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I. INTRODUCTION

IN 2010, the world witnessed an increase of over 24% of
wind power capacity with respect to the total power pro-

duced in 2009. In particular, in the European Union (EU), the 
wind power represented the 10% of the total power generation
capacity and the 5.3% of gross EU power consumption. This
has huge positive environmental effects, with a reduction of
about 115 tons of the CO2 annual emissions [2].

In this context, researchers are putting much effort in the
development of deep water offshore wind turbines, which can 
operate in large areas characterized by strong and consistent
winds, without logistic limitations in the size of the turbines 
or problems due to their visual and noise annoyances [3],
[4]. In deep water, floating support platforms are one of the
most promising solutions, from an economic and technical 
standpoint [5]; however, the definition of the most effective
floating configuration structures is still a largely open issue.
Different floating configurations have been proposed, e.g., 
spar-buoy platform (SP), tension leg platform (TLP) and Barge
Platform (BP) [3], [4], [6]–[10].

Detailed mathematical models of floating turbines, including
hydrodynamic, platform, and mooring dynamics, have been

developed [4], [6], [11]–[15] as tools for the analysis of the
system dynamics, turbine loads, fatigue damage, and cost
assessment. In [14], a model of a turbine mounted on a SP
and of a multiple-unit floating offshore wind farm has been
developed. In [4] and [6], TLPs have been analyzed using
a detailed simulator named BM. In [16], available simula-
tion software packages for offshore wind turbines (namely
HAWC2, OnWind and Bladed) have been compared. A recent
review of available floating wind turbines design tools can be
found in [17].

In [11]–[13], a comprehensive dynamic model has been
developed and used for the analysis of the three floating
configurations listed above. The corresponding simulation
environment, named FAST, has been used in [1] to compare
the characteristics of SP, TLP, and BP platforms, drawing
the conclusion that some advantages can be highlighted for
TLP and SP in terms of reduction of loads on the turbine
components. In view of its accuracy, flexibility, generality, and
free availability, nowadays FAST has become one of the most
used simulation tools, both for on-land and for off-shore wind
turbines.

Despite the availability of reliable software environments,
based on very detailed and complex mathematical descriptions,
it is still of interest to develop simpler, yet accurate physical
models, able to represent the main dynamics of the overall
structure and specifically suited for the controller synthesis.
In fact, these models can be useful to: 1) provide a clear
and immediate understanding of the main physical phenomena
involved; 2) easily modify the model to describe different
and/or novel configurations and apparatuses; 3) design linear
and nonlinear control laws with well established techniques,
which could not be carried out with available very large-scale
models; and 4) quickly test in a preliminary phase different
control configurations and/or tunings, to be subsequently vali-
dated and refined with detailed linear and/or nonlinear models.
For these reasons, in the first part of this paper, a low order
physical model of a TLP floating turbine is presented and
validated with respect to the accurate FAST simulator. This
model is then used to design a multivariable realistic controller
with H∞ control [18], [19]. The H∞ synthesis approach
has been chosen in view of its robustness properties, which
become more and more important when simplified models are
used for design, as in the case here considered. Concerning the
control of variable-speed wind turbines, it is worth recalling
that they operate in three main regimes, depending on the wind
speed vin (see Fig. 1): in Region R1 (where either vin < vcut-in
or vin ≥ vcut-out), the turbine is switched off for safety reasons;
in Region R2 (where vcut-in ≤ vin < vrated), the objective is the
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Fig. 1. Wind power versus produced electrical power in the three operational
regimes.

maximization of the produced energy; in Region R3 (where
vrated ≤ vin < vcut-out), the captured wind energy is limited in
order to avoid dangerous electrical and mechanical loads.

Examples of standard and advanced control techniques
for onshore variable speed wind turbines can be found in
[20]–[28]; an exhaustive description is also presented in
[24] and [29], where the authors propose a multi-input strategy
with the aim to fulfill the multiple objective of regulating the
rotor speed and the produced power, and to avoid significant
loads. The joint use of blade pitch and torque is also proposed
in [20] to improve the trade-off between energy and loads.
Light detector and ranging (LIDAR) assisted control strategies
have recently been proposed [30].

Less attention has been paid so far to the control of offshore
floating wind turbines [8]–[10], [31], although in this case the
control problem is more difficult and relevant, due to the need
to limit the extra motions of the system.

In particular, the above rated wind speed Region R3 reveals
critical control aspects; negative damping of platform pitch
can easily arise, due to the fact that the wind thrust decreases
when the wind speed increases [8] and [32]. In [10], a control
algorithm has been developed to avoid the stability problems
that could occur with traditional pitch control. In [9], a detailed
analysis of the pitch damping of a floating turbine controlled
with different methods is presented. In [8] and [31], a multi-
input optimal control strategy is proposed in Region R3.

In this paper, an H∞ approach is used for the design of
a regulator for control of the rotor speed and of the pitch
oscillations in Region R3. The H∞ control approach has been
already used, in view of its well-known robustness proper-
ties, for control of on-shore wind turbines, as discussed in
[33]–[35]. In this paper, this technique has been selected also
because it makes it possible to address the problem of attenu-
ating disturbances acting on the floating system characterized
by known frequency spectra, namely, wind fluctuations and
waves, see Section II-C. In order to test the regulator perfor-
mances, wind and waves have also been simulated according
to the results of [36]–[38]. The proposed H∞ regulator has

been validated in simulation both on the simplified dynamic
model used for its development and on the FAST reference
simulator.

This paper is organized as follows. Section II presents
the simplified mathematical models of the wind turbine, of
the TLP structure, and of wind and waves. The results of
the model identification and validation with respect to the
reference model FAST are shown in Section III. In Section IV,
a brief description of the proposed control strategy is given and
the simulation results of the proposed controller are compared
to those obtained with the PI-based control structure available
in the FAST simulator. In Section V, some conclusions are
drawn.

For clarity of presentation, the detailed equations of the TLP
model as well as the numerical values of its parameters are
given in Appendixes I and II.

II. MODEL OF THE SYSTEM

In this section, the models of the wind turbine and of the
tension leg platform are described, together with the model of
the wind and the waves used in the following sections for the
control synthesis and in the simulation experiments.

A. Model of the Wind Turbine

The mathematical model of the variable speed wind turbine
is the same as in [23], [26], and [29]. The wind power is given
by

Pwind = 1

2
ρ Av3

in (1)

where ρ is the air density, vin is the wind velocity actually
perceived by the blades (the structure is not still), and A is
the rotor swept area. Denoting by PA the aerodynamic power
captured by the wind turbine, it holds that

PA = PwindCp(λ, β) (2)

Cp is the power coefficient, β is the blade pitch angle, and λ
is the tip speed ratio given by

λ = ωR R

vin
(3)

where ωR is the rotor angular speed and R is the rotor
radius. The Cp(λ, β) map is empirically derived from data
collected either in real-world experiments or by using accurate
simulation environments, such as FAST [13]. For the consid-
ered wind turbine, examples of the resulting power coefficient
curves are depicted in Fig. 2 for some significant values of β.
Note that, in the following, the pitch angle is defined as
the complementary one with respect to that used, e.g., in
FAST (which approximately ranges from 0 to 30 degrees).
The aerodynamic torque is defined as

TA = PA

ωR
. (4)

In Fig. 3, a schematic representation of the wind turbine is
shown: neglecting the shaft friction and assuming the rotor to
be perfectly rigid, the rotor dynamics is given by

J̃Rω̇R = TA − T̃E (5)
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Fig. 3. Schematic representation of the wind turbine.

where J̃R is the overall inertia and T̃E is the resistant torque
of the electric generator, both referred to the shaft connected
to the blades

J̃R = η2
G JG + JR T̃E = ηG TE . (6)

In (6), TE is the generator torque, ηG is the ratio between the
angular velocities of the two shafts, JG is the sum between
the inertia of the electric generator and the shaft connected to
it, JR is the sum of the inertia of the blades, of the hub, and
of the shaft connected to the blades.

B. Model of the Tension Leg Platform

The model of the TLP has been derived under the following
simplifying assumptions: 1) only 2-D have been considered
i.e., the platform, as well as the wind turbine, is always
supposed to be aligned with the wind; 2) every element
of the structure and of the turbine is assumed to be rigid,
and the aero-elastic effects are neglected; and 3) the wind
thrust on the blades is computed through a 1-D approach.
The validity of these modeling assumptions, and in par-
ticular 2) (which was a priori grounded on the assump-
tion that the main motion produced by wind thrust is that
related to platform pitch rather than tower bending) will be
a posteriori assessed by analyzing the dynamic characteristics
of the obtained model and through simulation experiments

Fig. 4. Schematic 2-D representation of the tension leg platform with the
wind turbine placed on it.

(see Section III), comparing the behavior of the simplified
model with that of FAST.

In Fig. 4, the 2-D scheme of the offshore wind turbine is
shown. The system is divided into three components.

1) Structure S: it is composed by the floater and the tower.
Its center of mass is BS, while BT is the center of mass
of the tower. In the computation of the wind thrust, the
tower and the floater will be considered as two separated
components. Finally, the point denoted CS is the center
of thrust of the buoyant force.

2) Nacelle N, whose center of mass is BN.
3) Rotating part P: it is composed by the blades and the

hub. Its center of mass is BP.

The coordinate system chosen to describe the wind turbine
structure is shown in Fig. 4: the x-axis coincides with the
water surface and its direction is opposite to the wind speed,
the origin is placed in correspondence of the central anchor
bolt and the y-axis is directed downward.

The state of the system is described using three coordinates:
ξ , i.e., the coordinate of BS with respect to the x-axis; η, i.e.,
the coordinate of BS with respect to the y-axis; α, i.e., the pitch
angle between the axis of the tower and the vertical direction,
and their derivatives vξ = ξ̇ , vη = η̇ and ω = α̇.

The forces acting on the system are the weight Qwe, the
buoyancy force Qb, the force due to the tie rods Qt , the
wind thrust Qwi , the wave thrust Qwa , and the hydraulic



resistance Qh (see Figs. 16–18 in the Appendix). The appli-
cation of the Lagrange equations to the overall structure leads
to the following system of differential equations:

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 MX 0 0 0 Md cos α
0 0 1 0 0 0
0 0 0 MY 0 Md sin α
0 0 0 0 1 0
0 Md cos α 0 Md sin α 0 JT OT

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

ξ̇
v̇ξ

η̇
v̇η

ω
ω̇

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

vξ

Qξ + Mdω2 sin α
vη

Qη − Mdω2 cos α
ω

Qα

⎤
⎥⎥⎥⎥⎥⎥⎦

(7)

where MX , MY , Md , and JT OT are constant values, which
depend on the masses and the geometries, while Qξ , Qη, and
Qα are the forces expressed in the generalized coordinates
(ξ , η, α), and are functions of ξ , vξ , v̇ξ , η, vη, v̇η, α, ω, ω̇, of
the velocity and acceleration of the water due to the waves,
of the elevation of the water surface and of the wind velocity
vin. For simplicity of presentation, the remaining symbols that
appear in (7) and the mathematical details are presented in
Appendix I.

Since the structure can move, vin is different from the
absolute wind velocity vw: in the point BP, in which the thrust
on the blades due to the wind is assumed to be applied, it can
approximately be computed as

vin = vw + vξ + dPω cos α (8)

where dP is the distance between BS and BP.

C. Model of Wind and Waves

The wind and the waves acting on the structure have been
simulated using the von Karman’s model for the turbulent
component of the wind speed and the Pierson–Moskowitz
spectrum for the waves. The spectrum which describes the
turbulent component of the wind speed [36], [37] is given by

Sv K (ω) = 0.475σ 2 L
v[

1 + (
ωL
v

)2
]5/6

(9)

where σ is the turbulence intensity, L is the correlation length
of the turbulence, and v is the average wind speed. According
to [37], typical values for σ belong to the interval 0.1 − 0.2,
while L usually takes values between 100 m and 330 m.
Letting σ = 0.17, L = 150 m, and v = 18.5 m/s, the resulting
von Karman spectrum is shown in Fig. 5 (left side). The time-
domain signal for the turbulence component of the wind speed
can be obtained from von Karman spectrum using a rational
filter with a white noise as input [36]. In the simulations of
Section IV, the wind is generated using TurbSim [39], for
comparison with FAST.

The waves have been modeled according to the linear (Airy)
wave theory. The choice of the Pierson–Moskowitz spectrum
for their characterization is due both to its widespread use

(see, [38]) and to its simplicity, being this spectrum dependent
only on a single parameter, which is a function of the mean
wind speed, [38], [40]. Its spectrum is given by

SPM( f ) = αPMg2

(2π)4 f 5 e

[
− 5

4

(
f

fPM

)−4
]

(10)

where αPM is equal to 0.0081, g is the gravitational accelera-
tion, and fPM is the pick frequency, which is correlated to the
mean wind speed (corresponding to an elevation of 19.5 m).
Fig. 5 (right side) shows a typical spectrum plot.

A random wave signal realization can be obtained as fol-
lows. Choosing a frequency range of width � f , the ampli-
tude ai of the monochromatic wave with angular frequency
ωi = 2π fi is ai = √

2SPM( fi )� f , where fi is the central
frequency in the interval � f , while SPM( fi ) is the mean
amplitude of the spectral density within the considered band.
Dividing the whole spectrum in N frequency bands of width
� f , the time history of the water surface elevation at time t
and position x is given by

η(x, t) =
N∑

i=1

ai sin(2π fi t − ki x + εi ) (11)

where εi is a random angle ranging in [0, 2π). Parameter
ki is the wave number of the i-th monochromatic wave: in
our simulations, deep water approximation [41] is valid for
almost all frequencies, so that (2π fi )

2 = gki , ∀ i, has been
considered. To obtain good results, N should be chosen greater
than 200 (we set N = 400). As proposed in [11] and [42],
the Pierson–Moskowitz spectrum has been truncated above a
cut-off frequency, which is set to 3 fPM. Finally, using linear
theory and deep water approximation, the kinematics of the
waves in 2-D is given by

ux
i (x, y, t) = ωi ai e

ki y sin(ωi t − ki x + εi) (12)

uy
i (x, y, t) = ωi ai e

ki y cos(ωi t − ki x + εi ) (13)

ax
i (x, y, t) = ω2

i ai e
ki y cos(ωi t − ki x + εi ) (14)

ay
i (x, y, t) = −ω2

i ai e
ki y sin(ωi t − ki x + εi) (15)

where the vertical y-axis is here considered in upward direc-
tion and ux

i , uy
i , ax

i , and ay
i are the horizontal and vertical

velocities and accelerations, respectively. As in (12)–(15), in
deep water, the wave velocities and accelerations decrease
exponentially with the distance to the surface.

D. Block Diagram of the Overall Model

The overall block diagram, including the system, the exoge-
nous signals, and the controller is shown in Fig. 6; the inputs
β and TE are control variables, the elevation of the water
surface and the velocity and acceleration of the waves are
unknown disturbances. In this paper, the wind speed also
is regarded as an unmeasurable disturbance but, if needed,
efficient methods for obtaining reliable wind speed measure-
ments and/or estimates are available [43]–[46]. The outputs of
interest are ωR and α and the produced power. The interaction
between the wind turbine and the floating structure (see also
Fig. 6) is given by the fact that (7) is used to compute ω and
vξ appearing in (8), while (5) is used to compute ωR , which
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Fig. 6. Block diagram representation of the system constituted by the wind
turbine and the floating structure.

in turn is used in (3) to compute λ. The latter, in combination
with β, is used to compute Cp , needed in (39) to obtain vout ,
which eventually allows one to solve (37) for evaluating the
wind thrust Qwi . In the model also the actuators dynamics has
been initially included. Specifically, the blade pitch actuator
has been modeled as a linear system whose transfer function
has unitary gain and two complex conjugate poles with natural
frequency 5.0265 rad/s and damping coefficient 0.8 [29] and
[47]. The model of the electric generator has been represented
by a very fast first-order system with unitary gain and time
constant equal to 0.002 [48]. Due to their fast dynamics,
and since their inclusion does not significantly affect the
simulation results, these actuators have not been considered
in the simulations reported in Section IV, consistently with
FAST.

III. PARAMETER TUNING

The parameters used in the simulations have been derived
from [13] for the turbine and the support structure, and
from [49] for standard fluidodynamic-related parameters: their
values are listed in Appendix II. A tuning procedure for some
additional model parameters has been carried out comparing
the results provided by the simulator with those of the com-
plete 3-D reference simulation tools FAST. In particular:

1) Cp(λ, β) has been estimated by simulating the static
responses of a non-controlled on-land turbine for differ-
ent constant values of β and TE , selected in order to
explore the largest possible range of values of λ, see
Fig. 2.

2) The constant added mass of the floating platform in hor-
izontal direction mx (see Appendix I) has been identified
via simulation comparison where, at time t = 0 (and
for different constant values of β and TE ), and steps in
the wind speed have been applied to the offshore wind
turbine, so as to generate relative motion between the
water and the floater.

3) The additive thrust correction term �FA (see Appen-
dix I), incorporating some phenomena which have not
been accounted for in our simplified model, has been
identified using the same procedure as in the case of
mx . Specifically, an horizontal force acting on BP has
been added, in order to achieve, in stationary conditions,
the same results of the reference simulator.

The computed values of these parameters are reported in
Appendixes I and II.

Validation plots, comparing the simulation results obtained
using the identified simplified model and the reference
one, are shown in Figs. 7 and 8. Importantly, both
in the identification and the in the validation simula-
tions, all the degrees of freedom available in FAST were
enabled. The system is in initial stationary conditions with
β = 80°, vw = 18 m/s, and T̃E = 4.18 MNm. Fig. 7 shows
the step and ramp variations applied to the inputs vw , β, and
T̃E , which are representative of realistic range variations in
standard working conditions, while in Fig. 8 the corresponding
outputs ξ , η, α obtained with the reference model FAST and
with the simplified one are given. The transients reported in
Fig. 8 show very good agreement of the two responses, in
terms of both static and dynamic conditions, as also witnessed
by the results reported in Table I. These results, together with
those described in the following section, witness the validity
of the modeling assumptions previously introduced.
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TABLE I

SUMMARY OF COMPARISON RESULTS OF THE SIMPLIFIED SIMULATOR:

MEAN VALUES AND STANDARD DEVIATION OF ξ , η, AND α COMPARED

TO THE CORRESPONDING VALUES OBTAINED USING FAST

Simplified Simulator FAST

Mean(ξ ) (m) 3.13 2.86

Std(ξ ) (m) 1.39 1.27

Mean(η) (m) −0.02 −0.02

Std(η) (m) 0.03 0.03

Mean(α) (°) 0.15 0.14

Std(α) (°) 0.07 0.06

IV. CONTROL STRATEGIES

A regulator has been designed for control of the rotor
angular speed ωR and of the pitch angle α in Region R3 by
acting on the input variables TE and β, see Fig. 6.

A preliminary analysis of the linearized model of the overall
system has been performed at different wind speeds, see
Fig. 9 where the input/output singular values of the system
at vw=13 m/s, vw=18 m/s, and vw=23 m/s are reported. The
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plots in Fig. 9 show that only small variations of the gain
occur at different operating conditions. Therefore, a robust
invariant controller can provide satisfactory results in the
whole operating range. For this reason, the regulator has been
designed for the linear system computed at vin = 18 m/s and
linear H∞ control [18] and [19] has been used in view of
its capability to guarantee robust asymptotic stability and to
minimize the effect of disturbances.

In order to synthetically describe the adopted control
approach, and with reference to the linearized system, denote
by G(s) the transfer function between the control vector
[β TE ]′ and the controlled variables [α ωR]′, let K (s) be the
regulator transfer function (see Fig. 6), and define by S(s) =
(I + G(s)K (s))−1 and T (s) = (I + G(s)K (s))−1G(s)K (s)
the sensitivity and the complementary sensitivity transfer func-
tions. Then, according to the H∞ approach, K (s) is computed



Fig. 11. Singular values of the open-loop (dashed-dotted line) and closed-loop (solid line) transfer functions between (left) the wind and (right) the waves
and the controlled variables. The indicated intervals represent the frequency ranges where the spectrum of the disturbances is significant.

by solving the optimization problem

min
K (s)

∥∥∥∥∥∥

⎡
⎣

W1(s)S(s)
W2(s)K (s)S(s)

W3(s)T (s)

⎤
⎦

∥∥∥∥∥∥∞
(16)

where the shaping functions W1(s), W2(s), and W3(s) are
design parameters, which must be selected to meet specific
control objectives. The stated optimization problem is tanta-
mount to requiring that W1( jω)S( jω), W2( jω)K ( jω)S( jω),
and W3( jω)T ( jω) “be small for all frequencies” [50], under
the constraints imposed by the system’s dynamics (e.g., S(s)+
T (s) = I ). In turn this means that W1(s), W2(s), and W3(s)
can be seen as the inverses of the desired functions S(s),
K (s)S(s), and T (s), respectively. Now recall that in the
considered application the main goal of the control design is to
reject the effect of the wind and waves, i.e., of the disturbances
acting on the system. This can be achieved provided that
the closed-loop transfer function between the disturbances
[vw dwaves]′ and the output vector [α ωR]′ guarantees suf-
ficient attenuation up to 1 rad/s, where the spectra of these
disturbances have significant components, see Figs. 5 and 11.
In this respect, note that the closed-loop transfer function
between the disturbances [vw dwaves]′ and the output vector
[α ωR]′ is the cascade, including the sensitivity function and
the open-loop transfer function between the disturbances and
the output. Furthermore, concerning the choice of considering,
in the operating region R3, ωR as a controlled output rather
than PE , the rationale is similar to the one applied in [10],
where the generator torque is kept constant for minimizing the
drive train loads and for reducing the pitch activity, and ωR is
controlled by acting on the blade pitch angle. The component
of W3(s) associated to the input TE will be therefore selected
in such a way that its deviation with respect to the nominal
value is limited. The above considerations lead to select
W1(s) = (1000/100s + 1)I2, I2 being the 2 × 2 identity
matrix, which guarantees 20 dB attenuation at ω = 1 rad/s;
correspondingly, and in order to have consistent specifications
on the required bandwidth imposed on T (s), it has been
set W3(s) = (0.01s + 0.001/0.01s + 1)I2. Finally, after an

accurate tuning procedure, the control sensitivity weight has
been chosen as W2(s) = 0.1I2, so as to have a limited control
action.

The open-loop and closed-loop singular values, and the
singular values of the open-loop and closed-loop transfer func-
tions between the wind, the waves, and the controlled variables
are illustrated in Figs. 10 and 11. These figures clearly show
the attenuation effects of the closed-loop system with respect
to the wind fluctuations and the waves in the frequency bands
where these signals have significant components.

A. Simulation Results

The H∞ regulator has been used for control of the simplified
model and of the FAST simulator, both affected by the same
wind realization, shown in Fig. 12. Note that the wind speed
variations are in the range 12–25 m/s and cover the whole R3
region.

As for the waves, it has not been possible to use the same
signal. However, two different realizations generated by means
of the same Pierson-Moskovitz spectrum (see Section II-C)
have been used in the two simulation environments. The
realization of the water surface elevation with respect to still
water depth and taken at point x = 0 m, applied to the model
described in this paper, is depicted in Fig. 12.

Fig. 13 shows the trajectory of the rotor speed, of the
electrical power, and of the pitch angle computed with the sim-
plified model and with FAST, while the corresponding mean
values and root mean square errors (RMSE) are summarized in
Table II. The results achieved show that the performance of the
regulator in the two simulation environments are comparable,
so that it is possible to conclude that the simplified simulation
model can be efficiently used in the controller design phase.
Again, higher frequency modes of FAST generate higher
frequency oscillations.

Finally, the performance of the H∞ regulator have been
compared with those of the gain scheduled PI controller (PIgs)
described in [7] and available in the FAST environment. In
Fig. 14, the trajectories of the rotor speed, of the electrical



Fig. 12. Wind speed and water surface elevation used in the simulations.
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Fig. 13. Rotor speed, produced electrical power, and pitch angle obtained
using the H∞ regulator applied to the simplified simulator (red dashed lines)
and to FAST (blue lines).

TABLE II

SUMMARY OF H∞ CONTROLLER PERFORMANCE ON FAST AND ON THE

SIMPLIFIED SIMULATOR: MEAN VALUES AND ROOT MEAN SQUARE

ERRORS OF ωR AND α

Simplified simulator FAST

Mean(PE ) (MW) 5.2974 5.2972

RMSE(PE ) (MW) 0.1025 0.0858

Mean(ωR ) (rpm) 12.102 12.101

RMSE(ωR) (rpm) 0.2341 0.1960

Mean(α) (°) −0.088 −0.095

RMSE(α) (°) 0.300 0.228

power, and of the pitch angle computed in the FAST envi-
ronment are depicted for both regulators. In these tests, the
H∞ controller leads to an improvement in the regulation of
the rotor speed while the produced power and the pitch angle

TABLE III

SUMMARY OF H∞ AND PIgs CONTROLLER PERFORMANCES ON FAST:

MEAN VALUES AND ROOT MEAN SQUARE ERRORS OF ωR AND α

PIgs H∞
Mean(PE ) (MW) 5.296 5.297

RMSE(PE ) (MW) 0.070 0.086

Mean(ωR ) (rpm) 12.114 12.101

RMSE(ωR) (rpm) 0.579 0.196

Mean(α) (°) −0.094 −0.095

RMSE(α) (°) 0.166 0.228
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Fig. 14. Rotor speed, produced electrical power, and pitch angle obtained
using H∞ controller (blue lines) and PIgs controller (red lines), both applied
to FAST.
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Fig. 15. Blades pitch angle and generator torque used with H∞ controller
(blue lines) and PIgs controller (red lines) applied to FAST.

undergoes slightly larger oscillations. These conclusions are
also highlighted by the results reported in Table III.

The applied inputs are depicted in Fig. 15, while their mean
values and standard deviations are reported in Table IV: the
H∞ controller requires faster changes in β, but still compatible
with the dynamics of the blades actuators described, e.g.,



TABLE IV

SUMMARY OF H∞ AND PIgs CONTROLLER PERFORMANCES ON FAST:

MEAN VALUES AND STANDARD DEVIATIONS (STD) OF

THE APPLIED INPUTS

PIgs H∞
Mean(TE ) (kNm) 43.13 43.09

Std(TE ) (Nm) 1933 0.0016

Mean(β) (°) 75.32 75.17

Std(β) (°) 2.40 2.88

in [48], [51]. The usage of the electric torque, on the contrary,
is limited to very small variation for the H∞ controller if
compared to those needed by the PIgs one (the scale of Fig. 15
makes such small variations to generate a straight line).

V. CONCLUSION

In this paper, a simplified, 2-D model of an offshore wind
turbine with tension leg platform was described. It was suited
for analysis and control and, after a simple tuning procedure,
it was shown to be consistent with the widely used, complete
3-D simulator FAST. Thanks to its simplicity, its direct
implementation in programming languages, such as Fortran
or C can lead to very fast simulations, a non-negligible
advantage when different regulators must be tuned and
compared, for example via MonteCarlo experiments. It was
also shown that a regulator designed for the simplified model
can be directly applied to a 3-D, highly complex simulator
without any performance degradation. The results achieved
encourage extending the adopted control-oriented approach
to other floating platforms. Future research will also include
further tests on the proposed controller, encompassing a
statistical approach with a larger statistical basis and a
thorough analysis of fatigue loads.

APPENDIX I

In this Appendix, the equations of the mathematical model
of the tension leg structure (7) are presented. The forces acting
on the system are the weight Qwe, the buoyancy force Qb,
the tie rod force Qt , the wind force Qwi , the force due to
the waves Qwa and the hydraulic drag Qh . Each of these
components will be derived in the following.

Weight Forces: The weight of the three components of the
overall system, applied in their centers of mass, represent three
forces aligned with the y-axis (Fig. 16). The components, with
respect to the generalized coordinates, are

Qwe
ξ = 0 (17)

Qwe
η = (MN + MP + MS)g (18)

Qwe
α = [(MN dNv + MP dPv ) sin α

+(MN dNh + MP dPh) cos α]g (19)

where MN , MP , and MS are the masses of the systems N,
P, and S, respectively, and dNv , dPv , dNh , and dPh are the
distances between BS and BN and between BS and BP in
the direction parallel to the tower’s axis (subscript “v”) and
perpendicular to it (subscript “h”), respectively. The corre-

sponding total distances are dN =
√

d2
Nh + d2

Nv , between BS

Fig. 16. Schematic 2-D representation of the weights and of the buoyant
force acting on the structure.

and BN, and dP =
√

d2
Ph + d2

Pv ), between BS and BP. The
weights of the tie rods are added to their elastic forces.

Buoyancy Forces: The buoyancy force is aligned with the
y-axis, it is an upward force applied in the center of thrust CS
(see Fig. 16). The three components are

Qb
ξ = 0 (20)

Qb
η = −ρwVgg (21)

Qb
α = ρwVgg dG sin α (22)

where ρw is the water density, Vg is the submerged volume
of the floater, and dG is the distance between BS and CS.
Vg depends on the position of the structure and on the elevation
of the water surface. To approximate the depth of water, the
surface elevation is evaluated at three points: x = ξ , x =
ξ + rg , and ξ − rg , where rg is the radius of the floating
structure. Then, it is assumed the water surface where the
structure is located to be flat and horizontal, with a depth
hw equal to the average of the three points mentioned above.
In this way, since cos(α) � 1, a good approximation of the
height of the submerged part of the floating structure is given
by

hsub = min((hw − h + η + dSbott), h pt ) (23)

where h is the water depth without waves, dSbott is the vertical
distance between BS and the bottom of the structure, and h pt

it the height of the floating structure. Then, Vg is computed
as

Vg = hsubπr2
g +max(((hw−h+η+dSbott)−h pt ), 0)πr2

tb. (24)



TABLE V

MAIN PARAMETERS OF THE OFFSHORE WIND TURBINE (1)

Parameter Description Value Source

A Rotor area 12469 m2 [13]

AN Nacelle area 9.62 m2 [13]

C� Coefficient for computing �FA 10207305.54 - Identification

Cdg‖ Parallel cylinder drag coefficient 0.006 - [49]

Cdg⊥ Perpendicular cylinder drag coefficient 1 - [49]

Cdgb Floater bottom drag coefficient 1.9 - [49]

Cd N Nacelle drag coefficient 1 - [49]

CdT Tower drag coefficient 1 - [49]

Dx Distance between anchor bolts 27 m [13]

dNh Horizontal distance between BS and BN −1.8 m [13]

dNv Vertical distance between BS and BN 126.9003 m [13]

dPh Horizontal distance between BS and BP 5.4305 m [13]

dPv Vertical distance between BS and BP 127.5879 m [13]

dSbott Vertical distance between BS and floater bottom 10.3397 m [13]

dT Vertical distance between BS and BT 75.7843 m [13]

dt Vertical distance between BS and hooks of tie rods 10.3397 m [13]

ηG Speed ratio between high and low speed shafts 97 - [13]

F� Coefficient for computing �FA
[
−22790.37 −279533.43

]
- Identification

g Standard gravity 9.80665 m/s2 [13]

H� Coefficient for computing �FA

[
−2613.44 810.13

810.13 1744.28

]
Identification

h Depth of water 200 m [13]

h pt Height of the floating structure 47.89 m [13]

JG Total inertia of electric generator and high speed shaft 534.116 kg m2 [13]

JN Nacelle moment of inertia 2607890 kg m2 [13]

JP Blades, hub and low speed shaft moment of inertia 50.365 kt m2 [13]

JR Total inertia of blades, hub and low speed shaft 35444067 kg m2 [13]

JS “Structure” moment of inertia 3.4917 Mt m2 [13]

KT 1,2 Spring constant of lateral tie rods 2(1.5/ l0 ) GN/m [13]

KT 3 Spring constant of central tie rod 4(1.5/ l0 ) GN/m [13]

l0 Rest length of tie rods 151.73 m [13]

la Distance between the hooks of tie rods 27 m [13]

The second term in (24) accounts for the possibility of having
a small portion of the tower submerged by the water: rtb is
the radius of the lowest part of the tower. The parameter dG

is approximated as

dG = η − hsub/2 (25)

Tie Rod Forces: The i th tie rod, i = 1, 2, 3, has been
modeled as a spring whose traction, applied to the structure,
is given by

fi = max(0, KT i (li − l0)) (26)

where l0 is the rest length of the tie rods and KT i is the spring
constant of the i th tie rod. The lengths of the three tie rods,
see Fig. 18, are

l1 =√
(h−η−la sin α−dt cos α)2 + (Dx −ξ−la cos α + dt sin α)2

l2 =
√

(h−η + la sin α−dt cos α)2 + (Dx + ξ−la cos α−dt sin α)2

l3 =
√

(h − η − dt cos α)2 + (ξ − dt sin α)2

(27)

where dt is the vertical distance between BS and the
point of the floater where the tie rods are hooked, Dx

is the distance between the anchor bolts, and la is the
horizontal distance between the hooks on the floater.
Note that, according to the common layout of TLPs,
Dx = la . The tie rod forces, including the contributions of
the weights, are

Qt
ξ = f1 sin θ1 − f2 sin θ2 − f3 sin θ3 (28)

Qt
η = f1 cos θ1 + f2 cos θ2 + f3 cos θ3 + 4λt ir l0 (29)

Qt
α = f1[la cos(θ1 + α) − dt sin(θ1 + α)]

− f2[la cos(θ2 − α) − dt sin(θ2 − α)]
+ f3dt sin(θ3 − α) + λt ir l0

×[la cos(α) − dt sin(α)]
−λt ir l0[la cos(α)

+dt sin(α))] − 2λt ir l0dt sin(α) (30)

where

θ1 = arctan
(Dx − ξ − la cos α + dt sin α)

(h − η − la sin α − dt cos α)
(31)



TABLE VI

MAIN PARAMETERS OF THE OFFSHORE WIND TURBINE (2)

MN Mass of nacelle 240000 kg [13]

MP Mass of blades and hub 110000 kg [13]

MS Mass of “structure” (tower and floater) 8947870 kg [13]

mx Added mass in horizontal direction 11.127 kt Identification

m y Added mass in vertical direction 1.5044 kt [13]

ndg Number of floater sub-cylinders 2 - -

ωR Rotor rated speed 12.1 rpm [13]

P M Rated mechanical power 5.29661 MW [13]

R Radius of rotor 63 m [13]

rg Radius of floater 9 m [13]

rlb Maximum radius of the tower 3 m [13]

ρ Density of air 1.225 kg/m3 [13]

ρw Density of water 1025 kg/m3 [13]

vcut-in Wind turbine cut-in wind speed 3 m/s [13]

vrated Wind turbine rated wind speed 11.4 m/s [13]

vcut-off Wind turbine cut-off wind speed 25 m/s [13]

TABLE VII

STATES AND INPUTS OF THE OFFSHORE WIND TURBINE MODEL

Variables Description
α Structure pitch angle.
β Blades pitch angle.
η Vertical position of BS.
ξ Horizontal position of BS.

ωR Low-speed shaft angular velocity.
ω α̇.

TE Generator resistant torque.
vη η̇.
vξ ξ̇ .

TABLE VIII

DISTURBANCES AND FORCES ACTING ON THE OFFSHORE WIND TURBINE

Disturbances Description
vw Absolute wind velocity.
η Water surface elevation.

ux Water horizontal velocity.
u y Water vertical velocity.
ax Water horizontal acceleration.
ay Water vertical acceleration.
Qb Buoyancy force.
Qh Hydraulic drag.
Qt Tie rod force.

Qwa Waves force.
Qwe Weight.
Qwi Wind force.

θ2 = arctan
(Dx + ξ − la cos α − dt sin α)

(h − η + la sin α − dt cos α)
(32)

θ3 = arctan
(ξ − dt sin α)

(h − η − dt cos α)
(33)

Wind Forces: For simplicity, the wind thrust has been
studied according to a 1-D approach, assuming the wind speed
to be the same in every point of the wind turbine. In addition,
the thrust has been modeled with three horizontal point forces
(FA, FAN, and FAT) applied in BP, BN, and BT (see Fig. 17),
respectively. Given the values of FA, FAN, and FAT, the
component of the forces with respect to the free coordinates

Fig. 17. Schematic 2-D representation of the aerodynamic thrust and of the
forces due to the interaction with the water acting on the structure.

are

Qwi
ξ = −(FA + FAN + FAT) (34)

Qwi
η = 0 (35)

Qwi
α = −FA(dPv cos α − dPh sin α)

−FAN(dNv cos α − dNh sin α)

−FATdT cos α (36)



Fig. 18. Schematic 2-D representation of the forces due to the tie rods acting
on the structure.

where dT is the distance between BS and BT. FA is computed
as [29]

FA = 1

2
ρ A(v2

in − v2
out) + �FA (37)

where �FA is an additive thrust correction term. The function
�FA(β, vin) has been identified using the reference simulator
FAST, and takes the form

�FA = [vin, β]H�[vin, β]T + F�[vin, β]T + C� (38)

where the coefficients H�, F�, and C� are specified in
Appendix II.

In (37), vout is the wind speed after the rotor. Through
simple substitutions in (2), it holds that

v3
out + vinv

2
out − v2

invout − (1 − 2Cp)v
3
in = 0 (39)

The terms FAN and FAT are proportional to the relative speed
between the wind and the points BN and BT, where they are
applied, and are given by

FAN = 1

2
ρCd N AN cos(α)(vw + vξ + dN ω cos α)2 (40)

FAT = 1

2
ρCdT hT DT cos(α)(vw + vξ + dT ω cos α)2 (41)

where Cd N and CdT are the drag coefficients of the system N
and of the tower, hT and DT are the tower’s height and mean
diameter, while AN is the frontal section of system N. In (40)
and (41), (8) is used to compute the relative speed between
the wind and the points BN and BT.

Wave and Drag Forces: The wave thrust and the hydraulic
drag are computed decomposing the cylindrical floater in
vertical direction in ndg sub-cylinders with the same transverse
section of the floating structure, each one representing a “slice”
of the overall floater. For each sub-cylinder, the hydrodynamic
forces are computed by means of the Morison equations
(see [52]), using the kinematics of the undisturbed water par-
ticles evaluated at the geometric center of each sub-cylinder.
The sum of these forces is taken as the overall force acting
on the floating structure. To implement the exposed strategy,

first of all the relevant kinematics of the water particles is
computed in direction parallel and perpendicular to the axis
of the floater with the following equations:

vi⊥ = [vξ + (hipg − dSbott)ω cos(α) − vix ] cos(α)

+[vη + (hipg − dSbott)ω sin(α) − viy] sin(α) (42)

vi‖ = [vξ + (hipg − dSbott)ω cos(α) − vix ] sin(−α)

+[vη + (hipg − dSbott)ω sin(α) − viy] cos(α) (43)

ai⊥ = aix cos(α) + aiy sin(α) (44)

In (42)–(44), vi⊥ and ai⊥ are the relative velocity between
the water and the immersed body and the acceleration of the
water, respectively, evaluated at the center of i-th cylinder,
projected in direction perpendicular to the axis of the floater;
vi‖ is the relative velocity between the water and the immersed
body, evaluated at the center of i-th cylinder, projected in
direction parallel to the axis of the floater. hipg is the distance
of the geometric center of the i-th cylinder from the bottom
of the floater (hipg = (i − 0.5)hsub/ndg); vix , viy , aix , and
aiy are the horizontal and vertical component of the water
velocity and the horizontal and vertical component of the
water acceleration evaluated at the geometric center of the
i-th cylinder, respectively. It is possible to compute the
hydraulic drag in x direction acting on the i-th cylinder Qh

iξ
as

Qh
iξ = − 1

2 Cdg⊥ρw(2rg)(hsub/ndg)|vi⊥|vi⊥ cos(α)

− 1
2 Cdg‖ρwπ(2rg)(hsub/ndg)|vi‖|vi‖ sin(α)

(45)

where Cdg⊥ and Cdg‖ are the drag coefficients of every
cylinder in direction perpendicular and parallel to its axes,
respectively. The hydraulic drag in y direction acting on the
i-th cylinder Qh

iη is

Qh
iη = − 1

2 Cdg⊥ρw(2rg)(hsub/ndg)|vi⊥|vi⊥ sin(α)

− 1
2 Cdg‖ρwπ(2rg)(hsub/ndg)|vi‖|vi‖ cos(α)

(46)

while the components Qwa
iξ and Qwa

iη of the wave thrust applied
in the center of the i-th cylinder and aligned with the x-axis
and y-axis are

Qwa
iξ = (ρwVg + mx )ai⊥ cos(α)/ndg (47)

Qwa
iη = (ρwVg + mx )ai⊥ sin(α)/ndg . (48)

The terms proportional to the accelerations of the structure
are considered in the computation of the system’s Lagrange
equations, so here they have been neglected. The resulting total
forces are

Qh
ξ =

ndg∑
i=1

Qh
iξ − 1

2
Cdgbρwπr2

g |v1‖|v1‖ sin(α) (49)

Qh
η =

ndg∑
i=1

Qh
iη − 1

2
Cdgbρwπr2

g |v1‖|v1‖ cos(α) (50)

Qwa
ξ =

ndg∑
i=1

Qwa
iξ (51)

Qwa
η =

ndg∑
i=1

Qwa
iη (52)



Qh
α =

ndg∑
i=1

Qh
iξ (hipg − dSbott) cos(α)

+
ndg∑
i=1

Qh
iη(hipg − dSbott) sin(α) (53)

Qwa
α =

ndg∑
i=1

Qwa
iξ (hipg − dSbott) cos(α)

+
ndg∑
i=1

Qwa
iη (hipg − dSbott) sin(α) (54)

In (49) and (50), the last term represents the drag force on the
flat surface at the bottom of the floater. It is approximately
computed from the velocities of the first discretized cylinder
and using the formula for the drag of a flat plate perpendicular
to the flow (Cdgb is the drag coefficient for this case). It is
supposed to be applied on the center of the first cylinder. In
(53) and (54), (hipg−dSbott) is the distance between BS and the
point where the forces are applied. No momentum is generated
by the drag force acting on the bottom surface of the floater,
because it is placed on the axis of the floating structure.

Model Derivation: Summing up, the overall forces that
appear in (7) are given by Qξ = Qwe

ξ + Qb
ξ + Qt

ξ + Qwi
ξ +

Qwa
ξ + Qh

ξ , Qη = Qwe
η + Qb

η + Qt
η + Qwi

η + Qwa
η + Qh

η,
and Qα = Qwe

α + Qb
α + Qt

α + Qwi
α + Qwa

α + Qh
α . Finally,

the system (7) is obtained by applying the Lagrange equation
to the total kinetic energy of the system, given by Ek =
(1/2)(MS + mx )v

2
ξ + (1/2)(MS + my)v

2
η + (1/2)MN v2

N +
(1/2)MPv2

P + (1/2)(JS + JN + JP )ω2. Here, JS , JN , and
JP are the moments of inertia of systems S, N, and P,
my is the added mass of the floating structure in direction
parallel to its axes and vN and vP are the velocities of BN
and BP, i.e., vN = √

(vξ + dN ω cos α)2 + (vη + dN ω sin α)2

and vP = √
(vξ + dPω cos α)2 + (vη + dPω sin α)2. System

(7) is derived by computing all the derivatives and setting
MX = MS + mx + MN + MP , MY = MS + my + MN + MP ,
Md = MN dN + MP dP , and JT OT = JS + JN + JP + MN d2

N +
MP d2

P .

APPENDIX II

Tables V–VII shows main parameters of the offshore wind
turbine (1), (2), and states and inputs of the offshore wind
turbine model.
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