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1. Introduction (LWR). Moreover, loss of flow accidental scenarios in fluid-fuel sys-
The effective delayed neutron fraction (beff) is an important
reactor kinetics parameter. The contribution of delayed neutrons
is of primary importance for the safe control of any nuclear reactor.
beff is often adopted as unit of experimental reactivity (dollar) (Bell
and Glasstone, 1979). Many efforts have been devoted to the mea-
surement (e.g., Sakurai et al., 1999; Rudstam et al., 2002) and cal-
culation (e.g., Meulekamp and van der Marck, 2006; Carta et al.,
2011) of physical and effective delayed neutron fractions. The tra-
ditional definition of beff involves the calculation of both the for-
ward and adjoint solution of the neutron transport equations,
which makes its accurate calculation by means of continuous en-
ergy Monte Carlo codes a hard task, even for static-fuel reactors
(Nagaya et al., 2010). In circulating-fuel systems, the motion of de-
layed neutron precursors complicates the calculation of the effec-
tive delayed neutron fraction. In molten salt reactors, the
adoption of the Thorium cycle (with 233U as fissile) or the envis-
aged incineration of Minor Actinides (Merle-Lucotte et al., 2011),
and the fuel motion itself (Guerrieri et al., 2013), may lead to beff

values much lower than those typical of Light Water Reactors
tems involve the introduction of positive reactivity due to delayed
neutron source term redistribution (Guerrieri et al., 2012). The
quantification of the introduced reactivity requires the calculation
of the difference in delayed neutron effectiveness between static
and circulating conditions. For these reasons, accurate and reliable
beff calculations for molten salt reactors are desirable.

In circulating-fuel reactors, the effective delayed neutron frac-
tion (beff) differs from the physical delayed neutron fraction (b0)
for two distinct reasons. The first reason (common to solid-fuelled
reactors) is that the emission spectrum of delayed neutrons is soft-
er than that of prompt neutrons: on average, the former are emit-
ted with a lower energy. This may imply a difference in the
importance of delayed and prompt neutrons. The second reason
is that delayed neutron precursors are transported by the fluid flow
in the fuel circuit and might decay in position of low importance
and even out of the core. Spatial effects due to fuel motion are
more relevant and always reduce the values of beff. Energy effects
are, in general, of lesser relevance and might reduce or increase
the effective delayed neutron fraction, according to the neutronic
characteristics of the core.

One-dimensional approaches have often been adopted to cor-
rect the effective delayed neutron fraction calculation in order to
take into account the fuel motion. One of the most common em-
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Nomenclature

Latin symbols
c concentration of delayed neutron precursors (m�3)
c⁄ importance of delayed neutron precursors (m�2 s�1)
cfcirc correction factor for the effective delayed neutron frac-

tion defined in Eq. (1) (–)
D diffusion coefficient (m)
D(r0) space dependence of the delayed neutron precursors

decay probability (–)
DT turbulent mass diffusivity (m2 s�1)
Ha active height (m)
He extrapolated height (m)
I(r0) space dependence of the neutron importance (–)
K(r0,r) conditional precursor decay probability (–)
keff effective multiplication factor (–)
kp effective multiplication factor without delayed neutrons

(–)
PrT turbulent Prandtl number (–)
r radial coordinate (m)
Ra active radius (m)
Re extrapolated radius (m)
S(r) space dependence of the precursors source (–)
ScT turbulent schmidt number (–)
T fuel circulation period (s)
u fuel velocity field (m s�1)
z axial coordinate (m)

Greek symbols
b0 total physical delayed neutron fraction (–)
beff total effective delayed neutron fraction (–)
c in-core-to-total fuel volume ratio (–)
k decay constant of precursors (s�1)
m average total number of neutron emitted per fission (–)
mT eddy viscosity (m2s�1)

Ra absorption cross section (m�1)
Rf fission cross section (m�1)
Rs scattering cross section (m�1)
/ forward neutron flux (m�2s�1)
/⁄ adjoint neutron flux (m�2s�1)
vp delayed neutron yield (–)
vp prompt neutron yield (–)

Superscripts
c relative to circulating-fuel conditions
s relative to static-fuel conditions

Subscripts
d relative to delayed neutrons
g relative to the gth neutron energy-group
i relative to the ith delayed neutron precursor group
p relative to prompt neutrons

Acronyms
CFD Computational Fluid-Dynamics
EVOL Evolution and Viability Of Liquid fuel fast reactor sys-

tems
IFP Iterated Fission Probability
LWR Light Water Reactor
MCNP Monte Carlo N-Particle transport code
MSFR Molten Salt Fast Reactor
MSRE Molten Salt Reactor Experiment
OpenFOAM Open-source Field Operation And Manipulation
PWR Pressurized Water Reactor
RANS Reynolds-Averaged Navier–Stokes
TRU Transuranic elements
ployed method consists in the correction of static-fuel beff calcula-
tions (obtained by means of commonly available Monte Carlo or
deterministic codes, and allowing for energy effects) by means of
the fraction of precursors decaying inside the reactor core and
not in the out-of-core part of the loop (Lecarpentier, 2001; Cammi
et al., 2011; Guerrieri et al., 2013). This fraction is calculated under
the hypothesis that the production of precursors has a flat or sinu-
soidal dependence on the axial coordinate in the core. This ap-
proach neglects the effects on beff due to the inhomogeneous
spatial importance of neutrons inside the core. More precisely, this
method considers the delayed neutrons produced within the core
to have a relative effectiveness of one, regardless of their position,
while those produced outside the core have zero importance. On
average, precursors are created in a position with a higher spatial
neutron importance with respect to the place where they will de-
cay. For this reason, this approach may lead to a significant overes-
timation of the effective delayed neutron fraction in circulating
conditions. In Section 3.1, a new analytical formula for the beff cor-
rection factor is derived, which takes into account the in-core spa-
tial importance effect. Moreover, the proposed approach allows for
radial redistribution of the delayed neutron precursors that re-en-
ter in the core.

A more accurate approach involves the adoption of determinis-
tic neutronic calculations to solve the adjoint and forward neutron
transport problem. Then, the effective (i.e., adjoint weighted) de-
layed neutron fraction is calculated. For example, Mattioda et al.
(2000) adopted the multi-group neutron diffusion approximation
along with precursors drift in one-dimensional geometry. Kópházi
et al. (2009) proposed a model for the analysis of moderated MSRs
based on neutron diffusion and precursor convection and applied it
to the MSRE (Molten Salt Reactor Experiment). In Section 3.2, the
solution of the equations of neutron diffusion and precursor trans-
port by means of the multi-physics open-source toolkit OpenFOAM
(Weller et al., 1998) is discussed. The proposed solver allows the
solution of the forward and adjoint eigenvalue problems for arbi-
trary geometries based on detailed spatially-dependent velocity
fields.

Monte Carlo has often been regarded as reference method for
verifying the results of deterministic calculations. Commonly avail-
able Monte Carlo codes are not suitable for beff calculation in circu-
lating-fuel system. Kópházi et al. (2004) evaluated the reactivity
loss due to fuel circulation in the MSRE with an extended version
of Monte Carlo N-Particle Transport Code (MCNP). In that work,
the decay position of delayed neutron precursors was recalculated
under simple hypotheses, and neutrons emitted outside of the core
were considered lost. More recently, Kiedrowski (2012) also con-
sidered the effect of precursors diffusion in fissile solution systems.
In both works, the velocity profiles, adopted as input in the Monte
Carlo simulations, were simple analytical functions of the position.
In Section 3.3, an extension of the Monte Carlo code SERPENT-2
(SERPENT, 2011) for beff calculation in circulating-fuel systems is
presented. The extended version features a suitable algorithm for
the transport of delayed neutron precursors. The algorithm is in-
tended for an accurate and efficient tracking of the precursors,



Table 1
Nominal design parameters of the MSFR.

Thermal power 3000 MW
Electrical power 1500 MW
Core inlet temperature 650 �C
Core outlet temperature 750 �C
Fuel salt composition (233U-started)
LiF – ThF4 – 233UF4 77.5–20–2.5 mol%
Fuel salt volume 18 m3

In-core fuel fraction 50%
making use of more realistic velocity fields obtained from Compu-
tational Fluid Dynamics (CFD) simulations.

The Molten Salt Fast Reactor (MSFR) is adopted as test case for
the presented methods. In Section 2, a brief description of the
MSFR is given, along with a few details about the different case
studies analysed in this work. In Section 3, the three presented
methods for beff calculation are discussed. In Section 4, the main re-
sults are reported and discussed. Finally, in Section 5, the main
conclusions and possible improvements of the work are presented.
Blanket salt composition (all options)
LiF – ThF4 77.5–22.5 mol%
Fuel salt circulation period 4 s
2. Test-case reactor concept

2.1. The Molten Salt Fast Reactor

The Molten Salt Fast Reactor (MSFR) is the reference circulating-
fuel reactor in the framework of the Generation IV International
Forum (GIF, 2010), and it is mainly developed in the EURATOM
EVOL (Evaluation and Viability Of Liquid fuel fast reactor system)
Project (EVOL, 2010–2013). Details about the MSFR configuration
can be found in the references (Merle-Lucotte et al., 2009, 2011;
Brovchenko et al., 2012). In the following, a brief description of
the reactor is given. Fig. 1 shows a schematic view of the MSFR
components, the fuel salt being not pictured. The molten salt mix-
ture of the fuel circuit acts both as fuel and coolant. The core of the
reactor has a volume of 9 m3. The fuel salt enters from the bottom
and is extracted from the top of the core. The heated mixture flows
in sixteen external loops where it exchanges heat with an interme-
diate salt and is pumped back to the core. The fraction of the fuel
salt in the core is approximately 50% and the average nominal
in-core temperature is 700 �C. Above and below the core, nickel-
based alloy reflectors are present in order to improve neutron
economy. Radially, the core is surrounded by a fertile salt contain-
ing a thorium and lithium fluoride salt, in order to improve the
breeding performance of the reactor. In Table 1, the main design
parameters of the MSFR are listed. The fuel salt undergoes two
types of treatment: an on-line one by neutral gas bubbling in the
core and a remote mini-batch reprocessing on-site. The purpose
Fig. 1. Schematic representation of the MS
of these salt treatments is to remove most of the fission products
without stopping the reactor.
2.2. Case studies

In Section 4, the effect of both the reactor core shape and the
fluid flow path on beff is discussed. This analysis is carried out by
means of a comparison between three different case studies. The
first one (referred to as ‘‘k-epsilon case study’’ in the following)
concerns the reference MSFR geometry adopted for the neutronic
calculation benchmark within the EVOL Project. This option fea-
tures a simple axial-symmetric (r,z) cylindrical core shape, which
can be easily modelled by most of the neutron transport codes
(see Fig. 2 and Table 2). The fuel velocity field inside the core is
solved adopting the RANS turbulence treatment for incompressible
flow and the k-epsilon turbulence model. In nominal conditions,
large recirculation vortex appears near the core wall which would
lead to excessive structural material temperatures. For this reason,
a core shape optimization process is ongoing within the EVOL Pro-
ject, aimed at the elimination of high-temperature zones. A second
configuration (referred to as ‘‘uniform velocity case study’’) is ana-
lysed in the present work, as representative of optimized flow path
conditions. In this case study, the simplified cylindrical geometry is
FR fuel loop (Brovchenko et al., 2012).



Fig. 2. Simplified axial symmetric (r,z) MSFR geometry.

Table 2
Design parameters of the simplified axial symmetric
(r,z) MSFR geometry.

Core diameter 2.25 m
Core height 2.25 m
Blanket thickness 50 cm
Boron carbide layer thickness 20 cm
Axial reflector thickness 1 m
adopted along with a fairly uniform fuel velocity field in the core.
Finally, the optimized 3D core shape adopted as CFD benchmark
within the EVOL Project is considered as third case study (‘‘opti-
mized geometry, 3D case study’’).

Different fuel materials have also been considered for the calcu-
lation of the effective delayed neutron fraction in both circulating
and static conditions. Thorium is adopted as fertile material in
the fuel mixture. As fissile material the following options have
been studied: (i) 235U at 20% at. enrichment; (ii) only 233U; (iii) a
mixture of transuranic (TRU) elements from PWR spent fuel; and
(iv) a mixture of transuranic elements and 235U at 13% at. enrich-
ment. Details about the (iii) and (iv) fuel isotopic compositions
can be found in (Merle-Lucotte et al., 2009, 2013).
3. Methods

In this section, the three proposed approaches adopted to calcu-
late the effective delayed neutron fraction in the MSFR are
described.
3.1. Analytical approach

In the following, an analytical formula for the circulating-to-
static correction factor of the effective delayed neutron fraction
is derived. It features an explicit consideration of the in-core spatial
neutron importance. This leads to significant difference with re-
spect to non-adjoint-weighted approaches (see Fig. 6).
We can write the correction factor for the effective delayed neu-
tron fraction as:

cfcirc �
bc

eff

bs
eff

¼
R

core Dcðr0Þ � Icðr0ÞdV0R
core Dsðr0Þ � Isðr0ÞdV0

ð1Þ

where Dc(r0) and Ds(r0) are the probabilities to have a precursors de-
cay in the position r0 in circulating and static conditions, respec-
tively, and I(r0) is the spatial dependence of the neutron importance.

We can write D(r0) as:

Dðr0Þ ¼
Z

core
Kðr0; rÞSðrÞdV ð2Þ

where S(r) is the probability to have the production of a precursor in
the position r and K(r0,r) is the kernel function of the integral trans-
form operator that allows transforming the probability density
function of the precursor production into the probability density
function of the precursor decay. In a simpler way, K(r0,r) can be seen
as the conditional probability to have the decay of a precursor in the
position r0, given that it was produced in the position r. K(r0,r) is
independent from S(r) and I(r0) and depends only on the precursor
decay constant and the fluid-fuel flow.

For the static-fuel conditions, any delayed neutron precursors
will decay where it has been created:

Ksðr0; rÞ ¼ dðr0 � rÞ ð3Þ

thus

Dsðr0Þ ¼ Ssðr0Þ ð4Þ

Now, we can rewrite Eq. (1) as:

cfcirc ¼
R

core

R
core½K

cðr0; rÞScðrÞdV�Icðr0ÞdV0R
core Ssðr0Þ � Isðr0ÞdV0

ð5Þ

Due to the fact that delayed neutrons are very few compared to
prompt neutrons, we can consider that the spatial source of precur-
sors (that are mainly produced by prompt neutrons) is the same for
static and circulating cases. We have that: Sc(r) ’ Ss(r) ’ S(r).

Under the one-group neutron diffusion hypotheses, recalling
again that delayed neutrons are few compared to prompt neutrons,
we have that the spatial dependence of the neutron flux and the
adjoint flux is the same: /(r0) ’ /⁄(r0). In the case of homogeneous
core composition the source of delayed neutrons is proportional to
the neutron flux and the spatial neutron importance is propor-
tional to the adjoint flux.

Under these hypotheses, in the case of a cylindrical core, we
obtain:

SðrÞ ’ IðrÞ ’ cos
pz
He

� �
J0

2:405 r
Re

� �
ð6Þ

where He and Re are the extrapolated height and radius, respec-
tively, at which / and /⁄ go to zero. S(r) and I(r) are both normal-
ized to be equal to one at core centre.

Now, only the term Kc(r0,r) is missing in Eq. (5). In the following,
KkT(r0z0  rz) is derived for the general case of precursor decay con-
stant k, fuel salt loop circulation period T and in-core-to-total fuel
volume ratio c. Ha and Ra are the core active height and radius,
respectively. As further hypotheses, uniform (axial) velocity in
the core and complete mixing in the out-of-core part of the pri-
mary loop (i.e., in the pump and the heat exchanger) have been
assumed.

In order to simplify the solution, we can split the problem in
two parts:

KkTðr0z0  rzÞ ¼ pkT
1 ðr0z0  rzÞ þ pkT

2 ðr0z0  rzÞ ð7Þ

where pkT
1 ðr0z0  rzÞ is the conditional probability for the decay in

(r0z0) during the first passage in the core and pkT
2 ðr0z0  rzÞ is the



probability to have a decay during the further N passage in the core,
with N ?1.

In general, for a precursor created at time t = 0, the probability
to have a decay between t1 and t1 + e is: p ¼

R t1 þ e
t1

ke�kt dt for
t1 P 0 and p = 0 for t1 < 0. Similarly, the probability density func-
tion for a precursor created in z to have a decay, during the first
loop, in z0 is:

pðz0  zÞ ¼
Z Tc z0�z

Ha
þdz0

Hað Þ

Tcz0�z
Ha

ke�kt dt ð8Þ

for z0 P z and p = 0 for z0 < z. Thus, due to the zero radial velocity in
the core, we have:

pkT
1 ðr0z0  rzÞ ¼ 1

2pr
dðr0 � rÞdr0 �

Z Tc z0�z
Ha
þdz0

Hað Þ

Tcz0�z
Ha

ke�kt dt

¼ 1
2pr

dðr0 � rÞdr0 � e�kTcz0�z
Ha 1� e�kTcdz0

Ha

� �
ð9Þ

It can be shown that the limit of pkT
1 for kT ? +1 is:

lim
kT!þ1

pkT
1 ðr0z0  rzÞ ¼ 1

2pr
dðr0 � rÞdr0 � dðz0 � zÞdz0 ð10Þ

Then, as expected, for very low fuel velocity the decay will occur
near the precursor production position. The limit for very fast fuel
velocity (kT ? 0+) is:

lim
kT!0þ

pkT
1 ðr0z0  rzÞ ¼ 0 ð11Þ

It means that the probability to have a decay during the first pas-
sage in the core tends to zero as fuel velocity increases.

For finite value of kT, we can proceed to first order Taylor series
expansion around dz0 = 0:

pkT
1 ðr0z0  rzÞ ¼ 1

2pr
dðr0 � rÞdr0 � e�kTcz0�z

Ha � kTc
dz0

Ha
ð12Þ
Fig. 3. Schematic representation of the reactor model adopted in the derivation of
the analytical approach.
After the first loop, if the precursor has not yet undergone the decay,
it might emit the neutron in the out-of-core part of the fuel loop or
come back in the core at z0 ¼ � Ha

2 in any radial position (see Fig. 3). If
the precursor is still alive after the second passage in the core, it
might decay outside or come back again at z0 ¼ � Ha

2 , and so on:

pkT
2 ðr0z0  rzÞ ¼ 2pr0dr0

pR2
a

�
Z Tc z0�z

Ha
þdz0

Hað ÞþT

Tcz0�z
Ha
þT

ke�kt dt þ
Z Tcð...Þþ2T

Tcz0�z
Ha
þ2T

ke�kt dt

"

þ
Z Tc ...ð Þþ3T

Tcz0�z
Ha
þ3T

ke�kt dt þ . . .

#
ð13Þ

pkT
2 ðr0z0  rzÞ can be rewritten as:

pkT
2 ðr0z0  rzÞ ¼ 2pr0dr0

pR2
a

�
X1
N¼1

e�NkT

!
e�kTcz0�z

Ha 1� e�kTcdz0
Ha

� �
ð14Þ

The limit for very low fuel velocity (kT ? +1) is:

lim
kT!þ1

pkT
2 ðr0z0  rzÞ ¼ 0 ð15Þ

As kT tends to +1, the probability to have a decay during a passage
in the core different from the first one tends to zero.

The sum
P1

N¼1e�NkT converges to 1
ekT�1 and we obtain:

pkT
2 ðr0z0 rzÞ ¼ 2pr0dr0

pR2
a

� 1
ekT � 1

� e�kTcz0�z
Ha 1� e�kTcdz0

Ha

� �
ð16Þ

The limit of pkT
2 for kT ? 0+ is:

lim
kT!0þ

pkT
2 ðr0z0  rzÞ ¼ c � 2pr0dr0

pR2
a

� dz0

Ha
ð17Þ

For very fast fuel velocity, the probability to have a precursor decay
in a certain position becomes uniform in the core and all the depen-
dencies on the production position are lost. As expected, as kT tends
to 0+, the integral probability to have a decay inside the core tends
to the in-core-to-total volume ratio c.

After first order expansion of pkT
2 around dz0 = 0, we can finally

write the general expression for KkT:

KkTðr0z0  rzÞ¼pkT
1 ðr0z0  rzÞþpkT

2 ðr0z0  rzÞ¼ e�kTcz0�z
Ha

�kTc
dz0

Ha
Hðz0 � zÞ � 1

2pr
dðr0 � rÞdr0 þ 1

ekT �1
�2pr0dr0

pR2
a

" #
ð18Þ

where H(z0 � z) is the heavyside step function defined asR z0

�1 dðs� zÞds and is zero for (z0 < z) and one for (z0 > z).
Now, all the terms of Eq. (5) are known and the correction factor

can thus be calculated for any kT. The values of the parameters for
the MSFR are: Ha = 2.24 m, Ra = 1.12 m, He = 2.6 m, Re = 1.3 m,
c = 0.5.

3.2. Deterministic approach

The second approach adopted in the present work involves the
solution of the forward and adjoint multi-group diffusion eigen-
value problems, along with precursor transport using CFD tech-
niques. In this context, the fluid velocity field enters as an
external operator in the system of equations (Mattioda et al.,
2000; Lapenta et al., 2001) for the convective transport of the de-
layed neutron precursors. Commonly available neutronics codes
(used for solid-fuelled systems) are unable to model this convec-
tive transport and are therefore not suitable. For this reason, the
multi-physics open-source toolkit OpenFOAM (Weller et al.,
1998) is adopted to spatially discretize and numerically solve the
equations related to multi-group neutron diffusion and neutron
precursor transport using standard finite-volume methods. The
coupled solution of the multi-group neutron diffusion equation
within this framework is based on the work of Clifford and Jasak



(2009). The fluid flow inside the reactor core has been obtained
adopting the SIMPLE algorithm for incompressible flows along
with RANS turbulence treatment. In particular, the standard k-
epsilon turbulence model available in OpenFOAM has been
adopted. In the present work, the spatially-dependent fluid veloc-
ity field is considered to be a fixed input to the neutronics calcula-
tion. Calculations refer to ‘‘zero-power’’ conditions and
temperature feedbacks to both the fluid flow and the neutronics
have been neglected. In the following, the equations implemented
in the developed solver are reported.

r�Dgr/g�Ra;g/g�
X
g0–g

Rs;gg0/g

þ
X
g0–g

Rs;g0g/g0þ 1�b0ð Þvp;g

X6

g0¼1

1
keff

mRf

� �
g0/g0 þ

X8

i¼1

vd;gkici¼0 ð19Þ

�rðuciÞ þ r �
mT

ScT
rci � kici þ b0;i

X6

g¼1

1
keff
ðmRf Þg/g ¼ 0 ð20Þ

Eqs. (19) and (20) are related to the forward eigenvalue problem.
Here, the delayed neutron source (

P8
i¼1vd;gkici) is explicitly writ-

ten as function of the precursors concentration (ci) and decay
constants (ki), which is not usually the case in solid fuel eigen-
value problems, where the delayed neutron source term can be
eliminated in the neutron balance. In fact, the eigenvalue solu-
tion is independent of the decay constants of the delayed neu-
tron precursors only in static-fuel cases. The first two terms of
the delayed neutron precursor balance equations (Eq. 20) repre-
sent the convection and diffusion of fission products responsible
for neutron emissions. u is the fuel velocity field and mT is the
turbulent viscosity. These fields are calculated in OpenFOAM, be-
fore starting the power iteration solution of the eigenvalue prob-
lem. The turbulent Schmidt number (ScT) is defined as the ratio
of the turbulent momentum diffusivity (eddy viscosity) mT and
the turbulent mass diffusivity DT:

ScT ¼
mT

DT
ð21Þ

ScT can be seen as the equivalent of the turbulent Prandtl num-
ber (PrT) for mass transport and is commonly adopted in CFD cal-
culations to model the species diffusion (Tominaga and
Stathopoulos, 2007). Due to the unavailability of accurate studies
on turbulent mass transport in the MSFR carrier salt and operating
conditions, a tentative value of 1 has been adopted for ScT. A sensi-
tivity analysis to the value of ScT for one case study is presented in
Section 4.

The laminar diffusion coefficients of the different chemical
species constituting delayed neutron precursors have not been
measured for the MSFR carrier salt. In general, diffusion coeffi-
cients in molten fluorides at operating temperature typical of
nominal reactor conditions are very low (Salanne et al., 2009;
Rollet et al., 2010) compared to turbulent diffusivity. For this
reason, the laminar diffusion of the precursors has been ne-
glected in the present work. Moreover, some of the delayed
neutron precursors are constituted by metallic species that are
not soluble in the molten fluoride matrix. These precursors
may leave the fuel circuit due to extraction by gas bubbling
or deposition in cold metallic surfaces in the out-of-core part
of the loop. According to previous studies (Doligez, 2010), the
extraction will affect at most about 1% of the precursors before
delayed neutron emission, in the nominal MSFR conditions.

Hereafter, the equations related to the adjoint eigenvalue prob-
lem are presented:
r � Dgr/�g � Ra;g/
�
g þ

X
g0–g

Rs;gg0/
�
g �

X
g0–g

Rs;g0g/
�
g0 þ ð1� b0Þ

1
keff
ðmRf Þg

�
X6

g0¼1

vp;g0/
�
g0 þ

1
keff
ðmRf Þg �

X8

i¼1

b0;ic
�
i ¼ 0 ð22Þ

�r �uc�i
� �

þr � mT

ScT
rc�i � kic�i þ ki

X6

g¼1

vd;g/
�
g ¼ 0 ð23Þ

c�i (Eqs. (22) and (23)) is not present in classical solid fuel adjoint
problem. It represents the importance of a precursor injected in a
certain position (i.e., it is the average importance of the delayed
neutrons emitted).

In the present work, the six energy-groups structure employed
in previous works (Fiorina et al., 2013) has been adopted and it is
reported in Table 3. The JEFF-3.1 evaluated nuclear data library
(Koning et al., 2006) has been adopted for the delayed neutron
group decay constants and physical fractions. This library adopts
eight groups of precursors, with the same time constants for any
fissioning isotope. In Table 4, the decay constants of the different
groups are reported along with the physical fractions (b0,i/b0,tot)
for some fissile isotopes. The value of the cross sections, diffusion
coefficients and neutron emission spectra have been calculated
by means of the SERPENT Monte Carlo code (SERPENT, 2011),
adopting the same library.

The Open-source Field Operation And Manipulation (Open-
FOAM) framework is a C++ library providing automatic matrix con-
struction and solution for scalar and vector equations using
standard finite-volume approaches based on user-specified differ-
encing and interpolation schemes. The flexibility of design makes
this library ideal for modelling complex coupled problems. The
framework has been applied extensively for CFD simulations. An
attractive feature of the OpenFOAM framework is that the top-level
C++ representations of continuum mechanics equations closely
parallel their mathematical descriptions. Clifford and Ivanov
(2010) extended OpenFOAM to provide a top-level presentation
for the implicit solution of multiple coupled variables, based on
the block-coupled solver implementation of Clifford and Jasak
(2009), which is particularly suited to the solution of the multi-
group neutron diffusion equation. Eq. (19), in vector form, is dis-
cretized and solved for all six energy-groups using the following
line of source code:

solve

(
- blockFvm::laplacian (D, phi)

+ blockFvm::Sp (sigma_a - sigma_s, phi)
==

(1-beta_tot)/k_eff � ((chi_p � (nu_tot &
sigma_f)) & phi)

+ (chi_d � delayedNeutronSource)
);

Neumann conditions are applied to the forward and adjoint pre-
cursor equations at the boundaries of the fuel salt domain. The al-
bedo boundary condition has been applied to the neutron diffusion
Eqs. (19) and (22), with the albedo coefficients calculated from Ser-
pent results.

The bi-conjugate gradient solution algorithm with ILU precon-
ditioning has been used for all equations. The traditional power
iteration method has been employed for the steady-state nonlinear
eigenvalue solution for both the forward and adjoint cases. Here
the fission rate and delayed neutron precursor concentrations from
the previous iteration are supplied as source terms for the solution



Table 3
6 energy-groups structure adopted in the deterministic approach.

Energy-group # 1 2 3 4 5 6
Upper energy boundary (MeV) 7.485 � 10�4 5.531 � 10�3 2.479 � 10�2 4.979 � 10�1 2.231 20

Table 4
Decay constants of delayed neutron precursors. Physical delayed neutron fractions of some isotopes are also reported, for incident neutron energy of 1 eV. JEFF-3.1 nuclear data
library.

Delayed neutron group # 1 2 3 4 5 6 7 8
Decay constant (s�1) 1.25 � 10�2 2.83 � 10�3 4.25 � 10�2 1.33 � 10�1 2.92 � 10�1 6.66 � 10�1 1.63 3.55

Relative physical fractions (%) (b0,i/b0,tot)
U-235 3.4 15.0 9.9 20.0 31.2 9.3 8.8 2.4
U-233 8.0 15.7 13.4 20.9 30.8 3.7 6.2 1.3
Pu-239 2.9 22.5 9.5 14.9 35.1 3.7 9.7 1.7
of the multi-group neutron diffusion equation.
Once the forward and adjoint problems have been solved, the

effective delayed neutron fractions can be calculated as follows
(Mattioda et al., 2000):

beff ;i ¼
R P6

g¼1/
�
gvd;gkiciR P6

g¼1/
�
gvd;g

P8
k¼1kkck þ

R P6
g¼1/

�
gvp;g

P6
g0¼1/g0 ðmRf Þg0

ð24Þ

In Fig. 4, the velocity field and stream lines of three different cases
(see Section 2.2) are presented. On the top left, the axial-symmetric
solution of the velocity field obtained with k-epsilon turbulence
model is shown for the nominal flow rate conditions in the axial-
symmetric MSFR geometry. On the top right, the case study with
uniform in-core velocity is shown as representative of conditions
of optimized fluid flow path. On the bottom, results obtained in
the full-core optimized geometry with the k-epsilon turbulence
Fig. 4. Stream lines and velocity fields of the 3 analysed cases: (a) k-epsilon case stu
model are shown. The effects of recirculation vortex and core geom-
etry are discussed in Section 4.
3.3. Monte Carlo approach

The third approach presented is based on the continuous energy
Monte Carlo method. The Monte Carlo code SERPENT-2 (SERPENT,
2011) has been extended, in order to take into account the pres-
ence of a circulating fuel. In common Monte Carlo criticality source
simulations, when the emission of a delayed neutron is sampled,
this affects only the energy of the new particle, which is sampled
according to the emission spectrum of the particular delayed neu-
tron group. In the extended version, the initial position of the new
history is corrected according to the fuel velocity field and the de-
dy, (b) uniform velocity case study, and (c) optimized geometry, 3D case study.



Fig. 5. Comparison between IFP, ‘‘prompt’’ and Meulekamp methods (U235-started,
layed neutron emission time, which is sampled according to the
group decay constant.

As tracking algorithm, a fifth-order Runge–Kutta explicit inte-
grator with embedded fourth-order error estimation is adopted
(Dormand and Prince, 1980). The velocity fields employed have
been calculated by means of OpenFOAM, adopting the k-epsilon
turbulence model, and mapped to an axial-symmetric cartesian
mesh. The adoption of an error estimation technique allows a
continuous correction of the tracking time-step, according to
the adopted mesh and the input velocity field. In principle, an
a priori choice of the time-step is a difficult task. Independent
of the particular integration algorithm adopted, if too long
time-steps are employed, tracking errors might lead to inaccu-
rate results due to a wrong spatial distribution of the delayed
neutron source. On the other hand, the adoption of too short
time-steps might lead to an unacceptable increase of the com-
putational time. Nonetheless, the choice of the tolerance
adopted for error check and adaptive time-stepping, is still a
delicate task.

In the following, the algorithm adopted in SERPENT-2 for the
transport of delayed neutron precursors is reported:

When the emission of a delayed neutron is sampled:
(1) Sample the delayed neutron group according to the

physical delayed neutron fractions b0,i

(2) Sample the neutron emission time EMtime according to the
decay constant ki

(3) Start the precursors tracking loop
TRKtime = 0
Dt = Dtzero (initial guess)

(4) while (TRKtime < EMtime)
(5) for all the k stages of the Dormand-Prince algorithm

(6) Calculate ux
k, uy

k, uz
k from the Cartesian mesh

(7) Calculate the new precursor position at the end of
the time-step Dt

(8) Calculate the tracking error estimation ERR
(9) if (ERR < emin) where emin is a user defined tolerance

(10) Increase the time-step Dt
(11) if (ERR > emax) where emax is a user defined

tolerance
(12) Reduce the time-step Dt

(13) TRKtime = TRKtime + Dt
(14) Sample the new neutron energy according to the delayed

neutron group
Start the new neutron history

Unfortunately, the availability of the correct energy and spatial
distribution of the delayed neutrons is not enough to guarantee an
accurate estimation of the delayed neutron fraction. As already
mentioned, beff is an adjoint-weighted quantity and cannot be esti-
mated by means of a simple criticality source simulation. A de-
tailed review of the different techniques for effective delayed
neutron fraction calculation in Monte Carlo is out of the scope of
the present work. In the following, two of the most commonly
adopted methods and their applicability are briefly discussed.
More complete and detailed analyses of different methods can be
found in Meulekamp and van der Marck (2006), Nagaya et al.
(2010).

Often, beff is estimated through the prompt method. This meth-
od involves two separated Monte Carlo simulations, with and with-
out the production of delayed neutrons. The effective delayed
neutron fraction is then approximated as:

beff ’ 1� kp

keff
ð25Þ
where keff is the effective multiplication factor of the reference case
and kp is the effective multiplication factor of the simulation with-
out delayed neutrons.

This method can be easily adopted without any modification of
the available Monte Carlo codes but requires a relatively high
amount of computational resources. Due to the fact that the effec-
tive delayed neutron fraction is obtained by comparison of two
separate runs, to have a relative statistical error on beff in the order
of 1%, keff estimations with an accuracy of few pcm are required.
Moreover, if the effective contributions of the different delayed
neutron groups need to be investigated, the prompt method looses
any applicability due to the presence of beff,i fractions as low as few
pcm, whose contributions would be highly covered by uncertainty
in keff estimations.

Other approaches, which employ a single simulation and in-
volve the approximation of the adjoint weighting function, have
been developed. The Meulekamp and van der Marck (2006) meth-
od approximates the neutron importance to the probability of pro-
ducing a fission (next fission probability). It captures very well the
difference in importance between prompt and delayed neutrons
due to energy spectra but is not suitable when relevant spatial ef-
fects are present (Nagaya et al., 2010) and gives wrong results in
circulating-fuel conditions.

For this reason, the Iterated Fission Probability (IFP) method
(Nauchi and Kameyama, 2010; Kiedrowski et al., 2011) has been
implemented in SERPENT-2. This method allows to calculate di-
rectly adjoint-weighted quantities. In Fig. 5, the comparison be-
tween the different beff estimations is shown. Results are relative
to the MSFR nominal conditions (k-epsilon case study). The IFP
method converges to the ‘‘prompt’’ method in about 20 latent gen-
erations. The Meulekamp and van der Marck (2006) method fails to
give a good approximation of beff. The details of the IFP method
implementation in SERPENT-2 can be found in Leppänen et al.
(2013).

In order to better compare the analytical results with Monte
Carlo simulations in the limit of infinite fuel velocity (kT ? 0), a
further modification of the code has been implemented. As already
discussed, in case of infinite fuel velocity, any precursors that is
produced has a uniform decay probability in the whole fuel loop.
In this case, the starting positions of the delayed neutrons are uni-
formly sampled in the entire reactor geometry. If the sampled
point is in the fuel circuit, the position is accepted and the new
neutron history is started. If the sampled point falls in a different
material (e.g., reflector, neutron shield, etc.), the position is re-
jected and new random coordinates are extracted.
k-epsilon case study; nominal flow rate).



The MSFR features the presence of radial blankets constituted
by a mixture of Thorium-fluoride and Lithium-fluoride. Recent
studies highlighted the necessity to actively remove the energy re-
leased in the blanket material by flowing the fluid in an external
circuit. At present, no detailed studies are available on this subject.
However, only few fissions occur in the blanket and few delayed
neutrons are produced there. Moreover, these neutrons feature a
very low importance because are likely to undergo radiative cap-
ture in the fertile material. For these reasons, precursor motion is
neglected in the blanket material, and any delayed neutron pro-
duced there is emitted in the position of the originating fission
event.
4. Numerical results and discussion

In this section, the presented approaches are adopted to calcu-
late the effective delayed neutron fraction in the Molten Salt Fast
Reactor.

In Fig. 6, the correction factor calculated by means of the three
proposed approaches is presented, as function of the dimensionless
parameter kT (see Section 3.1). Results are relative to the uniform
velocity case study (see Fig. 4). Results show good agreement over
a wide range of kT values. It is clear that, in this case, even a simple
analytical approach is able to accurately estimate the effective de-
layed neutron fraction, provided that a correct spatial adjoint-
weighting function is adopted. For comparison, results from one
of the commonly adopted 1-D approach (non-adjoint-weighted)
are presented (Lecarpentier, 2001). This and other similar methods
overestimate the correction factor over the whole range of kT val-
ues, with relative errors up to 20–30%. For small values of kT, pre-
cursors are tracked for several loops over the fuel circuit in the
Monte Carlo approach. In this case, tracking errors accumulate
and a small bias in the estimation may arise. Nonetheless, the limit
for kT ? 0 can be studied with a simplified algorithm (see Sec-
tion 3.3). The yellow dot shows the IFP estimation of the beff correc-
tion factor obtained with uniform sampling of the delayed neutron
position in the fuel. In this case, the three methods are again in
good agreement. In the top of the plot, the positions of delayed
neutron constants of the JEFF-3.1 library are shown for a circulat-
ing period of 4 s (nominal MSFR flow rate).

In Fig. 7, results from the k-epsilon case study with axial-sym-
metric geometry are presented. In this case, the analytical estima-
tions significantly differ from those of OpenFOAM and SERPENT.
Fig. 6. Correction factor: comparison between analytical approach, SERPENT and
OpenFOAM (uniform velocity case study).
This is due to the inability of the simplified approach to capture
the effects of in-core fuel recirculation (see Fig. 4), both at high
and low values of kT.

These results help in the interpretation of the effect of recircu-
lation vortex on beff. At low kT (high recirculation velocity), the
main effect is the higher in-core retention of precursors (see
Fig. 8). Precursors are trapped in the core and this leads to higher
values of the effective delayed neutron fractions for slow-decaying
groups, even if the recirculation zone presents a relatively low
importance. For high values of kT, most of the precursors would de-
cay inside the core independently of the presence of the vortex. In
this case, the main effect of the vortex is the increase of the effec-
tive fuel velocity at core centre (for a given flow rate). This leads to
a faster removal of precursors from central zones of high neutron
importance and the effect is a reduced beff,i for fast-decaying
groups.

In Fig. 8, the concentration (top) and importance (bottom) of
delayed neutron precursors are shown for different values of the
dimensionless parameter kT. In the recirculation zone, the increase
in both concentration and importance of delayed neutron precur-
sors is evident for low values of kT.

In Fig. 9, the effect of turbulent diffusion is analysed. The turbu-
lent Schmidt number ScT is the ratio between the eddy viscosity
and the eddy diffusivity and is adopted to take into account the ef-
fects of turbulent mixing (i.e., equivalent of PrT for mass transport).
Uncertainties are present both in the evaluation of the turbulent
viscosity field by means of RANS turbulence models and in the
choice of an appropriate value for ScT. For this reason, a sensitivity
to the effect of turbulent diffusion is presented for the nominal
flow rate conditions. The main effect of turbulent diffusion is to re-
duce the retention of delayed neutron precursors in the recircula-
tion zone. This leads to a decrease of the effective delayed neutron
fraction for low ScT values, as delayed neutron are more likely to be
emitted in the out-of-core part of the fuel loop. The effect of the
turbulent diffusion term becomes very small in case of no recircu-
lation vortex. Nonetheless, the analysed case studies highlight the
important role of fluid flow modelling inside the reactor core. A
proper solution of the in-core flow path (e.g., by means of CFD sim-
ulations) appears to be a first mandatory step, while calculating the
effective delayed neutron fraction in circulating fuel reactors.

The adoption of the dimensionless parameter kT allows a better
comprehension of the phenomena governing the reduction of the
effective delayed neutron fraction and ensures a more accurate
Fig. 7. Correction factor: comparison between analytical approach, SERPENT and
OpenFOAM (k-epsilon case study).



Fig. 8. Precursor concentration and importance for the k-epsilon case study for different values of the dimensionless parameter kT (OpenFOAM; arbitrary units).

Fig. 9. Effective delayed neutron fraction as function of the turbulent Schmidt
number ScT (U235-started, k-epsilon case study; nominal flow rate; OpenFOAM).

Fig. 10. Effective delayed neutron fraction in the MSFR as function of the flow rate:
comparison between analytical approach, SERPENT and OpenFOAM (U235-started,
k-epsilon case study; no turbulent diffusion).
comparison between different approaches. Nonetheless, while
studying reactor neutronic characteristics, the expression of beff

as function of the fuel flow rate might lead to more useful results.
These data can be used to estimate the reactivity insertion/extrac-
tion as consequence of operational or accidental change in the
behaviour of fuel pumps.

In Fig. 10, the effective delayed neutron fraction is plotted
against the flow rate and circulation time. Around nominal flow
rate conditions (about 4 s of recirculation time), the reactivity loss
due to fuel circulation is close to saturation and only little reactiv-
ity is inserted/removed by small variation of the flow rate. At high-
er recirculation time, little modifications in the operating
conditions cause high reactivity insertion/removal. OpenFOAM re-
sults show a good agreement with Monte Carlo estimations. SER-
PENT-2 calculations adopting the IFP method are always
statistically compatible with the more expensive results of the
‘‘prompt’’ method. Starting from nominal flow rate, blockage of
the pumps might lead to the slow insertion of slightly more that
350 pcm of reactivity if stagnation conditions are reached at the
end of the transient. Predictions of the analytical approach can
be considered a good approximation over the range between static
fuel and nominal conditions, also because the errors due to fuel
recirculation shown before for fast and slow groups partially com-
pensate each other.

The adoption of the IFP method allows a computationally cheap
estimation of the single effective delayed neutron fractions beff,i. In
Figs. 11 and 12, the bc

eff =b
s
eff correction factor is shown for the dif-

ferent delayed neutron groups of the JEFF-3.1 library as function
of the MSFR flow rate. At the top of the plots the corresponding fuel
loop circulation time (T) is shown. For better clarity, the groups are
divided in slow and fast. In Fig. 11, only the interval 0–10% of the
flow rate is shown. Slower groups reach their saturation values al-
ready at very low flow rate. At nominal conditions, the correction
factor is significantly greater than 0.5 only for groups 7 and 8.

In Fig. 13, delayed neutron fraction values are shown for differ-
ent fuel compositions. The reduction in the values from bzero to bs

eff

is due to differences in the energy spectra of prompt and delayed
neutrons and is well captured by the Meulekamp and van der
Marck (2006) method already available in SERPENT. In order to
catch the effect of fuel motion, appropriate techniques are required
(e.g., prompt or IFP methods). Energy effects are smaller and are
dependent on the isotopic composition of the fissile material. Spa-
tial effects are dominant and have a minor dependence on the fuel



Fig. 11. bc
i;eff =b

s
i;eff correction factors. Solid line: OpenFOAM; dots: SERPENT (U235-

started, k-epsilon case study; no turbulent diffusion).

Fig. 13. Delayed neutron fractions in the MSFR for different fuel compositions.

Fig. 14. Spatial distribution of the delayed (left) and prompt (right) neutron sources
at nominal flow rate (arbitrary unit; OpenFOAM; optimized geometry, 3D case
study; nominal flow rate).
composition. In particular, bc
i;eff =b

s
i;eff correction factors calculated

for the different delayed neutron groups can be considered of a cer-
tain generality, because the decay constants ki of the JEFF-3.1 li-
brary are not dependent on the fuel composition. Moreover,
spatial and energy effects may be separated as first approximation,
in the case of the MSFR.

In Fig. 14, the spatial dependency of the delayed and prompt
neutron source is shown as calculated with OpenFOAM for the
3D optimized MSFR core shape at nominal flow rate conditions.
The delayed neutron source is calculated as sum over the eight de-
layed neutron groups. The upward shift of the fast decaying pre-
cursors is evident. The absence of in-core recirculation paths
avoids precursors retention near reactor radial wall, as found in re-
sults related to the cylindrical axial-symmetric case study.

The optimized geometry and the simple cylindrical geometry
have the same nominal in-core-to-total volume ratio (�50%). The
definition of in-core is problematic in this kind of reactors. In the
out-of-core part of the fuel circuit the neutron flux is several order
of magnitude lower than the average value of the core. Nonethe-
less, the transition between the two zones is not sharp and defined
as in solid-fuelled reactors or even graphite-moderated molten salt
reactors. For simplicity, the core volume is often considered as the
whole region between piping inlets and outlets, having a volume of
Fig. 12. bc
i;eff =b

s
i;eff correction factors. Solid line: OpenFOAM; dots: SERPENT (U235-

started, k-epsilon case study; no turbulent diffusion).
approximately 9 m3 for both the reference cylindrical and the opti-
mized MSFR geometry. On the other hand, in Fig. 14, high leakage
zones near core inlets and outlets with low neutron flux can be
appreciated. If we consider as in-core volume the region having a
neutron importance equal or greater than the 5% of the peak value,
significant differences between the two geometries arise. The
effective core volume calculated in this way results to be about
9.18 m3 for the cylindrical axial-symmetric geometry and
7.92 m3 for the optimized geometry, and the effective in-core-to-
total volume ratio are 51% and 44%, respectively.

In Table 5, the results of the OpenFOAM simulations in the opti-
mized geometry for different flow rates are presented. As discussed
in Section 3, the analytical approach has been derived under the
hypotheses of cylindrical core and uniform in-core axial velocity
and does not allow for turbulent diffusion. Nonetheless, analytical
results show a relative error with respect to OpenFOAM lower than
10% in the wide range from 0.3 to 1.5 of the nominal flow rate. If
the effective in-core-to-total volume ratio calculated above (44%)
is adopted, errors of about 3% are achieved.
5. Conclusions

The effective delayed neutron fraction is an important reactor
kinetics parameter, whose calculation is particularly difficult in cir-
culating-fuel reactors. A correct importance-weighting of the de-
layed neutron source has proved necessary to achieve accurate
results. Approximate techniques have been often adopted in the
literature, which proved inaccurate in the considered test case of
the Molten Salt Fast Reactor. In this work, three different ap-
proaches have been presented and adopted to study the MSFR with
different geometry and flow rate conditions. The extension of the



Table 5
Effective delayed neutron fraction in the optimized geometry for different flow rates.
Comparison between OpenFOAM and the analytical approach (U235-started, opti-
mized geometry, 3D case study).

Frac. of the
flow rate (–)

Recirc.
time (s)

OpenFOAM
beff (pcm)

Analytical –
c = 0.5

Analytical –
c = 0.44

beff

(pcm)
Rel.
diff.
(%)

beff

(pcm)
Rel.
diff. (%)

0.3 13.3 370.6 407.2 (+9.88) 378.2 (+2.05)
0.5 8 335.1 366.3 (+9.31) 335.4 (+0.09)
0.7 5.7 316.4 344.4 (+8.85) 312.7 (�1.17)
0.85 4.7 307.0 333.4 (+8.56) 301.3 (�1.86)
1 4 299.8 325.1 (+8.44) 292.7 (�2.37)
1.15 3.5 294.3 318.4 (+8.19) 285.9 (�2.85)
1.3 3.1 289.8 313.1 (+8.04) 280.4 (�3.24)
1.5 2.7 285.0 307.3 (+7.82) 274.5 (�3.68)
continuous energy Monte Carlo code SERPENT-2 involves the
tracking of precursors according to an input velocity field. The
effective delayed neutron fraction in circulating-fuel conditions is
then calculated adopting the Iterated Fission Probability method.
A deterministic approach is presented as well, which is based on
the OpenFOAM multi-physics finite-volume tool-kit, and involves
the solution of the multi-group diffusion forward and adjoint
eigenvalue problems. The new solver allows for the convective
and turbulent diffusive terms in the delayed neutron precursors
balance. An analytical formula for the circulating-to-static effective
delayed neutron fraction correction factor is also presented. The
formula is derived under simple hypotheses for cylindrical geome-
tries. It takes into account the effect of the fuel motion on the effec-
tive delayed neutron fraction due to the non-uniform spatial
neutron importance.

Results of the comparison show a good agreement between the
Monte Carlo and the deterministic approaches in the three ana-
lysed case studies. The analytical formula shows close agreement
with OpenFOAM for the case study with simple geometrical and
velocity field conditions. Moreover, it offers a good approximation
even in conditions far from the hypotheses under which it was de-
rived, and gives better results than the commonly adopted analyt-
ical approaches (without importance weighting) in all the analysed
cases.

The effect of in-core flow recirculation has been studied, reveal-
ing that it is responsible of a relevant increase of the effective de-
layed neutron fraction, due to in-core retention of slow-decaying
precursors. beff revealed to be dependent on the particular geome-
try and flow conditions. At nominal flow rate, differences of about
10% have been found for the analysed case studies with the same
nominal in-core-to-total volume ratio of 50%. Results highlighted
the importance of a proper solution of the fluid flow inside the core
for an accurate calculation of the effective delayed neutron
fraction.

The present OpenFOAM implementation of the eigenvalue
problem involves the same spatial discretization for both the neu-
tron diffusion and the precursor convection, which prevents the
adoption of optimised meshes. Suitable conservative mapping
techniques are available (e.g., Menon and Schmidt, 2011) and their
adoption in future developments of the present work would allow
a more efficient solution on separated meshes.

Higher-order methods for integration of stochastic differential
equations (e.g., see Higham, 2001), possibly along with variable
time-stepping techniques (e.g., see Gaines and Lyons, 1997), might
be adopted in the presented Monte Carlo approach to accurately
treat precursor turbulent diffusion.

An Octave/Matlab script which numerically integrates Eq. (5) to
calculate the correction factor for circulating-fuel reactors is avail-
able upon request.
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