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1. Introduction

Knowledge of the in situ stress state in rock and soil deposits is
very important in many problems in civil, mining and petroleum
engineering and energy development, as well as in geology and
geophysics. The prediction of the response of rock masses interacting
with underground structures is highly influenced by the stress field.
For example, as pointed out in [1], in civil and mining engineering,
in situ stresses control the distribution and magnitude of the stresses
around underground openings such as tunnels, mines, shaft or
caverns. Stress concentrations in the excavation walls may be large
enough to overstress the rock, mobilize the strength of the rock mass
and induce failure. On the other hand, tensile stresses in excavation
walls may open existing fractures or create new ones which could
result in block stability problems. An exact prediction of in situ stress
acting over a rock mass, together with its spatial variation, is a very
complex topic; the current stress state is a mixed consequence of
tectonic conditions and of mechanical effects due to local thermo-
chemo-hydraulic conditions. Due to the complex nature of rocks and
rock masses, the stress field is rarely homogeneous and also its time
evolution can be significant within a geological formation.

Stress state is a symmetric second-order tensor and so it is
defined by six independent components, e.g. the three principal
stresses and the three principal directions. Stresses in rocks cannot
be measured directly and can only be inferred by disturbing the
rock. Amadei and Stephansonn [2] presented a detailed summary
of the available sources of information from which it is possible
to obtain the in situ stress state, involving hydraulic methods

(i.e. hydraulic and sleeve fracturing), relief methods, jacking meth-
ods, strain recovery methods, borehole failure methods as well as
fault-slip data analysis and earthquake focal mechanisms.

Zoback [4] proposed an overview of a possible strategy to
characterize the stress field: the vertical stress can be determined
from the equilibrium in the vertical direction, i.e. by integration of
the density logs, while observations of the geometrical arrange-
ment of drilling-induced tensile fractures are an effective way
to check whether the vertical stress is a principal stress. The
orientation of the other principal stresses can be determined from
wellbore observations, recent geologic observations and earth-
quake focal mechanisms, as well as from stress recovery methods.
The magnitude of the minimum principal stress can be estimated
from the analysis of hydraulic fracturing and leak-off tests, while
the pore pressure can be either measured directly or estimated
with some caution from geophysical logs or seismic data.

In this paper the vertical stress is assumed to be a principal
stress, so that the remaining two directions are supposed to be
horizontal. This assumption is reliable for non-active regions or
regions already relaxed from the previous tectonical stress. As
pointed out by Bell [3], the free surface of sedimentary basins is
generally horizontal, so that the principal stress directions are, to
a good approximation, horizontal and vertical. From a practical
point of view, if the vertical direction is assumed to be a principal
one, it is sufficient to know just a horizontal principal direction,
since the remaining one is orthogonal to the plane on which the
other two are lying. Throughout the paper, Sv will represent
the principal vertical in situ stress, SH represents the maximum
horizontal in situ stress and Sh represents the minimum horizontal
in situ stress, whose magnitude can be evaluated through hydrau-
lic fracturing or leak off tests (except for reverse faulting regimes).

Assuming that Sv and Sh are known, the aim of the note is to
present a methodology for the definition of some boundaries for
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the value of SH, starting from compressive failure data recovered
on circular borehole walls as a consequence of excavation and
pressurization by means of drilling muds. Such boundaries can be
determined from limitations imposed by the shear resistance of
the material. In fact, when a well or a borehole is drilled, the
stresses that were previously supported by the exhumed material
are transferred to the region surrounding the well. The resultant
stress concentration, well understood in terms of elastic theory,
amplifies the difference between the far-field principal stresses.
Breakout failures are related to a compressive failure process that
occurs when the maximum hoop stress around the hole increases
to such an extent that the shear resistance of the rock is exceeded.
In the case of vertical wellbore and vertical principal stress, the
azimuth of the breakout failures is coincident with the direction of
the minimum horizontal principal stress. The possibility of multi-
ple determination of stress in an individual well and the ability
to check for regional consistency among numerous wells make
breakout data valuable indicators of stress concentrations [2].

Some solutions put forward recently in the technical literature
rely on the assumption that at failure the borehole assumes an
elliptical shape and that all the failed material is spalled and
removed from the borehole (e.g. Aadnoy et al. [5]). Under these
assumptions it is then supposed that only the portion of material
in correspondence of the major axis of the ellipse can lay on the
failure envelope, and the maximum horizontal stress is then
estimated on the basis of this assumption. In this note break out
failures are considered as statically equivalent to the yielded zones
arising on the contour of the circular borehole: in these volumes
the material at yielding is assumed to persist. Assuming that the
borehole is circular even after the occurrence of failure allows
determining the amplitude of the yielded zones in a straightfor-
ward manner. The estimation of the maximum horizontal stress is
then built upon this information.

Although not covered in this note, drilling-induced tensile frac-
tures, typically associated to drilling in mud overbalance conditions,
are another failure mechanism which could give significant informa-
tion about the entity and the direction of the horizontal maximum
principal stress, as shown, e.g. in [7,8].

2. Evaluation of the stress state for elastic-brittle materials

2.1. Borehole-induced perturbation

In the case of isotropic linear elastic behaviour, the perturba-
tion to the stress field induced by a circular hole can be calculated
with analytical solutions. In this case, the axi-symmetric problem
of a circular hole (having an internal radius a and subjected to a
uniform internal pressure pi) in a linear elastic infinite rock mass is
considered. The radial coordinate r, i.e. the distance from borehole
center, ranges between a and 1. The angle θ, positive counter-
clockwise, is defined as the angle between the radius considered
and the direction of the maximum horizontal stress (see Fig. 1).
The net pressure pnet is defined as the difference between pi and
the pressure of the pore fluid, pw: pnet ¼ pi�pw. Under the
assumption of plane strain, the solution for the perturbation of
the stress field due to the hole has been proposed by Kirsch (see,
e.g. [6]), as a function of the maximum and the minimum
horizontal far-field stresses, SH and Sh. In terms of effective radial,
hoop and shear stress, the Kirsch solution reads
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where s0
ij ¼ sij�pwδij is the Terzaghi effective stress and δij is the

Kronecker0s delta.
According to (1), the perturbations to the in situ stress field due

to the presence of the hole vanish proportionally to ða=rÞ2 and thus
they are localized to within a few radii of the hole. For example, for
r¼ 10a, the value of s0

θ is almost 1% of the corresponding value for
r¼a (at the borehole wall), so that the perturbations induced by
the hole can be neglected. Hence the principal effective stresses
S0H and S0h actually denote the stresses that, in the absence of the
hole, would exist in a region around the hole whose extent was
about 10a.

The hoop stress on the borehole wall reads

s0
θða;θÞ ¼ ðS0HþS0hÞ�pnet�2ðS0H�S0hÞ cos 2θ; ð2Þ

varying from a minimum value of 3S0h�S0H�pnet, corresponding to
θ¼ 0 or θ¼ π, and a maximum one of 3S0H�S0h�pnet for θ¼ π=2,
or θ¼ 3=2π.

If the values of Sv, Sh, pnet and pw were known a priori from
other methods, together with the elastic parameters and the
failure properties of the material, certain boundaries for SH could
be obtained basing on the occurrence of compression or tensile
failure on the borehole wall.

2.2. Maximum horizontal stress SH from breakout failure

If a breakout failure occurs, a first broad estimate of a lower
boundary for the maximum horizontal stress S0min

H can be obtained
assuming that failure just started, involving a single point on the
borehole wall rather than a wider volume of rock. Breakout failure
will start at θ¼ π=2, where s0

θ coincides with the local maximum
principal stress. Expressing the principal stresses as a function of
the far-field stresses, it follows that for θ¼ π=2

s0
θ ¼ 3S0H�S0h�pnet;

s0
z ¼ S0vþΔs0

z;

s0
r ¼ pnet: ð3Þ
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Fig. 1. Radial coordinates for the circular hole.



The increment Δs0
z due to borehole excavation has been evaluated

assuming null vertical strain (Δεz ¼ 0) during the drilling and mud
pressurization processes, coherently with the elastic solution intro-
duced. The increments of radial and hoop stress in this case are
calculated as Δs0

r ¼ pnet�S0h and Δs0
θ ¼s0

θ�S0H ¼ 20SH� S0h�pnet,
respectively, so that Δs0

z ¼ 2νðS0H�S0hÞ.
Once expressed the values of the principal effective stresses s0

θ ,
s0
r and s0

z as a function of the only unknown S0H , the problem to be
solved reduces to

f Cðs0
zðS0min

H Þ;s0
r ;s0

θðS0min
H ÞÞ ¼ f CðS0min

H Þ ¼ 0; ð4Þ

where fC is a suitable failure criterion of the material.
For example, a Mohr–Coulomb failure criterion can be assumed,

which in terms of maximum and minimum principal stress (s0
1

and s0
3, respectively) reads

s0
1 ¼ CþNϕs0

3 ð5Þ

where C is the uniaxial compression strength and Nϕ ¼ ð1þ sin ϕ0Þ
=ð1� sin ϕ0Þ, being ϕ0 the internal friction angle. For θ¼ π=2, where
breakout failure firstly occurs, the maximum principal stress is s0

θ .
However, the minimum principal stress is not known a priori and
two cases should be considered.

If the minimum principal stress was s0
r , a lower boundary of S0H

would be
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while, if the minimum principal stress was s0
z, it would follow that
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In the case that no breakout failures occur, the values previously
calculated for S0H can be considered as upper boundaries.

3. Extension to elastic-perfectly plastic materials

In order to improve the predictive capabilities of the metho-
dology presented, a procedure to take into account the data about
the size of breakout failure is proposed. Dipmeters or borehole
televiewers can be used to obtain this information during breakout
logging in vertical boreholes. Refined numerical and constitutive
approaches have been proposed to simulate shear failure in
compression (e.g. [9,10]), but their application is beyond the scope
of the note, due to the significant number of parameters which
require ad hoc laboratory testing. An approximate analytic
approach is proposed here, based on the methodology suggested
in [11], and compared with numerical results obtained by finite
element analysis. The basic assumption is that the size of the
breakout measured in situ at the well scale coincides with the size
of the yielding zone that would originate in the same conditions
in an elastic perfectly plastic material. Barton et al. [11] have
introduced the angle αb that subtends the breakout zone from the
center of the hole and the angle θb, positive in counterclockwise
direction, between the direction of the maximum horizontal
principal stress and the radius passing from the extremity of the
breakout zone. In this context, the breakout zone coincides with
the zone where positive plastic strains develop. The geometry of
the borehole and of the yielded zone is presented in Fig. 2.

The principal stresses on borehole wall for θ¼ θb can be
expressed as

s0
θ ¼ S0HþS0h�pnet�2ðS0H�S0hÞ cos 2θb;

s0
z ¼ S0vþΔs0

z;

s0
r ¼ pnet: ð8Þ

The increment Δs0
z due to borehole excavation has been calcu-

lated, also in this case, assuming plane strain (Δεz ¼ 0), so that
Δs0

z ¼ �2νðS0H�S0hÞ cos 2θb. It follows that
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Assuming that for θ¼ θb the material is prone to yield, the vertical
stress can be evaluated considering that the elastic solution (1) is
still valid and that the stress satisfies also the yielding condition
(i.e. Eq. (5) if a Mohr–Coulomb yield surface is assumed). The
suitability of the Mohr–Coulomb criterion to predict breakout
failure shape has been highlighted by Meier et al. [12]. The
solution obtained is a function both of the size of the yield locus
and of the particular yield function chosen. As in the elastic case,
the maximum compression hoop stress acts for θ¼ π=2. Being s0

θ
the maximum stress, the minimum is not know a priori. If s0

r is the
minimum effective stress, then a lower boundary for the max-
imum horizontal stress is
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If the minimum stress is s0
z , then
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The approach proposed does not take into account explicitly
stress redistribution around the well due to plastic strains which
occur in the yielded zone. To check the reliability of the solution in
linking θb to the applied far field stresses, some FEM simulations
have been performed.

3.1. Numerical validation

The approximated analytical solution has been compared to
finite element numerical simulations to evaluate the relationship
between θb and S0H . Several combinations of far-field stresses and
net pressures have been taken into account, in order to reproduce
all the possibilities in terms of faulting regimes (normal, strike-slip
and reverse). The normal faulting regime is defined by the inequal-
ities Sv4SH4Sh that have reproduced considering the case:

S0v=pnet ¼ 4; S0h=pnet ¼ 2: ð12Þ

θbSH SH

Sh

Sh

αb

Fig. 2. Definition of αb and θb.



The strike-slip faulting regime is defined by SH4Sv4Sh and it has
been simulated assuming

S0v=pnet ¼ 2; S0h=pnet ¼ 1:6: ð13Þ
The reverse faulting regime is defined by SH4Sh4Sv. This situation
has been reproduced assuming

S0v=pnet ¼ 1:6; S0h=pnet ¼ 2:4: ð14Þ
In all the three cases, θb was assumed to range from π=4 to π=2.

In the simulations, some reference values for the material
parameters have been adopted: C¼0, Nϕ ¼ 4:6, corresponding to
a friction angle of 401, and ν¼ 0:3. The analytical method has been
used to calculate, through Eqs. (10) and (11), the value of S0H as a
function of θb, given the value of the other principal stress S0h and
S0v and the net pressure pnet. The numerical simulation has been
performed through a sequence of static analyses which reproduce
three subsequent situations: (1) imposition of the initial stress
field, due to the vertical, S0v, and horizontal, S0H ¼ S0h, far field
stresses; (2) modelling of the borehole (neglecting the simulation
of the drilling process) through the application of the net pressure
pnet inside the borehole in plane strain conditions; (3) increment
of the maximum horizontal stress S0H in plane strain conditions,
keeping fixed both the minimum stress S0h and the net pressure
pnet. During this stage yielding in some regions around the bore-
hole is anticipated.

During the third stage, the size of the yielding zone as a
function of S0H has been evaluated, by identifying the element on
the borehole wall which experienced plastic strains. Due to the
finite size of the elements, the result of this procedure is mesh
dependent.

The reference analysis considered a hole with radius a in a
parallelepiped domain: the plane size of the domain was
20a�20a and the height was 2a. To evaluate the influence of
the mesh, different analysis have been performed with decreasing
element size on borehole wall. A refined mesh has been obtained
by using elements of size 0:05 � a on borehole wall. The results of
the FEM analysis with the refined mesh are presented in Figs. 3–5,
confirming the reliability of the analytical approach proposed.

The evolution of the predicted maximum horizontal stress
(normalized with reference to pnet) as a function of the internal
friction angle of the rock is presented in Fig. 6, for different
amplitudes of the breakouts, with reference to the normal faulting

example described in Eq. (12). Correctly the model predicts that
the greater the friction angle, the greater the horizontal stress
needed to obtain a given breakout size. The solution for θb ¼ π=2
coincides with the solution of Eq. (6), which does not account for
breakout size.

4. Conclusion

An approximate analytical solution has been proposed to account
for the amplitude of breakout failures to estimate the maximum
in situ horizontal stress. The solution is based on the assumptions
that the borehole is circular and that stress redistribution occurs
accordingly to the elastic solution of Kirsch. These hypotheses coincide
with those of Zoback et al. [13], although some modifications are
introduced, namely, the influence of the pressure of the mud inside
the borehole on stress redistribution on the breakout failure has been

Fig. 3. Analytical estimate of S0H as a function of θb, compared to numerical results:
normal faulting.

Fig. 4. Analytical estimate of S0H as a function of θb, compared to numerical results:
strike-slip regime.

Fig. 5. Analytical estimate of S0H as a function of θb, compared to numerical results:
reverse regime.



taken into account explicitly; the solution is valid for every faulting
regime, including the case in which the radial stress is the inter-
mediate principal stress (and so it does not contribute to the shear
resistance if a Mohr–Coulomb criterion is assumed); the information
about the deepest radius reached by breakout failure is not needed.

The approximate analytical solution does not consider expli-
citly the stress redistribution around the wellbore due to the
inelastic deformation. For this reason some FEM analyses were
performed, which validate the approach proposed. The results
suggest that the solution proposed leads to a direct estimate of the
exact value of S0H , rather than to a lower boundary. However, this
deterministic estimate of the magnitude of the in situ stress by
using breakout geometry should be used with caution. As pointed
out in [2], breakouts can be enlarged due to various phenomena,

like the reduction of rock strength induced by thermal or chemical
actions, the weathering of borehole wall, the intensity of drilling
and the drilling method itself, so that the actual geometrical and
physical conditions could be different from the ones considered by
the method proposed. These factors can influence the reliability of
the method, which is intended to be used for a fast preliminary
characterization of in situ stress based on a limited number of
parameters.
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