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Exact free vibration analysis of Lévy FGM plates with higher-order shear
and normal deformation theories

Lorenzo Dozio

Department of Aerospace Science and Technology, Politecnico di Milano, via La Masa, 34, 20156, Milano, Italy

Abstract

First-known exact solutions are derived for free vibration of thick and moderately thick functionally graded
rectangular plates with at least one pair of opposite edges simply-supported on the basis of a family of
two-dimensional shear and normal deformation theories with variable order. The boundary-value problem
is first expressed in a compact unified form which is invariant with respect to the order of the kinematic
theory. The Lévy method applied to this compact form yields a set of governing equations written in terms
of invariant matrices, which are then appropriately expanded according to the order of the plate model. The
resulting equations are put into a state-space representation and the frequency values are finally obtained
by substituting the general solution of the state equation into the set of boundary conditions and solving
the related homogeneous system. After discussing the way of recovering the through-the-thickness modal
displacement and stress distribution at any point of the plate and how the effective elastic properties of
the graded plate are computed, some numerical results are presented using various higher-order theories.
Comparisons with exact three-dimensional and other two-dimensional approaches are provided for two-
constituents metal-ceramic plates. New exact results for functionally graded plates with six combinations
of boundary conditions are also obtained. They can be useful as valuable sources for validating other
approaches and approximate methods.

Key words:  Free vibration, exact solutions, Lévy plates, functionally graded material, higher-order plate

theories.

1. Introduction

Functionally graded materials (FGMs) are receiving increasing attention in recent years since they offer
great promise in many engineering applications. For example, due to their smooth spatial variation of
material properties, they are attractive for advanced thermal barrier coatings in engine components and

spacecraft heat shields. Conventional thermal barrier systems consisting of a discrete layer of ceramic
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material bonded to a metallic structure could be replaced by a FGM structure with ceramic-rich material
placed at the high temperature regions and metal-rich material located where high mechanical properties
are needed. By doing so, large interlaminar stresses originating at the interface between distinct materials
could be avoided.

The above mentioned interest motivated a huge amount of research in the characterization, modelling
and analysis of FGM structures, with particular attention to plates and shells. An extensive literature review
on FGM plates has been recently provided by Jha et al. [1], with a strong emphasis on available methods of
estimating effective properties of FGMs and on thermo-elastic, vibration and stability analysis. Since more
than 190 works published since 1998 are critically examined and classified, interested readers are warmly
referred to [1] for a comprehensive overview of ongoing research on functionally graded plates.

Generally speaking, recent studies on FGM plates are focused on three main topics: homogenization
models and schemes to simplify FGM complicated heterogeneous microstructures, kinematic models to
accurately describe the mechanical behavior of plates made of FGM, and solution techniques to provide
numerical evaluation of their static and dynamic response. This work addresses the second and third topic
by presenting the first-known exact vibration solutions of rectangular FGM plates having at least two
opposite edges simply-supported on the basis of a family of two-dimensional (2-D) theories with shear and
normal deformation effects. Effective elastic properties of the FGM plate are computed by means of the
classical rule-of-mixtures or the Mori-Tanaka homogenization scheme [2], as explained later.

It is well known that exact analysis of structural elements is relevant in providing valuable comparison
to study convergence and accuracy of approximate solution methods. In addition, analytical models may
be highly appealing to speed up the preliminary structural design when many parametric and optimization
studies are carried out. Exact solutions for free vibrations of plates are only available for a limited set of
geometrical and material configurations. The case under study in this work belongs to that set and involves
a rectangular plate having FGM properties varying smoothly through the thickness and with one pair of
opposite edges simply-supported and the remaining edges having any combination of free, simple support or
clamped conditions. Rectangular plates with at least two opposite edges simply-supported are often denoted
in the literature as Lévy plates since they can be analyzed by employing the so-called Lévy solution method.
Lévy developed in 1899 an exact method for bending analysis of isotropic rectangular plates based on the
expansion of the displacement field in a single trigonometric series along the direction normal to the pair
of opposite simply-supported edges. The same approach can be applied as well to specially orthotropic and
FGM plates and to dynamic problems. It is noted that the method was actually introduced by Voigt for
solving the free vibration problem of isotropic plates six years before Lévy published his work on bending
analysis [3].

Exact vibration solutions of FGM plates are rather limited in the open literature. A remarkable three-

dimensional (3-D) exact solution is presented by Vel and Batra [4]. Free and forced vibrations of thin and
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thick simply-supported plates with arbitrary variation of material properties in the thickness direction are
studied. Benchmark values are obtained from 3-D elasticity for two-constituents metal-ceramic FG plates
and used to assess the accuracy of the classical plate theory (CPT) and the first-order shear deformation
theory (FOST). It is shown that both theories may be inadequate for FGM plates since CPT completely
neglects the effects of transverse shear strains and FOST solutions are strongly dependent on the estimates
of the shear correction factor.

In order to overcome the limitations of traditional theories, many higher-order theories have been pro-
posed in the literature with the aim of providing accurate 2-D models without the need of a cumbersome full
3-D analysis. Higher-order 2-D plate models can be considered as refinements of FOST, where the assumed
displacement field of FOST is typically enriched with higher-order terms as Taylor’s series expansion of the
thickness coordinate. The highest power in the Taylor’s expansion is denoted as order of the theory. It is
possible to distinguish between higher-order shear deformation theories (HOSTSs), where in-plane displace-
ments are assumed to be at least a parabolic expression of the thickness coordinate and the out-of-plane
displacement to be constant, and higher-order shear and normal deformation theories (HOSNTS), where
thickness stretching is allowed by including also power series expansion of the transverse displacement. Two
excellent examples of application of higher-order theories to FGM plates are proposed by Matsunaga [5]
and Jha et al. [6]. Matsunaga [5] investigates a general 2-D HOSNT which takes into account the effects of
shear deformations, transverse extensibility and rotary inertia. Exact free vibration and stability analysis of
rectangular fully simply-supported FG metal-ceramic plates is performed by the Navier method. It is shown
by comparison with 3-D results that HOSNTSs can provide accurate solutions both for frequency values and
buckling stresses. Jha et al. [6] present a comprehensive study of shear deformation theories of different
order with and without normal deformation effects for free vibration analysis of FGM plates. The analysis
is limited to Navier solution for plates with all edges simply-supported. It is shown through many numerical
examples that HOSNTSs are required to achieve the accuracy of 3-D elasticity solutions, especially when the
side-to-thickness ratio of the plate is less than 10.

Papers on exact vibration analysis of rectangular FGM plates with boundary conditions other than
all simply-supported are very few. Thin functionally graded plates are considered by Hasani Baferani et
al. [7]. Both Navier and Lévy-type solutions are obtained based on the classical plate theory and the effects
of boundary conditions on the vibration characteristics are discussed. An exact closed-form solution is
presented by Hosseini-Hashemi et al. [§8] for moderately thick Lévy FGM plates. The analysis is performed
using the first-order shear deformation theory with a shear correction factor taken as 5/6 and numerical
results are presented for six different combinations of boundary conditions. The same authors report a
study in Ref. [9] where an exact analytical vibration solution of thick FGM plates is derived on the basis
of the third-order shear deformation theory proposed by Reddy [10]. In this way, no shear correction factor

is needed. It is shown that the Reddy’s model yields a slightly improved accuracy with respect to FOST.
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Hasani Baferani et al. [11] use the same third-order plate model to present Lévy-type solutions of rectangular
FGM plates resting on elastic foundation.

From the previous review, it is evident the lack of exact solutions of Lévy FGM plates based on HOSNTSs.
This is probably due to the mathematical complexity of the problem, which is related to the coupling between
in-plane and out-of-plane motion induced by the through-the-thickness variation of elastic properties and
the number of highly-coupled differential equations of motions arising from the relatively high number of
kinematic variables in the assumed displacement field. Moreover, all previous approaches rely on governing
equations and solution procedures which are specific to the particular plate theory adopted. Therefore, if the
theory is changed, the mathematical formulation and, in some cases, the corresponding solution technique
should be adapted accordingly.

The aim of this work is to present a powerful unified approach capable of providing in an easy and
automatic way exact vibration solutions of Lévy FGM plates on the basis of an entire family of HOSNTs
with variable order. The formulation here proposed can be considered as an extension to FGM plates of what
recently presented in Ref. [12] for laminated plates. As shown in Section 2, by writing the assumed plate
model using an index notation related to the order of expansion of in-plane and out-of-plane displacements,
the equations of motion and boundary conditions can be expressed in a compact form which is invariant with
respect to the order of the kinematic theory. Section 3 shows how the Lévy method applied to the previous
form yields a set of governing equations written in terms of 3 x 3 matrices, called fundamental nuclei of
the formulation, which again do not depend on the order of the theory. The nuclei are then appropriately
expanded according to the order of the plate model and the resulting equations are put into a first-order
state-space representation. The frequency values are finally obtained by substituting the general solution of
the state equation into the set of boundary conditions and solving the related homogeneous system. After
discussing the way of recovering the through-the-thickness modal displacement and stress distribution at
any point of the plate and how the effective elastic properties of the graded plate are computed, some
numerical results are presented in Section 6 using various HOSNTs. Comparisons with exact 3-D and other
2-D approaches are provided for two-constituents metal-ceramic plates with various boundary conditions

along with new exact results which can serve as benchmark cases for approximate methods.

2. The boundary-value problem

Consider a rectangular plate of length a, width b and uniform thickness h in the unstressed reference
configuration. The plate is made of elastic and isotropic functionally graded material with properties vary-

ing smoothly in the z thickness direction only. In the absence of external forces, the principle of virtual



displacements (PVD) may be written as follows

h/2 h/2 )
0“u
/ / (depop + 0€y0y) dzdQ = — / / 5qu(z)Wdde (1)
Q —h/2 Q —h/2
where
T
u(x7y)z’t) = |: u(‘r)y? Z?t) U(‘r)y’ Z,t) w(‘r’yjzjt) (2)

is the displacement vector at any point (z,y, z) of the plate, = [0, a] x [0,0] is the middle surface, p(z) is
the mass density, and the stress and strain vectors are partitioned into in-plane and out-of-plane (normal)

components as follows
T T
D L D

T T
On = |: Tez Tyz Ozz :| ’ €n = |: Yxz Vyz €zz :|

The linear strain-displacements relations are expressed in matrix notation as

€, = Dpu, €, =Dyu+ %u (3)
where
9/0x 0 0 0 0 9/0x
D, = 0 9/oy 0 |, Do=|0 0 8/dy
d/0y 0/0x 0 0 0 O

A family of 2-D higher-order shear and normal deformation plate theories is introduced as follows
ll(iE, Y, Z,f) = FO(Z)HO('Taya t) +ee FN(Z)U'N(:E) yat)
= Fr(2)u-(z,y,1)

where 7 =0,1,2,..., N is the theory-related index, F;(z) are appropriate thickness functions, and

u,(z,y,t) = [ ur(z,y,t) vr(z,y,t) we(z,y,t) ' (5)
is the vector of generalized kinematic coordinates in the assumed displacement model. Note that in Eq. (4)
the Einstein convention is used with an implied summation over the index 7. Note also that normal
deformation effects are allowed by the expansion of the transverse displacement w. Various theories of
different order can be obtained by selecting N and the type of thickness functions. Specific theories will be
considered later in Section 6 where the numerical analysis is presented. The mathematical formulation is
derived in the following be referring to the general case expressed by Eq. (4).

Substituting Eq. (4) into the strain-displacement relations (3) and the PVD equation (1) yields

/ [(’DpcSuT)T Ryr + (Doou,)" Ry + 5u;f1z,m} a0 =
Q
6
0%u, (6)

— [ oulz,,,—2d0
/Q uT P atQ



which holds for any 7 and s ranging from 0 to N. In the above equilibrium equation, the following stress

resultants are introduced

Rzz'r h/2
Ror =19 Ryyr = / Fropdz (7)
Rmzr h/2
Rur =19 Rysr (= / F,o,dz (8)
Rzzr —h/2
R:EZTZ h/2
dF.
Rn‘fz = Ryzr; = / Eandz (9)
7—\{zz‘r —h/2
and the thickness integrals 7., is defined as
h/2
Tprs = / p(2)F, Fydz (10)
—h/2

After integrating by parts Eq. (6) and exploiting the arbitrariness of du, over the plate domain €, the

equations of motion can be written in terms of stress resultants as

OR OR 0%u,
(S T . AL L AR Rmzr =1 TS >
! or oy AT
OR OR 0%v
o T YT #_R 2T, — ‘rs—s 11
v or oy T e ()
OR OR 0w,
(S L TZT YT Rzzr — I s S
v or oy ST
for s = 0,1,...,N. It is worth noting that, according to the compact index notation introduced above,

three equations of the form (11) are written for each index 7 leading to a system of 3(INV + 1) equations of
motion. Using the summation convention over the index s, each equation contains (N + 1) inertial terms
in the right-hand side. From the boundary terms arising from integration by parts of Eq. (6), the following
geometric and equilibrium conditions along plate edges are obtained

ur =0 or Rawr =0

along z =0,a vy =0 or Rayr =0 (12)

w; =0 or Rizr =0

ur =0 or Rayr =0

along y = 0,b vy =0 or Ryyr =0 (13)

wr =0 or Ry =0



Note again that Eqgs. (12) and (13) are written for each value of index 7.
The constitutive equation of an isotropic FG material with varying properties along the thickness direc-

tion may be written as

op = Cpp(2)€p + Cpn(2)en

(14)
o, = an(z)ep + Cun(2)€n
where the matrices of stiffness coefficients are given by
011(2) 012(2) 0
Cop(2) = | Cra(z) Caa(2) 0 (15)
0 0 Cos(2)
0 0 013(2)
Copn(2) 0 0 Cas(2) (16)
00 0
055(2) 0 0
Cnn(z) = 0 C44(Z) 0 (17)
0 0 Cs3(2)
and
. EEN-v(2)]
= = O = T G 2]
T E(z)v(z)
G2 = 10 = O = TG - o) .
Cus = Cs5 = Cg6 = %

in which E(z) and v(z) are, respectively, the Young’s modulus and Poisson’s ratio as a function of the
thickness coordinate. Methods used in this work to estimate them are presented in Section 5.
By inserting Eq. (14) into Egs. (7-9) and using again the strain-displacement relations, the equations of

motion expressed in Eq. (11) for each index 7 can be compactly written in terms of displacement coordinates



as follows

0%v,

82
IOO
to Oxdy

by — Dok (T8 + T,
Owg _ *ug
dx o8

0%u 0? 0?
0 0 S 00 0
(1—?27'5 +Zg6‘rs) w + {1-667'8@ +Z§2‘rsa_y2
ows _ O,
oy o

+ (Ié(l)irs - 1-21??7'&)

82
+ IOOTS )
44 ayQ

0 O

117s 8562
01 10
+ (IISTS - I55‘rs)
11
_2-447'5 Us

+ (Ig?}Té - Iig‘rs)

Ous
ox

v,

(Zgé‘rs - Illg‘rs) a_y

0w,

82
0 _
+P’ T

11 _
557s Ox2 - I33TS:| Ws = IP

where
h/2

d*F, d°F,
Iaﬁ = / CZJ(Z) d

s dze dzP *

—h/2
are thickness integrals involving the stiffness material properties.

Accordingly, the boundary conditions along x = 0, a can be written as

ou v
Ur = 0 or 110?7.5 a:; +Ilog'rsa_ys +110§7st =0

v, =0 or IggTs <8us + 805) =0

dy Or

ow
01 00 s
wr =0 or g us+Tsp oz

=0

and along y = 0,b as

Ous  Ovs
ur =0 or Iggm(i—i— U)zO

Jy ox
Oug v,
Ur = 0 or Ilogrs az +IQO(2)TS ay +IZO§Tst =0
ow
w, =0 or I9i ws+T9H —= =0
44 44 ay

3. Exact solution

(19)

(21)

Exact Lévy-type solutions of the boundary-value problem described by Egs. (19), (21) and (22) can be

obtained if the plate is at least simply-supported at two opposite edges. Without any loss of generality, let

consider the FGM plate being simply supported at y = 0 and y = b. The edges at + = 0 and x = a may

be free, simply-supported or clamped. The condition of simple support along one edge is specified herein as

null tangential and transverse displacements and null normal stress. Therefore, according to what derived



in the previous section, the displacement field must satisfy the following equations

ur =0
ou v
I?Zo'rs a[; + Igg‘rsa_ys + Igérst =0 (23)
wr =0
along y = 0 and y = b for any theory-related index 7,5 = 0,..., N. A solution for free harmonic motion of

the FGM plate satisfying the above boundary conditions is sought in the following form
Usm (@) sin (Bmy)
U =9 v (z)cos (Bny) o€ (m=1,2,...) (24)
Wem () sin (Bmy)

where w,, denotes the unknown eigenfrequency corresponding to m and (,, = mmx/b. Substituting the Lévy-

type solution (24) into Egs. (19) yields the following system of second-order ordinary differential equations

TS d2u5m TS dusm TS
A —L] e —Lj"usy, =0 (m=1,2,...) (25)
where
T
usm(x) = Usm(z) 'Usm(l'> wsm(x) :| (26)
is the vector of unknown amplitudes and
Itrs O 0
L= 0 Ig%, 0 (27)
0 0 I,
0 {12 {3
L°=1]/4y 0 0 (28)
l31 0 0
fi1 0 0
Ly® = 0 ly Lo (29)
| 0l fa3 |




in which
lra = B (I0975 + Z06rs)
b1z = (Zsgrs — Tisrs)
lo1 = =B (I09,5 + Lors)

l31 = — (Ig517'5 - Illgrs)

b = ﬁfnzgg'rs + Iég'rs - IPTSwfn (30)
by = 6727112087'5 + Iii‘l‘s - IPTSWEn

623 = ﬂ’m (Iiécl)'rs - 1-8317'5)
632 = ﬂ’m (Igirs - :Z’-ng‘rs)
633 = ﬁ'?nz-ggrs + Ié?%rs - IPTSwzn

Note again that, similarly to Eq. (19), the differential equations (25) along x direction are written in
compact notation for each pair (7, s) and therefore they do not depend on the order N of the assumed plate
theory. The same invariance property with respect to N holds for the corresponding 3 x 3 matrices L]
(n =0,1,2), which are called, for this reason, fundamental nuclei of the formulation.

Doing the same for the boundary conditions at edges * = 0 and x = a, the following equations are

obtained

BT (0) + B{’usm (0) =0 (m=1,2,...) (81

(@) + Bi’usm(a) =0
where B7? (n = 0,1) are the 3 x 3 boundary-related fundamental nuclei of the formulation. They are

expressed according to the type of edge conditions at * = 0 and * = a. If the edge is clamped, the

displacement field is enforced to be null. Therefore, BT ® reduce to
BT =0, By’ =1 (32)

For a free edge, natural boundary conditions of null stress resultants must be satisfied. Accordingly, the

boundary-related nuclei are given by

e O 0
Bi*=1 0 Ig., 0
0 0 I,
- (33)
0 _ﬁmzlog'rs I?Z%‘rs
B‘IO—S = ﬁmz—ggr& 0 0
W, o0
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Finally, a simply-supported edge at © = 0 or = = a is represented by

%W, 0 0
BT* 0 0 0
0 0 0
- (34)
0 75m1108'rs I?Z%‘rs
B® 0 1 0
0 0 1

As already stated, Equations (25) and (31) are written in terms of fundamental nuclei for each pair (7, s).

In order to obtain the governing equations and related boundary conditions of the FGM plate according

to the assumed kinematic theory, a simple expansion procedure is applied. By varying the theory-related

indices 7 and s over the range 0,..., N, the nuclei are expanded so that a final system of equations and

related boundary conditions for m = 1,2, ..

where
00
L’ﬂ/

10
Ln

l LNO
BOO
BlO
BNO

are square matrices of dimension 3(N + 1), and

Um (.Z‘) = ugm (:L')

du
dx

01
Ln

Lll

LNl

BOI

n

Bll

n

BNl

uf,, ()

. is obtained as follows

le—meoum:O

-0 (35)

oON
Ln

LlN

LNN
(36)
BON

n

BlN

n

NN
Bn

T T

(37)

A state space approach is employed to solve the free vibration problem by converting Eqgs. (35) into a
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first-order representation as follows

dz,,
— A m
dx z
Bz,,(0) = 0 (38)
Bz,,(a) =0
where
du,,/dx
Zm (2) = (39)
Um
and
-1
L, 0 L, L
A= ’ b , B:[B1 Bo} (40)
0 I I o
The general solution of Eq. (38) can be expressed as
zm () = eA%c,, (41)

where c,, is a vector of constants to be determined from boundary conditions. Using a spectral decomposition

of the exponential matrix, the solution can be written as
Z, (1) = VDiag (e’\“”) Ve, (42)

where V is the matrix of eigenvectors of A and \; are the corresponding eigenvalues. Replacement of

solution (42) into the system of boundary equations in Eq. (38) yields a homogeneous system
Hc,, =0 (x=0,a) (43)

where
H = BVDiag (¢*”") V! (44)
The natural frequencies associated with the m-th mode are determined by setting the determinant of H

equal to zero. Since H = H(w,,), an iterative numerical procedure is employed to derive the frequency

parameters.

4. Modal displacement and stress distributions

Once the frequency values are computed, modal displacement and stress distributions at any point

(&,m, Q) of the plate can be recovered. The procedure for the m-th mode involves the following steps:

1. Matrix A in Eq. (40) is evaluated at the natural frequency wy,.
2. Matrix H is computed from Eq. (44) at coordinate &.
3. The homogeneous system in Eq. (43) is solved for the non-trivial vector of coefficients ¢, and the

corresponding state vector z,,(£) is computed using Eq. (42).
12



4. The vector u,,(§) containing the amplitudes u,,,(§) is extracted form the state vector and the modal

displacements are recovered from Eqs. (4) and (24) as

w(&,n,¢) = Fr(Qurm (&) sin(Bmn)
v(&,1, ) = Fr(¢)vrm(§) cos(Bmn) (45)
w(&,1,¢) = Fr(Qwrm (&) sin(Bmn)

5. The vector du,,()/dz containing the amplitudes du,,(€)/dz is extracted form the state vector and

the modal in-plane stress components are derived by substituting the strain-displacement relations (3)

into the constitutive equations (14). This yields

0ua(€,1,€) = {Ou(C)FT(C) dz;’” (9
dF; .
= B Cia ) o) + Cia(O) S QO (©)] sin(5)
6:1:0) = Con Q) (€) | 5226 + Bt (O] cos() (46)
durm

(€)

()] sn(s,m)

l10) = |CualOF- ()

= BmCa2(C) Fr (C)vrm(§) + C23(C)

6. The modal transverse shear and normal stresses are evaluated by integrating the 3-D equations of
motion of the FGM plate in the thickness direction so that the stress boundary conditions on the top

and bottom surfaces can be satisfied. The 3-D equilibrium of the plate may be written in the following

form
Il . aozm aazy
Opr = / _pu s 3y ] dz + C;
—h)2
I 00gy  Ooyy
Oy / _PU O Dy z+Cy (47)
—h)2
r .. agxz aayz
Ony = / _pw ~ 0 By } dz + C,
—h/2

where C;, Cy and C, are integration constants. After computing dz,,(¢)/dz from Eq. (38) and

imposing null conditions of transverse stresses at plate top and bottom, the modal stresses are given

13



2 0 d2urm
Uzz(ga m, C) = |:_wmIPT (C)U’T’m(g) - Ill'r (C) A2 (5)
dvrm dwrm
+ BT (O ZE(E) = T (O (6)

dvrm,

B0 (OB + BT (O ©)] sn()

durm

Oyz (57 n, C) = |:W72nIp'r (C)Urm (5) - 67711-(1)27' (C) dz (5)

+ BT (O)vrm (€) — BnThsy (Owem (€) (48)
L’”(O} COS(ﬁmn)

dx
d*wrm

dz?

d? v,

+Zg67(C)W(§) + BmZger (€)

(€)

durpm,

+ ﬁmzizyr (Q)vrm (‘E)} sin(Bmn)

where

and

5. Effective material properties

Many methods are available to estimate the effective properties of functionally graded materials fabri-
cated by mixing two discrete phases of materials. Due to inaccurate knowledge of particles geometry and
distribution, they are often based only on the volume fraction distribution of the dispersed phase [4]. As-
suming a two-constituents FGM plate involving mixture of a metal and a ceramic, the volume fraction of
the ceramic phase is here assumed to be given by the following power-law function

1 p
Vile) = v+ (v - ) (342 51)

where VP! and V!°P are the volume fractions of the ceramic phase on the bottom and top surfaces of the
plate, respectively, and p is the parameter describing the profile across the thickness. The volume fraction
of the metal phase is given by

Vin(z) = 1= Ve(z) (52)



Therefore, the effective mass density of the FGM plate is obtained as

p(2) = pmVin(2) + peVe(2) (53)

where p,, and p. are the mass densities of the metal and ceramic phase, respectively.

The effective elastic moduli are estimated in this work according to two common procedures, the rule-
of-mixtures and the Mori-Tanaka scheme. It is worth noting that the mathematical formulation presented
in previous sections is completely general and other homogenization procedures can be adopted. According
to the rule-of-mixtures, the effective Young’s modulus and Poisson’s ratio are expressed in the same way as
the mass density. It follows that

E(z) = EpVin(2) + E.Ve(2) (54)

v(z) = v Vi (2) + . Ve(2) (55)

The above relations are very simple but they can be very approximate [13]. A slightly more complicated
scheme which yields more accurate estimates of the effective elastic moduli is the Mori-Tanaka homogeniza-
tion procedure [2]. First, it involves the computation of the effective bulk modulus K and shear modulus G

starting from the bulk and shear moduli of the metal and ceramic phase as follows

VC(Z) (Kc - Km)

K(z) =K, + — (56)
1+ Vi (2) BB
‘/c Gc - Gm

G2) = G 4+ VU = _G) (57)
1+ Vm(z) G:n,-‘rg:;

where
4 Gm (9Km + 8Gm)
km = 5Um m —
3¢ I = 76 (Ko + 2Gon) (58)

Then, the effective elastic moduli at any point z along the thickness of the FGM plate are determined using

the following relations

9K (2)G(z)
3K(2) + G(2)
_ 13K(2) —2G(2)
T 2 3K(2)+G(2)

E(z) = (59)

v(z) (60)

6. Numerical analysis

Some free vibration results are presented in this section according to the proposed exact formulation. The
numerical analysis is carried out using a family of HOSNT's where the in-plane and out-of-plane displacements

of the plate are expanded as Taylor’s series of the thickness coordinates, i.e.,
F.(z)=2" (61)
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In particular, three theories of different order N are evaluated. For the sake of brevity, they are denoted as
HOSNT-n, where n is the number of kinematic variables included in the plate model. The three theories

correspond to N = 2,3 and 4 in Eq. (4) and are written explicitly in the following:

U= ug + zuy + 22us
HOSNT-9: v =g + 201 + 220, (62)

w = Wy + 2wq +22w2

U = Ug + 2u1 + 22u2 + 23U3
HOSNT-12: v = vy + 201 + 22vg + 2303 (63)

w = wgy + 2wy + z2w2 + 23w3

U = ug + zui + ZQUQ + 23U3 + Z4U4
HOSNT-15: v =1y + z2v1 + 22vg + 23v3 + 2t (64)

w = wo + 2wy + 22w2 + 23w3 + z4w4
It is noted that the first-order theory HOSNT-6 is not considered since a constant distribution of transverse
normal strain arising from the linear expansion of the transverse displacement introduces a severe thickness
locking problem [14], especially for thin and moderately thick plates. As explained in Ref. [14], in order
to avoid locking, HOSNT-6 can be used with the condition of null transverse normal stresses. In this way,
HOSNT-6 is actually reduced to FOST.

The mathematical formulation here presented is first compared with exact 3-D natural frequencies ob-
tained by Vel and Batra [4] for a square simply-supported Al/ZrOs plate of various length-to-thickness
ratio a/h and different power-law exponents p. Constituent materials of the FGM plate have the following
properties:

Al: Ep =70 GPa, vy, =03, pm = 2702 kg/m”
71O, : E. =200 GPa, v.=0.3, p.=5700kg/m"

Table 1 shows the dimensionless fundamental frequency A\ = why/py/Erm for moderately thick (a/h =
20 and 10) and thick (a/h = 5) plates with p = 1 and for thick plates with a/h = 5 and p = 2,3,5.
Elastic properties of the graded plate are computed using the Mori-Tanaka homogenization scheme as
in Ref. [4]. Present exact results are also compared with analytical solutions in Ref. [8] obtained using
FOST and with numerical values provided by Neves et al. [15] and Qian and Batra [13] using different
HOSNTS. In particular, results in Ref. [15] are computed with the radial basis functions collocation technique
and analysis in Ref. [13] is performed with the meshless local Petrov-Galerkin method. It is also noted
that in Ref. [8] the material properties of the FGM plate are estimated by the rule-of-mixtures. From
Table 1 it can be observed that all present exact solutions are in excellent agreement with 3-D analysis

for moderately thick plates. When the length-to-thickness ratio decreases, the error of the plate model
16



HOSNT-9 increases and theories of higher order are required to achieve highly accurate results. Note also
that, for a/h = 5, the discrepancy between HOSNT-9 and 3-D elasticity solutions increases with increasing
power-law exponent p. However, the error remains acceptable with a difference below 2% for the cases under
investigation. To further validate the present formulation, Figure 1a and 1b show the through-the-thickness
modal distribution of the normalized in-plane stress 0,,(a/2,b/2)/max|o,.(a/2,b/2)| and transverse normal
stress 0. (a/2,b/2)/max|o,.(a/2,b/2)|, respectively, when a/h = 5 and p = 3. The exact modal stress profile
reported in Ref. [4] is compared with that estimated from Eqgs. (46) and (48) using HOSNT-15. It is clearly
seen that they agree well. The unsymmetric and non-linear distribution of the in-plane stress arising from
the variation of the material properties along the thickness direction is also pointed out.

Another numerical validation of the present approach is provided in Table 2 for the same plate considered
before. The attention is now focused on the estimation of the natural frequency of the first three thickness
modes. Present results are tabulated only for HOSNT-15. It is shown that the assumed fourth-order 2-D
plate model is capable of providing a very good correlation with elasticity solution in all cases. From this and
the previous analysis, it can be argued that HOSNT-15 exhibits an accuracy comparable to 3-D formulation.
Therefore, the corresponding solutions will be taken as accurate references in the studies presented below.

Table 3 shows the first ten natural frequencies of the square Al/ZrO simply-supported plate with p = 1
and various length-to-thickness ratios. Dimensionless values A = whm are computed using HOSNT-
9, HOSNT-12 and HOSNT-15. To the best author’s knowledge, no exact 3-D results or other analytical 2-D
solutions are available for this particular case. Therefore, the values computed by 2-D meshless methods in
Refs. [13] and [15] are used as reference for checking the correctness of the proposed formulation. At the
same time, the accuracy of the above numerical approaches can be evaluated by comparison with the present
exact analysis. From Table 3 it is observed that HOSNT-12 and HOSNT-15 give the same values for all
modes when the plate is moderately thick (a/h = 20 and 10). For plates with a/h = 5, frequencies computed
by HOSNT-12 and related to predominantly flexural modes are slightly higher than those of HOSNT-15
and the difference increases for modes at higher frequencies. By comparison with HOSNT-15, it is shown
that HOSNT-9 is accurate when a/h = 20 and acceptable for plates with a/h = 10. Therefore, including
higher-order terms in the kinematic model has no significant contribution for those cases. However, when
the plate gets thicker, the difference becomes considerable, especially if higher frequencies are of interest.
For example, the discrepancy between HOSNT-9 and HOSNT-15 is 1.8% for the fourth mode and increases
to about 3% for mode 10. Table 3 also shows that the numerical method developed by Neves et al. [15] is
highly accurate. On the contrary, values provided by Qian and Batra [13] are generally underestimated with
respect to HOSNT-15. This may be due to the fact that, as stated by the authors, the Poisson’s ratio has
been taken as 0.3 throughout the plate, instead of the value given by Eq. (60) according to the Mori-Tanaka
procedure.

After extensive validation of the present formulation for simply-supported plates, free vibration anal-
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ysis of moderately thick and thick Lévy FGM plates is now discussed. Six different combinations of
clamped (C), free (F) and simply-supported (S) conditions at « = 0,a are considered in the following:
simply-supported /simply-supported, simply-supported/clamped, clamped/clamped, free/free, free/simply-
supported and free/clamped. Each combination will be shortly indicated by a two-letter notation corre-
sponding to edge conditions at z = 0 and x = a. For example, FC stands for a Lévy plate with free edge at
z = 0 and clamped edge at x = a.

First, a comparison with the analytical study of Hosseini-Hashemi [8] is performed for SC and CC
square Al/Al;O3 plates with a/h = 20 and a/h = 5. The elastic properties of Alumina are assumed to be
the following;:

AlLOj3 : E. =380 GPa, 1v.=0.3, p.=3800kg/m’

Elastic properties of the graded plate are here computed according to the rule-of-mixtures as in Ref. [8].
Table 4 reports the first two frequency parameters A = wa2\/m corresponding to m = 1 and m = 2,
for different values of power-law exponent p. For the sake of brevity, only results computed on the basis
of HOSNT-15 are tabulated. It is shown that, for both SC and CC plates, FOST generally underestimates
frequency parameters when p = 1 and p = 2, whereas values higher than those of HOSNT-15 are obtained
for larger p. Such inconsistency may be due to the value of the shear correction factor, which is arbitrarily
taken as 5/6 [8]. Note also that the over-correction of FOST for p = 1,2 is more pronounced in thick plates.

The next two examples aim at presenting new results of Lévy FGM plates, which can be also useful as
benchmarks for future numerical studies.

Figures 2 and 3 display non-dimensionalized modal stresses 7., and ., versus the power-law index
p corresponding to the fundamental mode of a Al/ZrOs square plate with a/h = 5. The whole set of
boundary conditions described above is encompassed. The longitudinal and transverse normal stress values
are computed as follows

orz(a/2,b/2,h/2)a?

72 = 0B mw(a/2,b/2,0)h (65)

_ _ 0..(a/2,b/2,0)a*
72 = Bow(a/2,b/2,0)h3 (66)

Through-the-thickness variation of the elastic moduli are estimated according to the Mori-Tanaka scheme

and the stress distributions are obtained using HOSNT-15. It is seen that the largest effect of different
boundary conditions is to shift the minimum value attained by 7., as p increases from 1 to 5. In particular,
Fig. 2 shows that the minimum value of 7,, occurs at p ~ 2 for SS plates and moves to p ~ 2.4 and p~ 3
for SC and CC plates, respectively. On the contrary, the maximum of 7., is rather insensitive to changes
in the boundary conditions and occurs for p slightly greater than 2.

The last analysis deals with the numerical case considered by Vel and Batra [4] and selected as first

validation case at the beginning of this section. However, the exact vibration analysis is here extended
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to different plate boundaries and performed using 2-D theories. Table 5 shows the non-dimensionalized
fundamental frequency of Al/ZrOs plates with a/h = 20, 10,5 and p = 1,2, 3,5 for each combination of edge
conditions. As a result, a comprehensive set of results is generated. The observations made before on fully
simply-supported plates are also valid when different boundary conditions are considered. HOSNT-9 is to
be preferred for moderately thick plates since it provides comparable accuracy to theories of higher order
with less number of kinematic variables. For thick plates having a/h = 5, HOSNT-12 and HOSNT-15 are

in general significantly more accurate, especially when clamped edges are involved.

7. Conclusions

Exact free vibration analysis of moderately thick and thick Lévy FGM plates using two-dimensional
higher-order kinematic theories with both shear and normal deformation effects is presented. The formula-
tion relies on a powerful indicial notation and the state-space approach so that the burden of deriving the
governing equations and the corresponding solution each time a different plate model is assumed is highly
reduced. In this way, new exact frequency results computed on the basis of kinematic theories of different
orders can be easily obtained in a somehow automatic manner.

The numerical analysis is carried out in this work using a specific family of higher-order shear and
normal deformation theories and the elastic properties of the graded plate are estimated by the Mori-Tanaka
procedure or the rule-of-mixtures. Anyway, the mathematical formulation is written in general terms and
can be directly applied to other plate models and material homogenization schemes.

The present approach is first validated on fully simply-supported FGM plates by comparison with exact
3-D solutions and other 2-D frequency results. Then, some examples of FGM plates with at least two
opposite edges simply-supported are provided for the first time. It is shown that theories of high order are

highly recommended in the following cases:

1. the length-to-thickness ratio a/h of the FGM plate is below 10;

2. frequency modes higher than the fundamental one are to be estimated with accuracy;

3. the FGM plate is characterized by a large value of the power-law exponent describing the variation of
elastic properties through the thickness;

4. the FGM plate involves one or two clamped edges.

By comparison with some exact solutions available in the literature, it is also noted that the first-order shear
deformation theory underestimates the frequency values in many cases. Such effect, which is probably due
to the value of the shear correction factor, is strongly dependent on the boundary conditions, the power-law

exponent and the length-to-thickness ratio of the FGM plate.
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A rather comprehensive set of exact frequency results corresponding to the fundamental frequency of

various square FGM plates with six combinations of boundary conditions is provided. The tabulated values

may serve as valuable sources for validating other approaches and approximate methods.
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Table 1: Comparison of fundamental frequency A = why/pm/Em for square simply-supported Al/ZrO2 plates.

p=1 a/h =5
Model a/h =20 a/h=10 a/h=05 p=2 p=3 p=>5
Exact 3D [4] 0.0153 0.0596 0.2192 0.2197 0.2211 0.2225
HOSNT-15 0.0154 0.0596 0.2191 0.2196 0.2211 0.2225
HOSNT-12 0.0154 0.0596 0.2193 0.2198 0.2211 0.2226
HOSNT-9 0.0154 0.0597 0.2213 0.2225 0.2245 0.2263
Ref. [15] 0.0153 0.0596 0.2193 0.2200 0.2215 0.2230
Ref. [13] 0.0149 0.0584 0.2152 0.2153 0.2172 0.2194
Ref. [8] 0.0158 0.0619 0.2276 0.2264 0.2276 0.2291

Table 2: Comparison of thickness mode frequencies A = wh+/pm /Em for square simply-supported Al/ZrO2 plates.

p=1 a/h =5
Thickness mode  Model a/h=20 a/h=10 a/h=5 p=2 p=3 p=>5
2 Exact 3D [4] 0.1456 0.2912 0.5823 0.5711 0.5660 0.5610
HOSNT-15 0.1456 0.2911 0.5820 0.5709 0.5659 0.5610
3 Exact 3D [4] 0.2454 0.4901 0.9752 0.9564 0.9478 0.9398
HOSNT-15 0.2452 0.4899 0.9748 0.9560 0.9476 0.9396
4 Exact 3D [4] 2.0598 2.0750 2.1346 2.0150 1.9530 1.9075
HOSNT-15 2.0594 2.0745 2.1341 2.0159 1.9548 1.9095

Figure 1: The fundamental through-the-thickness stress mode shape for a Al/ZrO2 simply-supported square plate with p = 3
and a/h = 5. (a) Normalized in-plane stress ozs(a/2,b/2)/max|ozz(a/2,b/2)|. (b) Normalized transverse normal stress

022(a/2,b/2)/max|o.-(a/2,b/2)|. Legend: —, present analysis with HOSNT-15; o, exact 3D values from Ref. [4].

Figure 2: Non-dimensional stress oz, (a) and 7., (b) versus p corresponding to the fundamental mode of a Al/ZrO2 square

plate with a/h = 5 and various boundary conditions. Legend: — SS; —. SC; —— CC.

Figure 3: Non-dimensional stress oz, (a) and .. (b) versus p corresponding to the fundamental mode of a Al/ZrO2 square

plate with a/h = 5 and various boundary conditions. Legend: — FF; —. FS; —— FC.
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Table 3: First 10 natural frequencies A\ = why/pm/Em of square simply-supported Al/ZrO2 plates with p = 1 and various

thickness ratios.

Mode

a/h  Model 1 2 3 4 5 6 7 8 9 10

20 HOSNT-15 0.0154 0.0377  0.0377 0.0596 0.0740 0.0740 0.0950 0.0950 0.1030 0.1030
HOSNT-12  0.0154 0.0377 0.0377 0.0596 0.0740 0.0740 0.0950 0.0950 0.1030 0.1030
HOSNT-9 0.0154  0.0379  0.0379  0.0597 0.0742 0.0742 0.0955 0.0955 0.1030  0.1030
Ref. [13] 0.0149  0.0377  0.0377  0.0593 0.0747 0.0747 0.0769 0.0912 0.0913  0.1029
Ref. [15] 0.0153  0.0377  0.0377 0.0596 0.0739 0.0739 0.0950 0.0950 0.1030 0.1030

10 HOSNT-15 0.0596  0.1425 0.1425 0.2059 0.2059 0.2191  0.2674  0.2674 0.2911  0.3359
HOSNT-12  0.0596  0.1425 0.1425 0.2059 0.2059 0.2193 0.2674 0.2674 0.2911  0.3360
HOSNT-9 0.0597  0.1435 0.1435 0.2059 0.2059 0.2213  0.2704 0.2704 0.2911  0.3405

Ref. [13] 0.0584 0.1410 0.1410 0.2058  0.2058 0.2164 0.2646  0.2677 0.2913  0.3264
Ref. [15] 0.0596  0.1426  0.1426  0.2059  0.2059  0.2193  0.2676  0.2676  0.2912  0.3364
5 HOSNT-15 0.2191 0.4116 0.4116  0.4820 0.4820 0.5820 0.6996  0.8228  0.8281 0.8281

HOSNT-12  0.2193 0.4116 0.4116 0.4824 0.4824 0.5820 0.7004 0.8228 0.8293  0.8293
HOSNT-9 0.2213  0.4116  0.4116  0.4906  0.4906  0.5820 0.7159  0.8229 0.8496  0.8496
Ref. [13] 0.2152  0.4114 0.4114 0.4761 0.4761 0.5820 0.6914  0.8192  0.8217  0.8242
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Table 4: First two natural frequencies A = LA)0L2\/pc/EC corresponding to m = 1 and m = 2 of square Al/Al,O3 plates
with different boundary conditions and thickness ratios. Elastic properties of the graded plate are computed according to the

rule-of-mixtures.

Boundary Power law index (p)
conditions a/h  m  Mode Model 1 2 5 8 10
SC 20 1 1 HOSNT-15 5.4207 4.9117 4.6318 4.5554 4.4791
FOST [8] 5.3926 4.9019 4.6382 4.5443 4.4854
2 HOSNT-15 13.208 11.987 11.249 11.020 10.867
FOST [8] 13.159 11.956 11.283 11.040 10.893
2 1 HOSNT-15 11.707 10.612 10.002 9.7980  9.6707
FOST [8] 11.667  10.601 10.016  9.8068  9.6779
2 HOSNT-15 19.189 17.407  16.313 15.931 15.728
FOST [8] 19.136 17.380 16.379 16.016 15.800
5 1 1 HOSNT-15  4.6763  4.2055 3.8285 3.7061 3.6504
FOST [8] 4.6356  4.1996  3.8916  3.7746  3.7146
2 HOSNT-15  9.5960  8.6448  7.4598 6.9970  6.8172
FOST [8] 9.8739  8.9239  8.1442 7.8438  7.7031
2 1 HOSNT-15 9.3272  8.3553  7.4948  7.2181 7.1067
FOST [8] 9.2165  8.3310 7.6567  7.4012 7.2768
2 HOSNT-15 13.805 12.322 10.867 10.398 10.223
FOST [8] 13.571 12.249 11.142 10.717 10.521
CcC 20 1 1 HOSNT-15 6.5914  5.9806  5.6243  5.5225 5.4462
FOST [8] 6.5585  5.9612  5.6332 5.5152 5.4423
2 HOSNT-15 15.448 13.997 13.106 12.801 12.648
FOST [8] 15.390 13.981 13.167 12.869 12.693
2 1 HOSNT-15 12.343 11.198 10.536 10.307 10.180
FOST [8] 12.305 11.181 10.555 10.330 10.193
2 HOSNT-15  20.894 18.934 17.687  17.280 17.051
FOST [8] 20.816 18.904 17.785 17.376 17.136
5 1 1 HOSNT-15 5.3714 4.8147 4.3216 4.1626 4.0973
FOST [8] 5.3039 4.8032 4.4127 4.2604 4.1865
2 HOSNT-15 10.915  9.7296  8.5287  8.1454  8.0038
FOST [8] 10.712  9.6759  8.7548  8.3957  8.2345
2 1 HOSNT-15 9.5833 8.5764 7.6618 7.3676  7.2515
FOST [8] 9.4561 8.5466  7.8331 7.5610  7.4307
2 HOSNT-15 14.314 12.763 11.188 10.679 10.495
FOST [8] 14.040 12.670 11.473 11.011 10.802
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Table 5: Exact dimensionless fundamental frequency A = wh/pm/Em of square Al/ZrOs2 plate with various side-to-thickness
ratios a/h, power-law exponents p and different combinations of boundary conditions along z direction. Elastic properties of

the graded plate are computed using the Mori-Tanaka homogenization scheme.

Boundary conditions

a/h p  Model SS SC CcC FF FS FC
20 1  HOSNT-9 0.0154  0.0183  0.0222  0.0075  0.0091  0.0099
HOSNT-12  0.0154 0.0183 0.0222 0.0075 0.0091  0.0099
HOSNT-15 0.0154 0.0183 0.0222 0.0075 0.0091  0.0099
2  HOSNT-9 0.0155 0.0185 0.0225 0.0076  0.0093  0.0100
HOSNT-12  0.0155 0.0185 0.0224 0.0076  0.0093 0.0100
HOSNT-15 0.0155 0.0185 0.0224 0.0076  0.0093 0.0100
3  HOSNT-9 0.0158  0.0188  0.0227  0.0077  0.0094 0.0101
HOSNT-12  0.0156 0.0186  0.0226  0.0077 0.0094 0.0101
HOSNT-15 0.0156 0.0186  0.0226  0.0077  0.0094 0.0101
5 HOSNT-9 0.0159  0.0189  0.0230 0.0077  0.0094 0.0102
HOSNT-12  0.0159 0.0189 0.0229 0.0077 0.0094 0.0101
HOSNT-15 0.0159 0.0189 0.0229 0.0077 0.0094 0.0101
10 1 HOSNT-9 0.0597  0.0705  0.0845 0.0296 0.0356  0.0385
HOSNT-12  0.0596 0.0703 0.0839 0.0295 0.0356  0.0384
HOSNT-15 0.0596 0.0701 0.0839 0.0295 0.0356  0.0384
2  HOSNT-9 0.0604 0.0711  0.0851  0.0299 0.0360 0.0389
HOSNT-12  0.0601  0.0708 0.0843 0.0299 0.0359  0.0387
HOSNT-15 0.0601 0.0706 0.0843 0.0299 0.0359  0.0387
3  HOSNT-9 0.0611  0.0720 0.0860 0.0302 0.0365 0.0394
HOSNT-12  0.0607 0.0714 0.0850 0.0301 0.0364 0.0391
HOSNT-15 0.0607 0.0714 0.0849 0.0301 0.0364 0.0391
5 HOSNT-9 0.0617  0.0726  0.0868  0.0306 0.0369  0.0398
HOSNT-12  0.0614 0.0720 0.0855 0.0305 0.0368  0.0395
HOSNT-15 0.0614 0.0720 0.0855 0.0305 0.0368  0.0395
5 1 HOSNT-9 0.2212 0.2524 0.2897 0.1133 0.1351 0.1440
HOSNT-12 0.2192 0.2487 0.2840 0.1125 0.1341 0.1428
HOSNT-15 0.2191 0.2486 0.2836 0.1125 0.1341 0.1426
2 HOSNT-9 0.2225 0.2531 0.2897 0.1141 0.1361 0.1449
HOSNT-12 0.2197 0.2485 0.2825 0.1133 0.1348 0.1433
HOSNT-15 0.2196 0.2482 0.2819 0.1133 0.1348 0.1431
3 HOSNT-9 0.2245 0.2550 0.2915 0.1154 0.1374 0.1462
HOSNT-12 0.2211 0.2495 0.2829 0.1143 0.1360 0.1444
HOSNT-15 0.2211 0.2492 0.2824 0.1143 0.1359 0.1443
5 HOSNT-9 0.2262  0.2568 0.2930 0.1164 0.1368  0.1475
HOSNT-12  0.2226  0.2506 0.2836  0.1153  0.1370  0.1454
HOSNT-15 0.2225 0.2504 0.2831 0.1153 0.1370 0.1452

24



0.5

0.4

03

0.2

0.1

z/h

(a)

z/h

-0.5

Ozx

0.5

Figure 1

04t

0.35 |

03+t

Figure 2
0.7
0.65
0.6
0.55
0.5
oy
‘tDM 045

Figure 3

0.5

04

0.3

0.2

0.1

-0.1

-0.2

-0.3

-0.4

-05

(b)

-1.5

-0.5
UZZ

0.5



	FronteRivista
	CS_paper_dozio_figure
	CS_paper_dozio
	FigureDozio


