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1. Introduction

Given a real interval J = [0, L], we consider the thermoelastic Bresse system with Gurtin—
Pipkin thermal dissipation
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P10 — k(@x + ¥ +1w)y — kol(wy, —1p) =0,

P2V — bWy +k(ox + ¥ +1w) +y0, =0,

plwtt _k()(wx _lﬁo)x +kl(§0x + W +lU)) :Oa (11)
o0

p36r — ki / §()0, (1 — ) ds + y Y =0,
0

in the unknowns variables
o, v, w,0: (x,1) €T x[0,00) — R.

Here, p1, p2, p3 as well as b, [, y, k, ko, k1 are strictly positive fixed constants, while g is a
bounded convex summable function on [0, co) of total mass

o]

/g(s) ds=1

0

having the explicit form

o]

g(s) = / () dr,

N

where u : R = (0, 00) — [0, 00), the so-called memory kernel, is a nonincreasing absolutely
continuous function such that

p(0) = Tim ju(s) € (0, 00).

In particular, p is summable on R* with

[e¢]

fu(s)ds =g(0),

0

and the requirement that g has total mass 1 translates into

o]

fsu(s) ds=1.

0

Moreover, the kernel p is supposed to satisfy the additional assumption

W (s)+vu(s) <0 (1.2)



for some v > 0 and almost every s € R*. The system is complemented with the Dirichlet
bound-ary conditions for ¢ and 6

¢(0,1) =@(L, 1) =6(0,1) =6(L, t) =0,
and the Neumann ones for i and w

Vx(0,1) =vYu(L, 1) =wx (0,1) =wx(L,1)=0.

From the physical viewpoint, system (1.1) describes the vibrations of a linear planar and shear-
able thermoelastic beam of Bresse type [2,19,20]. Accordingly, the functions ¢, w, v denote
the vertical, longitudinal and shear angle displacements, respectively, while 6 stands for the
relative temperature, that is, the temperature variation from an equilibrium reference value.

In recent years, the asymptotic properties of Bresse systems without thermal effects, i.e.
when the fourth equation of system (1.1) is omitted, have been widely investigated (see e.g.
[1,4,12,28, 29] and the references therein). In particular, it has been pointed out that the
exponential stability of the associated solution semigroups is highly influenced by the
structural parameters of the problem. Roughly speaking, we may summarize the current results
as follows: in the presence of frictional dissipation acting for instance on the shear angle
displacement, the related contraction semigroup is exponentially stable! if and only if the wave
speeds of the first three hyperbolic equations are equal, namely,

b
—=— and k=ky.
L1 02

Actually, as shown in [13,21], the same conclusions can be drawn for the thermoelastic Bresse
system with Fourier-type thermal dissipation, that is, when the fourth equation of system (1.1)
is replaced by the classical parabolic heat equation

P30: — k1Oxx + y ¥ = 0.

Nevertheless, such an equation (which predicts instantaneous propagation of thermal signals) has
encountered some criticisms in the scientific community, mainly due to the increasing evidence,
also supported by physical experiments, that thermal motion is indeed a wave-type mechanism.
Therefore, through the years, several alternative “nonclassical” heat conduction theories have
been proposed. Among the others, we mention the so-called Maxwell-Cattaneo approach [3] and
the heat flux history models of Coleman and Gurtin [5] and Gurtin and Pipkin [17].

Currently, several results on the stability properties of simplified versions of the thermoelas-tic
system (1.1) are available in the literature, for instance regarding Timoshenko-type systems where
the longitudinal motion is neglected [11,14,22,27,30]. On the contrary, the picture con-cerning the
full model accounting for longitudinal movements is essentially poorer. In particular, to the best
of our knowledge, no results have been obtained for nonclassical variants of the Bresse

1 A linear semigroup X'(¢) acting on a Banach space X’ is said to be exponentially stable if there exist ® > 0 and K > 1
such that

| Z@z2] 4 < Ke™fzlx. VzeX.



system studied in [13]. Motivated by these considerations, in the present paper we analyze the
stability properties of the thermoelastic Bresse system (1.1) with Gurtin—Pipkin thermal dissi-
pation. In contrast to the classical situation, we show that the hyperbolic character of the heat
conduction law reflects on the stability conditions. More precisely, exploiting the history
frame-work of Dafermos [10], we show that system (1.1) generates a contraction semigroup
S(r) = e acting on a suitable Hilbert space H accounting for the presence of the memory.
Then, introduc-ing the new stability number

X_(ﬂ_ ! )(ﬂ_&>_ L pr?
$7 Nk gk J\k b)) g0k psbk

we can state our main theorem as follows.

Theorem 1.1. The semigroup S(t) = e : H — H generated by the thermoelastic Bresse—
Gurtin—Pipkin system (1.1) is exponentially stable if and only if

Xg=0and k = ko.

Going beyond a mere study of the Gurtin—Pipkin case, Theorem 1.1 actually provides a
com-plete stability characterization of Bresse systems with Fourier, Maxwell-Cattaneo and
Coleman—Gurtin thermal dissipation (see Section 2). It also subsumes the aforementioned
achievements in the asymptotic properties of Timoshenko systems with classical and
nonclassical heat conduction (see Section 3).

In order to discuss the mathematical difficulties encountered in the analysis, let us briefly
recall two widely used techniques for the investigation of exponential stability in linear semi-
groups. The first one is the classical strategy based on energy-type estimates which, although
successfully employed in the study of Timoshenko-type systems (see e.g. [11,22]), seems not
applicable to the complete model (1.1). Another possibility is to take advantage of linear tech-
niques, for instance exploiting the following famous result due to Priiss [26] (but see also
[9,15] for the statement used here).

Lemma 1.2. Let A be the infinitesimal generator of a contraction semigroup X (t) acting on a
complex Hilbert space X. Then, the following are equivalent:

(i) X(t) is exponentially stable.
(ii) There exists € > 0 such that

inf [|ilz — Azllxy > ¢llzllx, VzZeD(A).
reR
(iii) The imaginary axis iR is contained in the resolvent set p (A) of the operator A and

ir—A)~! .
ig£“ (i ) ”L(X) =

In light of Lemma 1.2 above, once one has proved that iR C p(A) to reach the desired
expo-nential stability it is sufficient to show that the (real-variable and continuous) function

A ||GA = A |y



is bounded outside a compact set. In the typical situation, arising for example in the models
analyzed in [13,22,27], when the infinitesimal generator A has compact inverse, the inclusion
iR C p(A) can be obtained simply demonstrating that no eigenvalues of A lie on the imaginary
axis, due to a well-known result of Kato [18, Theorem 6.29]. Still, for the semigroup S(#) =
e’ generated by system (1.1), this strategy cannot be applied, since the inverse A~! is not
compact due to the memory component (see [24] for a counterexample). Therefore, in
principle, the spec-trum of the operator A can be a complicated object, not simply made by
(isolated) eigenvalues. We will overcome these difficulties by applying a suitable contradiction
argument, together with some specific estimates in Sobolev spaces with negative exponent, in
order to achieve exponential stability without making use of any a priori information on the
spectrum of A.

Plan of the paper. In the next Sections 2-3 we discuss the aforementioned implications of
Theorem 1.1 on thermoelastic systems of Bresse and Timoshenko type. In the subsequent Sec-
tions 4-5 we introduce the functional setting of the problem and we establish the existence of
the solution semigroup. The final Sections 67 are devoted to the proof of the main result.

2. Implications of Theorem 1.1 on Bresse systems

2.1. Bresse systems with Fourier heat conduction
According to the article [13], the classical thermoelastic Bresse—Fourier system

P1®1: — k(px + ¢ +1w)y — kol(wy —lp) =0,
:0210” - b'(ﬁxx +k(<px + 1# +lw) + Vex =0,

2.1
prwy — ko(wx —1@)x +kl(x + ¢ +1w) =0,
030r — kiOxx + v ¥x =0,
is exponentially stable if and only if
% = % and k= ko. 2.2)

Actually, system (2.1) can be (formally) obtained from (1.1) in the singular limit when the
memory kernel g collapses into the Dirac mass at zero §y. More precisely, introducing the

family of rescaled kernels
1 (s
g(s)=-gl=-), &>0,
e\ ¢

we have the convergence g. — Jpin the distributional sense, and thus system (1.1) with g re-
placed by g.reduces to (2.1) for ¢ — 0. On the other hand, since

. =<&_ e )(&_&)_ e py’
7 \psk gk J\k b)) g0k psbk’

exploiting Theorem 1.1 and letting ¢ — 0 we recover (2.2). This formal argument can be
made rigorous within the proper functional setting, in the same spirit of [7].




2.2. Bresse systems with Maxwell-Cattaneo heat conduction

The thermoelastic Bresse-Maxwell-Cattaneo system reads as follows

0191 — k(px + ¥ +1w)x — kol (wy — ) =0,

P2V — by +k(oy + ¥ +1w) +y0, =0,

p1wy — ko(wy —1@)x + kl(px + ¥ +1w) =0, (2.3)
P30 +qx +y¥ix =0,

tkig: +q + k16, =0.

Here, the additional variable
qg:(x, 1) eI x[0,00) R

represents the so-called heat flux vector, satisfying the Maxwell-Cattaneo thermal law [3]

thigi +q + k16, =0, T>0. (2.4)

Arguing in a standard way, one can prove that system (2.3) generates a contraction semigroup
of solutions V(¢). To the best of our knowledge, no results are currently available in the
literature concerning the stability properties of such a semigroup. Nevertheless, the Bresse—
Maxwell-Cattaneo model above can be obtained as a particular instance of the Bresse—
Gurtin—Pipkin system (1.1), when

1 _s
g(s) =gr(s)=——e ™.
‘Ekl

Indeed, setting

o0

q(x,1) = —ki /gr(S)Qx(x, t—s)ds
0

and integrating by parts, it is immediate to see that (2.4) holds. In conclusion, substituting the
explicit value g, (0) = 1/t kj in the condition of Theorem 1.1, we obtain

Theorem 2.1. The semigroup V (t) generated by Bresse—Maxwell-Cattaneo system (2.3) is
ex-ponentially stable if and only if

2
(ﬂ_,)(ﬂ_@)_,&:o and k=ko.
,O3k k b ,03bk
Again, this formal argument can be made rigorous. Indeed, denoting by U(¢) the
solution semigroup generated by (1.1) for the particular choice g(s) = g (s), arguing as in
[11, Sec-tion 8] it is possible to show that U (¢) is exponentially stable if and only if V(¢) is
exponentially stable. Observe also that, in the limit situation when 7 = 0, system (2.3) reduces

to (2.1) and the condition of Theorem 2.1 collapses into (2.2). In other words, the Fourier case
is fully recovered in the limit T — 0.



2.3. Bresse systems with Coleman—Gurtin heat conduction

Finally, we discuss the implications of Theorem 1.1 on the so-called Bresse—-Coleman—
Gurtin system

P19 — k(px + ¥ + lw)x — kol (wx —lp) =0,

P2V — by +k(@x + ¥ +1w) +y6, =0,

P1Wyr — kO(wx - Z(P)x + kl(§0x + W + lw) = O’ (25)
o0

p30; — (1 — w)kibcx — ki /g(S)Qxx(t —8)ds +y ¥ =0,
0

where @ € (0, 1) is a fixed constant. The limit cases @ = 0 and @ = 1 correspond to the
parabolic Fourier model (2.1) and the hyperbolic Gurtin—Pipkin model (1.1), respectively.
Once more, system (2.5) can be shown to generate a contraction semigroup of solutions 7 (¢)
for which no stability results have been obtained so far. Still, as a corollary of Theorem 1.1,
we obtain the following necessary and sufficient condition.

Theorem 2.2. The semigroup T (t) generated by the Bresse—Coleman—Gurtin system (2.5) is
exponentially stable if and only if (2.2) is satisfied.

Theorem 2.2 can be deduced from Theorem 1.1 considering the kernel

| s

ge(s) = —g(—) +wg(s), ¢e>0.
£ £

Indeed, since

ge—~> (1 —w)dy+wg

in the distributional sense as ¢ — 0, we obtain the convergence

/gs(s)gxx t—s5)ds—> (1 —-—@)0 +@ / 8(s)bxx (t — s5)ds.
0 0

On the other hand, in light of Theorem 1.1, exponential stability occurs if and only if

(5o ) (5 8) s -
p3k (1 —o +we)g(0)k k b (1 —o +w@e)g(0)k p3bk
and
k = ko.
We end up with (2.2) in the limit ¢ — 0. It is worth noting that here the picture is the same as

in the Fourier case due to the partial parabolic character of the heat conduction law. A similar
feature was observed in [27] in the context of thermoelastic systems of Timoshenko type.



3. Implications of Theorem 1.1 on Timoshenko systems
As shown in [11], the Timoshenko—Gurtin—Pipkin system

P19 — k(ox +9¥)x =0,

p2¢tt - bWxx + k((px + W) + Vex =0,

0 3.1)
030; — ki /g(S)Gxx (t—s)ds+yy, =0,

0

is exponentially stable if and only if

1 1 2
(ﬂ_ >(ﬂ_&>_ PIY o, (3.2)

p3sk gk )\ k b g(0)ky p3bk
This result subsumes and generalizes the ones obtained in the papers [14,22,27], concerning
Timoshenko systems with Fourier and Maxwell-Cattaneo heat conduction. In turn, system

(3.1) can be seen as a particular instance of (1.1), in the limit case when / = 0. Indeed, in this
situation, the Bresse—Gurtin—Pipkin system formally reduces to

0191 — k(ox +9¥)x =0,
pzllfn - wax +k((px + I/I) + J/Qx =0,

o0

p36s — ki / ()0t — 5)ds + y s =0,
0

P1Wir — kowyx =0,

(3.3)

where the last wave equation is decoupled from the others, and hence can be neglected. As a
consequence, the condition k = ko provided by Theorem 1.1 is no longer relevant; the other
one, namely x, = 0, is exactly (3.2). This argument can be made rigorous taking / = 0 and
revisiting the proof of Theorem 1.1. The details are left to the reader.

4. Functional setting and notations

Along the paper, (-, -) and || - || will denote the standard inner product and norm on the Hilbert
space L2(3J). We also consider the Hilbert subspace of zero-mean functions

L
123 = {f e 12(9): / fx)dx =o},
0

along with the Hilbert spaces

H}() and H!(3)=H'G)NLiD),



both endowed with the gradient norm (due to the Poincaré inequality). Moreover, we introduce
the so-called memory space

M = L%(R; Hj (3))

of square summable H(} -valued functions on R* with respect to the measure p(s)ds, equipped
with the weighted inner product

(. &) m =/M(S)(nx(S),Ex(S))ds,
0

along with the infinitesimal generator of the right-translation semigroup on M

Ty=—y with domain D(T) = {n e M: ' € M. lim|n:(s)]| =0}.
the prime standing for weak derivative. Finally, we define the phase space

H=Hj ) x L*(3) x H}(3) x L2(3) x H}(3) x L2(3) x L*(J) x M
endowed with the (equivalent) product norm

[0 @ w. wow, W, 0,03, = o1 1912 + o2 11> + o1 I W1 + bl |
+kllox + ¥+ 1wl + kollws —1pl® + p3l1011% + killnl 5

5. The contraction semigroup

We recast (1.1) in the history space framework devised by Dafermos [10]. To this end,
intro-ducing the auxiliary variable

n=n"(x,s):(x,t,s) €I x[0,00) x RT—R

formally defined as

N

n'(x,s) =/9(x,t —r)dr,

0
we rewrite system (1.1) in the form
P — k(px + ¥ +1w)y — kol (wy — lp) =0, (5.1
P2Vt — by + k(px + ¥ +1w) +y0, =0, (5.2)

prwy — ko(wx —l@)x +kl(@x + ¥ +1w) =0, (5.3)



o

P36 — ki f w($)nxx (s)ds +y ¥ =0, (5.4)
0

nm=Tn+0. (5.5

Next, introducing the state vector z(1) = (¢(t), @ (1), ¥ (@), ¥ @), w(®), W), 6(t), n'), we
view (5.1)—(5.5) as the abstract ODE in H

%z(t) = Az(1), (5.6)

where the (linear) operator A is defined as

¢ @
k kol
@ H(¢X+W+lw)x+ﬁ(wx_lw)
v 17
v L = Ko + 9 +1w) — L6
A = pp VXX o NPX W 20,
w
W | e o = ety )
0 % fOOOM(S)Uxx(S) ds — %Wx
! Tn+06
with domain
¢ € H>(J)
® € Hy (J)
Y € HY (D)
Ve H, ()
D)= (0. .Y, W, w, W.0,n) € H w, € Hy (9)
WeH! (D)
6 € Hy(J)
ne®d(T)
Jo° mis)n(s)ds € H2(J)

Theorem 5.1. The operator A is the infinitesimal generator of a contraction semigroup
S(t) =™ H > H.

Theorem 5.1 above can be proved by means of the classical Lumer—Phillips theorem [25].
Indeed, for every n € ®(T'), the nonnegative functional

sz—/uhwmmwm
0

satisfies the identity

2ATn,mm=—Tn]



(see e.g. [16]). Therefore, for every fixed z € D (A), the equality

k
(Az, 2y =k (T, p)pqg = —711“[77] <0, (5.7)

implies that A is dissipative. Moreover, arguing in a standard way (see e.g. [8]), one can
show that the operator

1-A:DACH—->H
is onto, and the conclusion of Theorem 5.1 follows. As a consequence, for every initial datum

20 = (9o, Po, Yo, Yo, wo, Wo, 6o, no) € H,

the unique solution at time ¢ > 0 to (5.6) reads

2(1) =S0)z0 = (), @ (1), Y (1), Y (1), w(t), we (1), 0(), n").

Remark 5.2. The choice of the spaces of zero-mean functions for the variables ¥ and w and
their derivatives is consistent. Indeed, setting

L

L
@(t):/l//(x,t)dx and E(t):/w(x,t)dx
0

0
and integrating (5.2) and (5.3) on J, we obtain the differential system
0O +kO@) +kIX () =0,
{ p12(1) +kI2X (1) + kIO (1) = 0.
Thus, if ©(0) = @(0) = £ (0) = ¥(0) =0, it follows that & (r) = X (1) = 0.
6. Proof of Theorem 1.1 (sufficiency)

Along the section, C > 0 will stand for a generic constant depending only on the structural
quantities of the problem, while ¢, will indicate a generic complex sequence &, — 0. Besides,
we will tacitly use several times the Holder, Young and Poincaré inequalities, as well as the
inequality

o]

/M(S)an(S)H ds < /g 11,

0

and the control

viinlh < T, Yned(T), (6.1)



ensured by (1.2). It is also understood that A and S(#) denote the complexifications of the
oper-ator A and the semigroup S(¢), respectively.

Suppose by contradiction that S(#) is not exponentially stable. Then, in light of Lemma 1.2,
there exist two sequences A, € R and

Zn = (@ns Py Vi, Yy Wiy, Wiy, O, ) € D(A) with Izl =1

such that

iAnzn — Az, > 0 inH. (6.2)

Writing (6.2) componentwise, we obtain the system

iAngn — @p — 0 in Hy (3), (6.3)

i)\npl b, — k(€0nx +Yn + lwy)x — kol (Wpyx — l‘pn) — 0 in L2(j), (6.4)

An¥n — W, — 0 in H}(J), (6.5)

i)\n;OZLI,n - anxx + k(‘an + Y + lwy,) + YOy — 0 in L%(j), (6.6)

iAyw, — W, = 0 in H'(J), (6.7)

01 W — ko(Wnx — 1@n)x + Kkl (@nx + ¥ +1wy) > 0 in LI(D), (6.8)
o0

1A 036, — ki /,U«(S)rlnxx (s)ds +y¥y — 0 in Lz(j), (6.9)
0

iAgp —Tny — 6, >0 in M. (6.10)

Our aim is to reach a contradiction by showing that, up to a subsequence, every single component
of z, goes to zero in its norm. To this end, the boundedness in H of the sequence z, will be

used without explicit mention. Assuming A, 4 0% we infer that, up to a subsequence,

inf |3,] > 0. 6.11)
neN

Next, taking the inner product in ‘H of (6.2) with z,, and making use of (5.7), we have

kil [nn] = =2Re(Azp, 2n) 3 = 2Re(ihnzn — Azn, 2a)3e = O which, (¢ 19)

together with (6.1), yields the convergence

lim |7, ]| pm = 0. (6.13)
n—o0o

The remaining part of the proof will be carried out in a number of lemmas.

2 When A, — 0 the argument is much simpler (see Remark 6.7).



Lemma 6.1. Up to a subsequence,
lim ||6,] =0.
n—oo

Proof. First, by the triangle inequality and (6.9),

o
p3|)\n|”9n ”H—l(j) < i)\nlo39n - kl / M(S)r/nxx(s) ds + J/an
0 H=1(J)
o0
+ kl/ﬂ(s)n)1xx(s) ds — YW
0 H=(3)
<én+Climlm+ CllEl
and hence we have the estimate
sup A ||0n [l 7-1(3y < 0.
neN
Then, introducing én such that
{ é\n)cx - —9,,,
en (O) = 911 (L) =0,
we infer from (6.13) and the uniform bound above that
o0
i (1. B ] < C|xn|||9n||H-1(3>/u(s)|| Nox (5) | ds < Clinullpg — 0.
0

On the other hand, rewriting (6.10) as
ptn = Tiip — Op = En
with ¢, — 0in M, we find the explicit expression
s
Nn(s) = L(1 —e M5)g, + [ e W= (1) dr.

iAp
0

Therefore, setting

ap = /L(S)(l — e_a”s)ds,



o0
b, = ik, / w(s) | e * e, (1), By ) dr ds,
0

Ot~

we obtain the convergence
101> + b = 1 (7, O) 0t = 0. (6.14)
Exploiting now the control
uwr+s)<e ¥ u(s), Vr>0ands>0

provided by (1.2), we get

o0 S
bl < a6l 571 3 / Vi) f e 2 )| G () | dr ds < Cligall g,
0 0

and thus b,, — 0. Moreover, let A, € [—00, 0o] \ {0} such that A, — X, up to a subsequence. If
Ay € {—00, 00}, the Riemann—Lebesgue lemma yields

o0
a, — [u(s)ds > 0,
0
whereas, if A, € R\ {0},
o0
Rea, — /,u(s)(l — coSA.s)ds > 0.
0

In both cases, up to a subsequence, the real part of a, is away from zero for large n, and the
desired convergence ||6,|| — O follows from (6.14).
Lemma 6.2. Up to a subsequence,

lim [l = lim [[¥,| =0.
n—00 n—00

Proof. Setting

X

@, (x) = / W, (y)dy € Hy (J)
0

and integrating (6.6) on [0, x], one can easily see that

Sup [ A, || || < oo. (6.15)
neN



Next, taking the inner product in L2(7) of (6.9) with j’n we get

(o]
Y1 — ki / (5 s (5, W) s — 03 (6 i) — 0,
0

In light of (6.13), it is immediate to see that

o]

/M(S)<7)nx(s)a lIjn>ds — 0.

0

Moreover, thanks to (6.15) and Lemma 6.1,
|—ikn 03 (O, lf’n>! < o3l Al 1 111641l — O

forcing

[¥nll — O.
Finally, an application of (6.5) and (6.11) completes the proof.
Lemma 6.3. Up to a subsequence,
lim || ¥,x || = 0.
n— o0

Proof. Multiplying in L2(J) relation (6.6) by v, and making use of (6.5) we have
bW 1> = o2l Wall* + k(@ + Y+ [wn, Yu) = ¥ (B, Ynx) = 0.

The claimed convergence is then a direct consequence of Lemmas 6.1 and 6.2.
The equality x, = 0, not used so far, will play a crucial role in the next lemma.
Lemma 6.4. Up fo a subsequence,
M@+ i+ Twa || =0.
Proof. We divide the proof into three steps.
Step 1. Multiplying in L?(J) relation (6.6) by @, + ¥, + [w, we infer that
kllgn + Yn +Lwal> + ¥ Onx, Gux + Y +1wn) + Pu + Qn = & (6.16)

where



P, = b(‘/fn)m (@nx + Yn + lwn)x>,
On =122, Ounx + ¥ + lwp).

Next, exploiting (6.4), (6.5) and (6.8),

iA,01b
k

bkl

Pr=—>

<1ﬁn, (Wnx — l(/)n)x) -

<wnx9¢n) +8n
bp1l bp
:blz('(//m(onx + Y +lwy,) — Tl<'1/n» Wy) + 71<"1/n» Dpx) + &p.

In light of Lemma 6.2,

bpil
DI (Y P + Yn + Lwy) — len, W,) — 0

and thus

bp;
P, = T(Wn, ®nx) + én.

Concerning Q,, invoking (6.3), (6.5) and (6.7) we can write
On=—02(¥n, Pnx+ ¥ +IWy) + &,
which, applying Lemma 6.2 once more, reduces to
On= —102(4/"7 CDn)c) +én.
Plugging (6.17) and the identity above into (6.16) we end up

bp1
k

kll@ux + ¥ +lwn”2 + ¥ Onx, Oux + Vn +1lwy) = (;02 - —)<lp}’l7 Dpx) + .

Step 2. Our next goal is to prove the equality

8Ok (Onx, Onx + Y + lwy) =14, 0300, Pn) — ¥ (¥, Pnx) + &n.

To this end, setting

X

My (x) = /(gonx )+ ¥a(y) + 1w, () dy € Hy (3)
0

and taking the inner product in M of (6.10) with 1, we have
8(0)(Onx, Oux + Y + lw,) =K, + H, + ¢y,

where

(6.17)

(6.18)

(6.19)

(6.20)



00

K, = / I’L(S)<i)‘n77nx(5)a Onx + Yn +lwn>ds’
0
)

H, = / “‘(S)<T77n(s)’ (@nx + ¥ +lwn)x)ds'
0

An exploitation of (6.3), (6.5) and (6.7), together with (6.13), entails

x o0
an—fﬂ(s)(ﬂnx(s), d)nx+l1/n+an)dS+8nZ/M(S)(T]nxx(s),Qn)ds—i—gn.
0 0

Moreover, recalling (6.9),

00

iAnp3
/M(s)(nnxx(s)v ¢n)ds = ]:1 (On, Pn) — /Z/_I“I/nv Ppx) + &,
0

and hence (6.20) turns into

iAnp3
8O) O, o+ Y + L) = = <0n,qr>n>—kl1

(l‘l/}’ly ¢nx> + Hn +8ﬂ'

In order to reach (6.19), we are left to show that H,, — 0. To this aim, integrating by parts in s
(as shown in [16] the boundary terms vanish)

\Hy| = ‘— f 1 (5 (5). @nx -+ Yin + L) ds| < C / ) | mx(5) ] ds
0 0

<CyTI'[n,],

and an application of (6.12) completes the argument.

Step 3. First observe that, in light of (6.4) and Lemma 6.1,

1A P10, Pn) = k(Onx» Gux + Yn +lwy) + &5. (6.21)
Then, calling3
g(0)kip1
og = k—=———,
Pr3

3 It is readily seen that xg =0=0g #0.



we multiply (6.19) by % and (6.21) by ;/—g Summing up with (6.18), we finally obtain the
identity

0k bk
kll@nx + V¥ +lwn||2 = xgng(‘I’n, Dyx) + &n,
8

and since x; = 0 by assumption the conclusion follows. O
Lemma 6.5. Up to a subsequence,
nll)nolo ll@n ”H*l(j) =0.

Proof. Setting
X
Wy (x) = / W, (y)dy € Hy (3)
0

and making use of Lemma 6.4, we deduce from relations (6.4) and (6.8) that

A 01 @y — kol (Wpyx —lpy) — 0 in H'(J),
iAn o1l Wy, — kol (wnx — lon) = 0 in H'().

Taking the difference
D p1 (P — IW,) — 0 in H1(D)
and then, exploiting (6.3) and (6.7), together with (6.11),
on — I, — 0 in H1(J),

where

X

i (x) = / wn(y)dy € HL ().
0

On the other hand, in light of Lemmas 6.2 and 6.4,

@n+ 10y — 0 in H (D).
Summing up the two relations above we are finished. O
Lemma 6.6. Up to a subsequence

lim [[®,|l = 0.
n—0o0



Proof. Multiplying in L?(J) relation (6.4) by ¢, and invoking (6.3) we obtain
—p11DnI? + k{@nx + Yn + 1wn, @ax) + kol (Wi, pu) + kol llgn | — 0

which, by means of Lemma 6.4, improves to

—p1@ull® + kol (Wn, @ux) + kol [|¢n | — 0. (6.22)
Besides, by interpolation and Lemma 6.5,

2
I

l@nll” < Clignll g-1(3) = 0.

Moreover, since
kol{wy, ©nx) = kol{Wp, @px + Y + lwy) — kol{wp, ¥n) — kolzllwnllz,

appealing to Lemma 6.2 and invoking once more Lemma 6.4, we conclude from (6.22) that

pill@all> + kol wal® — 0.
The lemma is proven.

In light of (6.13) and Lemmas 6.1-6.6, the desired contradiction is attained once we prove the
convergence (up to a subsequence)

lim |wpy —lgull = lim ||[W,| =0, (6.23)
n—o00 n—oo

rovided that k = k. To this aim, multiplying in L2(J) relation (6.4) by w;x — lp, and
gxploiting 6.3) ancf) (6.7), together withplyerr;gma 6.6, we are led to Y tnx "

kollwnx — lgon ”2 - k<§0nx + Yn + 1wy, (Wax — lﬁ”n)x) + 01{Pn, Wyx) — 0. (6.24)
Next, with the aid of (6.8) and Lemma 6.4, we rewrite the second term as

iAyp1k
ko

_k<(pnx + Yn + lwp, (Wax — l(pn)x) = (@nx + Yn + 1wy, W) + &5

which, by means of (6.3), (6.5), (6.7) and Lemma 6.2, yields

_pik
0

kl
_k((pnx + Yn + lwp, (Wax — lﬁon)x) = (D, Whx) + pkl_0||Wn||2 + én.

Plugging the equality above into (6.24) and recalling that k = ko we arrive at (6.23).

Remark 6.7. When ), — 0, in addition to (6.12) and (6.13) we deduce from (6.2) that

lim [|@,,|| = lim [[¥ || = lim ||W,.| =0.
n—00 n—>00 n—00



Moreover, relations (6.4), (6.6), (6.8) and (6.10) turn into

k(@nx + Y + 1wy + kol (Way — lgn) — 0 in L2(J), (6.25)
bVinxx — k(@nx + Y +1wy) — ybue — 0 in L2(J), (6.26)
ko(Wnx — I@n)x — kI (@nx + ¥ +1wy) = 0 in L1(), (6.27)
T, +6,—0 in M. (6.28)

Introducing again 6, such that

{ é\nxx = _9/17
B©0) =6,(L) =0,

the inner product in M of (6.28) with 6, gives

g0 16,1> + (T, 80) (g — 0.

Integrating by parts as in the proof of Lemma 6.4, one can see that the second term above goes
to zero, and hence

lim |6, ]| = O.
n—oo

At this point, multiplying in L2(3) relation (6.25) by ¢n, (6.26) by ¥, (6.27) by w, and
summing up we conclude that

lim ||@nx + ¥n +lwy || = lim [V || = lim [Jwpy —lgy|| = 0.
n—00 n—00 n— 00
The sought contradiction follows.

Remark 6.8. Actually, hypothesis (1.2) can be relaxed: the proof carried out in this section
holds even if u satisfies for some C > 1 and v > 0O the weaker condition

w(r—+s) <Ce " u(s),

for every r > 0 and s > 0. Observe that the latter inequality boils down to (1.2) when C = 1.
However, in this case, the argument becomes much more involved, as one cannot deduce
the convergence (6.13) directly from (6.12). As a consequence, an additional reasoning is
needed, in the same spirit of [6,23].

7. Proof of Theorem 1.1 (necessity)
Without loss of generality, we will assume along the section that L = mw. The strategy
consists in showing that the necessary and sufficient condition (ii) of Lemma 1.2 fails to hold.

To this end, for every n € N, we consider the vector

= (0,a sinnx, 0,0,0,8 cosnx,0,0) e H



for some constants «, 8 € R to be fixed later in such a way that

2
- _”, 71
||§n||7.[ 201 (7.1

and we study the resolvent equation
iAnzn — Azy =&y
for some real A,, — 0o to be suitably chosen in a second moment, in the unknown variable
Zn = (@ns Pns Y, W, Wi, W, On, ) € D(A).

Due to (7.1), our conclusion is reached if we show that z; is not bounded in H, up to a
subse-quence.

Reformulating the resolvent equation above componentwise and performing straightforward
calculations, we obtain the system

PIAE G + k(@nx + Y + 1wn)x + kol (wax — lgy) = —apy sinnx,
02220 + bWnrx — k(@nx + Yo+ lwy) — y0,x =0,
P1A2 Wy 4 ko(Way — 19n)x — kL(@nx + Yn + lwy) = —Bp; cosnx,
oo
1A, 0360, — ki / () Nnxx (8)ds +ik, Y Yrux =0,
0
iynp — Ty — 60, =0.

Next, looking for solutions (compatible with the boundary conditions) of the form

¢n = Apsinnx,
Y, = B, cosnx,
w, = C,cosnx,
6, = D, sinnx,
Nn = Gn(s) sinnx,

for some A,, B,, C,, D, € C and some complex function ¢, € Li(R*‘) with ¢, (0) =0, we
draw the set of equations

(p1A2 — kn* — kol*) Ay — knB,, — In(k + ko)C, = —api, (7.2)

knAy — (0272 — bn® — k) B, + kICy + ynD, =0, (7.3)

In(k + ko)A + kI By — (p1r2 — kon® — kI*)C,, = Bp1, (7.4)
0

iAnp3Dp + kin? / w(8)pn(s)ds — ilyynB, =0, (7.5)

0



iAngn + ¢, — Dp=0. (7.6)

An integration of (7.6) yields

D .
¢n(s) — 1)\_"(1 —_e l)»ns)

n

which, substituted into (7.5), entails

A\2ynB,
Dyn= - 2 2
Aoz —kin=g(0) + kin“F (L)
where
x
F@@:ifumk*M%m
0

denotes the Fourier transform* of . Plugging the equality above into (7.3), we arrive at
p1(m)A, —knBy, —In(k + ko)C, = —ap1,

knAy + (q(n) = p2()) By + kIC, =0, (7.7)
In(k + ko)A + kI By — p3(n)Cy, = Bp1,

having set
pi(n) = piig —kn® = kol?,
p2(n) = par2 —bn® —k,
p3(n) = pia; — kon® — kI,
and

y>ni;
AZp3 —kin?g(0) + kin?F(h,)

q(n) =

At this point, we shall consider two cases separately.

Case 1: k # k. Choosing
kon? + ki2 k
Ay = [Kon” + K7 ko, (7.8)
L1 L1

4 Since 1 is continuous nonincreasing and summable, it is easy to see that F(,,) # O for every n.

we find the explicit expressions



p1(n) = (ko — k)n* + 1> (k — ko),

k 1%k
pa(n) = (M —b)n2 + 222y
L1 L1

p3(n) =0,
and

B y2k0n2+y2l2k
p3ko — g(0)ki p1 + k1 p1 F (hy) + Pkp3n=2"

q(n)

We now claim that, up to a subsequence,

lim |g(n) — pa(n)| = 0. (7.9)

Indeed, by direct computations and in light of the Riemann-Lebesgue lemma which tells that
F(,) — 0, we have

Een? + k1 (bp1 — pako)n® F () +O(1)
p3ko — g(0)ki p1 + o(1)

q(n) — p2(n) =

where

£ — y?kop1 + (bp1 — pako) (p3ko — g(0)kip1)
8§ .
L1

If &, # O relation (7.9) is plain. On the other hand, when &, = 0 it is evident that
bpr — p2ko #0 and  p3ko — g(0)kip1 # 0.
Since (7.8) implies that

n2|F(Xn)| — 00,

we end up again with (7.9). Setting now ¢« =0 and 8= p, ! and solving system (7.7) with
respect to C,,, we find

_ @) = pa(n) + k2
= 12n2(k + ko)z(q(n) — ) + O(nz) .

n

Then, on account of (7.9) and the explicit expression of pj(n), we get the convergence

lim C =k o
m = =-F .
oo " T 2 (k + ko)?

As a consequence, for some ¢ > 0,

1
2
T
sinnxdx | = C\/_n|C,,| — 00,
V2

lznllz = cllwnxll = Cn|Cn|(

St~y

and the conclusion follows.



Case 2: k = ko and y, # 0. Choosing

= |—m+1),

o kn? + kol? + 2kin k
" p1 o1

we infer that

p1(n) =2klin,
k
pa(n) = ("i - b>n2 +0(n),
p1
p3(n) = 2kin,
and
y2k(n +1)%
q(n) =

030 +k1p1 F () + o(1)
where, as before,

 gOkip)

% =k P3

Setting o = ,01_l and 8 = 0, and solving system (7.7) with respect to A,, we find

pr(k b\( n \ y?
A== - = - +o(D).
k*\p1  p2/\n+l kpszog + kprki F(Ay) +o(1)

If o, # 0, an application of the Riemann-Lebesgue lemma yields the convergence

lim A, = Q(i _ ﬁ) o QUL
e K\p1 o kp3og P10
and hence, for some ¢ > 0,
p %
Iznll2 = cllgnxll = cnIAn|</cos2nxdx> = c\*//_jnmﬂ — 0.

0

If otherwise o, = 0, exploiting the Riemann—-Lebesgue lemma once more we obtain the asymp-
totic expression as n — 00

7/2

kprki F () 4 o(1)

~
n



and again

/T
znll7 =
n 7‘[ \/E

n|A,| — oo.
The proof is finished.
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