
Chinese Journal of Aeronautics, (2018), 31(5): 927–940
Chinese Society of Aeronautics and Astronautics
& Beihang University

Chinese Journal of Aeronautics

cja@buaa.edu.cn
www.sciencedirect.com
Modeling and analysis of mover gaps in tubular

moving-magnet linear oscillating motors
* Corresponding author.

E-mail address: czhangstar@gmail.com (C. ZHANG).

Peer review under responsibility of Editorial Committee of CJA.

Production and hosting by Elsevier

https://doi.org/10.1016/j.cja.2017.11.008
1000-9361 � 2017 Production and hosting by Elsevier Ltd. on behalf of Chinese Society of Aeronautics and Astronautics.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Xuesong LUOa, Chao ZHANGa,*, Shaoping WANGa, Enrico ZIO b,

Xingjian WANG a
aSchool of Automation Science and Electrical Engineering, Beihang University, Beijing 100083, China
bEnergy Department-Nuclear Section, Polytechnic of Milan, Via Ponzio 34/3, I-20133 Milan, Italy
Received 20 January 2017; revised 14 March 2017; accepted 12 April 2017
Available online 14 November 2017
KEYWORDS

Air-gap flux density;

Linear motor;

Mover gaps;

Quasi-Halbach array;

Thrust output;

Tubular moving-magnet

linear oscillating motor

(TMMLOM)
Abstract A tubular moving-magnet linear oscillating motor (TMMLOM) has merits of high effi-

ciency and excellent dynamic capability. To enhance the thrust performance, quasi-Halbach perma-

nent magnet (PM) arrays are arranged on its mover in the application of a linear electro-hydrostatic

actuator in more electric aircraft. The arrays are assembled by several individual segments, which

lead to gaps between them inevitably. To investigate the effects of the gaps on the radial magnetic

flux density and the machine thrust in this paper, an analytical model is built considering both axial

and radial gaps. The model is validated by finite element simulations and experimental results.

Distributions of the magnetic flux are described in condition of different sizes of radial and axial

gaps. Besides, the output force is also discussed in normal and end windings. Finally, the model

has demonstrated that both kinds of gaps have a negative effect on the thrust, and the linear motor

is more sensitive to radial ones.
� 2017 Production and hosting by Elsevier Ltd. on behalf of Chinese Society of Aeronautics and

Astronautics. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Tubular moving-magnet linear oscillating motors
(TMMLOMs) are specific linear actuators that produce a

high-frequency reciprocating motion. Their outstanding
characteristics, such as efficiency, dynamic performance, and
simple structure, give their broad application prospect, but
their model has not been clearly described and their structure
has not been optimized adequately. TMMLOMs work at a

designed frequency with the stroke of mover oscillating no
more than one pole pitch, which are widely applied in many
equipment, such as artificial hearts, compressors, refrigerators,

etc.1–5 As short-travel actuations are propelled directly without
conventional cranks, TMMLOMs enjoy a 20%-30% better
efficiency compared with rotary motors in the application of
household refrigerator compressors.5 By enlarging the power

whilst reducing acoustic noise and vibrations accordingly,
TMMLOMs are tested for air-conditioner compressors with
an efficiency of over 92% at a rated condition.6 Due to a rel-

atively higher frequency response benefited from the absence
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of rotor inertia in the rotary mechanism, TMMLOMs are
developed to drive the servo pump in a hydraulic system.7

Meanwhile, TMMLOMs are utilized in linear electro-

hydrostatic actuators in more-electric aircraft systems with a
high power density.8 In addition, a cooperative configuration
is introduced where two movers of dual TMMLOMs work

with a phase angle of p/2.9 A reliable coordinated control of
two TMMLOMs requires a regulation based on an accurate
model. Furthermore, a powerful output with limited space

and restricted mass in aircraft also needs more optimized anal-
ysis of the motor structure and principle based on a precise cal-
culation of the air-gap magnetic field. A comprehensive model,
therefore, is indispensable for TMMLOMs.

Some well-known modeling optimization approaches, such
as changing the direction of magnetization on a mover, config-
uring the groups of PM arrays on movers, decreasing the slots

of the stator, and regulating the split ratio of E-Core PMs,
have been confirmed to improve the characteristics of
TMMLOMs. However, current research pays little attention

to the effects of mover gaps (air gaps among PMs or between
PMs and materials) which exist inherently in the segments of
PMs. Despite the fact that the effects of discontinuity on

PMs has not been proven to be very prominent, an introduc-
tion of their effects on the distribution of a magnetic field
through an analytical mathematics and simulation model is
also a necessity when aiming to optimize a TMMLOM for a

high-performance aeronautical facility and create a dual-
motor collaborative control strategy on this basis.

Many studies about the TMMLOMs have been published

over the last three decades, focusing on improving the output
performance analytically and experimentally through reducing
the mover weight and increase the frequency.3,4

The topology of PMs is an important factor that influences
the output performance. Kim et al. proposed a linear oscilla-
tory actuator whose magnetization direction of PMs was par-

allel to the stroke axis,10 and the machine shared a high-power
density and a low-cogging force. A transient model of this
motor was validated experimentally.11 In the contrary, Kim
et al. discussed a TMMLOM with its magnetization direction

perpendicular to the motion direction.12,13 The magnetic field
was analyzed by an analytical model, and the prototype gave
capabilities of high force density and low detent force. By

the ways of magnetic vector potential and cylindrical coordi-
nate formulation, Wang et al. presented a general framework
for TMMLOMs. His solutions presented the analytical field

distribution for both axial polarized and radial polarized tubu-
lar linear PM motors.14 The air-gap flux densities of both
topologies were compared,15 and a finite element model
showed that the radial attractive force was higher in the axial

polarized structures when considering the eccentricity effect.
In a publication series presented by Wang et al., a quasi-

Halbach structure of TMMLOMs which was a combination

of radial polarized and axial polarized PMs arrays was deeply
analyzed,14,16–19 including an analytical flux expression of the
quasi-Halbach topology,14,16,18 comparative analysis to con-

ventional magnetization methods,17 and parameters optimiza-
tions on the size of the structure.19 Because of some self-
shielding property, the quasi-Halbach PM arrays would reduce

the moving mass to improve the dynamic capability and result
in a higher flux density.

The coupling between windings and PMs is another
area that researchers have focused on. Considering the
configuration of stator windings in TMMLOMs, Wang et al.
deduced a set of formulations to describe the distribution of
magnetic flux theoretically based on Maxwell’s equations.16

Zhu et al. studied a variety of winding arrangements with a
PMs assembly.20–24 A rule was outlined that the stator tooth
number was supposed to differ the mover pole number by 1

in TMMLOMs.20 Subsequently, simulation calculations and
experiment validations were finished by Zhu et al., which
demonstrated that the E-core wind configuration yielded less

flux leakage and performed conducive to the oscillation.20,22

Eventually, design optimization and prototype validation
was implemented for the topology of a TMMLOM with E-
type windings and quasi-Halbach PMs.23,24 This type of motor

was further extended into E-type series TMMLOMs,25 which
consisted of multi-pair E-cores with a quasi-Halbach topology
to enhance the thrust. Furthermore, Jiao et al. presented com-

pound Halbach PMs in a TMMLOM, whose topology was a
dual-layer integration of quasi-Halbach PMs and axial polar-
ized PMs.26 In Jiao’s structure, the conventional back-iron

was not needed any more, hence the mover mass could be
decreased further with a better dynamic performance.

To improve the properties of a TMMLOM, a stator slot

was taken into account by researchers. Bianchi et al. analyzed
the factor of a stator slot that affected the force.15 His research
showed that slotless motors shared a higher mean force than
slotted ones. Kim et al. designed a slotted TMMLOM13 and

a slotless TMMLOM12 for an eco-pedal system, and the later
presented a smaller force ripple experimentally. An analytical
model with a quasi-Halbach magnetized armature and a

semi-closed slot stator was given by Chen et al.,23 and a closed
slot structure was employed into a TMMLOM to reduce the
cogging force in Liang’s paper,7 of which the leakage perme-

ability was much larger than that of the former. Besides,
Kim et al. proposed a novel method for stator lamination to
laminate the teeth and yoke of a stator respectively, which

decreases the gaps in the stator and multiplies the flux density.
By introducing a Carter coefficient, Wang et al. modified

the analytical model of tubular linear PM motors with a
slotted stator14 and a semi-closed slotted stator.27 They also

applied this correction to calculate the distribution of flux den-
sity of a TMMLOM with quasi-Halbach PMs. This method
was also followed by Wang et al. to model the E-type series

TMMLOMs.28

Experimental, numerical, and analytical methods are the
three normal research approaches on LMMLOM research.

Some studies have been implemented entirely experimen-
tally,6,10,29,30 whose results could exhibit the performance of
a motor directly. However, they didn’t reveal the principle of
LMMLOMs. Numerical approaches have been widely applied

in LMMLOM designs,7,17,31–35 which allow to solve a complex
design without much approximation. However, it didn’t reflect
the relation between topological parameters and the motor

performance, which results in a difficulty in optimization.
The key step to model a TMMLOM is to describe the dis-

tribution of magnetic flux, resulting from which that analytical

methods can be grouped into three categories. One is lumped
magnetic circuit models,7,24,36–38 which consider a motor made
of several parts with individual magnetic parameters, and they

can only model the motor roughly due to the lumped approx-
imation method. Another choice is the equivalent surface cur-
rent method, which introduces several layers of surface current
to take the place of PMs.37 Its approximate structure can only



Fig. 1 Structure of a TMMLOM.

Fig. 2 Mover prototype.

Modeling and analysis of mover gaps 929
outline the regularities of PMs with a simple geometric form.
The last one is the analytical solution from Maxwell’s equa-
tions,16,18,23,25,28 that shares a better approximation of the real

magnetic flux. It is restricted that indispensable approximate
conditions need be set to ensure the model solvable.

An accurate model depends on the numbers of factors

which should be taken into account during modeling. Most
of the literature studied TMMLOMs, and took the configura-
tions of mover PMs and stator topology into consideration.

The flux density in the air-gap determines the output capacity
of the motor. A quasi-Halbach PMs array proves its better
performance in the flux density due to the self-shielding prop-
erty, and its model has been analyzed in detail.16–24,28 It pro-

duces a larger flux distribution with an equal mover mass,
which can increase properties of both thrust and dynamic.
Reduction of the stator slot, in addition, is also an effective

approach to improve the flux distribution, whose model has
also drawn a lot of focus from researchers,7,14,15,17,23,26,27

because permeability is quite sensitive to air medium.

Air medium also exists in the mover of a TMMLOM, the
surface of which is assembled by several individual PM mod-
ules. The manufacturing method results in some gaps among

PM arrays as well as between PMs and the mover frame. Bian-
chi analyzed that the magnetic flux could move through the
small air-gap in an axial magnetized mover causing a radial
force.15 However, he just focused on the radial force in a

TMMLOM by the method of finite element and didn’t give
a model to explain how the gaps affected the flux distribution.
Via analytical analysis,39 Xia et al. presented the negative influ-

ence caused by gaps between Halbach PM segments in rotary
motors, discussing the relationship between the effect of gaps
and the parameters of PMs through an analytical model. In

Xia’s paper, however, the gaps were only investigated in a cir-
cumferential dimension. Similar to rotary motors, mover gaps
also exist in linear motors as well as TMMLOMs, whose gaps

are more complex than those of rotary machines because of a
more complex structure in the mover. The surface of the mover
is mounted by PM segments including radial polarized ones
and axial polarized ones. Due to the installation error, the

stuffed glue, and the interaction force among PMs, gaps are
inevitable between and beneath segments in quasi-Halbach
arrays. The existence of gaps would affect the magnetic flux

distribution and output thrust. Therefore, the thrust model
of TMMLOMs considering mover gaps is a necessity for
designing a high-precision control strategy.

In this paper, Section 1 introduces the problem statement of
TMMLOMs. Section 2 establishes a modeling method consid-
ering the mover gaps. Section 3 gives model validation and
performance analysis. Finally, conclusions are presented in

Section 4.

2. Schematic structure

In this section, the structure of a TMMLOM is clarified for
further understanding. Subsequently, the existence of gaps in
the mover is presented in detail.

2.1. Structure of a TMMLOM

The structure of a TMMLOM consisting of 4 pairs of E-type

windings with a quasi-Halbach PMs configuration is shown in
Fig. 1. The Matierial of PMs is NdFeB N38SH. Silicon steel is
laminated circumferentially to make up the stator core, and

coils are connected in parallel through the stator, while the hol-
low mover is made of electrical iron with PMs covered on the
surface. Including radial polarized PMs and axial polarized
PMs, a quasi-Halbach array can enhance the magnetic flux

over the outer surface of the mover resulting from its self-
shielding effect. The stroke of this machine is designed to be
5 mm in maximum.

The hollow core lightens the mover mass, which enables the
TMMLOM to work at a high frequency of 100 Hz. Moreover,
this design also improves the dynamic performance. High

power and good dynamic response make it possible to meet
the requirements of an aircraft actuator.

2.2. Gap topology

As shown in Fig. 2 and Fig. 3, all the individual PM segments
assembled on the mover core can be classified into two types.
An axial polarized PM segment is a torus whose magnetization

direction is along the z-axis. A radial polarized PM segment is
a radial magnetized one, which was fabricated with a tile-like
shape as well as a central angle of 60�

Gaps are very clear between these segments as marked in
Fig. 2. In the installation process of Quasi-Halbach arrays,
the adhesive would take up less room inevitably between

PMs. In addition, the design tolerance as well as the interac-
tion force between segments will also account for the assembly
gaps. For the permeability in non-ferromagnetic gaps is differ-

ent from that in ferromagnetic ones, the existence of gaps will
affect the distribution of the magnetic flux. Allowing for the
structure of Quasi-Halbach segments, the gaps mentioned
above can be divided into three categories, i.e., radial gaps,

axial gaps, and circumferential gaps, which are illustrated in
Fig. 3. x, y, z are three axes in Cartesian coordinate system
and r, h, z are axes in cylindrical coordinate system, where

era, eci, eax are the unit vectors in radial, circumferential and



Fig. 3 Mover structure.
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axial directions respectively. Radial gaps exist between PMs

and the hollow core, axial gaps between axial polarized PMs
and radial polarized PMs, and circumferential gaps between
tile-like PMs. The three kinds of gaps have individual effects

on the magnet flux, and subsequently, the characteristics of
radial and axial gaps are about to be discussed in the following
section.

3. Mathematical model considering mover gaps

In this section, an analytical model is yielded in cylindrical

coordinates by the method of magnetization vector. Based
on Laplace’s and Poisson’s equations, radial and axial gaps
are taken into consideration. Moreover, boundary conditions
are presented and the distribution of the magnetic flux is

deduced in the air-gap. On this basis, an output thrust model
is given.

3.1. Model assumption and magnetization vector

To research the effect of gaps in the mover on the air-gap mag-
netic field, it’s necessary to build an analytical model consider-
Fig. 4 Magnets topology and lead
ing the gaps, and in order to simplify the derivation of the
analytical model, some assumptions are stated here.

(1). The axial length of the theoretical model is infinite. It
comprises a series of repetitive permanent magnet arma-
tures in the TMMLOM extending to infinity, which

facilitates a Fourier series representation, and the cycle
length is much longer than the length of the motor.

(2). Each individual permanent magnet shares the same size

and magnetic property with a smooth surface, and the
gaps of the same type have the same thickness.

(3). The analytical model ignores the saturation
phenomenon.

(4). A Carter coefficient will be introduced to compensate
the impact of the stator slot.

(5). The stator and the hollow core are infinitely permeable

while the relative permeability of PMs is approximated
as 1.

In formulation of the magnetic field, the room to be studied
is divided into the following three regions based on magnetic
characteristics, as shown in Fig. 4.

(1). Region I is the space of the air-gap.
(2). Region II denotes the permanent magnets arrays filled

with a rare-earth magnetic material with axial gaps.

(3). Region III represents the radial gaps between the perma-
nent magnets and the hollow core.

gra and gax are radial and axial gap in Fig. 4, sw the width of
stator winding, bt the width of stator teeth, g the length of
air-gap, sra length of radially magnetized PMs, sax length of

axially magnetized PMs, sp the pole pitch, Rs the outer radius

of mover, Rh the outer radius of mover hollow core and Rsh the

inner radius of mover hollow core. The magnetic field proper-
ties in the three regions are characterized by an expression
between the magnetic field intensity HI; HII, HIII (in A/m)

and the magnetic flux density BI, BII, BIII (in Tesla) as
ing parameters of TMMLOM.
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BI ¼ l0HI

BII ¼ l0lrIIHII þ l0M0

BIII ¼ l0HIII

8><
>: ð1Þ

where l0 is the permeability of vacuum with a value of
4p � 10�7 H/m, lrII the relative permeability of PMs, and
M0 the residual magnetization vector in A/m.

The magnetization vector M of the PMs array can be
expressed in the cylindrical coordinates as

M ¼ Mraera þMaxeax ð2Þ
where Mra is the radial components of the magnetization vec-

tor, Max the axial components of the magnetization vector.
Their spatial distributions are shown in Fig. 5 where M0 is
the absolute value of magnetization vector which is given by

M0 ¼ Bre

l0

ð3Þ

where Bre is the magnet remanence of permanent magnets.

Equations of Mra and Max derived from the configuration of
PMs as shown in Fig. 5, where Rse is the effective stator inner
radius, Rm is the effective PMs inner radius, and Rp is the effec-

tive hollow core outer radius .
They can be resolved into Fourier series, which are given by

Mra ¼
X1
k¼1

ak cosðmkzÞ

Max ¼
X1
k¼1

bk sinðmkzÞ

8>>>><
>>>>:

ð4Þ

where mk ¼ 2kp
slp
, zthe axial position, and slp the cycle length uti-

lized in the Fourier series. Define that Cax1 ¼ sra�gax
2

and

Cax2 ¼ sraþgax
2

; and the coefficients are determined as
Fig. 5 Distribution of m
ak ¼ 2Bre

l0kp
� sinðmkCax1Þ þ sinðmkspÞ � sin½mkðsp � Cax1Þ�
� �

bk ¼ 2Bre

l0kp
fcosðmkCax2Þ � cos½mkðsp � Cax2Þ�g

(

ð5Þ
3.2. Distribution of flux density

According to the fundamental theory of an electromagnetic
field, the magnetic field in the TMMLOM is a solenoid field
or source-free field, namely,

r � Bi ¼ 0 ð6Þ

where i ¼ I; II; III that represent the three regions. It can be

derived that for any vector, the divergence of its curl is always
equal to zero. Thus, a magnetic vector potential Ai in region i
can be introduced, so that

Bi ¼ r� Ai ð7Þ
Furthermore, deducing from Appendix A, the governing

equations in the three regions are obtained as

r2AI ¼ 0

r2AII ¼ �l0r�M

r2AIII ¼ 0

8><
>: ð8Þ

The magnetic vector potential in cylindrical coordinates can
be expressed as

Ai ¼ Ai;raera þ Ai;cieci þ Ai;axeax ð9Þ
where Ai;ra is the radial component of Ai, Ai;ci the circumferen-

tial component of Ai and Ai;ax the axial component of Ai. For

the magnetic field distribution of a tubular linear oscillating
motor is axially symmetric, Ai has only one component Ai;ci.

Therefore, the governing equations can be transformed into
agnetization vector.



AI;ci ¼
X1
k¼1

f½aI;kI1ðmkrÞ þ bI;kK1ðmkrÞ� sinðmkzÞg ðregion IÞ

AII;ci;¼
X1
k¼1

½aII;kI1ðmkrÞ þ bII;kK1ðmkrÞ þ PkL1ðmkrÞ� sinðmkzÞ ðregion IIÞ

AIII;ci ¼
X1
k¼1

f½aIII;kI1ðmkrÞ þ bIII;kK1ðmkrÞ� sinðmkzÞg ðregion IIIÞ

8>>>>>>>>><
>>>>>>>>>:

ð10Þ
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where Pk ¼ l0pak
2mk

, aI;k; bI;k; aII;k; bII;k; aIII;k; bIII;k are constants and

r is the radial position. InðxÞ and KnðxÞ are the modified Bessel

functions of the first and second kinds of order n, respectively,
which are defined as

InðxÞ ¼
X1
m¼0

1
m!Cðmþnþ1Þ

x
2

� �2mþn

KnðxÞ ¼ p
2
� I�nðxÞ�InðxÞ

sinðnpÞ

8><
>: x 2 C ð11Þ

The detailed formulas and the expression of LnðxÞ are pre-
sented in Appendix B. According to Eqs. (1) and (7), the dis-

tribution of the magnet field is given as follows.
Bi;ra, Bi;ax are the radial and axial component of Bi in region

i, Hi;ra, Hi;ax are the radial and axial component of Hi in region

i. In regions I and III,

Bi;ra ¼
X1
k¼1

f�mk½ai;kI1ðmkrÞ þ bi;kK1ðmkrÞ�cosðmkzÞg

Bi;ax ¼
X1
k¼1

fmk½ai;kI0ðmkrÞ � bi;kK0ðmkrÞ�sinðmkzÞg

Hi;ra ¼
X1
k¼1

� mk

l0
½ai;kI1ðmkrÞ þ bi;kK1ðmkrÞ�cosðmkzÞ

n o

Hi;ax ¼
X1
k¼1

mk

l0
½ai;kI0ðmkrÞ � bi;kK0ðmkrÞ�sinðmkzÞ

n o

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð12Þ
where i ¼ I; III. In region II,
BII;ra ¼
X1
k¼1

f�mk½aII;kI1ðmkrÞ þ bII;kK1ðmkrÞ þ PkL1ðmkrÞ�cosðmkzÞg

BII;ax ¼
X1
k¼1

fmk½aII;kI0ðmkrÞ � bII;kK0ðmkrÞ þ PkL0ðmkrÞ�sinðmkzÞg

HII;ra ¼
X1
k¼1

� mk

l0
½aII;kI1ðmkrÞ þ bII;kK1ðmkrÞ þ PkL1ðmkrÞ þ l0ak

mk
� cosðmkzÞ

n o

HII;ax ¼
X1
k¼1

mk

l0
½aII;kI0ðmkrÞ � bII;kK0ðmkrÞ þ PkL0ðmkrÞ � l0bk

mk
� sinðmkzÞ

n o

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð13Þ
In the TMMLOM, the magnetic flux density is continu-
ous in the normal direction of the interface between two

mediums, while the magnetic field intensity continuous in the
tangential direction. Accordingly, boundary conditions are
given as
HI;axjr¼Rse
¼ 0

BI;rajr¼Rm
¼ BII;rajr¼Rm

HI;axjr¼Rm
¼ HII;axjr¼Rm

BII;rajr¼Rp
¼ BIII;rajr¼Rp

HII;axjr¼Rp
¼ HIII;axjr¼Rp

HIII;axjr¼Rh
¼ 0

8>>>>>>>>><
>>>>>>>>>:

ð14Þ

The compensation of the stator slot in the TMMLOM is

accounted for by introducing a Carter coefficient Kc,
40 and

the equations is given as follows:

g0 ¼ gþ Rs � Rh

c ¼ 4
p

sp�bt
2g0 tan�1 sp�bt

2g0 � ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sp�bt

2g0

� �2r !" #

Kc ¼ sp
sp�cg0

8>>>><
>>>>:

ð15Þ

Therefore, the effective air-gap ge, the effective stator inner
radius Rse, the effective PMs inner radius Rm and the effective
hollow core outer radius Rp are deduced as follows:

ge ¼ gþ ðKc � 1Þg0
Rse ¼ Rs þ ðKc � 1Þg0
Rm ¼ Rs

Rp ¼ Rh þ gra

8>>><
>>>:

ð16Þ

Utilizing the expressions of aI;k; bI;k; aII;k; bII;k; aIII;k; bIII;k in

Appendix C, the distribution of the magnetic flux can be deter-
mined uniquely.
3.3. Models of electromotive force and thrust

As shown in Fig. 6, zd is the travel distance of the mover, and
the configuration of coils is composed of 4 pairs of windings.
In terms of the positions of windings, the coils region can be



Fig. 6 Topology of an armature.
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divided into two categories. One is the normal coils winding
whose arrangement is next to two other windings. The other
one is the end coils winding which is located at the end of

the TMMLOM. Moreover, the flux-linkage of a single winding
Wc can be deduced by integration as

Wc ¼ Nc

sw

Z zdþsw
2

zd�sw
2

2pRseAI;ciðRse; zÞdz ð17Þ

where Nc is the number of coils turns in a single winding
region.

Applying the flux distribution of a normal coils region cal-

culated before to Eq. (17) yields

Wc ¼ 2p
X1
k¼1

KWkKSk

mk

sinðmkzdÞ
	 


ð18Þ

where

KWk ¼
Nc sin mk

sw
2

� �
mk

sw
2

ð19Þ

KSk ¼ mkRse½aI;kI1ðmkRseÞ þ bI;kK1ðmkRseÞ� ð20Þ
KWk reflects the influence of the windings configuration, and
the more turns that coils are arranged in the width, the better
output the TMMLOM performs, while KSk is a parameter that

contains the information of the structure of an armature and
the topology of PMs. When neglecting the magnetic saturation
effects, KSk keeps constant. Hence, the electromotive force of a

single winding can be given by

ec ¼ � dWc

dt
¼ �2pv

X1
k¼1

½KWkKSk cosðmkzdÞ� ð21Þ

where v is the instantaneous speed of the mover. Thus, the

thrust of a normal coil Fc is obtained as

Fc ¼ eci

v
¼ �2pi

X1
k¼1

½KWkKSk cosðmkzdÞ� ð22Þ

in which i is the instantaneous current in a single winding. In
terms of the end coils, the thrust Fec is expressed by

Fec ¼ �2pi
X1
k¼1

fKWkKSk cos½mkðzd þ spÞ�g ð23Þ
Table 1 Leading parameters of the TMMLOM.

Symbol bt (mm) sw (mm) g (mm) sra (mm) sax(mm

Value 12 3 1 16 8
As the TMMLOM has 6 normal coils windings and 2 end
coils windings, the total thrust F is derived finally as follows:

F ¼ �2pi
X1
k¼1

fKWkKSk½6 cosðmkzdÞ þ 2 cosðmkzdÞ

� cosðmkspÞ�g ð24Þ
After the design finalization of the TMMLOM, Eq. (24)

indicates that the thrust is a function of the current and the

mover position.

4. Simulation and validation

In this section, analytical calculations and FEM experiments
are implemented based on the major parameters of the
TMMLOM given in Table 1, and the model is validated by
measured results.

4.1. Validation of the analytical model

Finite element model (FEM) analysis achieves a good accuracy

in the magnetic flux distribution of a tubular linear motor.41

To verify the analytical model proposed in the last section,
an FEM is established in the ANSYS Maxwell software. The

open-circuit magnetic field whose coils are not energized is
simulated, and the flux density distributed in the air-gap is gen-
erated by a quasi-Halbach PM arrays form mover. The radial

flux density at the radius of r = 18.3 mm is illustrated in Fig. 7
(a) and the axial flux density in Fig. 7(b). The calculated results
from the analytical model are also depicted in both figures as
well. As shown in Fig. 7(a), the analytical results matches well

with the red curves, which is precise enough to describe the flux
regularity and calculate the output thrust.

Besides, the axial flux density obtained from the analytical

results also shares a similar trend to the FEM data, and the
practicability of the proposed model has been demonstrated.

The output force of the TMMLOM is related to the distri-

bution of the radial density. According to the axial informa-
tion of flux calculated above, the thrust can be derived
analytically. The analytical relations and finite element results

are exhibited in Fig. 8.
) sp (mm) Rsh (mm) Rh (mm) Rs (mm) Bre (T)

24 10 14 18 1.24



Fig. 7 Validation of flux density.

Fig. 9 Effect of gaps on radial flux density analytically.

Fig. 8 Validation of thrust.
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It can be validated that the normal coils and end coils have
different regulations of output force. The normal coils, which
produce the thrust primarily, fit very well with the FEM result.

It is demonstrated that the thrust of the normal coils is a linear
function to the current, and the small error in condition of
high current is caused by the magnetic saturation. The end

coils model, however, presents a larger error. Because the
end effect of the liner motor, the magnetic flux is unsymmetri-
cal with respect to the end coils. Due to the fact that the

TMMLOM has 6 normal coils windings and only 2 end coils
windings, what’s more, the force generated by the end coils
is only half of that by the normal coils. Hence, the error is
acceptable, and the thrust model is suitable in gap analysis.
4.2. Effect of the radial and axial gaps

4.2.1. Effect of the radial and axial gaps on the flux distribution

After validation of the proposed model considering the mover

gaps, the effect of gaps is discussed. For the radial magnetic
flux is a key factor that affects the output, the distribution of
the magnetic flux in the radial direction is analyzed considering
radial gaps in Fig. 9(a) and axial gaps in Fig. 9(b), respectively.

Fig. 9(a) shows the distribution of the radial flux in the air-
gap with different sizes of radial gaps. It demonstrates that
radial gaps would decrease the amplitude comprehensively.

Even though they do not change the waveform of the flux dis-
tribution, the value of the whole magnetic field declines heavily
with increasing radial gaps. When it comes to axial gaps, the

effect is different. As depicted in Fig. 9(b), only the peak value
of the flux field falls with these gaps. In the contrary, the cen-
tral area of the flux distribution is not affected by gax. Eventu-
ally, the average value of the magnetic flux under the influence

of axial gaps is much higher than that of radial gaps with the
same gap thickness. Similar simulation results could also be
drawn by the FEM results as shown in Fig. 10, which have

verified the conclusion of the proposed model.
Comparing radial gaps with axial gaps, the former have a

more significant impact on the radial flux density, and the



Fig. 11 Effect of gaps on thrust in normal coils winding.

Fig. 10 Effect of gaps on radial flux density by FEM.
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negative effect could decrease the energy density of the magnet

flied in the air-gap, as well as the power density in the
TMMLOM.

4.2.2. Effect of the radial and axial gaps on the thrust

Using the validated model, the relationship between the thrust
and mover gaps is further investigated. Fig. 11 reflect the influ-
ence of gaps in a normal coils winding.

Assign the current as a constant of 2 A, and the result
shows that the thrust varies with the mover position. When
the stoke distance is less than 2 mm, the thrust is approximate

to a stable value. Nevertheless, if the mover moves further, the
thrust would decrease gradually. Because the width of radial
magnetized PMs is 16 mm, the width of coils in a winding is

12 mm. The mover moves only in a range of plus and minus
2 mm, so the thrust would not decline, and the stable stroke
could be defined as

Ss ¼ sra
2sw

ð25Þ

The radial and axial gaps are another aspect of causes,

which lead to a thrust loss. As illustrated in Fig. 11, both types
of gaps lead to an overall drop of the thrust curve, and it decli-
nes faster in the effect of radial gaps compared with that of
axial gaps. This result agrees well with the distribution of the

flux density, for the output force is directly proportional to
magnet remanence of permanent magnets Bre.

Fig. 12 are the thrust outputs affected by gaps in an end

coils winding. The thrust curves of end coils are no more asym-
metrical like those in normal coils. The reason is the unsym-
metrical distribution of the flux density generated by end

PMs. Both of the two end coils have an opposite force trend,
which results in the approximate symmetry in dual end coils.

The effect of mover gaps in end coils is unsymmetrical,
either. The attenuation is obvious in a positive stoke and unob-

vious in a negative stoke. As the end coils are not in a strong
magnetic area, the thrust as well as the decrement of the thrust
drops heavily in the minus mover position. The other effect is

the same as that in normal coils.
The total thrust of the TMMLOM is shown in Fig. 13. For

the reason that the total force depends mostly on the normal

coils, the thrust property is similar to that with the normal
coils. Hence, the total thrust of the motor is much more sensi-
tive to the radial gaps than the axial gaps.

5. Comparison with experimental results

He et al. measured the radial flux density of a TMMLOM pro-
totype.37 She also built an FEM and lumped magnetic circuit

model to describe the radial flux density in the air-gap. The
error of her analytical model is much greater than that of
the FEM results. Her experiment results and FEM calculations

are presented in Fig. 14. The radial flux density marked black



Fig. 12 Effect of gaps on thrust in end coils winding.
Fig. 13 Effect of gaps on total thrust.

Fig. 14 Comparison with experimental results.
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was measured by a Gauss meter with the mover assembled
inside the stator. From the figure, the magnetic field intensity

of the amaranthine curve is obviously higher than the experi-
mental points. Using the model proposed in this paper to
express the magnet field, the analytical results without gaps

are close to the FEM curve, which didn’t take the mover gaps
into account. When taking the gaps into consideration, the
mean value is close to the measured data, as shown in the

red curve whose axial gap is 0.2 mm and radial gap is 0.5
mm. There still exist some errors because of the stator slot.
The comparison confirms the rationality and accuracy of the
proposed model.

6. Conclusions

This paper studies the effects of mover gaps in a TMMLOM

on the distribution of the magnetic flux density and the output
thrust. An analytical model is proposed considering radial and
axial gaps, and its performance is validated through FEM

experiments.
Based on this approach, both radial and axial gaps would

weaken the performance of the TMMLOM. Radial gaps

would lead to a comprehensive damping in the radial flux den-
sity in the air-gap, while the axial mover only decreases that at
the end of the radial polarized magnet. Besides, 85% of the

thrust in the motor is produced by normal coils, so the effect
of gaps on the total force is similar to that of normal coils.
In addition, the existence of radial gaps may cause a thrust
decay 5 times as much as that influenced by axial gaps. Thus,
in the process of designing and manufacturing TMMLOMs, it
is noticeable to pay more attention to limit the thickness of
radial gaps than to axial ones.
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Appendix A

Because the curl of any scalar function’s (f) gradient is always
equal to zero, we could have

r� Ai ¼ r� ðAi þrfÞ ðA1Þ
which indicates that Ai may have multiple solutions. To
uniquely determine its value, Coulomb gauge, r � Ai ¼ 0, is
applied as a constraint. Hence, we could have

r� Bi ¼ r� ðr � AiÞ ¼ rðr � AiÞ � r2Ai ¼ �r2Ai ðA2Þ
The combination of Maxwell’s equations and Eq. (1) gives

r� BI ¼ r� l0HI ¼ l0J ðA3Þ
Substituting Eq. (A2) into Eq. (A3) yields

r2AI ¼ �l0J ðA4Þ
where J (A/m2) is the current density in the field. In the air–gap
of a linear oscillating motor, J ¼ 0. Therefore, the Laplace’s
equation for Region Ⅰ is obtained as

r2AI ¼ 0 ðA5Þ
Similarly, the Laplace equation for Region III is derived as

r2AIII ¼ 0 ðA6Þ
In Region II, the combination of Maxwell’s equations and

Eq. (1) gives

r� BII ¼ l0lrIIJþ l0r�M ðA7Þ
For J ¼ 0, Eqs. (A2) and (A7) obtain the Poisson equation

analogously for Region II as

r2AII ¼ �l0r�M ðA8Þ
Appendix B

Considering that expression A0
i;ci is any order of Fourier series

of Ai;ci, since Ai;ci is only a function of r and h, we could assume

that

A0
i;ci ¼ RiðrÞZiðzÞ ðB1Þ

where r is the unique variable of RiðrÞ and z the unique vari-
able of ZiðzÞ according to the method of variable separation.

General solution to Laplace equation

The Laplace Eqs. (A5) and (A6) in cylindrical coordinates can
be simplified as

r2A ¼ r2ðAraeraÞ þ r2ðAcieciÞ þ r2ðAaxeaxÞ
¼ r2ðAcieciÞ ¼ 0 ðB2Þ

r2ðAcieciÞ¼� 2

r2
�@Aci

@h
era

þ @2Aci

@r2
þ1

r
�@Aci

@r
þ@2Aci

@z2
þ 2

r2
�@Aci

@h
�Aci

r2

� �
eci ¼ 0

ðB3Þ
For the magnetic field distribution of a tubular linear oscil-
lating motor is axially symmetric, the expression becomes

@2Aci

@r2
þ 1

r
� @Aci

@r
� Aci

r2
þ @2Aci

@z2

� �
eci ¼ 0 ðB4Þ

namely,

@2A0
ci

@r2
þ 1

r
� @A

0
ci

@r
� A0

ci

r2
þ @2A0

ci

@z2
¼ 0 ðB5Þ

where i ¼ I; III and A0
ci is any order of Fourier series of Aci.

Substituting Eq. (B1) into Eq. (B4) yields

1

RiðrÞ �
@2RiðrÞ
@r2

þ 1

RiðrÞr �
@RiðrÞ
@r

� 1

r2
þ 1

ZiðzÞ �
@2ZiðzÞ
@z2

¼ 0

ðB6Þ
where r and z are independent variables, and the last term as a

function of z must be a constant. Therefore, the following for-
mula is established:

1

ZiðzÞ �
@2ZiðzÞ
@z2

¼ k2 ðB7Þ

Then Eq. (B5) can be written as

1

RiðrÞ �
@2RiðrÞ
@r2

þ 1

RiðrÞr �
@RiðrÞ
@r

þ k2 � 1

r2
¼ 0 ðB8Þ

Eq. (B6) becomes

@2ZiðzÞ
@z2

� k2ZiðzÞ ¼ 0 ðB9Þ

So Eq. (B5) equals to

@2ZiðzÞ
@z2

� k2ZiðzÞ ¼ 0

1
RiðrÞ �

@2RiðrÞ
@r2

þ 1
RiðrÞr �

@RiðrÞ
@r

þ k2 � 1
r2
¼ 0

8<
: ðB10Þ

and there are three possible solutions according to the varia-

tion of k2.
When k2 ¼ 0, the following equations are obtained:

@2ZiðzÞ
@z2

¼ 0

r2 @2RiðrÞ
@r2

þ r @RiðrÞ
@r

� RiðrÞ ¼ 0

8<
: ðB11Þ

The general solution to Eq. (B11) is

ZiðzÞ ¼ C0 þ C1z

RiðrÞ ¼ C2rþ C3

r


ðB12Þ

where C0;C1;C2;C3 are constants. Thus

A0
i;ci ¼ RiðrÞZiðzÞ ¼ ðC0 þ C1zÞðC2rþ C3

r
Þ ðB13Þ

For A0
i;ci should be a periodic function of z, Eq. (B13) is not

a valid solution of A0
i;ci.

When k2 > 0, the following equations are obtained:

@2ZiðzÞ
@z2

� k2ZiðzÞ ¼ 0

@2RiðrÞ
@ðkrÞ2 þ 1

kr � @RiðrÞ
@ðkrÞ þ ð1� 1

ðkrÞ2ÞRiðrÞ ¼ 0

8<
: ðB14Þ

The general solution to Eq. (B11) is

ZiðzÞ ¼ C0e
kz þ C1e

�kz

RiðrÞ ¼ C2J1ðkrÞ þ C3Y1ðkrÞ


ðB15Þ
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where C0;C1;C2;C3 are constants, JnðxÞ is the Bessel function
of the first kind of order n, YnðxÞ the Bessel function of the sec-
ond kind of order n, and CðxÞ the Gamma function, which are
defined as

JnðxÞ ¼
X1
m¼0

ð�1Þm
m!Cðmþnþ1Þ

x
2

� �2mþn

YnðxÞ ¼ JnðxÞ cosðnpÞ�J�nðxÞ
sinðnpÞ

CðxÞ ¼ R1
0

e�ttx�1dt

8>>>><
>>>>:

x 2 R ðB16Þ

Thus

A0
i;ci ¼ RiðrÞZiðzÞ

¼ ðC0e
kz þ C1e

�kzÞ½C2J1ðkrÞ þ C3Y1ðkrÞ� ðB17Þ
For A0

i;ci should be a periodic function of z, Eq. (B17) is not

a valid solution of A0
i;ci.

When k2 < 0, let k ¼ jmk, where j is the imaginary unit. The
following equations are obtained:

@2ZiðzÞ
@z2

þm2
kZiðzÞ ¼ 0

@2RiðrÞ
@ðmkrÞ2

þ 1
kr � @RiðrÞ

@ðmkrÞ � 1þ 1

ðmkrÞ2
� �

RiðrÞ ¼ 0

8<
: ðB18Þ

The general solution to Eq. (B18) is

ZiðzÞ ¼ C0 cosðmkzÞ þ C1 sinðmkzÞ
RiðrÞ ¼ C2I1ðmkrÞ þ C3K1ðmkrÞ


ðB19Þ

Thus

A0
i;ci ¼ RiðrÞZiðzÞ ¼ ½C4I1ðmkrÞ þ C5K1ðmkrÞ�cosðmkzÞ

þ½C6I1ðmkrÞ þ C7K1ðmkrÞ�sinðmkzÞ
ðB20Þ

where C4;C5;C6;C7 are constants. In this case, A0
i;ci is a peri-

odic function of z. Hence, Eq. (B20) is probably a solution
of Laplace’s equation.

Eq. (7) in cylindrical coordinates is expressed as

Bi ¼ � @Ai;ci

@z

� �
era þ 1

r

@ðrAi;ciÞ
@r

� �
eax ðB21Þ

Considering the constraint of symmetry at z = 0, we have
the radial component of the flux density Brajz¼0 ¼ 0. Moreover,

Substituting Eq. (B20) into Eq. (B21) gives

BI ¼
X1
k¼1

fmkf½C4I1ðmkrÞ þ C5K1ðmkrÞ�sinðmkzÞ

� ½C6I1ðmkrÞ þ C7K1ðmkrÞ�cosðmkzÞgera
þ 1

r

@ðrAI;ciÞ
@r

� �
eaxg ðB22Þ

Thus we draw the conclusion that

C6 ¼ 0

C7 ¼ 0


ðB23Þ

Therefore, the general solution to the Laplace’s Eq. (B6) is

Ai;ci ¼
X1
k¼1

f½ai;kI1ðmkrÞ þ bi;kK1ðmkrÞ�cosðmkzÞg ðB24Þ

where i ¼ I; III and ai;k; bi;k are constants.
General solution to Poisson equation

The Poisson Eq. (A8) in cylindrical coordinates can be simpli-
fied as

@2AII;ci

@r2
þ 1

r
� @AII;ci

@r
� AII;ci

r2
þ @2AII;ci

@z2

� �
eci ¼ �l0

@Mra

@z
eci

ðB25Þ
Substituting Eq. (4) into Eq. (B25) yields

@2AII;ci

@r2
þ 1

r
� @AII;ci

@r
� AII;ci

r2
þ @2AII;ci

@z2

¼ �l0

X1
k¼1

mkbk cosðmkzÞ ðB26Þ

Similarly, the general solution to the corresponding homo-

geneous equation of the Poisson Eq. (B26) is

X1
k¼1

Sðr; zÞ ¼
X1
k¼1

RIIðrÞZIIðzÞ ðB27Þ

Assuming that
P1

k¼1Sðr; zÞ ¼
P1

k¼1RIIðrÞZIIðzÞ is a particu-

lar solution of the Poisson equation, the general solution to the
Poisson equation is obtained as

AII;ci ¼
X1
k¼1

f½aII;kI1ðmkrÞ þ bII;kK1ðmkrÞ�cosðmkzÞ þ Skðr; zÞg

ðB28Þ
Substituting

P1
k¼1Sðr; zÞ ¼

P1
k¼1RIIðrÞZIIðzÞ into Eq. (B26)

gives

1

RII;kðrÞ �
@2RII;kðrÞ

@r2
þ 1

RII;kðrÞr �
@RII;kðrÞ

@r
� 1

r2
þ 1

ZII;kðzÞ

� @
2ZII;kðzÞ
@z2

¼ �l0mkbk cosðmkzÞ
RII;kðrÞZII;kðzÞ ðB29Þ

Let 1
ZII;kðzÞ �

@2ZII;kðzÞ
@z2

¼ �m2
k, i.e.,

ZIIðzÞ ¼ cosðmkzÞ ðB30Þ
Substituting Eq. (B30) into Eq. (B29) yields

ðmkrÞ2
@2 RII;kðrÞ

Pk

� �
@ðmkrÞ2

þmkr
@

RII;kðrÞ
Pk

� �
@ðmkrÞ

� ððmkrÞ2 þ 1Þ RII;kðrÞ
Pk

� �
¼ 2ðmkrÞ2

p
ðB31Þ

where Pk ¼ � l0pbk
2mk

. The general solution to the modified Struve

differential Eq. (B31) is

RIIðrÞ ¼ PkL1ðmkrÞ ðB32Þ
where HnðxÞ are the Struve functions of order n and LnðxÞ the
modified Struve functions of order n.

HnðxÞ ¼ x
2

� �nþ1
X1
m¼0

ð�1Þm x
2ð Þ2m

C mþ3
2ð ÞC mþnþ3

2ð Þ
LnðxÞ ¼ �je�npj=2HnðjxÞ

8><
>: ðB33Þ

Hence, the particular solution of the Poisson equation is
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Skðr; zÞ ¼ RII;kðrÞZII;kðzÞ ¼ PkL1ðmkrÞ cosðmkzÞ ðB34Þ
Substituting Eq. (B34) into Eq. (B28) derives the general

solution to the Poisson equation as

AII;ci ¼
X1
k¼1

½aII;kI1ðmkrÞ þ bII;kK1ðmkrÞ

þ PkL1ðmkrÞ�cosðmkzÞ ðB35Þ
Appendix C

Submitting Eqs. (12) and (13) into Eq. (14), we can yield the
following equation:
I0ðmkRseÞ �K0ðmkRseÞ 0 0 0 0

I1ðmkRmÞ K1ðmkRmÞ �I1ðmkRmÞ �K1ðmkRmÞ 0 0

I0ðmkRmÞ �K0ðmkRmÞ �I0ðmkRmÞ K0ðmkRmÞ 0 0

0 0 I1ðmkRpÞ K1ðmkRpÞ �I1ðmkRpÞ �K1ðmkRpÞ
0 0 I0ðmkRpÞ �K0ðmkRpÞ �I0ðmkRpÞ K0ðmkRpÞ
0 0 0 0 I0ðmkRhÞ �K0ðmkRhÞ

2
666666664

3
777777775

aI;k

bI;k

aII;k

bII;k

aIII;k

bIII;k

2
666666664

3
777777775
¼

0

PkL1ðmkRmÞ
PkL0ðmkRmÞ � l0bk

mk

�PkL1ðmkRpÞ
�PkL0ðmkRpÞ þ l0bk

mk

0

2
6666666664

3
7777777775

ðC1Þ
The solutions of Eq. (C1) fix the undetermined coefficients
in Eqs. (12) and (13).
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