A REDUCED MODEL FOR DARCY’S PROBLEM IN NETWORKS OF
FRACTURES *
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1. INTRODUCTION

The presence of fractures can largely influence the flow in porous media in geophysical applications. The literature
on flow in fractured media is rather extensive, we give here just some main references [2, 3, 8, 10] and we mention
the applications to reservoir simulations [21, 26, 28].

Fractured rocks are characterized by fractures covering a large range of space scales, from small joints to large
faults. In particular, large fractures and faults can act, according to their different permeability, as barriers or
preferential paths to the flow. This is due to the fact that fractures may be produced at different geological times
and may undergo infilling and other geochemical processes that may modify their permeability considerably [17].
At a different space scale, micro fractures can alter, according to their density and orientation, the overall
permeability of the porous medium. Numerical simulations of problems related to groundwater flow such as
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COs storage, oil migration and recovery or groundwater contamination should be able to account for the
presence of fractures to yield accurate results.

In the applications we are considering, the porous medium is usually characterized by the presence of several
fractures that can intersect each other. Moreover the characteristic thickness, or aperture, of the fractures is
very small compared to their length and, in particular, compared to the typical size of the domain of interest.
This geometric complexity makes the simulations particularly challenging for standard methods.

In [5,24,27] the authors propose a model reduction strategy to overcome part of the aforementioned problems by
using a domain decomposition approach where fractures are represented as one-codimension interfaces inside the
porous domains. The proposed model can successfully reduce the number of unknowns in the simulation since,
instead of refining the grid to capture a thin n-dimensional region we are replacing it with a n — 1-dimensional
interface. This approach, originally developed for single-phase Darcy problems, has been successfully extended
to passive transport in porous media [20] and to two-phase flow [19,25], with suitable reduced models to describe
the flow in the fracture.

However the aforementioned works consider just the restricted case of non-intersecting fractures that cut the
domain into two separated sub-domains. In [7] this assumption is relaxed to include fractures that do not cut
entirely the domain, i.e. fractures with tips immersed in the enclosing porous medium, with the constraint of
mesh conformity between fractures and porous medium.

Realistic simulations in a three dimensional domain are presented in [6], where suitable coupling conditions are
imposed at the intersections between fractures. In particular, the continuity of pressure and mass conservation
are enforced. These conditions however, also used in [5], may lead to inaccurate results if two intersecting
fractures have different permeability. In this case one may expect strong variations of pressure near the inter-
section, thus pressure continuity does not seems an appropriate condition to represent this behavior in a model
reduction approach. We mention also the recent works [11,12] on three dimensional discrete fracture network
flows.

In this work, we focus on the development of a reduced model that generalizes the coupling conditions of [5, 6]
to account for different properties of the fractures such as different permeability and thickness and to include
the effect of the intersection angle. The new coupling conditions allow for pressure and velocity jumps at the
intersection, similarly to the conditions derived in [27] for the matrix-fracture system. Hence, we account for the
fact that in a fracture system one fracture can act as a barrier or a preferential path with respect to the other.
We analise the resulting coupled system of equations to derive its well posedness, and assess its conservation
and positivity properties. The analysis is focused on the two dimensional case, where fractures are modeled
as one dimensional manifolds. Although fractures are clearly 3D features, the study of 2D networks is still
significant, particularly when the normal to the fracture mid-surface lays on a plane [23,30]. Moreover they are
less computationally expensive than a three dimensional counterpart and thus useful for preliminary studies.
We propose a discretization method that allows for non matching grids at the intersection points with the
intent of providing the maximal flexibility when dealing with complex networks. More precisely, we employ an
extended finite element (XFEM) strategy to treat intersecting fractures.

We focus just on the fracture network neglecting flow in the surrounding medium. This choice can be regarded
as an intermediate step for the development of a fully coupled model with intersecting fractures immersed in
a permeable medium, but also as a reasonable approximation of realistic situations where the rock has low
permeability and flow occurs mainly through the fracture network.

The paper is structured as follows. In Section 2 we introduce the governing equations and provide the setting
for the derivation of the reduced model. In Section 3 the reduced model for the intersecting fractures is derived.
The corresponding weak formulation in mixed form and its analisys are is presented in Section 4, while in Section
5 we address the numerical discretization and its main properties. In Section 6 we present some numerical test
cases to assess the theoretical results. Finally, Section 7 is devoted to conclusions.



2. THE GOVERNING EQUATIONS

In this work we consider the case of fractures in a domain of R2. For the sake of simplicity, let us consider two
crossing fractures 1, € R?, included in a region D C R? intersecting the fracture boundary. The results
illustrated in this section may be extended rather easily to the case of several fractures, as the examples in
Section 6 show.

Following [27] we suppose that, for each ;, there exists a non auto-intersecting one dimensional manifold ~; of
class C? such that €; may be defined as

d; d;
Qi:{weR":x:s—l—rni,sG%—,re<—Zé's),12(s)>}, (1)
where d; € C?(~;) is the thickness of €; and n; the unit normal of v;. We assume that |y;| > d;, for i = 1,2.
Furthermore, we assume that there exist ci,co € RT, with co “small”, such that
di(s) >c1, |dj(s)]<ca Vserq fori=1,2.
In other words, we assume that the thickness of the fracture varies slowly and is small compared to the other

dimensions of the fracture.

Remark 1. The requirement that ; be of class C? may be partially dispensed with. Indeed, it is sufficient that
i be a piecewise C? curve.

We set I := Q1N and we assume that each €2; can be subdivided into three disjoint and non-empty sub-regions
Qi1, Qio and I, i.e. a T shaped intersection is not allowed (see Figure 1). For convenience let us introduce the
following sets, for i,j = 1,2

Q:=Q,UQy, F:=%,U7%,, t,:=m N~y and 0l; =0l N 3y, (2)

It is implicit in these definitions that we assume that -y; and 7, intersect each other at a single point, indicated
with 2,. The extension to multiple intersection is straightforward.

FIGURE 1. Example of a network of fractures and its subdivision (2).

We assume a Lipschitz-continuous boundary for both D and Q. We indicate with n;;, no and np the outward
unit normals to 01;;, 022 and 0D, respectively. Here and in the sequel we indicate with the lower case subscripts
i and ij the restriction of data and unknowns to €2; or €;;, respectively, and with the subscript I the restriction
to I. For instance, for u; in €2;, u;; indicates the function in €2;; such that u;; = ui|Qij and so on.

We are interested in computing the steady pressure field p and the velocity field w in the whole network €2,
governed by the following Darcy problems formulated in £2; and I,

v._’uf:fi inQ;\Ifori=1,2 and V._,uf:fj in I. (3a)
K u;+Vp; =0 K, ur+Vpr=0



Here K; € [L™® (Q)]*** and K; € [L™® (2)]*** denote the permeability tensors, which are symmetric and
positive definite, and f € L? (2) is a source term which represents a possible volume source.
We consider the following physical coupling conditions between I and Q \ T

{pij =rI on 01;; for 4,5 =1,2, (3b)

WUij - M5 = UL * N5
and boundary conditions

u-ng=0 ondQ\aoD,
p=y on I'?, (3c)
u-np=>b onl™

The first condition of (3c) means that we are considering the fractures as immersed in an impermeable medium
D\ Q. In the remaining part of dQ we impose boundary condition for the pressure on T with g € H'/? (I'P),
or for the flux on T'* with b € H~'/2 (I'*). We have I? UT* := 9D NJQ with ['? NT"* = (), moreover we require
that I'” # () and that 9€;; N 9D belongs to I'” or to I'* for 4,5 = 1,2. We consider a subdivision of I'” and
I'* for each fracture, indicated as I' and T'¥, respectively. Finally, according to the latter sub-division, we set
OV’ == 0y, NTY and O := 9y; NT¥. Introducing the vector functional space

Haiv (Q) == {v € Haiy () : (v-mp —b, w) =0, Vw € Hjpu (Q)},

with Hjpu (Q) := {we H' (Q): w=0in I}, we have the following standard result for the Darcy problem,
see [14,16,29].

Theorem 2.1. Under the given hypothesis on the data, problem (3) is well posed. In particular, we have
(U,p) € %div (Q) X L2 (Q)

3. DERIVATION OF A REDUCED MODEL

The derivation of the reduced model follows the approach presented, in a different framework, in [27].

We indicate the projection operators in the normal and tangential direction of ~; as IN; := n; ® n; and
T, := I — N; respectively, I being the identity tensor. Given two regular functions g and q, we define the
tangential gradient and divergence for each ~; as

Vrg:=T;Vg and V. -q:=T,:Vgq, (4)

respectively. We require that the permeability tensor K; in Q; \ I, i = 1,2, can be written as K; = K; ,IN; +
K; T, with K; , K; - € L™ (Qij) and strictly positive. This is a reasonable request since we are assuming,
in the two-dimensional case, that the permeability tensor is diagonal in a frame of reference that is aligned
with the fracture. In the three dimensional case this assumption also implies that the permeability should be
isotropic in the tangent plane of the fracture.

We indicate with the symbol * the reduced variables defined on ~;. In particular, for any s; € ~;, we introduce
the reduced pressure p and flux @ as

d;

2

w;(s;) = . Tiu; (s; +rn;)dr  and  p;(s;) : d /d pi (8; +rn;)dr. (5)

Note that we have preferred to use the flux and not the average velocity in the reduced model since it simplifies
the model in the case of fractures with variable thickness.



Moreover, a reduced source term and the inverse of the scaled permeabilities are defined as

di
- e d; . 1
fi(sy) == . fi(si+rn;)dr, ny, = fzn and 7); = LKL

s

%
2

respectively.
Using (5) and approximating I'* with 9y and I' with 047, so that 9y*Nd+" = (), we obtain the corresponding
reduced boundary data from the last two expressions of (3c¢),

1
! 691] noD ! ( ) ! |897ﬁ7 n aD‘ 8QLJ00D ! ( )

Indeed, by the definition in (5) we have that @; - n; = 0 on +;, i.e. 4; is aligned to the tangent of ;.
The reduced model on each Q;; is obtained by integrating (3a) along the fracture thickness and can then be
written as

;- n :l;i on Ov*
invy\4, and { P 7 fori=1,2.

vTi : ’&”L = f’L
Di = Gi on dv;

Nty +Vo,D; =0

We derive now a reduced model for the flow in the intersecting region I in order to find proper coupling
conditions. To this aim, we assume that I can be modeled as a quadrilateral with parallel sides, i.e. the
thicknesses d; can be considered constant in I. Furthermore, we have assumed that the permeability tensor K7
can be taken constant in I. Let us indicate with 7; the tangential unit vector to ;, and with 7;;, its value at

ip, and define d} := d;/sin§, with sinf = \/1 — (714, - Tgvip)2. Then |I| = did; |sinf|. Note that 6 is the angle
between fractures at the intersection, as shown in Figure 2. We can write the intersecting region as

. d; dj .
I=JzeQ:xz=14,+x1T15, +TaTos,, T; € —30 fori£j=1,2,.

=
i -7 d Io-"dy
", - -
-7 p I~ e |
—— — e — — o — — —— —— ) — —— —— — — e = — — — — — — —
- -~ -
T - - 0L, .~ ! _- 0112 by
- - P - |

FIGURE 2. Example of an intersection.
The reduction process approximates I with %, and assumes that the fluxes @, and the pressures p; can be

discontinuous at 2,. Thus, we denote with p; € R the reduced value of the pressure at the intersection, defined
as

1
pri= m/lpl (z) dx. (6)

The intersection point divides each line ~; into two parts, ;1 and ;2 respectively, where the indexes 1 and
2 refer to the orientation induced by the tangent vectors. Again, a double subscript 7j, with 7,7 = 1,2, will



be used to indicate quantities on ;;. Furthermore, since ; is by definition aligned along 7; we may write
’&i = U;T;.
We can then define the jump and mean operator across %, as

a1 + a2

, for 1=1,2.
2

Hai]]ip = Q51 — Q2 and {{ai}ip =

It is reasonable to make the following approximation, (3b)

L 1 .. .
</ uy - n) T ~ U (i) and ?/ pr ~ Pij (4p), fori,j=1,2.
ol; i JOL;
Mass conservation implies that
2
> law - 7li, = fr  with  fr = /fI () da.
k=1 I

We integrate the first of (3a) on I, approximating the integral involving the velocity w; by the trapezoidal rule
on each fracture, to find

2 2
_ s 1. . _ 1 .
/K, lur ~ K; 1% > = (G o) = K 2y - fuks, -
I -1 %% —1 %%
k=1 k=1
Furthermore, the integral of the gradient of the pressure p; in the intersection can be written as

2
/VPI = Z nij/ pr & (P12 — P11) nadi + (P22 — Po1) nuds = —[p1]i, nodi — [Pa]i, n1d5.
I (9[7;]‘

ij=1

Then, we obtain
21
K1Y = Qs = ils,nadi + [P, mads.
k=1 "k

Multiplying the above relation by 71, or similarly by 72, using the identity d; = diny - 71 and the fact that
u; = (@, - 7;)7; we obtain,

2
I I -~ A . . .
% Z Tclllf {a - Tk}}ip = [pi]s, ind,, =12, (7)
tg=1 k
where
my =T, K T, (8)

If 41 and 79 are orthogonal and the permeability tensor K7 is such that
K;1 =T Tlﬂ:p & T177:p + 77')’2"-277:;9 & T277:p7 (9)

coupling conditions (7) can be simplified into

d;
n’deij {ﬁl . Ti}ip = [[]aiﬂip in ip, for 7/7j - 1727 ] # i



To close the system we derive a model for the pressure at the intersection. For each fracture in the first half
(10)

of the transverse section we approximate the value of the pressure in ¢, by the following truncated Taylor

*

expansion,
. d; - o
pj (2p) = p1 (3’31)+5va (61) -7 4,j=12 withi#j,

where 01 = i, — 7;§1d} /2 with & € [0, 1], see Figure 3. In the second transverse section we use an analogous

I €T
n "811,1 ,’ ,’8112
IR -
T1 i Irz_p_ T _I' "o
‘@1 /‘\
/
Y2 s
FI1GURE 3. Example of a bi-dimensional intersection between two fractures.
approximation, namely
d*
Dy (ZP) =PI ((Bg) - ?]vpf (02) © T 27.7 = 112 with 4 7& j7 (11)
(12)

where 0y = i, + T;62d} /2 with & € [0, 1]. Using (3a) and (3b) we find
kT 1
pj (ip) = pik + (1) 5 Ti K ur(0) fork=1,2.

The values of w; in both 87 and 05 are unknown, therefore we express them by the following convex combination
for & € [0, 1],

1
= (ug1 + u2,2)

(01) =&uig+ (1 —=&)ure + 5
1
—(ug2+u27) for& €0, 1].

(02) =&Luip+ (1 —&)ury + 5

for each fracture

Using the previous expression for u; and integrating in I, equation (12) becomes
. . 4 [1/d; . . o odi
D1 = Di,1 — ‘l'iT - K; ! ! {ai}, +{a;}, )+ fO,lJHuiHiP )
2 dl P P di
. A T |1 fdj o - e dyo
pr=piz+7 K \o (o Aad, H el | -2 lads, |

where éo,k = (26, — 1)/4 for k = 1,2. Finally using (7) and the fact that pressure p; is single valued, thus
(13)

&o.x = &o for k = 1,2, we obtain the last coupling condition of our reduced model

di ) o
f()d%nfi[[ui 7ils, = {iYs, —Pr ind,



To sum up, the complete reduced model that describes the evolution of u;, p; and p; consists of the following
system of partial differential equations

- oo = b on
A i Jfl inv; \i, and N AD ’ & for i =1,2. (14a)
Nit; + VD =0 pi = 9i on 9

and the coupling conditions for the fracture-fracture system

2
Z[[ﬁk “Tils, = f1
k=1
RSP ) in iy, i,j=1,2,i % j. (14b)
z Z d* {{uk . Tk}}ip = [[plﬂzp Py 94y
=1k
~ d. R . R
§odfj_77§i[[ui 7ils, = {bi}s, — b1

If the intersection region has a high permeability then nilj ~ 0 and conditions (14b) reduce to those in [4,
6], i.e. continuity of pressure and mass conservation. However, our model is more general as it allows for
different choices of K, and it is useful in practical situations where fractures have rather different permeability
and may even act as barrier to the flow. This fact will be illustrated in the section dedicated to numerical
experimentation.

4. WEAK FORMULATION AND FUNCTIONAL SETTING

We describe here the functional setting for homogeneous essential boundary conditions, i.e. all possible b; are
set to zero, since the non-homogeneous case may be recovered by standard lifting techniques. For a given regular
curve v : (0, L) — R? with tangent 7 defined almost everywhere on v we define the vector space

Hgy (y) == {'w € [L2('y)}2 : V- wée L2(y),w-n=0and w-np =0on 87} ,
with norm
1ol 2y, ) = 10l 720y + 1V - w172

Furthermore, we assume that elements of w € Hg;y () are aligned with v, i.e. for a w € Hyjy(y) we have
w = wr with w € H'(7y). We set W;; := Haiy (vij) and W; :== W;; x W;o with norm

||wl||€[,1 = lel”%}ul —+ H’I_UZQ”%;V72 —+ [[’UJl . Ti]]f'p where w; = (wl-h wi2) e VVZ

Let us define Q;; := L? (vi;) and Q; := Qi1 X Qi2. @Q; may be identified with L? (;). We set W := W; x W,

with norm
2 2 2
|wllyy = [lwillw, + w2y, where w = (w1, w2) € W,
and @ = @1 X Q2 x R with norm

2 2 2
lallg == laullg, +llallo, + 43, where ¢ = (a1, g2, 43) € Q.

All those spaces are in fact Hilbert spaces equipped with scalar products associated with the chosen norms.



To obtain the weak formulation of (14) we take a test function ¢; € @Q; and integrate on each branch ~;; the
first equation in (14a) to obtain, summing over j

(Ve ttis @), = (fio @) Vai€Qii=12
Vi
Taking then a test function w; € W; and integrating on each ;; the second equation in (14a), we obtain
(Miei, wi), — (Bi» Vo - wi), + [piw; - 7ili, + Y i (wi-mp) loyr, =0 Vw; € Wy, i=1,2.
ij: O} #0

Note that we have integrated by parts the pressure term and used the natural boundary conditions. Thanks to
the identity [ab] = [a] {0} + {a} [b] we can include the coupling conditions (14b) substituting the expression
of the pressure jump and average as

[piwi - mili, = [pils, {wi - 7}, + o} [wi- 7,

Introducing @ := (1, 42) € W and p := (p1, P2, pr) € @ and summing over i, the weak formulation of the
coupled problem (14) can be now written as: find (@, p) € W x @ such that

{A(a, w) +B(h, w) = F (w) Ywe W (15)

B(g, u) = Q(q) Vg€ Q.

The functionals and bilinear forms in (15) are defined as

2 2
A(u, w) ::Zai(uia w;) + Z UZIJ fu; ‘Tj}}'ip {w; ""J}ip ) (16a)
=1

Q=1
i#
2
B(g, w) =) (a4 Vi - wi) 2,y + @a[wi - 7], (16b)
=1
Flw)= Y —gi(wi-np)lsy, (16c)
ij: O} #0
2 ~ ~
Q(q) =) —([fisaw + f1gs. 16d
(a) ; (oo @) ., + Fras (164)

The bilinear forms «a; in A are given, for ¢,j = 1,2 and i # j, by

d; , »~
a;(u, w) := (Nw, W) 2, + nfii(goﬂu Tils, [w - Tili, + fu- i}, fw-nd) ). (17)

We have the following
Lemma 4.1 (Boundedness of A). There exist a constant C € Rt such that

[A(u, w)| < Cllully [wlly,  Yu,weW.

Proof. A is clearly a bilinear form on W. Since each u;; and w;; are aligned along ~;;, that is u;; = ui;7;,
the request that u;; € Haiv(7;;) implies that u;; € H 1(%3»). Then the boundedness of A can be obtained from



the application Cauchy-Schwarz inequality together with Sobolev embeddings and trace inequalities [1,13], by
which we can finally state that 3C € RT such that

A, )] < Cllully lwlly where € = C (il (3,00 Amars 35 )

with d := ;naol( d;/d; and c, depends on the trace inequality constants for each ~;;. O
i#j=1,

Lemma 4.2 (Coercivity of A). There exist a constant o € R such that
A(u, u) > a||u||%,v Yu € W

where Wy :={w € W : B(q, w) =0, Vq € Q}.

Proof. By definition of B we have that a w € Wy is characterized by V., - w;; = 0 almost everywhere on +;;
and [w; - 7];, = 0, for 4,5 = 1,2. Therefore, for a w € Wy we have ||wH€V = Zle ||wi|\i2(%). Moreover, if

P

w € Wy we have

2 ) 2 4
1/2 2
Alw, w) = E ’ ni/ w; L2(%)+ E (n{ldjz {w; - Ti}}ip+ T]i[j {w; - Ti}}ip{{wj . Tj}}ip>'
i=1 i,j=1
7]

Let us introduce the vectors a; = \/d;/d; {w; - Ti}}ip 7;, for i,7 = 1,2 and j # ¢ and the scalar product

(a1,a2)k = al K;'as. We recall the definition of ni; in (8) to note that the last sum in the previous equality
may be written as

(a1,a1)Kx + (a2, a2)k +2(a1,a2)x = (a1 + az,a; + az)x > 0.

Therefore, the wanted inequality is proved with a = ienfegs f(z). O
TEy1UY2

We indicate with M the set of indexes 7j corresponding to portions of fracture where we impose pressure
boundary conditions, that is

M :={(i, j) : i,j = 1,2 and O, Novy; # 0} and ng:=fM.
Theorem 4.3 (Inf-sup condition). If ng > 0, then for all p € Q there exist a w € W with w # 0 such that

B(p, w) = Blpllgllwllw

for B € RT independent on p and w.

Proof. Given p = (p1, P2, Pr) € Q we construct the following auxiliary problems. For (i, j) € M we look for a
function ¢;; € H?(v;;) such that

—Var,  (Vrdij) =Dij i i,
09ij  pr ; )

L= (-1t 18
R (18)

¢ij =0 on 8’7,‘]‘ n 872’-’-,
J




with |y| = 3", |7:|. While, for all other values of the indexes ¢ and j we look for the ¢;; solution of

~Var - (Vrdij) =Dy in v,

]
B‘r: =0 on &y NV, (19)
i =0 on i,.

Both problems are well posed and enjoy elliptic regularity.
We consider w;; = V,¢;;. We have, by construction, that the solution of (18) provides at the intersection
point %,
P1 ;
wij -1 = (=1)7 T . (20)
ng
As for the solution of (19), by simple computations we derive that at 2,
w;j T = _/ (=171 p,;dry. (21)
Yij
Furthermore,
2
L2 R A
Bp, w) = Y Nbisllizcy,) + 0157+ D / Dijbr-
i,j=1 (i,j)EM Yij
Thanks to Young’s inequality applied to the third term, we have that
2

L2 A 2
Z ||Pij||L2(%.j) + Pt | > C||p||Q7
ij=1

B(p, w) >

N =

with ¢ = £ min {1, |y|}. Exploiting standard stability results for the solution of (18) and (19), we infer that

2 2 2
2 2 . L2
Z ||wij||L2(~,ij) = Z ||Vn¢ij||L2(wj) <C (pl + Z ||pij||L2(%j)> :
i=1 i=1 i=1

Moreover, we have
2 2
2 2
Z IV, 'wij||L2(%j) = Z IVr, - (Vn@j)”m(%) =
i=1 i=1

2 2
=2 N9l < © (ﬁ 2 |15ij||2mm>> :
i=1 1=1

2

Thus, 37, Hwii”%vu < ||p||é Furthermore, [['wi]]zp < pill, + b7 because of (21) and (20). In conclusion there

exist a constant C' € R* such that [|w|ly, < C|[pll,. This result allows us to complete the proof. O

Remark 2. The condition ng > 1 in the previous proof is needed, otherwise we are not able to control the
pressure pr. However, if all boundary conditions are imposed on the velocity we are still able to find a solution
provided that the boundary velocity satisfies a global mass conservation. In this case, however, p;; € L?(y)\ R
and p;r may take any arbitrary value.



Lemma 4.4 (Boundedness of F and Q). There exists C1,Cy € RT such that
[F(w)] < Ciflwlly,  and  [Q(g)] < Collglly V(w, q) € W xQ.
Proof. Let (i,7) € M, then (w;; - np) |,9,ij satisfies

|wij - mp| < |wis| |75 - np| < |wi;| < C,

winHl(yu) <0y, 'winWij < Oy llwllyy-

ij
We have used the trace inequality for functions in H!. By summing over all (i, j) € M we have

F(w)| < Ai‘C.v w .
F)l < max (9] C) lwly

o
Furthermore

fi fi

2
Q@)<Y
=1

2
. ¢ < ~ '
Lz(%)HQZHLN’H) + ‘fl‘ lgs| < (; ‘ L2 (r) + ‘f[’) ||qHQ

O

Thanks to the previous results problem (15) is well posed [14].

We state now a maximum principle for the continuous problem (15). It is well know that the original problem
in Q1 U Qs expressed by (3a) satisfies a maximum principle for the pressure. Namely, in the absence of the
source terms f; and f; a smooth pressure solution is always within the maximal and minimal value taken at the
boundary. We verify the conditions under which a similar property is enjoyed by the solution of the reduced
model.

FIGURE 4. Example of an intersection with the convention of the directions for Theorem 4.5.

Theorem 4.5 (Maximum principle). In the case fl =0 and fl = 0, if the permeability tensor Ky is isotropic
and if the parameter &y is such that

sin?()
4(df, +1)

dio  sin®(0)
(df 5+ 1) cos(d)’

§&§4

where dy o = dy/d2 < 1, then a mazimum principle is satisfied by problem (14). In particular, given a smooth
solution p we have that all pressures p;; in v;;, as well as pr are within the values taken by the pressure at
boundaries 0v;; N OD.



Proof. Let @ and p be a solution of the reduced model (14) with fl = 0 and fl = 0. Each p;; enjoys the
maximum principle on 7;;. To prove that this is the case also for the global problem it is sufficient to prove
that: (a) the reduced pressures in the fractures at the intersection point can be expressed as convex combinations
of the pressures at the external boundaries; (b) the pressure p; is a convex combination of the pressures in the
fractures at the intersection.

The tangent vectors 7; are continuous at 4,. Without loss of generality we choose a frame of reference such
that 72 = (1 +m?2)~I[1, Fm] ", with m = tanf/2 and 0 < |m| < 1, where 6 is the angle between fractures as
in Figure 4. Moreover, as the numbering of the fractures is arbitrary we suppose that 0 < d; o < 1. Since we
have assumed that the permeability tensor at the intersection K7 is isotropic we set Kj = n;I.

Let us indicate with p,; the value of p;; at 4, and with g;; the value at the corresponding external boundary
point of 7;;. Then, by integrating (14a), we get, referring to Figure 2,

Pij — 9ij = Pi (Lij) — pij(0) = —/ Nitlijds = —ﬁij/ nids, (22)
0 0

where we have denoted with L;; the length of the j-th branch of v;, and set 4;; = £, - ; with the convention
that 4,; is directed towards the intersection. Note that 7;; is constant because of the continuity equation and
the absence of source term.

We introduce the following vectors p = [Ell,ﬁIQ,ﬁQl,ﬁQQ]T, g =911, 912, 921, g22
matrix

], w = [@11, 019, 21,020 | and

D = dlag {Dlla D12, D21, DQQ} Wlth D” = —/ ﬁidS.
0

Relation (22) may be rewritten as
u=D""(g-p). (23)

Moreover, by using the interface conditions (14b) that express a relationship between w and p, we are able to
write

Ap =u. (24)

Now we show that A is such that ker (A) = span ([1, 1,1, 1]T>, and that —A is a Z-matrix for some values of

. . —1
the parameter §. The entries of the matrix can be written as A;; = A, {4 Eomr m? (d% + d%)} , where the
Ap,; read:

AN, = ANy, = —didy (fo(cﬁ +d2)(14+m?)? + d%mz)

ANy, = Ay, = —dad; (éo (di +d3) (1+ m2)2 + d?mQ)

Anyy = Any, = dudy (€ (B + B) (1+m2)° — d3m?)

Anyy = An,, = Ay, = An,, = d2 (éo (@2 +d2) (1—m?) + d1d2m2)
Ay = Ang = Angy = Ang = &3 (=& (63 + d3) (1 = m*) + dydzm?)

Angy = Ay = i (& (@3 + &) (1 +m?)” — dim?)



It can be verified directly that each row of the matrix sums to zero, which proves that the kernel of the matrix
contains the constant vector.

The diagonal elements of A are negative for any & > 0 therefore —A is a Z-matrix if the off-diagonal elements
of A are positive. It follows that the parameter éo must satisfy the following system of inequalities

- 1 m2 d%z m?
SR B (e 5°—d2 11 +m2)y
Aom > B2 Mgy e

&, +1(1+m2) S B, 11 +m?)

For |m| < 1 the third inequality is satisfied for all éo and, since 0 < d; 2 < 1, the first constraint is at least as
restrictive as the second. Using the definition of m, the system can thus be rewritten as
sin?(6)
4(df, +1)

dLQ sin2(9)
4(d? 5 +1) cos(0)

< <

We have left out the case m = 1, i.e. § = 7/2, but by inspecting the previous relation we see that it can be

extended to this case by continuity, providing the bound fo > .
4(di 5 + 1)

We highlight that the bounds depends both on the angle 6 and on the ratio of the thicknesses, but not on the

permeability. Combining (24) and (23) we can write

(I + D_lA) p=

Since D is negative and A has the aforementioned properties I + D~!A is an M-matrix whose rows sum to
one, therefore the pressures p;; are convex combinations of the boundary values g.
We need now to verify that pr is a convex combination of the p,;. Summing the two interface conditions (14b)

. _ 1 _
we get p; = iZij:l Pij — &ody, ok Z” 1 @;j, which becomes by using (24), pr = e (I — &od;] énéA) p,

where e = [1,1,1,1]. Because of the stated properties of A, the vector e’ (1/4I — &yd L {30k A) has all positive
entries which sum to one, then p; is a convex combination of the pressures p, which completes the proof. [

5. NUMERICAL DISCRETIZATION

We still consider two fractures with a single intersection, the extension to more general cases being straightfor-
ward. We discretize each curve v;, i = 1,2 with a polygonal line vy, ; with vertexes x; ; € v;, fork=1,--- |, Ny ;,
and x; ; # ip. Clearly, x;; and x; N, , correspond the ends of the curve. For the sake of notation, we in-
dicate with the same symbol 7 ; the polygonal line and the mesh formed by the union of the line elements
lik = [®ik—1, ;). Moreover, we set h; ;, = |l; | and h; = maxy, h; i, while h = max(hq, he).

Let [, be the curved element on ~; with the same end points of /; ; € p,,;. If the mesh is fine enough there
exists a unique mapping F; : v; — 75,; defined on each li €7 by

x=Fi(y)=y—Di(y)nun; for ze€lp and yelj,.

Here, ny, is the normal vector to ~;, which is piecewise constant in each I; ., and D;(y) := dist(y, v.;). The
collection of the curved elements [{ . will be denoted by ~; ;, which geometrically coincides with +;. Because
of the assumptlons made on the regularlty of ~;, and in partmular the boundedness on the curvature, we have
that |D(y)| = O (h?) for all y € v; . If we indicate with D; the rate of variation of D;(y) along v ;, we may



note that the arc length measures on +; and vy, ; satisfy
dy; = (1+ D)2 dy, ;.

We assume that the mesh is fine enough so that D; = O (h) and, in particular, we have D; € L*®(v,;). By
properly selecting the orientation of the curves we have the useful relations

N T = Di(l + D?)‘l/2 and T -7 =(1+ D?)_l/z, (25)

where 77, ; is the (piecewise constant) tangent vector of vy, ;. Furthermore, we have that (14 D2?)~1/2 = 140 (h).
Let now f : v, — R, we consider the transformations P; given by

fC=Pif =foFi (26)
Clearly, f¢:v;, = R.
For a vector function v : v,,; — R? aligned with Vh.i, 1.€. U = VT ;, we consider instead the transformation P;
given by

v¢=Pv= (’U O]:i) CThiTi = ('v O]ri)Th,i & T;-

Lemma 5.1. Transformation P; is an isomorphism between H' (7 ;) and H'(v;), while transformation P; is
an isomorphism between Haiy(Yn,:) and Haiy(vi). Furthermore,

/ . -chcd’y:/ V., - vqdy (27)
Vi Yh,i

for all q € LQ(*yh,i), v € Hyiv(vn,i) with ¢° = Piq and v® = P,;v, respectively. Moreover, for each element I, ;
of Vn.i
|v7'h.i : v|H1(lh17~,) = ||V“'h,iv7'h,i : ’UHLL’(thi) S |v7'1 '/vC|H1(l}CM_) + h”vﬂ "UCHL2(1}2’Z_)' (28)

Proof. By standard integration rules

10y = / (FPdy = / (1+ D2)2 24y,
Y: Yh,i

Thus,
2 o2 2
122 ) < NFNZ2 0 < CullfllL2q, 00 (29)
with Cp, =1+ O (h) > 1. By the same technique we prove that
2 2 2
[0l 22(y ) S NV T2000) < ChllvllTagy, ) (30)

We now note that if s and ¢ denote the arch length coordinates along «; and +4 ;, respectively, for a vector
function v = v7y,,; aligned along <y, ; we have the identities

dv . e
Vo, v= yr and V. -v°= I (31)




Thus,

_dvoF;  dvdt

Ve 0 = T T i ds

= (1 + D?)_l/gv‘rh,i v, (32)

since ds/dt = (1 + D?)'/2. Consequently,
n ||V, .vHLz(W) <V, 0N 2y < [V .vHLzm),

where ¢, is a positive constant that behaves as ¢, =1 — O (h). Combining this last result with (29) we get

nllol ety oy < 19 et ) < Ol g - (33)
Analogously,
dfe d
Vo f¢= én and V.  f= d—‘irm.
Thus,
df o F; dt .
Vo 6= foFi —7 =1+ D)V, - ThiTi.

dt ds
Taking the L? norm and applying the definition of the H!(v;;) semi-norm we obtain
Ch "f|H1('Yh,i) < |fC|H1("/i) < Ch |f|H1(“{h,i) ’ (34)

As for (28) we use again the parametric representation to note that on each element Iy, ;

d d .
ViV vy = (Ve v, )T = — [(1 + Dz)*l/QVTM S Vp| Ti

ds(

dt
. d? DD d
_ -1/2%> . _ _ Z~Z %
= (1+ D?) 72 Uh,iTi s D2)2 dtvh”n =
oo DD .
=(1+ D) 2@ 10V, Ve, Vi — mvn Ui Ti

where it is understood that quantities are computed on corresponding points on [l ; and [}, ;, and we have used

(31) and (32). By taking the L? norm and using the fact that D = O (h) we obtain the wanted result. Finally,
relation (27) is readily proved using (32) and applying the usual integration rules. O

We are now in the position of setting up our discrete spaces. We start by defining, for i = 1,2,
RTo(vh,i) = {w € Haiv (i) 1 w € P1(1), VI € Y i, w = wrp i, w € CO(yn) } -

Note that despite the fact that 73 ; is only piecewise continuous the tangential component of elements of
RTo(yn,s) is continuous. We also remind that, since we are treating problems on a one dimensional manifold,
elements of Hgiv(vn,;) have tangential component in H I and thus admit a continuous representative. The
degrees of freedom on RTy(7ys,;) are indeed the values of w = w - 73,; at the mesh nodes. Correspondingly we
have a set of basis function which we indicate as {¥; x, k =1,..., Np;}.

To account for the discontinuity at the intersection we consider the points gp = Fi(i,) projection of ¢, on 7 ;
and we enrich the space using the XFEM [22] methodology.



More precisely, let Cp; = [#; k-1, %i k] be the element crossed by the projected intersection point (See Figure

5) and x;1 and x;2 the characteristic functions of the sub-elements lZ 1= [@ig— 1,1,p] and l = [zp,wzﬁk]
respectively. We consider the space

Eu(vhi) == A{vn,i 0 Ohi = 0;1%i kX1 + 05 0% k—1Xi2}-

The spaces RTy and E, have been defined on v ;, we can then project them on the curve and account for
essential boundary conditions by defining

Wy, = Pi(RTo(h,:) ® Ep(yn,:)) NW;. (35)

Correspondingly, W, ; = ’Pl_l(thz) By construction, Wy ; C RTo(Vh,:) ® Ep(vh,:)-
We can define vy, = (’%j \Chﬂ‘) U li{(j, where 4;; = {l € Yh,i ]:_1(1) M yij #* @}

— Bh,z
B 1

)

==Cp2

—Ch1

FIGURE 5. Subdivision of v, ; = Cp; U Bp ;.

Remark 3. The points F;(i,) are in general different, unless fractures ~y; are straight lines, and | F1(ip) — Fa(ip)| =
@ (h2) as h — 0. However, in most practical situations fractures are almost straight and for a sufficiently fine
mesh the distance of the two projections is rather small. For this reason, and for the sake of notation, we have
used a unique symbol, Zp for both projected intersection points.

For the pressure we proceed by setting

Qni = {a € L*(v) + ali = qit, Y1 € Vi \ Chsis dlen. = @iiXin + daXi2} s

which is the extended space of piecewise constant functions on 7j;, and we lift it to 7;, by defining Qf ; :=
Pi(Qn,i). The space Q,c” is in fact made by piecewise constant functions on the curved mesh Yh,i- By construc-
tion, both W}, ; and @, ; are broken spaces, i.e.

Whi =Whit X Wi and Qpi = Qpi1 X Qpi2,

where W), ;; is the restriction of W, ; on 74, 5, and we have that W, ;; C Haiv(7Vh,i;). Consequently, also W,fyi
and @}, ; can be written as

(& _ C C C _ c C
Wi =Wia xWy, and Qf,; = Q1 X Q o,

with Wi .. C Wi and @Qf ;; C Qij. Thus Wi, C W and Qf, ; C Q;. We define W7 := Wy x Wy, and
h = Qh1 X Q2 x R, and analogously W}, and Q.
We can now write the discrete weak formulation of the problem (14) as: find (af, pf) € W x @QF such that

{A(az, wf) + B, wh) = F (wf) Vaoj, € Wy 0

B(qy,, ;) = Q(q5) Vg, € Q5.



We introduce the following weighted L? norm on functions of L?(v ;)

wlligy = [ 1+ D)Vt 7
ot

h,i

which is equivalent to the natural L? norm thanks to Lemma 5.1.
We define now the following problem on the polygonal lines approximating the fractures: find (@, py) €
W), x Qp, such that

Ap(tn, wp) 4+ Bp(pn, wp) = Fi (wr)  Yw, € Wy (38)
B (qn, wn) = Qn (qn) Van € Qn,
where
2 2
An(up, wp) =Y ani(ung, wii) + Y 0k fung -l {wne il (39a)
i=1 ij—1
ij?éj
2
B (qn, wp) == — Z (qhyi» V., - wh,i)Lz(%i) + q3[wp,; - Th,i]]gp, (39b)
i=1
Fn (w) = Z —giwn,; - P; 'np, (39c¢)
ij:a'yfj;ﬁ@
2
=Y —(fioF " qn fras. 39d
 (q) ; (oo Fit ana) o+ fras (394)

Here, the bilinear forms ay, ; are defined as

2
) dj (¢
ap,i(u, w) =, W)+ D T]IC% (fo[[uh,i “Thilly [whi - Thil; +
i=1 '

+ ik, fwn ) with £

Lemma 5.2. Problem (36) is equivalent to (38) in the sense that if 4y = (up1,up2) € Wy and pp, =
(q1,92,q1) € Qn is a solution of (38) then the projections (Piun1, Poun2) € WE and (Piq1, P2g2,qr) € Q5
are a solution of (36). Vice versa, if 4§, = (ufm,ufm) € W¢ and 15, = (45,45, q1) € Q5 is a solution of (38)
then (’Pfluz)l,Pgluz’g) € W), and (Py'q1, Py tq2,q1) € Qi are a solution of (36).

Proof. 1t is sufficient to apply the definition of the discrete spaces and of the transformations P; and P;, together
with (27), (37) and apply Lemma 5.1. O

Theorem 5.3 (Well posedness of the discrete problem). Under the same conditions of Theorem 4.3, problem
(36) is well posed.

Proof. We tackle problem (36) by considering the equivalent problem (38) instead. First of all we note that
thanks to Lemma 5.1 all bilinear forms and functionals in (38) are bounded, since we have already demonstrated
the boundedness of the ones used in (36). We now note that W, ;; and @y, ;; do in fact define a one dimensional
RT( and a piecewise constant finite element space, respectively. Therefore we can define a standard interpolation
IL; - Hdiv(’yhﬂ‘j) — Wh,i; and projection operators m;; : LQ('yh,ij) — Qn,ij. It is known that in one dimension
the two operator commute with the tangential divergence, i.e. Vi, , - Il;;v = m; V4, v, for all v € Hyiy(Yh,i5)-



We can then repeat the same steps of Theorem 4.3 on problem (38), where now we take as velocity field
associated to a given g, ;; € Qn,i; the quantity vy, ;; = IT;; V4, ;¢ to prove the inf-sup stability of Bj,. U

Theorem 5.4 (Maximum principle). The mazimum principle is satisfied by problem (36) under the same
conditions of Theorem 4.5.

Proof. Again we refer first to the equivalent problem (38). In the absence of source term the second equation
implies that V, ,up; = 0 on each element of vy, ;;. Therefore uy, ;; = up,ij7h,; is constant. For any couple %, j
we take as test function wy, the function such that Wy 5 - Th,i; = 1 on all vertexes x), internal to 4y ;; and zero
at all other nodes and on the intersection point Zp_ Then, by simple computations, the first equation of (38)
gives the following relation for the pressures pp ;1 and Dh,ij,N;; at the first and last element I}, ;5,1 and lh,ij, Ny
of Yh,ij

Dh,ij,Ny — Dh,ij,1 = _uh,z’j/ NiWh,ij - Th,ijdT.
Yh,ij

Since wp, i; - Th,i; is not negative, Py ;; is varying monotonically at the interior nodes of 4 ;;. Thus, also
in this case we are left to prove the same conditions (a) and (b) stated in Theorem 4.5, where now g =
. A . " T . . . N T o . f

[Ph,11,1, Ph,12,15 Ph,21,1, Pr,2,1] and p = [Pr,11,N,, s Dh,12,N,» Ph,21,N,, s Ph,22,N,] - Since the interface conditions at
the intersection are unchanged from the continuous case we can repeat the same argument of the cited theorem
to conclude the proof for what concerns the solution of (38).

As for the solution of (36), it is sufficient to recall Lemma 5.2 and note that the elemental values of the pressure
are unchanged in the two problems and that the transformation P; maintains monotonicity. O

Theorem 5.5 (Convergence). Let (i, p) be solution of (15) with @; € H?(vi1 U i) and p; € H' (71 Uyio)
and (a5, p5) be solution of (36), then

I — ||y + 16— Dhllg < Ch (llellyy + 115lo) -

where

iy = S il and 1= 3" i

i,j=1 1,j=1

Proof. By standard results of saddle point problems [14,16] we have that there exist a constant C' independent
from h such that

u—u p—pillo S inf ||t — wj, f —
i =y + 10 7l 5 (it 6~ will + ing 19~ dilo)-
We set P to be the composition of the operators P; operating on each portion +y;; of the fractures. That is, for

aw§ € W we have that P~ 'w§ = 16 Pt wi; € W),. Because of Lemma 5.1 we have

i,7=1

o —wilyy S [P = wilyy,

where w), = ’P_lw,i c Wy.

To carry on with the proof, we cannot use the properties of Raviart-Thomas interpolation directly because of
the extended finite elements. We may however operate in the way indicated in [15, Theorem 4.8], which is
in turn based on what introduced in [9, Theorem 3]. It is a standard technique in the analysis of the XFEM
method and it consists into using a continuous extension E?J : H?(v;;) — H?(v;) in order to be able to bound
the terms resulting from the integration in the cut elements.



A minor technical difficulty in our case is that even if (by the hypothesis of the Theorem) %;; belongs to H?(v;;),
'P_l’llij in general does not. Therefore, we cannot apply a H? extension to ’P_lzlw but only to u;;. We thus
define an extended RTy interpolant IIf acting on each ;; as IIi4;; = I, P~ 1E2 SWij, 1I; being the standard
RTy interpolant on vy, ;. Clearly, IT31;;],,, € Whij, and is in fact extended to the whole 7, ;. We exploit now
the fact that if the curves ~; are sufficiently regular, ’P_lzlij\l € H?(l) for each | € Vh,i; and therefore we can
apply standard interpolation estimates element-wise. We choose then wy, ; = II7u;; X IIf 4,2 and to obtain the
desired result we note that

1 ~ 2 1 A “ 2 _ R 2
HP Lo — whHHdiv(’Yh,zﬂj) - Z HP 1uij - H;‘kuij HHdw(l) = Z HP 1E2 jWij — H:uinHdiv(l) <
LEYVR,ij LE€Yh,ij

S NPT By - Wl SC S WP Vo PRy 1 ) SO Y [V B[, ) <

lE€EYR,i lEVR,i leevy ;

L2
ChQHUij”H‘Z(—y ) < Chz”“w”;p(y N

We have exploited (28) standard interpolation error estimate for RT elements, as well as the properties of the
extension operator Ej;, namely Ej;|,; = w;; and HE UWHHQ( N < C||ioij||H2(w) (see [9]). We only need
ij

to control the jump term, where it is sufficient to exploit the trace inequality.
We finally obtain

f h
wlgw @ — whHW |u‘w

We proceed analogously for the pressure term. We consider the transformation P which maps (q11, q12, ¢21, ¢22,491) €
Qn to (P1Q11,P1Q12,P2(]21,7)2(]22, q1) € Qz We have thanks to Lemma 5.1

16— d5llo < 1P~5 — anlly, -

We choose g, = (qn.11,qn.12, Gh.21, Gh22, Gn.1) by applying the extended L? interpolant 7} defined in [15] on
(Pi_lqﬂ,’Pi_lqig), for ¢ = 1,2, while we set g,,; = ¢7. Using the result of the interpolation error for this
extended interpolant we have

2
P —anllg, S>>

1=11lp i €Vn,i

(Yh,e) *

We then apply (34) on each ~y;, ;; to map back on the curve -;; and obtain the wanted result. a

Remark 4. In the numerical setting we will solve the problem in the form given by (38). Note that, since we
use RTy finite elements we may replace the norm L3 (yp,.;) with the (simpler to compute) norm L (7). Indeed,
since D = O (h) by the application of the Strang Lemma to our problem we obtain a solution converging with
the same order of convergence.

6. APPLICATIVE EXAMPLES

We present some numerical experiments to validate the proposed reduced model and verify the theoretical
results.



6.1. Model error

We start with an analysis to validate the reduced model presented in Section 3. We consider two rectilinear
fractures y; and ~» of thickness d; = 0.005 intersecting orthogonally. The fracture permeability are K » =1
and Ky » = 1072 respectively and in the intersection we have K; = 1072I. Thus, v2 acts as a barrier for the
other fracture. The scalar source term is set to zero in both fractures and we take éo = 0.25. We impose only
essential boundary conditions, namely g11 =0, g12 =1, g2,1 = —1 and ga 2 = 1.

We want to compare the results obtained with the reduced model with a reference solution obtained solving the
complete two-dimensional problem with a very fine two-dimensional grid of approximately 120 - 10 triangular
elements.

FIGURE 6. In the top-left figure p given by problem (3). In the top-right figure the solution of
the reduced model (14a) with the interface conditions of [4,6]. At the bottom the solution of
the reduced model (14). In the 1D simulations =y, is colored in blue and -9 in red.

We compare our reduced model with that proposed in [4,6], where continuity of pressure is assumed at the
interface. The results are represented in Figure 6. The solution of the two-dimensional problem is smooth in
the intersection region but nevertheless exhibits a steep pressure gradient due to the low permeability imposed
in Q5 and in the intersection region. If we consider the reduced model with the coupling conditions presented
in [4,6] the solution cannot reproduce this behavior, while with the proposed conditions (14b) we are able to
replace the pressure gradient of the 2D solution with a correct pressure jump at the intersection and thus obtain
the correct pressure gradient and flux in each branch of the fractures.

We now consider the behavior of our reduced model for different values of the parameters. To this purpose we
compare the pressure of the fractures at the intersection point and the pressure in the intersection obtained



solving the original problem (3a), (3b) with the reduced pressures given by (5),(6). The solution of the two-
dimensional problem is computed again with a fine grid and the computed pressure is averaged in the intersection
region and on each edge of I to obtain the values to compare with those produced by the reduced model.

TABLE 1. Comparison of the model error for different values of the slope m. The two-
dimensional mesh is formed by ~ 120k triangles, while both the mono-dimensional meshes
have ~ 50 segments.

m| =1 m| =10 m|=0.1
2D 1D erryel 2D 1D ervryel 2D 1D erryel
pr | 0.494 | 0.493 | 0.1% 0.495 | 0.493 | 0.2% 0.495 | 0.493 | 0.2%
p1,1 | 0.366 | 0.327 | 3.9% 0.324 | 0.331 | 0.7% 0.314 | 0.324 1%
p1,2 | 0.624 | 0.663 | 3.9% 0.666 | 0.660 | 0.6% 0.676 | 0.666 1%
P2,1 | 0.492 | 0.478 | 1.4% 0.639 | 0.642 | 0.3% 0.337 | 0.317 2%
P22 | 0.496 | 0.498 | 0.2% 0.351 | 0.334 | 1.7% 0.652 | 0.658 | 0.6%

We first consider the effect of the intersection angle. Let the two fractures have slope +m respectively in the
zy plane. We set K1 » =1, Ky » = 1072, K; = 1072I and d; = 10~2. Table 1 shows the comparison of the
pressures for different values of m. The relative error err,.; is computed as the ratio between the difference
of the corresponding pressures and the maximum value of the pressure boundary conditions. We can see that
the errors are rather small and independent on m. This indicates that reduced model is sound and capable of
treating reasonable well intersections at different angle.

TABLE 2. Comparison of the model error for decreasing values of the thickness d;. The spacing
of the meshes are the same as in Table 1.

d; = 0.01 d; = 0.005 d; = 0.0025
2D 1D ervrye] 2D 1D ervry el 2D 1D ervrye]
pr | 0.495 | 0.494 | 0.1% 0.495 | 0.494 | 0.1% 0.495 | 0.495 -
p1,1 | 0.410 | 0.393 | 1.7% 0.449 | 0.437 | 1.2% 0.471 | 0.463 | 0.8%
p1,2 | 0.580 | 0.597 | 1.7% 0.541 | 0.553 | 1.2% 0.519 | 0.527 | 0.8%
P2,1 | 0.493 | 0.484 | 0.9% 0.494 | 0.485 | 0.9% 0.495 | 0.486 | 0.9%
P2,2 | 0.496 | 0.499 | 0.3% 0.495 | 0.498 | 0.3% 0.495 | 0.498 | 0.3%

Table 2 shows instead the relative errors when the thickness of the fractures decreases. In this case we have
taken K; = 50.57'I, i.e. the harmonic mean of the K, ,, and |m| = 1. Also in this case the errors are rather
small and, as we expected, they decrease when the thicknesses decrease. Even if this is not a rigorous analysis
of the model error, it gives numerical evidence of its asymptotic behavior with respect to the fracture thickness.
Finally we address some different choices to prescribe the permeability in the intersection region. The choice
should of course be driven by physical arguments. For instance, if we assume that v, is “younger” then ~s, i.e. it
was generated after v, than K should be equal to the K; . Conversely, if we assume that v, is “younger”
then ~;, we should set K; = Ky . Alternatively we can impose a tensor Ky = Kyl that is the harmonic
mean of K; -, if we suppose that the material of each 7; has been mixed in the intersection region /. Finally
we can impose to K7, in the direction aligned to each +;, the value K; » obtaining a non-isotropic tensor Kr.
In Table 3 we compare the four choices for a system of two orthogonal fractures of thickness d; = 0.01 and
permeability K, =1, Ky ; = 10~%. We can observe that, for K; = K5 - and K7 = Kp the solution exhibits
a pressure jump along v, while in the other cases the solution is almost continuous. In all cases the relative error
is of the order of 1% or less proving the effectiveness of the reduced model with the new coupling conditions.

6.2. Maximum principle

We want to verify, with numerical experiments, the bounds derived in Theorem 5.4 for the parameter éo that
ensure the fulfillment of the maximum principle.



TABLE 3. Comparison of the model error for different values of K. The spacing of the meshes
are the same as in Table 1.

K=K -1 K;=Ksy -1 K;=Kg K;=Kr
2D 1D errypel 2D 1D ervryel 2D 1D erryel 2D 1D erryel
pr | 0.500 | 0.500 - 0.499 | 0.497 | 0.2% 0.499 | 0.499 - 0.500 | 0.500 -

p1,1 | 0.497 | 0.493 | 0.4% 0.019 | 0.010 | 0.9% 0.028 | 0.019 | 0.9% 0.497 | 0.505 | 0.8%
p1,2 | 0.502 | 0.507 | 0.5% 0.981 | 0.990 | 0.9% 0.972 | 0.981 | 0.9% 0.502 | 0.485 | 1.7%
p2,1 | 0.500 | 0.485 | 1.5% 0.497 | 0.483 | 1.4% 0.498 | 0.488 1% 0.500 | 0.505 | 0.5%
p2,2 | 0.500 | 0.505 | 0.5% 0.500 | 0.502 | 0.2% 0.500 | 0.502 | 0.2% 0.500 | 0.505 | 0.5%

Let us consider two fractures of the same length L = 1 and thickness d; = 0.01 that intersect orthogonally. We
set 7; = 1 while in the intersection point we consider an isotropic permeability tensor K; = 10~4I. We impose
pressure as a boundary condition on all four end points, in particular we set g;; =0 and g;» =1 for i = 1,2.
For this configuration, according to Theorem 5.4, the maximum principle is satisfied if fo > 1/8. Figure 7 shows
the solution we obtained with fo = 0, a value that does not satisfy the hypotheses: it is clear that the maximum
principle is violated, indeed the pressure inside the domain exceeds 1 which is the maximum at the boundary.
In the same figure we represent the solution obtained with fo = 1/8, which satisfies the maximum principle, as

indicated by the theory.

FIGURE 7. In the left image éo is such that the maximum principle is not fulfilled, while in the
right is fulfilled.

In the first part of Table 4 we report the maximum value of pressure in the domain for different éo to prove
that the maximum principle is violated for some values of the parameter below the theoretical bounds.

TABLE 4. Top values of max; p; for different éo in the orthogonal case, bottom for the non-
orthogonal case. In bold the values of £y and of the maximum pressure that fulfill the maximum

principle.
&o 0 0.05 0.1 0.15 0.2
max; p; | 1.228 | 1.003 0.992 | 0.988 | 0.986
&o 0 0.0025 | 0.005 | 0.0075 0.01
max; p; | 1.116 1.033 0.993 1.018 1.035

We then consider two fractures that intersect forming a small angle of 0.2rad. In this case the bounds on «fo
are 4.934 - 1073 < & < 5.034 - 1073. We report in the second part of Table 4 the maximum pressure in the
domain for different £y: it can be observed that 0.005 is indeed the only value for which the solution fulfills the



maximum principle. This numerical experiment points out that for small intersection angles the bounds are
non only stricter but also sharper than in the case of orthogonal fractures. We recall that the bounds represent
only a sufficient condition.

6.3. Convergence rates

Let us consider two intersecting fractures described by equations

n={(@y):y=2} and v={(z,y):y=1-z}, xe[_é%\f]

The permeability of the fractures is K; r = 1 while K; = 0.011. Both fractures have thickness d; = 0.01, the
boundary conditions are g = [0, 1, 0, 1] and the source term is set to f; = 0.01 only in v, for < 0. Finally
choosing &y = 1/4, the exact solution is

2 1 5
,%4,%5 s€10,1) ES s€10,1)
ﬁ1(8> - 1 ) ]52(8) = 1
—-s+1 s € (1,2] -s+1 se(1,2]
4 4
13 5
S_E 56[0,1) ﬁ 86[0,1)
’&’1(8) = 1 ) ﬁQ(S) = 1

and p; = 5/8. Figure 8 shows the errors computed with decreasing grid spacings. The numerical results
are in good agreement with Theorem 5.5. Moreover there are a numerical evidences that in all the examples
analyzed, like the ones presented, the pressure error decay better then O (h). A possible motivation is the
regularity of the pressure, separately, in each sub-division of the computational domain. In both example we
have ||py, — p|| ~ O (h1'5). However a deeper explanation of this fact is out of the scope of the present work.
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FiGURE 8. Convergence rates for each pieces of the norm W and Q. In the legend we have
indicated by ||| the L? norm.

Let us now consider the case of curved fractures to evaluate the error associated with the approximation of
geometry as piecewise linear. The two fractures are now described by the following equations

m={(z,y): z=0,y=1+20} and 2 ={(x,y): z=sin(nd),y =1+ cos(x0)}, 6€[-1,0].



We impose the same permeability, thicknesses, source term and boundary conditions as in the previous case:
since the arc length of the four branches is the same we obtain the same exact solution. The errors obtained for
different grid spacings are reported in Figure 9. It can be observed that the error decreases linearly as in the
case of straight fractures and the absolute values are comparable, thus, if the grid size is small enough compared
to the fracture curvature, the approximation of geometry does not affect the quality of the numerical solution.

102

[Bn — Pl e
1077 [p1.n — b1 e
L4 [@n —

V- (@ —a)
1075 |[an —a]s, - 7| --=--

reference O (h) ———

reference O (hz) _—

106

0.01 0.05 0.1

Fi1GURE 9. Convergence rates for the curve case.

6.4. Networks of fractures

As already mentioned the method proposed in this paper can be applied to networks composed by an arbitrary
number of fractures. Let us consider a set of three fractures ;2 3 characterized by the same permeability.
Imposing g;,1 = 0 and g; 2 = 1 for all i we obtain the pressure distribution reported in Figure 10. We now insert
a new fracture 4 with lower permeability, and, following the considerations of Subsection 6.1, we impose in all
the intersection with 4 the permeability of this latter. As shown in Figure 10 the solution obtained with the
classical model [4,6] is everywhere continuous while the new coupling conditions allow us to mimic the blocking
nature of 4.

In realistic applications fractured porous media are often characterized by the density and orientation of the
fractures rather than by detailed information on the geometry and properties of the single fracture. In this
second test case we consider a grid of Ny horizontal fractures and Ny fractures that form a variable angle 6
with the horizontal ones. We impose homogeneous boundary conditions for the pressure on all tips except for
one where we set g1 2 = 1 as shown in Figure 11 left. Figure 11 right shows the resulting pressure field for
Ny = Ny = 5 and 8 = 80°. Thanks to the efficiency of the reduced one-dimensional model we are able to
analyze different configuration with a low computational cost. Figure 12 shows the value of the pressure in the
center of the network for different orientations of the fractures, i.e. different angles 6, and for increasing density
of the vertical fractures in the orthogonal case. We can observe that as we increase the number of fractures,
thus the transmissibility of the network, the pressure in the central point tends to an asymptotic value.
Finally, we consider a more realistic test case where the fracture distribution is generated randomly starting
from a grid of horizontal and vertical fractures of various length and perturbing the angles. We consider 40
fractures of width d = Imm and permeability of ImD (10~ '2Pa s). The resulting network is approximately 100m
wide. We point out that since the fracture position and orientation is random some may not be connected with
the rest of the network. No flux boundary conditions are prescribed at the tips and a source term f =10"%m/s
is imposed in the circular region of radius R = 5m represented in Figure 13, such that only a few fractures are
affected. The resulting pressure field is represented in Figure 13 and reflects the connectivity of the network.



FIGURE 10. Top-left: p; without 4. Top-right and bottom: p; with the classical conditions
and our model respectively.
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F1GURE 11. Left grid of fractures with the interesting point. Right simulation of ten fractures
with 6 = 80°.

0.1 ! ! ! ! ' ! ! ! ! !

I RSttt IO (I SO S A A
pr 009 [ e

S A

Angle [°] Density

FIGURE 12. In the left p; for different values of the angle between the fractures. In the right
pr increasing the number of the fractures.
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Ficure 13. Distribution of the log p in the fracture network. The area interested by the source
term is highlighted.

7. CONCLUSIONS

In this paper we derived and analyzed a reduced model for flow in a network of fractures. The derivation is
similar to that given in [27] and [15], yet here we propose new coupling conditions to handle in a more realistic
way the intersecting fractures. These conditions takes into account the intersection angle and, by allowing a
discontinuous pressure at the interface they are capable of giving accurate results also in the case where the
permeability of the fractures are very different. This is not the case for the coupling conditions in [5,6]. This
can be relevant to applications since a fracture may sometimes act as a barrier or a preferential path.

WEell posedness analysis has been given for both the continuous and discrete problem and numerical experiments
have been performed to validate the theoretical results of convergence and positivity. The comparison with
two dimensional simulations on refined grids proved that the new coupling conditions give reasonable accurate
results, and they perform better than the classical one in the case of impermeable fractures. We have also shown
how the model can be used to simulate more realistic configurations with the presence of several intersecting
fractures.

Further developments will consist in extending the analysis to the coupling between the network and the
surrounding porous medium introduced in [18], to obtain a complete framework for the simulation of mono-
phase flow in presence of an arbitrary set of fractures.

We have dealt only with two dimensional problems. However the derivation here presented forms the basis for a
similar reduced model in a three dimensional setting. The main difficulty in the extension to three dimensional
problems is that the interface condition is not anymore an algebraic one, but it involves the interaction with
a one-dimensional model that describes the flow along the intersection. This matter is the subject of ongoing
work. Two dimensional simulations have however, already an applicative relevance. They may be used to better
understand the behavior of the flow in the presence of fractures and drive, for instance, upscaling techniques.
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