gas injection starts at the
end of the primary waterflooding, i.e., at residual oil saturation,
Soi ¼ Srow, where k

i
row � 0, as indicated in Fig. 3a. If the rock is water-

wet, water occupies the smallest pores whereas oil resides in the
largest pores. It has been shown (e.g., Van Dijke and Sorbie, 2003)
that injection of gas tends to move the oil from the largest to the
smallest pores. Previous studies in water-wet systems (Blunt, 2000;
DiCarlo et al., 2000; Fenwick and Blunt, 1998) show that for low
saturations oil tends to flow in layers between water (which flows
in contact with the solid matrix) and gas (which occupies the
central part of the void space). Experimental measurements
(Alizadeh and Piri, 2013, 2014) and pore network numerical results
(e.g., Mani and Mohanty, 1997) show that formation of oil layers
plays an important role in three-phase flow for positive values of
the spreading coefficient. As a consequence of the formation of oil
layers, residual oil (from primary waterflooding) is then remobilized
during primary gas injection and the oil relative permeability tends
to increase. Under these conditions, the simple relationship
kGropSo

2 holds for low oil saturations (Fenwick and Blunt, 1998;
DiCarlo et al., 2000). This ultimately leads to very low values of
residual oil saturations (Blunt, 2000). Our sigmoid-based model
embeds the occurrence of a smooth transition from oil remobiliza-
tion, as induced by gas injection, towards the spreading layer
drainage regime. Note, however, that the oil relative permeability
typically reaches very small values at low oil saturations, meaning
that recovery becomes very slow.

As previously noticed, model (5) proposed for secondary water
injection is based on the saturation-weighted interpolation method
(1), where k

i
row is replaced by the sigmoid function kSrow. As a

consequence, this enables us to account for the reduction of residual
oil saturation in a three-phase system, as compared to oil–water
(two-phase) environments. Our model implies that kSrow ¼ 0 when
Sow ¼ 0, i.e., no residual oil saturation is assumed to occur for
secondary waterflooding. With respect to this point, we note that
the secondary waterflooding data which are described in Section 4.2
include a significant amount of gas (Sg40:3) and are therefore not
suited to the characterization of oil trapping.

3. Estimation of model parameters

Sigmoid models (2) and (5) require the calibration of two
parameters, i.e., (λ; β) and (λow; βow) respectively. In Section 3.1 we

detail a methodology to estimate these parameters when only two-
phase relative permeability data are available. Then, in Section 3.2
we introduce a Maximum Likelihood (ML) framework which can be
employed to calibrate model parameters in the presence of three-
phase observations of oil relative permeabilities.

3.1. Parameter estimation through two-phase data only

In the following we detail two procedures to compute (λ; β) (see
Section 3.1.1) and (λow; βow) (see Section 3.1.2), when only two-phase
data are available, as is typically the case in practical applications.
The procedure requires the knowledge of two types of datasets:
(a) oil relative permeabilities measured during drainage (oil injec-
tion), k

d
row , and imbibition, k

i
row in a water–oil system (see, for

example, Fig. 3a) and (b) oil relative permeabilities obtained during
gas injection into a porous medium saturated with oil in the
presence of connate water, krog (see, for example, Fig. 3b).

3.1.1. Primary gas injection
Our modeling strategy relies on the assessment of the inflec-

tion point (Sinfo , kinfro ), of kGSro , and minf introduced in (3)–(4)
according to the following procedure, which is graphically exem-
plified in Fig. 3.

(1) We assume that the location of the inflection point of kGSro is
identified by the beginning of gas injection, corresponding to
Sinfo ¼ Soi. We also set kGSro ¼ k

d
rowðSoiÞ, i.e., kinfro coincides with the

relative permeability observed during drainage in an oil–water
system at saturation, Sinfo ¼ Soi (see Fig. 3a). This hypothesis
simulates the remobilization of oil due to the injection of gas
described in the previous section and is consistent with the
hysteresis model of Carlson (1981). Consequently, our model
implicitly assumes that the efficiency of oil remobilization is a
function of the initial oil saturation.

(2) We set the slope, minf , of k
GS
ro at the inflection point (Sinfo , kinfro ) to

the value observed in the two-phase gas–oil system at the
highest oil saturation. In other words, we assume that minf ¼
mog ,mog being the slope observed for krog at the highest So value,
as exemplified in Fig. 3b. This hypothesis is justified by the
observation that the largest rate of change of oil relative perme-
ability with So occurs at the beginning of the gas injection.

Substitution of Sinfo ¼ Soi, k
inf
ro ¼ k

d
rowðSoiÞ and minf ¼mog into (3)–

(4) provides an estimate of (λ; β) solely on the basis of two-phase
observations. We label such estimates as (λ; β) in the following. A
graphical representation of the resulting prediction curve for kGSro is
provided in Fig. 3c (solid curve).

In summary, the method we propose allows estimating three-
phase oil relative permeability for primary gas injection on the

Fig. 3. Key steps exemplifying the estimation of kGSro based on two-phase oil relative permeability data: (a) positioning of the inflection point along k
d
row; (b) definition

of minf ; and (c) final sigmoid model (solid curve). The procedure leads to prediction of kGSro for SooSinfo as indicated by the direction of the arrow in (c).



basis of the following information: (i) the initial oil saturation
observed at the onset of gas injection; (ii) two-phase oil–water
drainage data; and (iii) the rate of change of relative permeability
at the largest oil saturation observed in the two-phase oil–gas
environment. Note that (in principle) one might consider using our
methodology in conjunction with Corey-type approximations
(Corey and Rathjens, 1956) to (a) represent two-phase relative
permeabilities in the absence of two-phase data or (b) smooth out
perturbations induced by measurement errors associated with
two-phase data.

3.1.2. Secondary water injection
We employ the following procedure, which is graphically exem-

plified in Fig. 4. We assume that the inflection point (Sinfow , k
inf
row) of

kSrow lies on the curve k
i
row, i.e., k

inf
row ¼ k

i
rowðSinfowÞ, and set Sinfow as the

average saturation between Srow and S
M
ow (see also Fig. 4a) i.e.,

Sinfow ¼ SrowþS
M
ow�Srow

2
ð6Þ

The slope, minf
ow, of k

S
row at the inflection point is estimated as (see

Fig. 4a)

minf
ow ¼ kinfrow

Sinfow�Srow
ð7Þ

These hypotheses are validated in Section 4.12.
Substitution of (6) and (7) into (3)–(4) (after replacing λ by λow ,

Sinfo by Sinfow , β by βow and kinfro by kinfrow) provides the estimate of
(λow; βow) solely on the basis of only two-phase observations. We
label such estimates as (λow; βow) in the following. A graphical
representation of the resulting prediction curve for kSrow is pro-
vided in Fig. 4c. Note that kSrow in Fig. 4c is qualitatively similar to
the waterflood curve in a water–oil system k

i
row for large oil

saturation (Sow4Srow) and smoothly approaches zero for So-0.
The predicted values for the three-phase relative permeability kWro
are then obtained by (5), i.e., through saturation-weighted inter-
polation of the curves kSrow and krog , as illustrated in Fig. 4c.

3.2. Parameter calibration using three-phase data

We also perform calibration of the parameters embedded in the
models described in Section 2 when three-phase relative perme-
ability data are available. The procedure is grounded within the
Maximum Likelihood (ML) framework and ML estimates, (λ̂; β̂) and
(λ̂ow; β̂ow), of model parameters, (λ; β) and (λow; βow), are obtained by
minimizing the negative log likelihood criterion (e.g., Carrera and

Neuman, 1986; Medina and Carrera, 2003)

NLL¼ J
σ2k

þN ln σ2kþN lnð2πÞ ð8Þ

Here J is the global residual between model predictions and
observations defined as:

J ¼ ∑
N

j ¼ 1
log kIro;j Soð Þ� log kInro;j Soð Þ
h i2

with I ¼ G;W ð9Þ

where N is the number of three-phase oil relative permeability data,
kInro;jðSoÞ, available during primary gas injection (when I¼G) or
secondary water injection (when I¼W), kIro;j are the corresponding
model predicted values obtained by (2) (when I¼G) or by (5) (when
I¼W). In (9) we assume that the covariance matrix of the oil
permeability measurements error, Ckro, can be written as Ckro¼σ2kI,
where I is the identity matrix and σ2k is measurement error variance.
A ML estimate of σ2k can be obtained as σ̂2k ¼ Jmin=N, where Jmin is the
minimum value of J as a result of optimization (e.g., Carrera and
Neuman, 1986; Riva et al., 2011 and references therein).

The uncertainty associated with parameter estimates is evaluated
through a Cramer-Rao lower-bound approximation of the parameter
estimation covariance matrix, Q, (e.g., Riva et al., 2009), i.e.:

Q ¼ σ2k JT J
� ��1

ð10Þ

Here, J is the Jacobian (sensitivity) matrix of relative permeabilities
derivatives with respect to model parameters evaluated at (λ̂; β̂)
when I¼G or (λ̂ow; β̂ow) when I¼W. The diagonal elements of Q
provide lower bound estimates of the parameter estimation var-
iances, σ̂2λ and σ̂2β . Various numerical methodologies can be adopted
for the minimization of (8) or, equivalently, of (9). Here, we employ
three methods, the imperialist competitive algorithm (ICA)
(Atashpaz-Gargari and Lucas, 2007), the global pattern search (GPS)
(Wetter and Wright, 2003), and the gradient method (GM) (Doherty,
2005; Nocedal and Wright, 2006), to explore the robustness of the
resulting parameter estimates. Implementation of the three algo-
rithms has been performed in the Matlabs environment. All three
methodologies lead to almost undistinguishable results (details not
reported). In the following we report only the key results obtained
via the ICA.

4. Application to experimental results and model validation

In this section we apply and validate the methodology devel-
oped in Sections 2 and 3 to two available datasets, respectively 
presented by Oak (1990) (Section 4.1) and DiCarlo et al. (2000)
(Section 4.2). The two data sets differ in terms of (i) properties of 
the host porous media and (ii) physical processes involved and

Fig. 4. Key steps of the procedure for the estimation of kSrow based on two-phase oil relative permeability data: (a) positioning the inflection point along k
i
row and definition of

minf
ow; (b) constructed sigmoid model kSrow; and (c) comparison between kSrow and krog . The final estimated values of the three-phase relative permeability kWro are obtained

through saturation-weighted interpolation of kSrow and krog .



allow validating our sigmoid-based models as well as our para-
meter estimation procedure for a broad range of practical and 
realistic settings.

4.1. Analysis of the experiments of Oak (1990)

The Oak dataset comprises a series of two-phase (oil–water and 
oil–gas) and three-phase oil relative permeabilities measured on 
three sandstone core samples under steady-state conditions. Among 
these, we select those related to a water-wet Berea core (labeled

core #6 in Oak, 1990) that include a complete set of two- and three-
phase measurements required for the purpose of our analysis 
(Oliveira and Demond, 2003). Estimates obtained through the 
models proposed in Section 2 are here compared against the 
experimental observations documented by Oak (1990). Results for 
primary gas injection (Section 4.1.1) and secondary water 
injection (Section 4.1.2) are presented and discussed.

4.1.1. Primary gas injection
We consider a set of six primary gas injection three-phase 

experiments performed by Oak (1990). The saturation paths of the 
six experiments are depicted in Fig. 5. First we present the results 
obtained by estimating the model parameters using only two-
phase data, as described in Section 3.1. The outcomes of this 
analysis are then compared with those yielded by ML calibration 
of model parameters described in Section 3.2.

As described in Section 3.1, we assume for all experiments the 
initial oil saturation to be equal to the residual oil saturation in an 
oil–water system after imbibition, Soi (see Fig. 5). This choice is 
related to our assumption that gas injection starts at the end of 
waterflooding.

Table 1 lists the values of Soi ¼ Sinfo and k
d
rowðSoiÞ ¼ kinfro , the

largest values of oil saturation, S
M
ow , and the associated relative

permeability, k
M
row , in the oil–water system together with the

maximum slope (minf ¼mog) of the oil permeability curve in the
oil–gas system. Parameter estimates (λ; β) obtained as described in
Section 3.1.1 are also listed. Fig. 6a depicts the scatterplot of
predicted versus observed oil relative permeability values. Predic-
tions are generally accurate, although it can be seen that our
model significantly overestimates the data collected in Experiment
4. However, from Fig. 5 we note that several oil saturation values
observed during Experiment 4 are larger than Soi. Therefore, the
inability of our model to reproduce the outcomes of Experiment
4 can be attributed to the observation that gas injection in this
experiment started at an (unknown) oil saturation value which is
presumably larger than the residual oil saturation at the end of
waterflooding.

We then applied the ML procedure described in Section 3.2 to
obtain ML estimates of (λ; β) using three-phase oil permeability
data as well as the values of S

M
ow and S

M
row listed in Table 1. Table 2

lists ML estimates (λ̂; β̂) together with the corresponding estima-
tion error variance (i.e., σ̂λ and σ̂β) evaluated by considering each
experiment individually as well as by analyzing jointly all experi-
ments while excluding Experiment 4. Fig. 6b depicts a scatterplot
of predicted and observed oil relative permeability values. The ML

Fig. 5. Saturation paths of the primary gas injection experiments considered. Data
are from Oak (1990). The yellow triangle on the oil–water side indicates the
waterflood residual oil saturationwhich is here assumed to be the starting point for
the gas injection experiments.

Table 1

Coordinates (Sinfo , kinfro ) of the inflection point of the sigmoid model (2), largest

values of oil saturation, S
M
ow , and associated relative permeability, k

M
row , in the oil–

water system, minf and estimates (λ; β) derived from primary gas injection 
experiments reported by Oak (1990).

Sinfo kinfro S
M
ow k

M
row

minf λ β

0.36 0.25 0.74 0.89 4.24 15.68 27.23

Fig. 6. Scatterplots of observed (kGnro ) and predicted (kGro) three-phase oil relative permeability values following gas injection. Model predictions are obtained with
(a) (λ; β) listed in Table 1; (b) (λ̂; β̂) listed in Table 2 and calibrated considering each experiment independently; and (c) (λ̂; β̂) listed in Table 2 and calibrated considering jointly
all the experiments.



calibrated model always leads to highly accurate predictions of
three-phase oil relative permeabilities, demonstrating the robust-
ness of our proposed sigmoid-based model. Making use of (3) and
(4), estimates of λ̂ and β̂ can then be related a posteriori to the
coordinates (Sinfo , kinfro ) of the inflection point and to minf . These
latter values are also listed in Table 2 for completeness. These
results indicate that the estimated initial oil saturation associated
with Experiment 4 is significantly larger than the residual oil
saturation listed in Table 1 and than the corresponding values
predicted by the remaining experiments. This observation sup-
ports our conjecture that Experiment 4 started at an oil saturation
level larger than Soi.

Fig. 6c depicts the scatterplot of observed and predicted
relative permeability values obtained on the basis of the ML model

calibration procedure applied by considering jointly all available
data, while excluding Experiment 4 for the reasons illustrated
above. It can be noted that this plot is virtually undistinguishable
from Fig. 6a, proving further support to the ability of our suggested
procedure to properly estimate the model parameters only on the
basis of two-phase data.

Fig. 7 reports the observed and predicted three-phase oil
permeabilities versus oil saturation for each experiment. The
figure juxtaposes predictions obtained with model parameters
estimated solely via two-phase data (dashed curves) and those
obtained through ML model calibration on three-phase measure-
ments (solid curves). Intervals of width equal to 7 σ̂k and centered
around ML-based model results are also shown. In general, the
experimental data lie within the uncertainty bounds of width
7 σ̂k. A significant difference between model predictions based on
two-phase data and those obtained relying on three-phase infor-
mation is observed for Experiment 4 (as expected following the
considerations illustrated above) and Experiment 3. In this latter
case we observe that the two prediction curves are nearly indis-
tinguishable within the saturation range where the experimental
data are available (i.e., for kGnro o10�2).

Fig. 8 compares (λ; β) against ML estimates (λ̂; β̂). The value of β
is comprised within the interval ½β̂�2σ̂β; β̂þ2σ̂β� for Experiments 1,
5 and 6 and is slightly larger than β̂�2σ̂β for Experiments 2 and 4,
where it can be seen that β̂ is associated with very narrow
uncertainty bounds. The estimate λ is comprised within the
interval ½λ̂�2 σ̂λ; λ̂þ2σ̂λ� for Experiments 1, 4, 5 and 6, and slightly
overestimates λ̂ for Experiment 2. A notable difference between β̂
and β and between λ̂ and λ is observed only for Experiment 3. In
this case the order of magnitude of all three-phase relative
permeability data is smaller or equal to that of σ̂k (i.e., O(10�3),

Table 2
Number of available three-phase relative permeability data (N), ML estimates (λ̂; β̂)

and corresponding estimation error standard deviations, minf , coordinates (Sinfo ,

kinfro ) of the inflection point of (2) and ML estimate of the variance σ̂2k of three-phase
oil permeability measurement errors derived for each primary gas injection
experiment reported by Oak (1990).The last row reports the results obtained using
jointly all the data with the exception of Experiment 4.

Experiment N λ̂ β̂ σ̂λ σ̂β minf Sinfo kinfro σ̂2k

1 14 17.78 32.93 2.37 4.75 4.70 0.33 0.23 3.50�10�5

2 8 13.17 22.55 0.70 1.34 3.70 0.38 0.27 4.73�10�6

3 11 36.87 76.08 3.30 7.72 8.93 0.28 0.18 1.38�10�6

4 7 15.85 22.81 0.82 1.30 4.28 0.47 0.33 6.22�10�6

5 11 18.28 34.06 3.41 7.92 4.82 0.33 0.22 9.21�10�7

6 14 17.89 31.47 4.40 8.36 4.73 0.36 0.24 1.31�10�6

Joint 58 13.26 22.37 1.54 2.97 3.73 0.38 0.27 1.12�10�4

Fig. 7. Predictions of three-phase oil relative permeabilities following primary gas injection based on (1)–(3) and experimental data by Oak (1990) (symbols) versus oil
saturation. Green dashed curves are obtained with parameters listed in Table 1. Black solid curves represent model results obtained by ML calibration on three-phase data;
dotted curves correspond to intervals of width 7 σ̂k (see Table 2). Empty and gray circles indicate the coordinates of the inflection point of the sigmoid model.



as seen in Table 2 and Fig. 7). We further note that according to
(2) the predicted values of kGro coincide with krog in this case. As a
consequence, the large parameters variations observed in Fig. 8
have no influence on the model performance for Experiment 3 and
the calibrated and predicted relative permeabilities are in agree-
ment for most of the data, as also seen in Fig. 7.

When the data of all experiments (with the exclusion of
Experiment 4) are jointly considered, it can be seen that the
uncertainty associated with (λ̂; β̂) generally decreases. Nonetheless,
both λ and β fall within the bounds of uncertainty associated with
ML calibrations, as depicted in Fig. 8.

Finally, Fig. 9 juxtaposes the ML calibrated inflection point
positions (evaluated for each experiment and considering jointly
all the experiments; see also Table 2) and the oil relative perme-
ability curves observed in a two-phase oil–water system. It can be
seen that ML estimates λ̂ and β̂ lead to values of (Sinfo , kinfro ) which
lie on the drainage relative permeability curve for a two-phase
oil–water system. This results supports our working hypothesis
introduced in Section 3.1.1 according to which estimates of three-
phase oil permeability can be obtained only on the basis of two-
phase data.

4.1.2. Secondary water injection
We consider a set of five secondary water injection experi-

ments performed by Oak (1990). The saturation paths of the five
experiments are depicted in Fig. 10. The three-phase relative
permeability, kWro , is modeled through (5).

The characteristics of the inflection point obtained by (3)–(4)
together with estimates (λow; βow) of (λow; βow) obtained by using
only two-phase data according to the procedure illustrated in
Section 3.1.2 are listed in Table 3. Fig. 11a depicts the scatterplot of

predicted and observed three-phase oil permeability values asso-
ciated with these experimental conditions. Almost all experimen-
tal data are reproduced with a satisfactory accuracy. These results
suggest that our sigmoid-based model can effectively interpret the
relationship between relative permeability and saturation in
water-wet media under secondary water injection.

Maximum likelihood estimates of model parameters based on
three-phase data are reported in Table 4 together with the corre-
sponding estimated standard deviation, σ̂λow and σ̂βow . Note that in
this case all experimental data are jointly considered, as the model
parameters do not depend on the initial oil saturation. Fig. 11b is the
corresponding scatterplot of predicted and observed three-phase oil
permeability values. Comparison of Fig. 11a-b suggests that reliance
of our model only on two-phase data leads to model predictions
whose quality is very similar to that obtained by direct model
calibration on three-phase data. Note that the ML estimate β̂ow listed
in Table 4 is about 25% smaller than the value of βow reported in
Table 3. This difference might be due to the observations that
(i) notable changes in the position of the sigmoid model inflection
point induce small variations of kSrow for low oil saturation values,
and/or (ii) kWro is the saturation-weighted interpolation of the sigmoid
function kSrow and krog , the latter being independent of model
parameters, so that the final predicted relative permeability is not
very sensitive to parameter variations of the kind reported above.

Fig. 8. Maximum likelihood estimates (●) λ̂ (left), and β̂ (right). Horizontal dashed lines represent the values calculated for λ (left) and β (right) using solely the available two-
phase data. The width of the vertical intervals centered at ML parameter estimates (▬) is equal to 72σ̂λ (left) and 72σ̂β (right).

Fig. 9. Juxtaposition of the position of the inflection points calculated according to
ML estimates λ̂ and β̂ and the two-phase oil relative permeability curves provided
by Oak (1990) in an oil–water system (dashed curves). Fig. 10. Saturation paths of the secondary water injection experiments considered.

Data are from Oak (1990).

Table 3

Estimates (λow ; βow), coordinates (S
inf
ow , k

inf
row) of the inflection point and minf

ow derived
from secondary water injection experiments reported by Oak (1990).

λow βow Sinfow kinfrow minf
ow

6.36 8.91 0.55 0.42 2.26



4.2. Analysis of the data of DiCarlo et al. (2000)

We consider here a total of 8 datasets presented by DiCarlo
et al. (2000) to assess the reliability of our modeling strategy
under diverse wettability conditions. These data are representa-
tive of oil three-phase relative permeability measurements
obtained through gas gravity drainage under water-wet, oil-
wet, fractionally-wet, and mixed-wet conditions. Fractionally-
wet media are composed by a mixture of water-wet and oil-wet
grains. Mixed-wet systems are generated through oil-flooding
and aging of an initially water-wet medium. This induces a
wettability change on the solid surfaces which are in contact
with oil. As a result, large pores tend to become oil-wet whereas
small pores and throats tend to remain water-wet. All experi-
ments start from two-phase (oil–water) initial condition and
consider drainage flow of gas.

We note that while the Oak (1990) experiments analyzed in
Section 4.1 were performed under forced injection of water or gas,
the DiCarlo et al. datasets are associated with dynamic displace-
ments (of gas/water/oil) driven by gravity. Two-phase water–oil
data are not available in this case. Therefore, only the ML para-
meter calibration strategy described in Section 3.2 is applied.
According to DiCarlo et al. (2000), we set k

M
row ¼ 0:2 and S

M
ow¼0.8,

0.95, 0.85 and 0.9, respectively for water-wet, oil-wet, fractionally-
wet, and mixed-wet conditions.

The following two different initial conditions were employed
during the experiments:

(i) initial water saturation coinciding with connate water satura-
tion, Swc , (Experiments 1–4); note that in this case the oil
relative permeability measured during the gas drainage corre-
sponds to krog;

(ii) initial oil saturation coinciding with residual oil saturation,
Srow (Experiments 5–8).

The wettability conditions associated with each experiment are 
listed in Table 5. On these bases, data analysis is performed 
through the following steps:

(i) we describe krog through a sigmoid-based model whose para-
meters are estimated through a ML procedure (see Section 3.2)
and by making use of the oil relative permeability data observed
in Experiments 1–4;

(ii) kGro is estimated through (2) using krog determined at step
(a) and the ML estimates of the parameters of the sigmoid
curve kGSro obtained using the outcomes of Experiments 5–8.

Results of the calibration procedure are listed in Table 5 for
each experiment. Fig. 12 is a scatterplot of predicted and observed
three-phase oil relative permeability values. ML estimates λ̂ do not
vary significantly across the experiments analyzed, and nearly
coincide for Experiments 1–4. On the other hand, β̂ varies sign-
ificantly across the experiments. This finding suggests that wett-
ability effects might be embedded in β.

To further explore this issue, Fig. 13 depicts the sigmoid model
results obtained on the basis of the calibrated parameters listed in
Table 5. Consistent with the results of the sensitivity analysis
illustrated in Fig. 1, variations of β̂ affect the trend of the relative
permeability curves only at low oil saturations, thus supporting
the observation that β might indeed incorporate effects associated
with diverse wettability conditions.

This hypothesis is also supported by the observation that the
value of β̂ listed in Table 5 for the water-wet system (β̂¼22.95,
Experiment 5) is very close to the one obtained from the Oak
dataset (¼22.37, see Table 2) for the same wettability conditions
and considering jointly all the data.

Fig. 13b reveals that the three-phase oil relative permeability at
low saturations (o0.1) is largest for water-wet and smallest for
oil-wet systems. Fractionally- and mixed-wet conditions are asso-
ciated with intermediate values of kGro. The slope of the sigmoid
curve at the inflection point, minf , is of the order of 0.6 (see
Table 5). This value is significantly smaller than the one observed
for the Oak dataset (see Table 2). This difference may be related to
a reduced rate of change of relative permeability associated with
gas gravity drainage in a sand pack with respect to what can be
observed in the steady state injection for a consolidated sandstone
in Oak (1990). This effect seems to be embodied in the parameter λ
(compare the values of λ̂ in Table 5 for Experiment 5 and in Table 2,
last row). As such, λ may potentially include the macroscale effect
of key displacement mechanisms taking place at the pore scale.

Fig. 11. Scatterplot of observed (kWn

ro ) and predicted (kWro ) three-phase oil relative permeability values. Data are associated with secondary water injection experiments
performed by Oak (1990). Model results are obtained through (a) parameter estimates based solely on two-phase data (see Table 3); and (b) ML calibrated model parameters
(see Table 4).

Table 4
Number of available three-phase relative permeability data (N), ML estimates

(λ̂ow ; β̂ow) and corresponding estimation error standard deviations, kinfro , coordinates

(Sinfow , k
inf
row) of the inflection point of (5) and ML estimate σ̂2k of the variance of three-

phase oil permeability measurement errors derived from secondary water injection
experiments reported by Oak (1990).

N λ̂ow β̂ow σ̂λow σ̂βow minf
ow Sinfow kinfrow σ̂2k

57 5.57 6.98 0.37 0.89 2.11 0.69 0.56 5.66�10�6



The soundness of these observations should be further tested by
performing and analyzing additional three-phase oil relative
permeability data obtained under diverse wettability and flow
conditions.

5. Concluding remarks

We have introduced a new empirical model to predict three-
phase oil relative permeabilities during primary gas injection and
secondary water injection. Since three-phase data are rarely
available, we also propose a methodology to estimate all model

parameters upon relying solely on two-phase data. Displacement
mechanisms considered are gas gravity drainage and continuous
steady-state injection of the three phases.

Our model is based on a sigmoid functional format. This
mathematical representation is selected because it can represent
variations of the concavity in the oil saturation–relative perme-
ability relationship caused by oil remobilization and layer drainage
regime.

We start from the hypothesis that three-phase oil relative
permeabilities for primary gas injection can be predicted through
our proposed sigmoid curve. The inflection point of the sigmoid
model lies on the drainage oil saturation–relative permeability

Table 5

Number of available three-phase relative permeability data (N), ML estimates (λ̂; β̂) and corresponding estimation error standard deviations, minf , coordinates (S
inf
o , kinfro ) of the

inflection point of (5) and ML estimate of the variance σ̂2k of three-phase oil permeability measurement errors derived from experiments reported by DiCarlo et al. (2000).

Initial condition Experiment N λ̂ β̂ σ̂λ σ̂β minf Sinfo kinfro σ̂2k

Swc 1 (water-wet) 91 8.42 14.14 0.85 1.27 0.59 0.46 0.07 3.65�10�5

2 (oil-wet) 73 8.61 16.89 3.24 5.63 0.57 0.50 0.06 3.34�10�4

3 (fractionally-wet) 33 8.94 14.12 4.02 6.07 0.62 0.46 0.08 8.89�10�4

4 (mixed-wet) 74 8.72 24.99 3.02 8.56 0.58 0.30 0.04 9.12�10�6

Srow 5 (water-wet) 69 8.46 22.95 0.89 3.95 0.60 0.25 0.04 8.16�10�8

6 (oil-wet) 72 9.69 24.84 0.70 3.58 0.61 0.37 0.05 2.57�10�9

7 (fractionally-wet) 60 9.62 18.47 1.23 4.19 0.66 0.35 0.06 2.59�10�8

8 (mixed-wet) 75 10.10 31.33 1.12 5.65 0.64 0.27 0.04 2.79�10�8

Fig. 12. Scatterplot of predicted oil relative permeabilities versus experimental data from DiCarlo et al. (2000). The results are associated with experiments starting from
(a) Swc or (b) Srow as initial condition. Model results are obtained through the parameters reported in Table 5.

Fig. 13. Results associated with experiments of DiCarlo et al. (2000) and obtained by employing (a) Swc or (b) Srow as the model initial condition. Model results are based on
parameters listed in Table 5. Empty circles indicate the position of the inflection points.



curve of a two-phase oil–water system. The slope of the sigmoid at
the inflection point is set to the maximum slope of the oil relative
permeability–saturation curve in an oil–gas system with connate
water. We then estimate the relative permeability associated with
secondary water injection by means of saturation-weighted inter-
polation and a sigmoid function representing the oil relative per-
meability in a two-phase oil–water system. The results obtained
through this working hypothesis are compared against two sets of
experimental data. The comparisons show that most experimental
observations are accurately reproduced by the proposed models,
which can also include wettability effects. We also performed a
Maximum Likelihood calibration of the model parameters against
direct measurements of three-phase relative permeabilities, sup-
porting the robustness of the proposed approach.
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