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1. Introduction

In the problem of model reduction moment matching tech-
niques represent an efficient tool, see e.g. [1-3] for an overview
for linear systems. In such techniques the (reduced order) model is
obtained by constructing a lower degree rational function that ap-
proximates the original transfer function (assumed rational). The
low degree rational function matches the original transfer function
and its derivatives at various points in the complex plane. There
are several possible (equivalent) notions of moments for a linear
system. The first classical notion of moment has been given in [3],
based on the series expansion of the transfer function of the linear
system (see also [4-6]).

An alternative approach has been taken in [7] where the rational
interpolation and tangential interpolation problems have been
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recast in terms of finding the projections by solving Sylvester
equations. Recently in [8], a new framework for the solution to
the realization problem has been proposed. The moment matching
problem has been recast in terms of the Loewner matrix and
solutions to Sylvester equations, with matrices constructed from
tangential interpolation data. The result is a reduced order model
that achieves moment matching and is minimal. More recently,
in[9,10] new definitions of moments in a time-domain framework
have been given. Hence another equivalent definition of moments
is presented in the relation with the steady-state response (if
it exists) of the system driven by a signal generator (a novel
interpretation of the results in [7]). The reduced order model that
achieves moment matching at v points is a parametric model,
the extra parameter being tuned such that certain properties are
preserved. Based on the dual Sylvester equation, a new definition
of moment dual to the previous one is obtained. The reduced
order model that achieves moment matching at v points is also
a parametric one. Furthermore in [11] a connection between the
different families of models is established.

In this paper we present the families of reduced order models
based on the associated notions of moment. We analyze the
controllability and the observability properties of the reduced
order models. If the models are not minimal, we obtain systems
of dimensions lower than the number of interpolation points, i.e.,
we consider the problem of pole-zero cancellations occurring in
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the reduced order models. We also state that, generically, the
lowest dimension is half of the number of interpolation points,
if the number of interpolation points is even and half plus one,
if the number of interpolation points is odd, i.e.,, a number of
poles and zeros less than, or equal to half of the number of
interpolation points are canceled. In other words, we provide
a selection of the free parameters that yield the solution to
the pole-zero cancellation problem. To this end, we compute
the parameters that help identify the model of minimal order
that matches a prescribed number of moments. Furthermore, the
problem of matching higher numbers of moments is studied in
the time-domain setting. Thus, the series, parallel or feedback
interconnection between the two reduced order models, obtained
with the two latter definitions of moments, is proposed, yielding
reduced order models of dimensions equal to the number of
matched moments. Under some mild assumptions these models
match the moments of the original systems at 2v points. From a
different perspective, this approach yields a way of splitting the
moment matching problem into problems of lower dimensions,
i.e,, the interconnection between N models that match v points,
yields a reduced order model of dimension Nv, that matches Nv
moments of the original system.

The paper is organized as follows. In Section 2 we give an
overview of the notion of moment for a transfer function and of
the Krylov projection based reduced order models that match a
prescribed number of moments, as well as a brief overview of the
notion of moments in a time-domain framework. We also present
the families of parameterized reduced order models that achieve
moment matching. In Section 3 we analyze the controllability and
observability properties and the pole-zero cancellation problem,
for all the families of parameterized reduced order models that
achieve moment matching i.e. find the (sets of) parameters
such that pole-zero cancellations occur. The result consists of
subclasses of models of orders lower than the number of matched
moments (i.e., the number of chosen interpolation points). We
prove that, generically, the largest number of cancellations is
half of the number of matched moments. Performing all possible
cancellations results in models that match a number of moments
which are equal to twice their dimension. In Section 4 we compute
reduced order models that match larger number of moments, by
interconnecting models from different classes. The paper ends with
some conclusions.

This paper is a preliminary step to develop a model reduction
theory for nonlinear systems continuing the work in [ 10]. Prelimi-
nary results are found in [12].

Notation. R is the set of real numbers and C is the set of complex
numbers. C° is the set of complex numbers with zero real part and
C~ denotes the set of complex numbers with negative real part.
A* € C™™ denotes the transpose and complex conjugate of the
matrix A € C™". If A is a real matrix, then A* = AT, where AT
is the transpose of A. o (A) denotes the set of eigenvalues of the
matrix A and ¥ denotes the empty set.

2. Preliminaries

We consider a single-input, single-output! linear, time invari-
ant system described by the equations

E:{x:Ax+Bu, (1)

y=Q,

1 The same arguments hold for multiple-input-multiple-output systems.

withx(t) € R, u(t) € R, y(t) e R,A € R™" B e R" C e R™"
and the associated transfer function K : C — C,

K(s) = C(sI —A)"'B. (2)

When needed, we use the notation (A, B, C) to refer to a system
described by (1). Throughout, we assume that (1) is controllable
and observable, i.e., minimal.

2.1. The notion of moment and moment matching

In this section we recall the notion of moments of a linear
system based on the associated transfer function.

Definition 1 (/3]). The 0O-moment at s; € C,s; & o(A), of sys-
tem (2) is the complex number 79(s;) = C(s;I — A)~'B. The
k-moment at s; of system (2) is the complex number n(s;) =

(=¥ dcis-m "Bl

N o ,k>1,integer. ®

s=51

The point s is called an interpolation point. The approximation
problem can be formulated as follows: given system (1), the inter-
polation point s; and k > 0, find a system (Ared, Bred, Cred), Where
Ared € R"™Y, Breg € RY, CrTed € RY with transfer function Keq(s) =
Cred (I —Areq) ~'Breq, Such that ny(s;) = fi(s1),fork =0, ..., v—1,
where 7,(s;) are the moments of Kq(s),k = 0,...,v — 1. If
s; = 00, then the moments are the Markov parameters and the
problem is known as partial realization. If the moments are cho-
sen at s; = 0, then the problem is called Padé approximation, see
e.g. [3] and the references therein. Alternatively one may consider
moment matching at multiple interpolation points: given a system
(A, B, C) and a set of interpolation points sy, S2,..., S, &€ o(A),
find (Ared, Bred, Cred), Where Areq € RV, Breq € R, Greda € RY,
with transfer function Kreq(s) = GCrea(sI — Ared) " 'Breq, such that
KO (se) = KO (si), fork = 1,...,vandj = 0, 1,...,1 where

KO = %. Throughout the rest of the paper, without loss of gen-
erality we consider j = 0 and we assume that the interpolation
points are not eigenvalues of A. We also assume that v < n.

2.2. Krylov projections

In this section we recall two different notions of moments based
on Krylov projections. This definition allows for development of
efficient numerical algorithms for the computation of reduced
order models, i.e., the Arnoldi and Lanczos algorithms, see e.g. [1,
13-17] and references therein. These algorithms achieve moment
matching through iterative procedures, without the computation
of moments as in Definition 1.

Consider a linear system (1). Let 1,52, .. ., Sus Syp1s Svt2s « - - »
s;p € C,s; # 55, i # jandletV € C™" and W € C™ be,
respectively

V =1[(s;] —A) 'B(sod —A)'B---(s,] —A)'B], (3a)
W = [(sy41] —A*)7'C* (542l — A ' CF
<o (spu] — AT)TICH]. (3b)

Definition2. 1. Let @ € C*V,0 = [0; 6 ---6,] be such that
6 = CV.The moments of system (1) at s1, S, ..., s, are the
elements 6;,i = 1, ..., v. We call V the right Krylov projection
matrix.

2. Let 9 = [® 0y---9,]T € C" be such that ¥ = W*B. The
moments of system (1) at s,t1, Sy42, - . -, S2, are the elements
Y,i=v+1,...,2v. We call W the left Krylov projection. H



Using this definition, an interpolation problem is solved. The
following result presents the solution of the interpolation problem
as families of reduced order models (and their duals) that achieve
moment matching at v interpolation points.

Theorem 1 ([3]). The following statements hold.

1. Let O be the matrix containing the 0-moments of (1) at {sq, Sa,
..., S} Let £(t) € RY and consider a linear model defined by the
equations

[€ = wrAvE + W*Bu,

where V is given by relation (3a) and W € C™" is a matrix
satisfying W*V = I. Let 6 € C'™ be the moments of (4)asin
Definition 2. Then Xy as in (4) defines a class of reduced order
models of (1), parameterized in W, that achieve moment matching
atsq,Sy,...,s, €C,ie,0 =0.

2. Let ¥ be the vector containing the 0-moments of (1) at
{Sy+1, Svt2, ..., S2,} and. Let £(t) € R and consider a linear
model defined by the equations

| = wrave + w*Bu,
Z‘V- {rl:C‘,g7 (5)

where W is given by relation (3b) and V. € C" is a matrix
satisfying W*V = I. Let 9 € C” be the moments of (5) asin
Definition 2. Then Xy as in (5) defines a class of reduced order
models of (1), parameterized in V, that achieve moment matching

at Sy4+1,Sy+2,---,50 €Cie, 0 =9. A

Note that not all reduced order models Xyy (or Xy, respectively)
preserve properties such as stability, passivity, structure etc.
New results show that the preservation of such properties
depends on the choice of interpolation points {si, s,, ...,s,} (or
{Sv+1,Sva2, - - - » S20}, TEspectively), see [ 18-22].

The definition of the matrices V and W allows for the construc-
tion of projections matrices that, used for model reduction, lead to
reduced order models that achieve matching at 2v points. In other
words, there exists a parameter W = W such that from the class
of models X there exists a model X'3; of order v, that matches 2v
moments. Dually, there exists a parameter V. = V such that from
the class of models Xy there exists a model Xy of order v, that
matches 2v moments. Letsy, Sy, ..., Sy, ..., S0 € C, 85 £ Sj, i £ ],
withi,j =1, ..., 2v and assume V*W and W*V are invertible, re-
spectively, with V as in (3a) and W as in (3b). Let V e C™" and
W e C™ be, respectively

W =wv*w) !, (6a)
V=vwv) (6b)
Note that W*V = [ and W*V =1, respectively.

Theorem 2 ([3]). The following statements hold.

1. Assume W = W and let E(t) e R". If@ € CV are the 0-moments
of Xy at {sy,...,s,} and D € C" are the moments of Ty
at {sy+1, ..., S2}, then Xy, € Xy is a reduced order model of
(1) achieving moment matching at {s4, ..., Sz}, i.e, 0 = 6 and
9 =9.

2. Assume V. = V and let Et) € R If 6 e C are the 0-
moments of Xy at {sq,...,s,} and # € C” are the moments of

Xy at {Sy41, ..., Sa), then Xy € Xy is a reduced order model of
(1) achieving moment matching at {s1, ..., S2,}, i.e, 8 = 6 and
d=0v. 1

2.3. Time-domain moment matching

In this section we give a brief overview of a notion of moment in
a time domain setting, see [ 10] for a more detailed analysis. Based
on this notion families of parameterized reduced order models
are developed. The free parameters do not depend on the choice
of interpolation points and can be used for enforcing additional
properties.

Consider the linear system (1) and let the matrices S €
RV, L € R and Q € R"*", R € R’ be such that the pair
(L, S) is observable and the pair (Q, R) is controllable, respectively.
Consider the Sylvester equation

AIl + BL = 118, (7
in the unknown /T € C"*" and its dual
QY = TA+RC, (8)

in the unknown 7 € C"*". Assume that o (A) No (S) = . Since X
is minimal, the Sylvester equation (7) has a unique solution /7 and
rank I7T = v. Assuming o (A) No (Q) = ¥, then Eq. (8) has a unique
solution 7" and rank " = v. (See e.g., [23]).

Definition 3. 1. Let ¢ = [¢1 @5 - - - ¢,] € C*¥ be such that

¢ =CII. (9)
We call the moments of system (1) at o' (S) the elements ¢;, i =
1, ..., v. The interpolation points are the eigenvalues of S, i.e.,
{s1,52, ..., 5} =0 (S).
2. Letg = [¢1 ¢+~ ¢,]" € C" be such that

¢ =TB. (10)
We call the moments of system (1) at o (Q) the elements ¢;, i =
1, ..., v. The interpolation points are the eigenvalues of Q, i.e.,
{517527"'5SU}:G(Q)' n

Based on Definition 3, we define a family of parameterized models
of order v that achieve moment matching at the interpolation
points {s1, ..., S,} = a(S).

Theorem 3 ([10,11]).

1. Let the pair (L, S) be observable and assume o (A) No (S) = @. Let
&(t) € RY and consider the family of linear models

C|é = -6l +au,
e [nzcns, (11)

parameterized in G € C", where I1 is the unique solution of (7).
Assume (S — GL) N o (S) = (. Let (25 € C™ be the moments
of (11) at o (S). Then (11) describes a family of reduced order
models of (1), parameterized in G and achieving moment matching
at o (S), ie., ¢ = .

2. Let the pair (Q, R) be controllable and assume o (A) N o (Q) = .
Let £(t) € RY and consider the family of linear models

. | =(Q —RH)E + 7By,
Xy {77=H§, (12)

parameterized in H € R'¥Y, where T is the unique solution of
(8). Assume 0(Q — RH) N0 (Q) = 0. Let § € C™ be the
moments of (12) at o (Q). Then (12) describes a family of reduced
order models of (1), parameterized in H and achieving moment
matching at o (Q),ie, o =¢. M

Note that the moments as in Definition 1 are equivalent to the
notions in Definition 3. Selecting (L, S) and (Q, R) in canonical
forms, easy computations yield [n(s1) - - - n(s,)] = ¢ = o.

The MIMO case. Consider a MIMO system of the form (1), with input
u(t) € R™ output y(t) € RP,ie,B € C™ and C € CP*"



and the transfer function K(s) € CP*™. LetS € C"*" and L =
hLh---1,] € C™, I, € C",i = 1,...,v, be such that the
pair (L, S) is observable. Let IT € C"™V be the unique solution
of the Sylvester equation (7). Simple computations yield that the
moments 7(s;) = K(sp)l;, n(s;)) € CP,i=1,..., v of system (1) at
{s1,...,8,} = a(S) are in one-to-one relation with C/7. Consider
the following system

& =F& + Gu,
¥ = H§,
with £(t) € RY, ¥ (t) € RP, G € C"*™ and H € CP*’. The model

reduction problem for MIMO systems boils down to finding a v-th
order model described by Egs. (13) which satisfies the conditions

(13)

K(spli = K(spli,

where f(s) = H(sl — F)~'G is the transfer function of (13).
The relations (14) are called the right tangential interpolation
conditions, see [24]. It immediately follows that the solution to
this problem is provided by a direct application of Theorem 3,
i.e,, a class of reduced order MIMO models that achieve moment
matching in the sense of satisfying the tangential interpolation
conditions (14) is given by X = (S — GL, G, CIT) asin (11).
Similarly, we may define the left tangential interpolation
problem and its solution. To this end, let @ € C"*" and R =
[rf---r¥]* € C"P,r; € C™P,i = 1,...,v, be such that the pair
(@, R) is controllable. Let T € C"*" be the unique solution of (8).
Hence the moments 5(s;)) = riK(s;), n(s;) € C>*™i=1,...,v,
of system (1) at {s1,...,s,} = o(Q) are in one-to-one relation
with 7"B. The model reduction problem boils down to finding a v-
th order model described by Egs. (13) which satisfy the conditions

i=1...,v, (14)

rK(s) =riK(s), i=1,...,v. (15)

The relations (15) are called the left tangential interpolation
conditions, see [24] and the solution to this problem is provided
by a direct application of Theorem 3, i.e., a class of reduced order
MIMO models that achieve moment matching in the sense of
satisfying the tangential interpolation conditions (15) is given by
>y = (@ — RH, TB,H) asin (12).

Note finally that also in the MIMO case the models are param-
eterized in L and R, respectively. Their choice is important in es-
tablishing appropriate directions for interpolation. Throughout the
rest of the paper we discuss the SISO case, i.e, m = p = 1,
the results being easily extended to tangential interpolation for
MIMO systems. However, when necessary, we make specific re-
marks about the latter case.

2.4. On the equivalence of various families of reduced order models

The equivalence between the families of reduced order models
described by Egs. (11),(12), (4) and (5) is now established, see [11].
In other words, there exist parameters G and H, respectively, which
provide a subclass of models from the classes Xy or Xy.

First we establish relations between the projections V and W
and the solutions of the Sylvester equations IT and 7", respectively.

Lemma 1 ([11]). The following statements hold.

1. Consider the matrix I, solution of the Sylvester equation (7) and
the projector V defined by Eq. (3a). There exists a square, non-
singular, matrix T € C"*" such that IT = VT.

2. Consider the matrix 7", solution of the Sylvester equation (8) and
the projector W defined by Eq. (3b). There exists a square, non-
singular, matrixT € C"*” suchthat T =TW. 1

Fig. 1. Graphical illustration of Theorem 4.

Theorem 4 ([11]). Consider the families of reduced order models
>w, v, X¢ and Xy described by Egs. (4), (5), (11) and (12),
respectively. Then the following statements hold.

(a) For any W there exists a (unique) G such that ¥ = Xy and
o(S)No(S—GL) =0.

(b) For any G such that o (S) N o (S — GL) = @ there exists a W such
that e = 2w.

(c) For any V there exists a (unique) H such that Xy = Xy and
c(Q)No(Q —RH) = 0.

(d) Forany H such that 6 (Q) No (Q —RH) = ) there exists a V such
that Xy =Xy

(e) Assume Q = S. For any H such that o (Q)No (Q —RH) = () there
exists a unique G such that 6 (S)No (S —GL) = W and X = Xy
and vice versa. M

An illustration of the results expressed by Theorem 4 is given
in Fig. 1. Therein, the symbol 3 (3 !, respectively) denotes that for
a given model in the family from where the arrow originates there
exists (exists and is unique, respectively) a model in the family
where the arrow terminates.

The parameters G and H can be selected, respectively, such
that certain properties of the approximating model, e.g., stability,
passivity, prescribed relative degree, port-Hamiltonian structure,
etc., are preserved/enforced, see e.g. [10,25,26]. The selections of
G and H are independent of the interpolation points used for
moment matching, i.e., the choices of G and H do not depend on
the definition of L and S or Q and R, respectively.

3. Minimality analysis of moment matching models

The selections of the free parameters help to identify (sub-
classes of) reduced order models that achieve moment matching
and satisfy desired properties. Following these arguments, we an-
alyze the controllability and observability properties of the families
of models. As a result we determine the subclasses of models of or-
der less than the number of matched moments. Furthermore, we
determine the number of maximal pole-zero cancellations possi-
ble, i.e., we compute the model of the lowest order that achieves
a prescribed number of moments. Preliminary results are found
in[12].

Throughout the rest of the paper we make the following
standing assumption.

Assumption 1. The pair (L, S) is observable and the pair (Q, R) is
controllable. o (S)No (A) = Yand o (Q) No (A) = @. Furthermore,
G is such that o(S) N o (S — GL) = @ and H is such that (Q) N
0(Q —RH) =0.

Assumption 1 is not restrictive, i.e., the freedom of choosing the
interpolation points allows for the controllability and observability
assumptions to be made. Furthermore, the assumptions on the
spectra of the aforementioned matrices only ensure that the
interpolation points are not among the poles of the given linear



system and the reduced order models, respectively, i.e., ensure the
moments are well defined.

We seek G and H that provide models from the classes X¢
and Xy, respectively, of orders lower than v, i.e., the number of
matched moments. Furthermore, we compute G and H that yield
the (unique) lowest order models, i.e., half the number of matched
moments/interpolation points, from the classes Xz and Xy. The
results of this subsection solve the problem of matching a number
of moments, equal to double the order of the reduced model, from
a pole-zero cancellation point of view.

Since we assume that o (S)No (S — GL) = @ the pair (S —GL, G)
is controllable. However, the pair (CI7, S — GL) is not necessarily
observable, i.e., X is not necessarily minimal. However, if G is
such that X has relative degree v, then X is observable. A
similar argument follows for the X} case, i.e., the pair (H,Q —
RH) is observable, yet the pair (Q — RH, T'B) is not necessarily
controllable, i.e. Xy is not necessarily minimal. If the models X; or
X'y, are not minimal, respectively, then a number of poles and zeros
can be canceled, yielding subclasses of parameterized reduced
order models of orders less than v.

Theorem 5. Let X and X'y be reduced order models that match v
moments of the system (1), respectively. Let K;(s) = CIT(sI — S +
GL)~'G be the transfer function of X and let Ky (s) = H(sI — Q +
RH)~'T B be the transfer function of Xy. Assume X¢ and Xy are not
minimal. Let k € Nandlet z = [z1---z]" € CK z # zj,i =
1,...,k,j=1,...,kbe such that z; & o (S) and z; & o(Q). Then
the following statements hold.

(G1) Assume v = 2k. Let

L(zi] — S)~!

L(z,] — S)7!

M(Z) — € (Ckx2k,

Lzl — $)7!

CI(z;] —S)7!

CH(z] —S)7! (16)

N(Z) — e (CkXZk’

CH(zd —S)™!

T(2) = []1\\,],((?)] e 22k,

Then there exists a unique G = T '(z) [_011], with € =

[1---1]", such that the numbers z; are both zeros and poles of
Kg(s), i.e., k pole-zero cancellations occur in K (s). Furthermore,
setting [k k2] = CIIT~'(2), the cancellations yield a model of
minimal order k given by

k
Yok lls—2z)

=1

K(s) = —— — : (17)
[I6s—2z)+ > kau[](s —2)
j=1 i=1 J#i

where Ki = [Kn Kip - K,‘k], i= 1, 2.

(H1) Assume v = 2k. Let
M@z) = [@l—Q) 'R(zl —Q)"'R
(il — Q)—lR] c Czkxk’
N@ = [(@l =Q™'TB (! —Q)~'TB (18)
(@l —Q)7'TrB] e C**K,
T(z) = [N(z) M(z)] € C¥*2k,

Then there exists a unique H = [—9 0]T'(z), with ¢ =
[1---1], such that the numbers z; are both zeros and poles of
Ky (s), ie., k pole-zero cancellations occur in Ky(s). Further-

more, letting [2] = T~1(2) T'B, the cancellations yield a model

of minimal order k given by IA((s), asin (17).

(G2) Assume v = 2k + 1. Then there exists a parameterized ma-
trix G(a) € C**+' « e C, such that the numbers z; are both
zeros and poles of Kg(s), i.e., k pole-zero cancellations occur
in K¢(s), yielding a subclass of models X, of minimal order
k + 1, described by K¢« (s) as in (17), with [k1(a) k2(a)] =
CI ()T Yz, @), T(z, o) € CEkFDxQk+2),

(H2) Assume v = 2k + 1. Then there exists a parameterized ma-
trix Ha) = [H'(e) a] & € C,H'(a) € C2, such that the
numbers z; are both zeros and poles of Ky(s), i.e., k pole-zero
cancellations occur in Ky (s), yielding a subclass of models Xy ()
of minimal order k 4 1, described by Ky« (s) as in (17), with

[ggg;] =T '(z,«)TB, where T(z, a) € CPk+2xZ+2) g

Proof of G1. Let X; be a model of order v = 2k, non-minimal.
Then, according to Lemma A.1 we write

Ke(s) = CH(sI —S+GL) "6 = M.
14 L(sI —S)~'G
To this end, G should be such that z;,i = 1, ..., k are zeros and
poles of K¢ (s), i.e.,
Lzl -S)7'6=-1, i=1,...,k
C@zl-S)7'¢=0, i=1,...,k

Hence by (16), T(z)G = [_01[]. By Lemma A.3 we have that T(z) is

invertible, hence G = T~1(z) [_011]. This is the unique G that yields
k pole-zero cancellations. Applying the coordinate transformation

¢ = & 1" = T()& and using the relations (A.2), X is
described by the normal form

G =28 — qu,

&H =25 —1n,

n = k181 + k282,

where Z = diag{zy, ..., z} and [«; k2] = CIIT~'(z). Note that
z; are invariant zeros for (19). By further simple computations,
Ks(s) becomes K(s) of degree k. Note that z; are invariant
zeros of X¢. Furthermore, by the construction of T(z) and the
Kronecker—Capelli theorem, no further cancellations are possible.
Proof of G2. Let v = 2k+ 1. Consider the matrix T (z) € C2k*@k+1
asin (16). Let T'(z) € C***? and t(z) € C%* be such that T(z) =

[T’(2) t(2)]. By construction, T(z)G = [7011]. Denoting G = [G/T al”

we have T'(2)G + t(2)a = [_01[]. Noting that by Remark A.1,
we assume, without loss of generality, that T'(z) is invertible. This

yields G(a) = [T’ '@ ([_oﬂ - ‘(m)}.

o

In order to determine Kg,)(s) of order k + 1 we consider
the augmented problem of matching at 2k + 2 points. Let 8 €
C be determined by the parameterization of G(«) and S(8) =
diag{S, B} € C@DxCAFD 1 — [L 1] € C™*+2 Note that
since the pair (L, S) is observable, the pair (L, S) is observable, too.
Further, let I7(8) = [IT p(B)] € C™ @+ satisfy the Sylvester
equation AT7(B) + BL = [1(B)S. Then the moments of the given
system at o (S) = o(S) U {B} are CII(B) = [CIT ngl,ng =
Cp(B) = C(BI — A)~'B.Let G = [G" 0]". The class of reduced
order models that match 2k + 2 moments at o (S) are

S — GL = diag{S — GL, B8}, G, H = [CIT ng]. (19)



Note that K(s) = H(sI —S — GL)~'G = K¢(s). Let zy41 be the addi-

tional, “dummy” pole/zero to be canceled, i.e., K(s) = K (s)z:ﬁ%.

Construct T(z,zkH, B) as in (16). Hence G = Tz, zk1, B)
[_Oﬁtl]. It follows from the even case that T(z, Zk+1, B) canbe used

as a coordinate transformation to compute the normal form of (19)
with the invariant zeros z and z¢. Hence, performing k + 1 can-
cellations (actually k, since zi 1 is canceled by default) yields K (s)
described by (17), with «; and «; replaced by [k1(8), k2(8)] =
CI(B)T'(z, Zx41, B). To complete the proof of the claim, note
that from the matching condition ng = CIT(BI — $)"'G(a), B de-
pends on the free parameter ¢, i.e., 8 = B(a) and so «;(8) —
ki(a),i=1,2and T(z, zxy1, B) — T(z, @).

The proofs of statements (H1) and (H2) follow the same argu-
ments, hence they are omitted. O

According to [10, Proposition 1], system X parameterizes all
v-th order models that match the moments of (1) at o (S). Hence,
there exists a unique G with at most v/2 degrees of freedom
allowing v /2 cancellations of poles and zeros. Above this number,
information about the v moments is lost, resulting in loss of
matching. If v is even, after v/2 cancellations, we get a unique
model of minimal order v/2, from the family X that matches v
moments. If v = 2k + 1, after k cancellations we obtain a family of
parameterized models of order k + 1 with one degree of freedom,
that match v = 2k+1 moments. A similar argument follows for the
X'y model. The result in Theorem 5 fors; = 0,i = 1,...,2visin
accordance with the results from the Padé approximation theory,
seee.g., [27].

Remark 1. From a practical point of view it is desired to have
transfer functions with real coefficients. Assume Kg;(s) has real
coefficients. If z; € R,i = 1, ..., k, employing Theorem 5, means
that we cancel k zeros and poles, hence IA<(s) as in (17) has real
coefficients, too.If some z; € C—R, since K¢ (s) has real coefficients,
the complex z;s are in complex conjugate pairs. Hence, by (17),
IA<(s) has real coefficients, too. Similar arguments hold for Xy. B

Remark 2. Consider the case in which v > n. Assume v = n + u.
By Theorem 3 there exists a class of parameterized models X =
(§—GL, G, CIT) that match the n+ x moments CI7 at o (S). Finding
the set of matrices G that allow for i pole-zero cancellations yields
that the system X belongs to a subclass of models of order n
that match n + © moments. Furthermore, if & = v, employing
Theorem 5, yields that the system (1) is the unique n-th order
model (from the class of models that achieve moment matching)
that matches 2n moments given by CI7.

If v = n, then, by Assumption 1, the unique solution I7 € C™*"
of (7) is invertible. Hence (7) becomes IT~'AIT = S — IT~'BL.
Denoting by K; the transfer function of any model from the class
X, yields that for G = IT7'B = K(s) = Ky-153(s), i.e., system
(1) is a model from the class X for a specific choice of G. Similar
arguments follows for the Xy class of models. ®

Remark 3. Unfortunately, the results of Theorem 5 are not gener-
ally applicable to the multiple-input, multiple-output case. How-
ever, for very conservative cases, such as k > 2p, where p is the
number of outputs, there is the possibility of finding a G as in
Theorem 5, provided some rank constraints are met. However, for
instance, for the case p > 2k the problem does not even have a
solution. In this case, in order to find G such that the reduced order
model is minimal, one should follow a classic observable decom-
position of the system and retain the controllable and observable
part of the realization.

Example 1. Consider the reduced order model from [10, Example
1], ie,

01 0
CIT = [no n1 n21, L=[100], S=|0 0 1], (20)
0 00

with n2 +n? +n? # 0, where 7, 11 and 1, are the given zero, first
and second order moments at zero, respectively. All parameters G
such that the model has relative degree one, are given by

No m
G=y|m|+d|m—no]|,
n2 —

with y # 0and § € R. 0is not a pole of the model if and only if

y & {—% % 3(”2]7:"2) } The transfer function of the reduced

order model is

3 + 13 + 02 + (om + mn2)y — 1 + 13d)s — nomy + nomay

K,s(s) =
7 3+ (Yo + 8n)s+ ym — dm

2
__ __ @y*tajy+ag :
Ifé = b1y +ho , with

3
ap = No»

ar = —niny + 3nomns + ngnina + naninz + noni + 2ning,

ay = ntno + mentna + m3 + 20203 + ndnd + i,

+ 113 + 1013113,
bo = 17 + ngn3 + ngny — Monz — 210Mi 12,
by = 1} — nymno — mominz + nin; + non3
then a pole and a zero are canceled, and a second order model is
obtained, with the transfer function given in Box I. Since 0 is not
a pole of the model, then K, (s) characterizes the family of lowest
order models that match the moments CI1. Further canceling is
2 2

-1 g -0y
ng+mi+ns m’ n1s—no’ that has
no information about 7,, hence matching is not possible. For this
value of y the condition that the interpolation points are not poles
of the reduced order models is not satisfied. m

possible, i.e,, for y = we get IA<(s) =

Example 2. The result of Theorem 5 is generically true, however
there are other cases in which there exist systems of order less than
k that match, say v = 2k moments.

Consider the second order transfer function

as+b
s2+cs+d
We want to find the parameters a, b, ¢, d € R, such that K(0) = ng

and K (1) = ng. Indeed K(s) matches the moments 7y at 0 and 1, if
and only ifa = no(1+¢),b=ned,d#0andc +d # —1,i.e,

(14c)s+d
"2 tces+d
However, there exists a constant function (i.e., a transfer function
of order 0), K(s) = 1o, that matches the moments 7y ats = 0 and
s = 10f K(s) asin (21) (see also Fig. 2).

In general, there exists a function of order 0, i.e., a constant that
matches [ moments of a rational function 1%‘ where r(s) and p(s)
are polynomials in s, i.e., the interpolation points are the zeros of
the error function. This is proven by noting that the equation

K(s) =

K(s) =n (21)

r(s;) )

—— = TNo, J:]7-~~al7

p(s)

has I solutions s;, which are the zeros of the polynomial equation
r(s) — nop(s) = 0. Hence, the constant function 7, matches [

moments of the rational function r/p.



—yM2n? + 1% — nomz) + ngnt — nom; — ngn2)s + noy (mni + n3 + ngn1) + 0}

K,(s) =

(=03 + nom2)s? + (mno + yn2(ng + 03 +m3))s — g — ym (g + 3 + n3)

Box I.

Furthermore, let 1(s) = a_1s"! + ai_25"2 + -+ + ag, a; €
C,i=0,...,landp(s) =s'+b_1s" 1+ b_zs"2+ -+ by, b; €

C,i=0,...,I,with2l < k < 2k = v. The moment matching
problem is to find the coefficients a; and b; such that

r(s;

Q=nj, i=1...,v,

p(s))

i.e,, the rational function r/p that matches v moments. In the
matrix form, the problem is rewritten as

Ale=[n]

where o = [aj_1-+-ag bi_1---bol" € C%, yy = [} - misl]” €
C?and y, = [ashy, - msh]m e €72y e ¢ and I €
C—2Dx2! 3re matrices with a Vandermonde-like structure with
elements depending on s; and »;. Assuming I is invertible, (22)

yields o = 1“1’1 1 which further yields a (restrictive) condition on
the moments n; and s;, i.e,,

(22)

(23)

In other words, there exists a rational function r/p of order | < k
that matches v = 2k moments only if the moments and the
interpolation points satisfy condition (23). ®

LIV'vi=y, &y elml T

3.1. On the minimality of the Krylov models

Based on the minimal order results from Theorem 5 and the
equivalence results from Theorem 4 we determine the (subclasses
of) Krylov based reduced order models, of minimal order, subsets of
Xw or Xy, respectively. Hence we present a method which allows
for efficient computations of (minimal order) models, that match
a prescribed number of moments, larger than the order of the
models.

Corollary 1. The following statements hold.

1. Consider the family of v = 2k order models X, as in (4), k € N.
There exists a set of matrices W such that the subclass of models
Xw € Xw that match 2k moments, have minimal realizations
of order k. Furthermore, all models Xy, have the same (unique)
transfer function of degree k.

2. Consider the family of v = 2k order models Xy, as in (5), k € N.
There exists a set of matrices V such that the subclass of models
Y; € Xy that match 2k moments, have minimal realizations
of order k. Furthermore, all models Xy have the same (unique)
transfer function of degree k. ®

Proof. Let X be the k-th order model that matches 2k prescribed
moments, where G = T~'(") [_Oﬂ],withﬂ =[1---1]",withT asin

(16). By Theorem 4, there exists W such that Xy = Xg, le, by the
controllability of (1), there exists W satisfying W*B = G, W*V =
I, withV = I1, where [T is the unique solution of (7). Furthermore,
noting that W*AV = S — GL and CIT = CV, which means that
Ky (s) = Kz(s) = K (s), with K(s) as in (17), completes the proof.
The proof of the second statement is identical, hence omitted. O

Based on this result, we present a procedure to compute the
approximant which matches a number of moments equal to twice

05

—0:54

Fig. 2. I%(s) = 2 matches the 0-moment 2 at s = 0 and the O-moment 2 ats = 1

4516
of K(s) = szfsr+3'

the order of the approximant. Given a linear, minimal system (1) of
order n and a set of 2v interpolation points, v < n, find a model of
order v that matches 2v moments at the given interpolation points.

Algorithm 1. Computation of a model of order v that matches 2v
moments.

e Using any efficient numerical method, compute the class of
reduced order models X, and implicitly CV.

e Solve the linear algebraic system T(-)G =
[1---1]" and T as in (16).

o Construct a projection matrix W which satisfies W*B = G.
e The reduced order model is X5, as in (4) with the transfer

function I%(s) asin(17). =

[’0’1], with ¢ =

With a little modification, Algorithm 1 can be used for the
computation of sub-families of models of order less than v.
Furthermore, the difference to matching 2v points is, that here,
we do not need to build double sided projections, one is sufficient
for matching the first v moments with the rest of additional
v moments matched through the particular instance of the
parameter G.

The results hold for v = 2k + 1, too.

Remark 4. Consider the v-th order model Xy as in Theorem 2,
which matches 2v points. Applying Corollary 1, there exists G € C”
such that ¥z € X; matches 2v moments, i.e.,, G = U~ 'W*B,U
invertible. Now, consider the v order model Xz with the transfer

function (17). Then, there exists U invertible, such that [g] = UG.
By uniqueness, the transfer functions associated to the models,
satisfy Ky = Kz = Kz = IA<(s), with IA<(s) as in (17). Furthermore,
let (F, G, H) be a non-minimal 2v order realization of Xz, with the
transfer function IA((s). Xz matches the 2v prescribed moments if
there exists an invertible matrix P € C*"*?" such that HP = CIT
and P is the unique solution of FP + GL = PS (see [10]). Since P is

invertible, we have that (F, G) is controllable (see also Section 3).
However, since the pair (H, F) is not observable, pick P to be
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Fig. 3. The reduced order model matching moments at 2v interpolation points
(series connection).

the coordinate transformation that yields the following observable
decomposition

_|Fi O “ix2_ |Gy _
R R

with (Fy, G, Hy) minimal. The matching conditions yield F; = S;—
G1L; and H; satisfying [Hy O]P = CIT, where S = diag{S;, S;}, L =
[Ly L,]. The application of Theorem 4 establishes a relation between
Xy and Xz with the minimal realization (S; — G1L1, Gy, I;Iﬂ, ie.,
there exists an invertible matrix U, such that G; = U~'WB and
H; = CVU,withV asin(3a). ®

4. Interconnections of moment matching models

The families of models (11) (parameterized in G) and (12)
(parameterized in H) approximate system (1) achieving moment
matching at v interpolation points, i.e., say {s1,...,5,} = o(5)
and say {Sy+1,-..,S20} = o(Q), respectively. We assume that
sk # sipforallk = 1,...,vandj = v + 1,...,2v. In the
sequel we propose reduced order models (parameterized in G
and H) that approximate (1) and match its moments at 2v points
{S], ey 52\)}.

Assumption 2. 6(S)No(Q) No(S—GL)No(Q —RH) ={.

Let € € C'*2¥ be the moments of (1) at ¢ (S) and o (Q).

Theorem 6. Let [£] (t) &1 (t)]" € R?". Consider the linear model

£ = (Q — RH)& + T'Bu,
Sue: V& = (S — GL)& + GHE&y, (24)
n2 = CIT&;,

parameterized in H € R'™” and G € R” (see also Fig. 3). Assume
that the pair (Q, R — T'B) is controllable and the pair (L — CII,S)
is observable. Furthermore, assume that the interpolation points are
not zeros of (1). Let é € C!'?" be the moments of (24) at o (S)
and o (Q). Let 2v < n, then (24) is a reduced order model of (1),
that achieves moment matching at o (S) and o(Q), ie, € = € if
and only if G and H are such that o(S) = 6(Q — RH + TBH) and
0(Q)=0($S —GL+GCIT). m

Proof. To start with, the controllability and observability assump-
tions on the pairs (Q, R— T'B) and (L — CI1, S), respectively, imply
the existence of matrices H and G such that the eigenvalue condi-
tions are satisfied. Let K;(s) be the transfer function of (11) and
Ky (s) be the transfer function of (12). Hence, the transfer func-
tion of (24) is IA((S) = Kg(s)Ky(s). The model (24) achieves mo-
ment matching at's; € {sq, ..., Sy,} if the error function E(s) =
K(s) — IA<(s) satisfies E(s;) = 0, where K(s) is the transfer func-
tion of (1). Let s; € o(Q). Then, by Theorem 3, we have that
Ku(s)) = K(s;). Then E(s;)) = K(s;) — Ko(s)Ku(si) = K(si) —
K(s)Kg(si) = K(si)(l—Kc(s,-)).Thus,l:.‘(si) =0 —K¢(sp)+1=0,
i.e. s; is a zero of the system 1 — K(s;), which is equivalent to

3 [vTv,]" € RV such that [S_EEL f] [g;] = [sigl].This is equiv-

alenttos; € o (S — GL + GCIT). The other eigenvalue condition is
proven in a similar way. O

u Xy
(Q-RH, B, H)

Y

ZG :
(S -GL, G, CII)

Y

Fig. 4. The reduced order model matching moments at 2v interpolation points
(parallel connection).

Remark 5. The assumptions that the pair (Q, R — Y'B) is control-
lable and the pair (L — CIT, S) is observable do not affect the gen-
erality of the result, since S, L, Q and R are related to the choice
of interpolation points. Furthermore, since the pair (L, S) is chosen
observable, and since observability is a generic property, there ex-
ist v € C*¥ such that (L — v, S) is observable. A similar statement
holds for the controllability of the pair (Q,R— 7B). =

Theorem 7. Let [£](t) £] (t)]" € R?". Consider the linear model

§1 = (Q —RH)&: + TBu,
& = (S — G + Gu, (25)
n = CII& + Héy,

DY TRNCE

parameterized in H € R and G € RV (see also Fig. 4). Let
¢ € C'™?¥ be a vector containing the moments of (25) at o (S) and
o(Q). Let 2v < n, then (25) is a reduced order model of (1), that
achieves moment matching at o (S) and o (Q), i.e., € = €, if and only
if there exist matrices G = 0and H # Osuch thats;,i=1,...,vare
among the finite zeros of Xy ands;,j = v + 1, ..., 2v are among
the finite zeros of Xc. M

Proof. Let K;(s) be the transfer function of (11) and Ky (s) be the
transfer function of (12). Hence, the transfer function of (24) is
I%(s) = Ky (s) + K(s). The model (24) achieves moment matching
ats; € {s1,...,Sy} if the error function E(s) = K(s) — IA<(s)
satisfies E(s;) = 0, where K(s) is the transfer function of (1). Let
s; € 0(Q). Then, by Theorem 3, we have that K (s;) = K(s;). Then
E(si) = K(si) — Ky (si) —Kg(si)) = K(s;) —H(si) —Ko(si) = —Kg(s).
Thus, E(s;)) = 0 & —Kg(s;) = 0, 1i.e.s; is a zero of K;(s;). The other
zero condition is proven in a similar way. O

Remark 6. There exist matrices G and H such that the zeros are
assigned according to the conditions in Theorem 7, see [ 10]. Since G
assigns v zeros, there are v constraints on the elements of G, hence
G is unique. Similarly, H is unique and so, there is only one model
(25) that matches 2v moments at o (S) and o (Q). W

Remark 7. Both Theorems 6 and 7 can be extended to the case of
matching Nv points, resulting in models of order at most (N — 1)v.
However the conditions are more restrictive, e.g. in the parallel
connection (N — 1)v interpolation points must be zeros of the
(N — 1)v interconnected systems.

Based on Theorem 6 the problem of finding a reduced order
model that matches v interpolation points, can be solved as fol-
lows. First, compute two (classes of) reduced order models X and
X'y that match v/2 moments, respectively and then apply The-
orem 6 to find G and H such that the series interconnection of
Y¢ and X matches v moments. Further splitting the problem,
one may solve v first order moment matching problems, result-
ing in say Kg, (s), ..., Ky, (s) first order models, parameterized in
g1, ..., % Applying Theorem 6, results in a system of v equa-
tions in the unknowns g, ..., g, i.e, ]_[;;éj Kq,(sj) = 1. The so-
lution g, ..., g, is such that the (unique) model Kg, . ¢ (s) =
Ky, ($)Ky, (S) - - - Kg, (s) matches all the prescribed v moments. Fu-
ture work will include a thorough theoretical and numerical inves-
tigation of such arguments. H
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Fig. 5. The reduced order model matching moments at 2v interpolation points
(feedback connection).

Example 3. In this example we compute a third order model
that matches three chosen moments, using the arguments from
Remark 7. To this end, let Ky, (s) = % be such that n(0) =
Ke, (0) = 1,Kg, () = s—%—gz be such that n(1) = K, (1) = —1
and Kg,(s) = 5554 such that n(=1) = Ke(=1) = 1/2.
Applying Theorem 6 yields g, = 1.656, g, = 0.567 and g3 =
—2.906. Hence the unique third order model that matches the
moments 1(0), n(1) and n(—1) is defined by the transfer function

1365
Ke1.82.83(5) = Kgy (5)Ke, (K3 () = 556552 300577365 ™

Theorem 8. Let [£] (t) &) (t)]" € R?". Consider the linear model

&1 = (Q — RH)& + YBCIT&, + TBu,
& = (S — GL)&; + GHé&;, (26)
n = Hé&,

parameterized in H € R and G € R (see also Fig. 5). Assume that
o (Q) does not contain any zero of the original model. Let é € C'*?"
be the moments of (26) at o (S) and o (Q). Let 2v < n, then (26)isa
reduced order model of (1), parameterized in G and H and achieving
moment matching at o (S) and o (Q), i.e., € = ¢, if and only if, there
exist G and H, such that s;,j = v 4+ 1, ..., 2v are among the finite
zeros of X and the moments of Xy at s;,i = 1, ..., v match the
moments of the (positive) feedback closed-loop interconnection of X¢
with itself,. 1

ZHrG -

Proof. Let K¢ (s) be the transfer function of (11) and Ky (s) be the
transfer function of (12). Hence, the transfer function of (24) is

K(s) = % The model (24) achieves moment matching at
si € {s1, ..., Sy} if the error function E(s) = K(s) — I%(s) satisfies

E(s;) = 0, where K(s) is the transfer function of (1). Lets; € o (Q).
Then, by Theorem 3, we have that Ky (s;) = K(s;). Then, E(s;) =

Ky (si .
0 < K(s;) — #ﬁlg’q(sl) = 0. Lets; € 0(Q), then by assumption,

K(s;) = K¢(s;) and we have that K¢(s)K%(s;) = 0 < Kc(s;) = 0.
Lets; € o(S), then E(s;)) = 0 < K(s;) — (K2(si) + DKy (s)) = 0 &

Ky(si) = KG(ZSI') , which proves the last statement. O
1+KE (5i)

Remark 8. If 0 (Q) coincides with the zeros of the original transfer
function then the parameter G is free and can be used for other
purposes, such as cancellation, resulting in lower order models.
Hence we obtain families of reduced order models of order less
than or equal to 2v that match 2v moments. M

5. Conclusions

In this paper we have presented several equivalent notions
of moment for linear systems. Based on these notions, we
have presented classes of parameterized reduced order models
that achieve moment matching. We have analyzed the relations
between models from different classes. We have analyzed
the controllability and observability properties of the models
belonging to each of the classes of reduced order models. We
have obtained the subclasses of models of orders lower than the
number of matched moments, based on computing the sets of

parameters that allow for pole-zero cancellations to occur in the
reduced order transfer function. Furthermore, we have computed
the (subclass of) minimal order model(s), that is half of the number
of matched moments, proving that, generically, the largest number
of pole-zero cancellations is of order half the number of matched
moments. Finally, we have presented reduced order models that
match larger numbers of moments, based on series, parallel and
feedback interconnections between models from different classes,
paving the way for splitting the moment-matching problem into
problems of smaller dimensions.

Appendix A. Preliminaries for the proof of Theorem 5

Lemma A.1. Let Kc(s) = CII(sI — S + GL)~'G be the transfer
function of the reduced order model (11). Then

CriGsl —S)7'G

K = Tl —s)-ic"

(A1)

Proof. The following sequence of equalities hold
Ke(s)(1 +L(sI —S)'G)
=CrH(sI —S+GL)™'G(1 + L(sI —S)~'G)
=CII(sI —S+GL)'(1+ L(sI —S)™HG.
Factoring (sI — S)~! yields
Ke(s)(1 + L(sI —S)™'G)
=CII(sI =S+ GL)"'(sI =S 4+ GL)(s — S)™'G
=CII(sl —S)7'G,

which proves the claim. O

LemmaA.2. Let z = [z;- - - z]" € RK. Then
M(z)G =0,

N(z)(S — GL) =ZN(2), (A.2¢)
M(z)(S — GL) = ZM(z) — qCI1, (A.2d)

where Z = diag{z4, ..., z} and M(z) and N(z) are given in (16),
withq=[1---1"eR. =

(A.2a)
(A.2b)

Proof. Therelations (A.2b) and (A.2a) hold by construction. Noting

that CI(zil — S)™'(S — GL) = —CH(zl — S)™ W&l — S +

GL—zl) = —CI + z,CM (z1 — S)~' — CI(zI — S)"'GL proves
—_—

0
(A.2d). Furthermore, note that L(zil — S)~'(S — GL) = —L(z;] —
SNzl — S+ GL—zl) = —L — Lzl — S)"'GL + L(zil —
S)~'zi = (=1 —L(zl —S)"'G) L + L(zl — S)~'z;. Hence relation

0
(A.2¢) follows. O

Lemma A.3. Consider a non-minimal reduced order model X that
achieves moment matching. Then, the matrix T (z) € R**?in (16) s
invertible. W

Proof. Assume T(z) is not invertible. Hence, further assume that
rank T(z) = 2k — 1. Then the row L(z — S)™',i = 1,...,kis
a linear combination of the other 2k — 1 rows of T(z), i.e., there
existaj € C,j=1,...,k—Tlandb; € C,j = 1,..., ksuch that
Lzl =)' = Y5 alzl — $)™' + 3 biCII (z] — $)™". Note
now that
k—1 k
L= alzl —$) '@l —S)+ Y _bCH(zl — ) '@l —S).
= =



Using (A.2c) and (A.2d) yields
Lzl —S) '@l —S)
=Lzl —S)"'zj— Lzl - S)7'S
=Lzl —S)"'(S —GL) — Lzl — S)~'S
=Lzl -S)'GL=1,
—
CIi(zl — S) 'zl — S)
=CI(zl —S) 'zi—CH(zl —S)7'S
=CIl(zl —S)"(S—GL) + CIT — CH(z] —S)”'S
= —CIl(zl —S)"'GL+CIT = CII.

0

i

k—1 I
Zj;éi aj)L =i Zf:1 bj.

Since the pair (CI7, S —GL) is not observable, there exists v % 0
such that

[AI—S—I—GL

Hence L = Z’;l al + Z};l b;jCI1, which further yields (1 -

crl ]sz, reC.

Hence (Al —S + GL)v =0 < A € o(S — GL) and Lv = 0, which
yields (\I — S)v = 0 & A € o(S). This is a contradiction since
o (S — GL) N o (S) = . This means that T(z) is invertible. O

Remark A.1. If v = 2k + 1, then the matrix T(z) € C@kx@k+1)
has a full row rank, i.e., rank T(z) = 2k. The proof is similar to the
proof of Lemma A.3. ®

Remark A.2. Dual results of Lemmas A.1-A.3, respectively, follow
considering the class of models X'y as in Egs. (12) and M (z), N(z)
and T (z) described by (18). m

Appendix B. On the matricesB— [IGand C — HY

Lemma B.1. The following statements hold.

1. Consider the controllable pair (A,B),A € C™", B € C" Let
(L,S),S € C"*",L € C" be an observable pair and let IT be
the solution of the Sylvester equation (7). Assuming that v < n,
then B —I1G # 0, forall G € C".

2. Consider the observable pair (C,A),A € C™" C e CI*" Let
(Q,R),Q € C"*",R e C" be a controllable pair and let T be the
solution of the Sylvester equation (8). Assuming that v < n, then
C—HY #0,foralHe C™. =m

Proof. Assume that 3G € C" such that B — I[IG = 0 <
B = TIIG. Then the controllability matrix of the pair (A, B) is
R = [BAB---A""'B] = [[IG AIIG- - - A"~ [1G]. Since IT satisfies
(7), then AIT = I1IS — BL which yields R = II[G (S — GL)
G---(S — GL)"'G]. Hence rank R < min{v, rank [G (S — GL)

G---(S—GL)™'G]}, which yields rankR < v < n.This contradicts
the assumption that the pair (A, B) is controllable, hence B —
I1G # 0, YG. The proof of the second statement follows similar
arguments. O
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