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Abstract. The Hardy spaces H2(B) and Hz(Hy ), where B and H denote, respectively, the
open unit ball of the quaternions and the half space of quaternions with positive real part, as
well as Blaschke products, have been intensively studied in a series of papers where they are
used as a tool to prove other results in Schur analysis. This paper gives an overview on the
topic, collecting the various results available.

1. Introduction

In this paper we give an overview of the results available on the Hardy spaces Hs(€2) where 2
is either the open unit ball of the quaternions or the half space of quaternions with positive real
part. These spaces have been studied in a series of papers, see [1, 2, 3, 4, 5, 6] as a tool to prove
other results in Schur analysis and the purpose of this survey is to collect them in one paper.
For the proofs of the various results, we refer the reader to the original sources.

We will work in the framework of slice hyperholomorphic functions. Several functions spaces
have been considered in this setting, e.g. the Bergman spaces, see [11, 12, 13], Besov, Bloch
and Dirichlet spaces, see [9], the Fock space see [7] while other Hardy spaces H,(B) are in
[14]. To define the class of slice hyperholomorphic functions, we need some terminology that is
introduced below.

By H we denote the algebra of real quaternions, namely the set of elements of the form
p = xo + x1¢ + x2j + x3k where i, j,k is the standard basis of quaternions. Let S be the
set of purely imaginary quaternions with norm 1. Any I € S is such that I? = —1, so we can
consider the complex plane of elements of the form =+ I'y where z,y € R. Let 2 C H be an open
set and let f:  — H be a real differentiable function. Let I € S and let f; be the restriction
of f to the complex plane C;. We say that f is a (left) slice hyperholomorphic function in € if,
for every I € S, f; satisfies

2 \ oz dy

An analogous definition can be given for right slice hyperholomorphic functions. The class
of (left) slice hyperholomorphic functions includes, in particular, converging power series with
quaternionic coefficients written on the right. For the basic notions and main properties of these
functions we refer the reader to the books [10, 16]. The class of slice hyperholomorphic functions
is not closed, in general, under the pointwise multiplication. However, slice hyperholomorphic
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functions can be multiplied, at least on axially symmetric s-domains, in order to obtain a function
of the same kind using the so-called x-product. We recall that axially symmetric s-domains
) are domains intersecting the real line, which remain connected when intersected with any
complex plane C; and such that whenever an element x + Iy € € all the elements of the form
x+ Jy € Q when J varies in S. In the special case in which 2 is a ball with center at the origin
and if f,g are two slice hyperholomorphic functions they can be written as f(p) = >, 2" fr,
g(p) = 332 P¥gr. Their *-product is (f*g)(p) = > 5y pk(Zfzo frgr—r), thus it coincides with
the product defined in [15].

Pointwise multiplication and slice multiplication can be related as in the following result, see
e.g. [10, Proposition 4.3.22]:

Proposition 1.1 Let U C H be an azially symmetric s-domain, f,g : U — H be slice
hyperholomorphic functions and let us assume that f(p) # 0. Then

(F*9)(p) = f(0)g(f(p)"'pf(p)), (1)

forallpe U. If f(p) =0 then (f xg)(p) = 0.

Note that the transformation p — f(p)~'pf(p) is clearly a rotation in H, since |p| =
[f(p)~'pf(p)|-

Note also that if (f x g)(p) = 0 then either f(p) =0 or g(f(p)~*pf(p)) = 0.

This latter fact is very well known for polynomials with quaternionic coefficients, see [17],
for which it is also well known that they might have spheres of zeros. Given a nonreal
quaternion «, it can be written as o = g + a1t + agj + ask = a + Ib where a = ap,
I = (a1 + aoj + ask)/|oni + asj + agk| € S, b = |ai + agj + ask|. The sphere defined
by « is the set [a] = {a+ Jb|J € S}; it is the set of elements satisfying

p? — 2ap + (a2 +b2) =p? - 2Re(a)p + |oz|2 =(p—-—a)x(p—a)=0.

This discussion suggests that the definition of multiplicity of a zero has to be given in appropriate
way:

Definition 1.2 We say that the multiplicity of the spherical zero [a] of a function Q(p) is m
if m is the mazimum of the integers r such that (p* + 2Re(a)p + |a|?)" divides Q(p).
Let aj e H\ R and let

Qp)=p@-—a)x...x(p—an)xg(p) ajun#a;, j=1...,n—1, g(p) #0. (2)

We say that ay is a zero of Q of multiplicity 1 if aj & [o1] for j =2,...,n.

We say that a is a zero of Q of multiplicity n > 2 if o € [ov] for all j=2,...,n.

If aj € R we can repeat the notion of multiplicity of a1 where (2) holds by removing the
assumption o1 # Q.

The definition of multiplicity, in the case of a real zero, coincides with the standard notion of
multiplicity since, in this case, the x-product reduces to the pointwise product. Note that if
a function has a sphere of zeros at [a] with multiplicity n, at most one point on [a] can have
higher multiplicity.

As a consequence of Proposition 1.1 one has (see Corollary 3.3 in [4]):

Corollary 1.3 Iflim,_1 |f(re!?)| =1, for all I fived in S, then

lin (% 9)(re!?)| = (")

9

a.e. for @ €0,2m) (and I' € S depends on 0, I and f).
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2. The Hardy space of the unit ball
The quaternionic Hardy space H2(B) of the unit ball B is defined as the space of square summable
(left) slice regular power series, see [3]:

Hy(B) = {f(p) =Y 0 e = D17 < oo} :
k=0

k=0

The space Hy(B) is a right quaternionic Hilbert space if equipped with the inner product

ngsz it f(p ZP i 9(0) = P gk (3)
k=0 k=0

If f is as in (3) then for a fixed I € S we have

21 2 oo
/ Frel®)Pdo = / S TP g |
0 0 =0
o0 27-‘- o0
= 50 g ([ gy =2 Y g
J,k=0 0 n=0

This last formula implies that the norm in Hy(B) can be equivalently defined as, see [4]:

1 2m
1@ = sup o— | f(rel?)2d6 (4)

0<r<1 271'

where the value of the integral on the right is the same for each I € S. Observe that the
supremum in (4) can be replaced by the limit as r tends to one. The integrand in (4) depends
on I € S, so one could have put in the definition of the norm also the supremum with respect to
I € S, however since the integral does not depend on the choice of I the supremum with respect
to I € S is not needed.

Remark 2.1 The space H2(B) can be alternatively characterized as the reproducing kernel
Hilbert space with reproducing kernel

k) (P g Zp (5)

The function kg, m)(-,q) belongs to Ha(B) for every ¢ € B and the fact that kg, (p,q) is a
reproducing kernel means for any function f € Ho(B) as in (3),

(f, k@) qufk = (6)

An important feature of slice hyperholomorphic functions which is important in the sequel is
the following formula:

Theorem 2.2 (Representation Formula) Let Q C H be an axially symmetric s-domain and let
f:Q — H be a slice reqular function. The following equality holds for all g = x 4+ Iy € €,
J, K €S:

fla+Iy) = (J-K) ' [Jf(x+Jy) - Kflz+ Ky)+1(J — K)'[f(x+ Jy) — flx+ Ky)]. (7)
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This formula implies that if we have two points on a same sphere, the value of the function
at any other point on the sphere is uniquely determined by the values in the first two points.
Moreover we have:

Proposition 2.3 The finite collection of functions {kp,m(-,qi)} based on distinct points
q1,---,qr € B is (right) linearly independent in Ha(B) if and only if none three of these points
belong to the same 2-sphere.

The linear dependence of three functions kg, g) (-, p;) based on equivalent points explains in an
alternative way that the restriction of any function f € Hs(B) to any 2-sphere is completely
determined by the values of f at any two points of this sphere.

The following result, see [1, Theorem 3.3|, [3, Theorem 6.2] shows that Schur functions are
contractions on Hs(B):

Theorem 2.4 Let S: B — H. The following are equivalent:

(i) S is slice reqular on B and |S(p)| <1 for all p € B.
(ii) The operator Mg of left x—multiplication by S

Mg: f—=Sxf (8)
is a contraction on Ha(B), that is, ||S* fllm,m) < | fll g for all f € Ha(B).

The matrix-valued version of this result is in [4, Theorem 4.6]. In analogy to the complex
case we introduce the Hardy space Hu(B) of bounded slice regular functions on B with norm
[S]lec = sup,ep |S(p)| < oo and the space M(Hz(B)) of bounded multipliers, that is, the
functions S : B — H such that the operator Mg of left x-multiplication (8) is bounded on
Hy(B). By its definition, the set of slice hyperholomorphic functions on B which are bounded
by 1 and denoted by R(B,B) is the closed unit ball of Hy(B), see [1, Corollary 3.5]. Moreover,
we have the following consequence of Theorem 2.4.

Corollary 2.5 Hy(B) = M(H2(B)) and ||S||c = ||Ms|| for every S € Hoo(B).

2.1. Blaschke products

We now recall the notion of Blaschke factors and products, see [5, 4, 6]. According to the fact
that the zeros of a slice hyperholomorphic functions can also be spheres, we will introduce two
different types of Blaschke factors.

Definition 2.6 Let a € H, |a| < 1. The function

Ba(p) = (1—pa)~* + (a —p)ﬁ 9)

18 called Blaschke factor at a.

Remark 2.7 Let A\(p) = 1 — pa and let us apply formula (1) to the products \°(p) x A(p) and
A(p) * (a — p). We have

Ba(p) = (\°(p) * A(p)) "' A(p) % (a — p)%, = (A(PAB)) A () (a — ﬁ)%,
a a (10)
=Ap) Ha —ﬁ)m =(1-pa) Ya —ﬁ)m,

where § = \°(p) ~'pA°(p). Formula (10) gives the Blaschke factor B,(p) in terms of the pointwise
multiplication.
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The following property extends the analogous property in the complex case:
Theorem 2.8 Let a € H, |a| < 1. The Blaschke factor B,(q) has the following properties:
(i) it takes the unit ball B to itself;
(i) it takes the boundary of the unit ball to itself;
(iii) it has a unique zero for p = a.
In [4, Theorem 5.6] we proved the following result:
Theorem 2.9 Let {a;} C B, j = 1,2,... be a sequence of nonzero quaternions such that
la;] # [a;] if i # j and assume that ;- (1 — |a;|) < oo. Then the function
a;

B(p) =155 (1 — pa;)~* % (a; — p)|a]|

(11)

where II* denotes the x-product, converges uniformly on the compact subsets of B.
The Blaschke factor vanishing at the sphere [a] is given in the following definition:
Definition 2.10 Let a € H, |a| < 1. The function

Big)(p) = (1 — 2Re(a)p + p*|al*) " (laf* — 2Re(a)p + p*) (12)

is called Blaschke factor at the sphere |a].

The definition of B, (p) does not depend on the choice of the point a that identifies the 2-sphere.
Indeed all the elements in the sphere [a] have the same real part and module. We also have, see
[6]:

Proposition 2.11 The %-inverse of B, and By are Bg-1, Bjg-1) respectively.
The following result is the analogue of Theorem 2.9:

Proposition 2.12 A Blaschke product having zeros at the set of spheres

Z ={([a], 1), ([ea]s v2), - .}

where ¢; € B, the sphere [c;] is a zero of multiplicity vj, j =1,2,... and 3~ v;(1 —[cj]) < oo
s given by -
1B, @)
i>1
By Theorem 2.9 and 2.12 we can prove the following general result, see [4, 6]:

Theorem 2.13 A Blaschke product having zeroes at the set

Z =A{(a1,n1),...,([e1],m1),...}

where aj € B, a; have respective multiplicities ny > 1, a; #0 for j =1,2,..., [a;] # [a;] if i # 7,

ci €B, the Spheres [c;] have respective multiplicities m; > 1, j =1,2,..., [¢;] # [¢j] if i # j and
> (nill = Jail) + 2m;(1 ~ |e;)) < o0 (13)
,5>1

s of the form

*M;
T80 T T (e 0
i>1 i>1 j=1

where nj > 1, a1 = a1 and oy are suitable elements in [a;)], and if a;; € H\R «; j11 # @5, for
j=2,3.....
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In the case in which one has to construct a Blaschke product having a zero at a; with multiplicity
n; by prescribing the factors (p — a;1) * -+ * (p — ain,), asj € [a;] for all j =1,...,n;, the factors
in the Blaschke product must be chosen accordingly, see [4, 6].

Definition 2.14 A Blaschke product of the form

Bp) = [[Bey @)™ I T] (Bos, ). (14)
i=1 i=1 j=1

is said to have degree d = Y i_) 2m; + 3 5_; n;.

Let us denote by H(B) the quaternionic Hilbert space with reproducing kernel K. We have,
see [6]:

Theorem 2.15 Let B(p) be a Blaschke product as in (14). Then dim(H(B)) = deg B.

Theorem 2.16 Let B, be a Blaschke factor. The operator
My, : f— Bgxf

is an isometry from Ha(B) into itself.

The following problem is the simplest Beurling-Lax type problem in the present setting and
we show below how to solve it:

Problem 2.17 Given N points ai,...,any € B, and M spheres [c1], ..., [ca] in B such that the
spheres [a1], ... |an], [c1], ..., [enm] are pairwise non-intersecting, find all f € Ha(B) such that
fla)=0, i=1,...,N, (15)
and
flg) =0, j=1,...., M. (16)

Theorem 2.18 There is a Blaschke product B such that the solutions of Problem 2.17 are the
functions f = B x g, when g runs through Hay(B).

3. The Hardy space of the half-space
Let us consider the half-space H of the quaternions ¢ such that Re(gq) > 0 and set 11 ; =
H; NC;. We will denote by f; the restriction of a function f defined on H to II; ;. We define

+oo
Hy (I, ;) = {f slice hyperholomorphic in H : / |fr(Ty)|*dy < oo},

—00

where f(Iy) denotes the nontangential value of f at Iy. Note that these value exist almost
everywhere, in fact any f € Hy(II; ;) when restricted to a complex plane C; can be written as
fi(x + Iy) = F(x + Iy) + G(z + Iy)J where J is any element in S orthogonal to I, and F,G
are Cy-valued holomorphic functions. Since the nontangential values of F' and G exist almost
everywhere at Iy, also the nontangential value of f exists at Iy a.e. on I} j, see [2].
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Remark 3.1 In alternative, we could have defined Hy(II; ;) as the set of slice
hyperholomorphic functions f such that sup, fj;o |fr(z + Iy)|*dy < oo. However note

that fr(z + Iy) = F(z + Iy) + G(z + Iy)J, see the above discussion, and so |f(z + Iy)|* =
|F(z + Iy)|> + |G(z + Iy)|%. Thus, from the result in the complex case, we have

) +o0 —+o00
sup / (i + Iy) Pdy = sup / F(z + Iy)Pdy + sup / Gle + Iy)Pdy

x>0 J —co z>0J -0 x>0

+o0 +00
— [ TP [ 16w Py (1)
+00 5
- [ Tintwray
In Hy (I ;) we define the scalar product
+00
= [ o i)y,

where f7(Iy), gr(Iy) denote the nontangential values of f, g at Iy on II; ;. This scalar product
gives the norm

—+00 3
| ltarr, ) = ( / |ff<fy>|2dy) ,

—00
(which is finite by our assumptions).

Proposition 3.2 Let f be slice hyperholomorphic in Hy and assume that f € Ho(ILy 1) for
some I € S. Then for all J € S the following inequalities hold

1
§HfHH2(H+,I) < [ fllasa, ) < 20f sy, -

An immediate consequence of this result is:

Corollary 3.3 A function f € Ha(ILy 1) for some I € S if and only if f € Hao(Ily y) for all
JeS.

We now introduce the Hardy space of the half space H, see [2, Definition 4.4]:

Definition 3.4 We define Ha(H.y) as the space of slice hyperholomorphic functions on Hy such
that

400
sup [ |f(I)Pdy < oc. (2)
IeS J -
We have:
Proposition 3.5 The function
k(p,q) = (0 + @) (Ip]* + 2Re(p)g + ¢°) " (3)

1s slice hyperholomorphic in p and q on the left and on the right, respectively in its domain of
definition, i.e. for p & [q]. The restriction of %k(p, q) to C; x Cy coincides with kr, (z,w).
Moreover we have the equality:

k(p,q) = (lg]* + 2Re(q)p + p*) ' (p + q). (4)
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The function k(p,q) can also be constructed by taking the left x-inverse with respect to the
variable p or the right x-inverse with respect to the variable ¢, that is

k(p,q) = (la]* + 2Re(q)p +p*) '(p+a) = (p+q)~*

or
k(p,q) = 0+ a)(Ipl* + 2Re()q + ) = (p— D)™™
Proposition 3.6 The kernel %k(p, q) is reproducing, i.e. for any f € Ho(H)

o) = [ 5 L, 1) F(Ty)dy.

oo 2m

For some computations, it is useful to know that the kernel k(p, q) satisfies (see [2, Proposition
4.7))

PE(p, @) + k(p, 9)g = 1.
We know that if {¢,,(2)} is an orthonormal basis for Hy(ILy 1), for some I € S, then

k(zow) =) én(2)n(w), ()
n=1

and so the kernel k(z, w) is positive definite. In [2, Proposition 4.8] we have proved the following:

Proposition 3.7 Let {¢,(z)} be an orthonormal basis for Ha(Ily 1), for some I € S, and let
{®,(q)} = {ext(dn(2))} be the sequence of the slice hyperholomorphic extensions of its elements.
Then {®,(q)} is an orthonormal basis for Ha(Hy ), and

k(p,q) =Y n(p)®nlq).
n=0

Example 3.8 As an example of decomposition using an orthonormal basis, we consider
©a(p) = V2 + 1) (p - )"

We have

k(p,q) =Y ®n(p)®ulg) =2> (p+ 1) p—1)"G@—1)"a+1) """
n=0 n=0

We now introduce the Blaschke factors in the half space H, see [2].
Definition 3.9 For a € H; set

ba(p) = (p+ @) *(p—a).
The function be(p) is called Blaschke factor at a in the half space H .

Remark 3.10 The function b,(p) is defined outside the sphere [—a] as it can be easily seen by
rewriting it as

ba(p) = (p* + 2Re(a)p + |a]*) " (p + a) x (p — a) = (p* + 2Re(a)p + |a[*) "' (p* — a?)

and it has a zero for p = a.
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We have the following result which characterizes the convergence of a Blaschke product:

Theorem 3.11 Let {a;} < Hi, j = 1,2,... be a sequence of quaternions such that
>_j>1 Re(a;) < oo. Then the function

B(p) :=1jx(p+a;) " * (p — a5), (6)
converges uniformly on the compact subsets of H .
As in the unit ball case, we have two kinds of Blaschke factors. In fact, products of the form
ba(p) xba(p) = ((p+a) " * (p—a)) x ((p+a)" *(p—a))
can be written as
ba(p) * ba(p) = (p* + 2Re(a)p + |a*) "1 (p? — 2Re(a)p + |al?),

and they admit the sphere [a] as set of zeros. Thus if we want to construct a Blaschke product
vanishing at some assigned spheres, it is convenient to introduce the following:

Definition 3.12 Fora € Hy set
bg(p) = (p2 + 2Re(a)p + |a|2)_1(p2 — 2Re(a)p + |a|2).

The function b, (p) is called Blaschke factor at the sphere [a] in the half space H .

Note that the definition is well posed since it does not depend on the choice of the point a. As
a consequence of Theorem 3.11 we have:

Corollary 3.13 Let {c;} C Hi, j = 1,2,... be a sequence of quaternions such that
>_j>1Re(cj) < oo. Then the function

B(p) := Ij>1(p* + 2Re(c;)p + |c;[*) "1 (p? — 2Re(cj)p + | |?), (7)

converges uniformly on the compact subsets of H .
Thus we can prove the following [2, Theorem 4.14]:
Theorem 3.14 A Blaschke product having zeros at the set

Z'::{(alaul)v(a27ﬂ2)7'"7(hh]7yl)7(ka]’y2%"'}

[c;] have respective multiplicities v; > 1, j =1,2,..., [¢i] # [¢j] if i # j and

where a; € Hy, a; have respective multiplicities p; > 1, [a;] # [a;] if i # j, ¢; € H, the spheres

3 (Mj(1 — la;]) + 2v5(1 — |cl-y)) < 00

4,521
s given by
* KM
1@ TT T ey ()
i>1 §>1k=1
where a11 = a1 and aj, € [aj] are such that oji1 # &, j = 1,...,n =1, if a;j € H\R,

k=1,2,3,..., 1.



30th International Colloquium on Group Theoretical Methods in Physics (Group30) IOP Publishing
Journal of Physics: Conference Series 597 (2015) 012009 doi:10.1088/1742-6596/597/1/012009

We conclude this section by proving that the operator of multiplication by a Blaschke factor
is an isometry. In the proof we are in need of the notion of conjugate of a function f. Given a
slice hyperholomorphic function f consider its restriction to a complex plane C; and write it,
as customary, in the form f;(z) = F(z) + G(z)J where J is an element in S orthogonal to
and F, G are Cr-valued holomorphic functions. Define f¢(p) = ext(F(z) — G(z)J) as the unique

extension of the function F(Z) — G(2)J, see e.g. [10]. Note that if f(p) = >, ~,p"an then
fe(p) 3250 P"an. We have the following, see [2]: B

Lemma 3.15 Let f € Hyo(Hy). Then || flley ) = 11l Ha -

Theorem 3.16 Let b, be a Blaschke factor. The operator
Mba : f — by * f
is an isometry from Ho(H.) into itself.

More generally, a function S slice hyperholomorphic in the right-half-plane will be such that
Mg is a contraction from the Hardy space of the right half-plane into itself if and only it is
bounded by one in modulus there. The operator range /I — MgMg with the lifted norm is
then the associated de Branges Rovnyak space. For more information see [2], and [8].
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