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I. INTRODUCTION

RADIO-FREQUENCY (RF) circuits have conquered a
large portion of the electronic market and mobile devices

are largely used every day. One of the key aspects in designing
a high-quality RF device is reduction of noise, which requires
accurate and efficient simulation in the design phase.

Possibly the most well-assessed time-domain technique to
perform this analysis is that referred to as periodic noise
analysis (PNOISE) [2], [3], as, for instance, in SPECTRE by
CADENCE. This method is grounded on some basic assump-
tions: (H1) the steady state of the circuit is periodic, (H2) the
(cyclo)stationary noise sources effect can be regarded as a small
additive perturbation, (H3) the equations describing the circuit
can be linearized around the periodic orbit, thus leading to a
linear time-varying system called variational model. Linear pe-
riodic transfer functions are then used to get the average power-
spectral density (PSD) of the electrical variables of interest.
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As far as (H3) is concerned, this is not the case of mixed-
signal circuits, since they are characterized by a discontinuous
vector field and discontinuous (digital) variables.1 In [4]–[6], a
unified simulation framework was presented, which allows us
to properly define and handle the variational model of these
systems. The proposed modeling framework is based on the
saltation matrix linear operator, a well-known tool to study
piecewise-smooth dynamical systems [7]. Several analyses
based on the variational model (PNOISE is among those) were
thus implemented in the PAN academic circuit simulator.2

As far as (H1) is concerned, there are circuits that do
not admit a periodic steady-state solution, e.g., a fractional
delta–sigma (ΔΣ) phase-locked loop (PLL) with dithering or
pulled oscillators. In these cases, one has to resort to the time-
domain large-signal noise analysis (e.g., [8] and [9]), where
contributions by noise sources to the circuit electrical variables
are computed during the numerical solution, without need for a
periodic steady state. At the end of this simulation, waveforms
can be processed to extract the PSD of noise.3

Large-signal time-domain noise analyses are usually affected
by artifacts due to the numerical noise floor of simulators [11]
and, to overcome this issue, one could resort to variational time-
domain techniques such as the one first proposed in [12]. Aside
from being computationally burdensome, the main limitation
of this method is the same discussed above concerning (H3),
since the approach assumes the analyzed circuits to be well
defined in terms of their variational models. Despite that, the
approach is interesting and deserves attention since, thanks
to the refinements proposed in [1], it allows us to manage
noisy electrical variables with generic statistical properties, i.e.,
stationarity, cyclostationarity or nonstationarity, and to compute
average and instantaneous PSDs.

Following this line of reasoning, in this brief, the method
defined in [1] and [12] is: i) theoretically extended to analog
mixed-signal (AMS) circuits by resorting to the unified sim-
ulation framework mentioned above and ii) improved from a
numerical efficiency point of view. Two benchmark examples
are used to validate the proposed method and to show its
capabilities: the ring oscillator analyzed in [1] and a fractional

1This makes impracticable also the use of frequency-domain noise analysis
methods.

2The circuit simulator PAN, developed by the authors and used to derive the
results presented in this brief, is available at the URL: http://brambilla.ws.dei.
polimi.it.

3Among the time-domain methods, the well-known Monte Carlo technique
[10] can, of course, be used for all circuits, but it turns out to be extremely time
consuming.



ΔΣ PLL with dithering. For the PLL, the obtained results are
compared with experimental measurements.

II. STOCHASTIC VARIATIONAL MODEL FOR NOISY

MIXED-SIGNAL CIRCUITS

The circuit dynamics are assumed to be described by a
nonlinear stochastic differential equation of the type

ẋ(t) = f(x, t) + g(x, t)η(t) (1)

where x(t) ∈ IRN is the vector of circuit variables, f :
IRN+1 → IRN is the system vector field (in general nondiffer-
entiable), g : IRN+1 → IRN×P is a matrix modeling the noise
action on each specific variable, and η(t) ∈ IRP is a noise
vector of white Gaussian stochastic processes [13], modeling
the P small amplitude noise sources that are assumed to affect
the original circuit. This model is rather general, since any
nonpathological circuit described by a differential–algebraic
equation can always be recast in this form [14].

The variational approach consists in expressing the solution
x(t) (at first order in the noise) as the sum of a noise-free
large-signal component xs(t) and a small-amplitude stochastic
component ξ(t). In [12] the variational model was used to
implement a noise simulator in time domain, which is able to
produce the noise variances and covariances of circuit variables
as a function of time, provided that noise models for the devices
in the circuit are available. In principle, all those circuits that
can be simulated by the transient analysis in a circuit simulator
can be handled.

The stochastic variational model of the circuit is described by
the following linear time-varying stochastic differential equa-
tion (SDE):

ξ̇(t) = J(t)ξ(t) +D(t)η(t) (2)

where J(t) ≡ ∂xf(xs(t), t) ∈ IRN is the Jacobian matrix and
D(t) ≡ g(xs(t), t) ∈ IRN×P is a time-varying incidence ma-
trix reflecting the contribution of η on each one of the N
equations of the variational model.

Since (2) is a linear SDE in narrow sense [15], for every
initial condition ξ(t0), its solution can be derived as

ξ(t) = Φ(t, t0)ξ(t0) + Φ(t, t0)

t∫
t0

Φ−1(τ, t0)D(τ)︸ ︷︷ ︸
F (τ)

dW. (3)

The integral in (3) is an Ito integral [13], [15], and Φ(t, t0) is
the fundamental transition matrix, obeying{

Φ̇(t, t0) = J(t)Φ(t, t0)
Φ(t0, t0) = IN

(4)

where IN is the N ×N identity matrix.
The main limitation of the simulator presented in [12], apart

from its computational cost,4 is that it assumes the vector

4This notwithstanding the noise simulator proposed in [12] implements the
Bartels-Stewart algorithm [16], used to solve the Lyapunov matrix equation at
each time step.

field f differentiable for t ≥ t0 (i.e., the Jacobian matrix J(t)
has to be well defined everywhere) and this prevents its use
for mixed-signal circuits, in which J(t) is in general not
defined at some (switching or impact) instants t(k). In this
context, if at t(k) > t0 J(t) is not well defined, one needs
to match Φ−(t(k), t0) = limt→t(k)− Φ(t, t0) and Φ+(t(k), t0) =
limt→t(k)+ Φ(t, t0). This can be done by resorting to a suitable
saltation matrix S(k), with the property that Φ+(t(k), t0) =
S(k)Φ−(t(k), t0).

The insertion of saltation matrices in the evolution of Φ(t, t0)
makes its entries exhibit discontinuities of first type at instants
t(k). This is not an issue in defining the stochastic integral in
(3), since the deterministic functions involved need just to be
square-integrable [17].

During the large-signal time-domain analysis of the noiseless
circuit, the Φ(t, t0) matrix is computed by taking also into
account crossings that cause switching of the vector field or
resetting of state variables. Each time t(k) this happens, a proper
saltation matrix S(k) is computed and inserted in the matrix
product chain that leads to Φ(t, t0), in order to regularize the
variational model.

III. COMPUTATION OF THE PSD

Generally speaking, we can assume that ξ(t) is a nonsta-
tionary process described by (3). For smooth systems, a time-
domain technique for computation of PSD for this kind of
processes was proposed in [1], on the basis of [18]. Here, we
propose a generalization of those results to nonsmooth systems
describing mixed-signal circuits with switching times {t(k)}.

We study first the time evolution of the correlation matrix
of the ξ(t) vector, whose entries are defined as Km,n(t, t

′) =
〈ξm(t)ξn(t

′)〉. In general, we have (see [15])

K(t, t′) = Φ(t, t0)K(t0, t0)Φ
T (t′, t0)

+

min{t,t′}∫
t0

Φ(t, τ)D(τ)DT (τ)ΦT (t′, τ)dτ. (5)

By assuming t > t′, we have

K(t+ dt, t′)−K(t, t′)

= {Φ(t+ dt, t0)− Φ(t, t0)}K(t0, t0)Φ
T (t′, t0)

+

t′∫
t0

{Φ(t+ dt, u)− Φ(t, u)}D(τ)DT (τ)ΦT (t′, τ)dτ.

(6)

If t 	= t(k), we can then divide by dt and take the limit dt → 0,
hence calculating the derivative at time t

∂tK(t, t′) = ∂tΦ(t, t
′)K(t0, t0)Φ

T (t′, t0)

+

t′∫
t0

∂tΦ(t, τ)D(τ)DT (τ)ΦT (t′, τ)

= J(t)K(t, t′). (7)



If t = t(k) for some k, we have instead, using the saltation
matrix S(k)

K(t+ dt, t′)−K(t, t′) =
(
S(k) − I

)
K(t, t′) (8)

or

K
(
t(k)+, t′

)
= S(k)K

(
t(k)−, t′

)
. (9)

By defining the “cross-spectral density” (see [1, Eq. (9)])

K ′
n,m(t, ω) = 〈ξn(t) Ξm(t, ω)∗〉 (10)

where

Ξn(t, ω) =

t∫
0

e−jωτξn(τ)dτ (11)

we then have

K ′(t, ω) =

t∫
0

ejωτK(t, τ)dτ (12)

and, exploiting the equations derived previously for K(t, t′),
one finds that{

∂tK
′(t, ω) = J(t)K ′(t, ω) + ejωtK(t)

K ′ (t(k)+, ω) = S(k)K ′ (t(k)−, ω) (13)

where K(t) is the covariance matrix

Km,n(t) = 〈ξn(t)ξm(t)〉 . (14)

According to (5), for t = t′, we have

K(t) = Φ(t, t0)K(t0)Φ
T (t, t0)

+

t∫
t0

Φ(t, τ)D(τ)DT (τ)ΦT (t, τ)dτ. (15)

The dynamical equation for the covariance matrix can be
obtained by differentiating (15) with respect to t. This poses
no problems as long as t 	= t(k), since Φ(t, t′) is differentiable.
Thus, with some algebra, we obtain

K̇(t) = J(t)K(t) +K(t)JT (t) +D(t)DT (t) (16)

where the Jacobian matrix J(t) of the system is well-defined for
t 	= t(k). Due to the switching dynamics, when t = t(k), K(t)
has a discontinuity. Indeed, expressing K(t(k)+) with (15),
and since the fundamental matrix solution obeys Φ(t(k)+, t′) =
S(k)Φ(t(k)−, t′), it is straightforward to show that

K
(
t(k)+

)
= S(k)K

(
t(k)−

)
S(k)T . (17)

According to [1], the PSD can be then calculated as

PSD(ω) = lim
t→∞

2

t

t∫
0

Re
{
K ′(τ, ω)e−jωτ

}
dτ. (18)

Equations (13), (16)–(18) are then a closed system of equations
for the PSD at frequency ω.

It is worth noticing that, for each frequency f , the limit in
(18) may not converge to a single value if a circuit with arbitrary
large signal excitations and nonstationary noise sources is con-
sidered [1]. This happens since the computed (and measured)
PSD typically depends on time.

IV. NUMERICAL IMPLEMENTATION

Despite the fact that the theoretical extension of the method
proposed in [1] and [12] to hybrid dynamical system is relevant
by itself, to profitably apply it to AMS circuits it must be
rethought from a numerical point of view. As a matter of fact,
the PSD calculation based on (18) is numerically cumbersome,
since it requires the solution of (13), (16), and (17). For similar
reasons, the approach proposed in [1] and [12] has not been
widely adopted in circuit simulators.

Here, a practical and numerically efficient method for spec-
tral estimation is proposed, which in the case of ergodic pro-
cesses relies on a single numerical integration. The method is
based on the numerical evaluation of the fundamental transition
matrix Φ(t, t0). Specifically, we solve (4) by taking into account
discontinuities through the saltation matrix. Then, we use (3)
to numerically compute ξ(t) and (11) to estimate Ξ(t, ω). Fi-
nally, we evaluate the cross-spectral density (10) for the circuit
variables of interest (i.e., for specific pairs m, n) and use (18)
PSDs. For ergodic processes the ensemble averages required
by (10) can be replaced by time averaging, employing a single
realization of the noise input vector η(t). For more general
processes, the ensemble averages can be efficiently computed
by considering multiple realizations in parallel.

We remark that the proposed method can be applied also to
nonstationary processes, for which reliable spectral estimation
tools are not available in commercial circuit simulators.

With respect to methods for the spectral estimation based on
windowing techniques, this method allows in principle to com-
pute the PSD of the signal of interest with arbitrary accuracy.

V. NUMERICAL RESULTS

The numerical simulations described in this section were
performed on an INTEL-I7 running at 2.6 GHz with LINUX

operating system.

A. Ring Oscillator

To compare the results obtained by applying the proposed
approach with those reported in [1], we simulated the same
benchmark circuit, i.e., the basic ring oscillator shown in
Fig. 1. The nonlinear gain of each voltage controlled current
source (VCCS) is f(x) = 0.5Ib tanh(x/(2ρVT )). The sources
of white Gaussian noise are the resistors and the PSD of one of
the state variables is computed.5

5The circuit is totally symmetric hence identical results are obtained consid-
ering the three state variables.



Fig. 1. Schematic of the ring oscillator composed of three identical cells.
R1 = R2 = R3 = 2 kΩ, C1 = C2 = C3 = 2 pF, ρ = 1, Ib = 100 μA, VT =
25 mV.

Fig. 2. PSDs of the ring oscillator obtained with different approaches. The
black curve and the black dots derive from a PNOISE analysis performed
by resorting to PAN and SPECTRE, respectively. The gray curve is obtained
with the method presented in this brief. x-axis: frequency offset from the f0
fundamental of the oscillator [Hz]; y-axis: PSDs [W/Hz] in dBc.

1) Case ρ = 1: This is the case originally considered in [1].
The circuit is in fact analog and consequently saltation matrices
are not necessary. However, since in this case the noise PSD
can be determined using PNOISE or the approach of [1], we
can compare these methods with the (faster) one proposed in
Section IV to test its effectiveness. We first performed a Shoot-
ing (SH) analysis and found an accurate numerical approxima-
tion of the steady-state solution of the oscillator, obtaining a
working frequency of f0 = 73.670 MHz [4], [19], [20]. The
working frequency largely depends on the value of the ρ pa-
rameter. This circuit was simulated with nominal parameters for
2 ms which allows the determination of the single-sided PSD
with offset frequencies up to about 1 kHz. A sequence of
2 799 920 noise samples was generated; the PSD was then
computed with the approach outlined in Section IV, imple-
mented as a built-in function in our simulator PAN by exploiting
multithread execution. This simulation took 53 s to generate
1996 frequency samples. The obtained result is shown in Fig. 2.
The same figure shows also the PSD computed through the
PNOISE analysis, implemented in our simulator and in the
commercial simulator SPECTRE. The results are in very good
agreement and nicely compared with the original [1].

2) Case ρ = 10−9: To appreciate the capabilities of the
extended method, we consider this very small value of the ρ
parameter which corresponds to an extremely sharp charac-
teristic of the VCCS. From an analytical point of view the
circuit equations remain analog but from a numerical standpoint
the VCCSs behave as digital components. In this situation,
the insertion of saltation matrices in the time evolution of the
fundamental solution matrix is mandatory to achieve mean-
ingful numerical results. In other words, by resorting to the
unified simulation framework presented in [4], the PAN circuit
simulator is able to insert proper “correction factors” in com-
puting the solution of the system variational problem. So doing,
both PNOISE analysis and the approach proposed in this brief

Fig. 3. Schematic of the ΔΣ PLL with dithering. Fixed parameters: C1 =
6.8 nF, C2 = 120 nF, C3 = C4 = 4.7 nF, R1 = 120 Ω, R2 = R3 = 75 Ω,
Au = Ad = 2.25 mA, Kvco = 47 MHz, fref = 25 MHz.

can still be applied and it is possible to compare the obtained
results.6

By performing a SH analysis, the limit cycle exhibited by the
oscillator when ρ = 10−9 was computed, thus deriving that the
working frequency of the oscillator increases to 86.586 MHz.
With respect to the spectrum obtained for ρ = 1 (see the gray
curve in Fig. 2) a shift up of about +3 dB is observed. This
result has been compared, showing perfect agreement, with the
PNOISE analysis performed with PAN. The derived curves are
not reported in Fig. 2 to avoid reducing its readability, since
they are very close to the already plotted ones.

B. Fractional ΔΣ PLL With Dithering

To highlight the effectiveness of the proposed approach an
interesting and challenging benchmark is considered, a frac-
tional ΔΣ PLL with dithering, whose schematic is shown in
Fig. 3. It implements, through a mixed analog/digital modeling
approach, the AD4151 commercial PLL by ANALOG DEVICES

and the ROS-1800+ voltage controlled oscillator (VCO). This
PLL is equipped with both an integer divider and a fractional
one but a dithering source is not available to prevent spurs.
To compare simulation results, experiments were conducted by
using this PLL implemented on the UG-369 evaluation board
by ANALOG DEVICES. The frequency measurements were
performed through the spectrum analyzer E4440 of AGILENT

TECHNOLOGIES. The device was configured as a fractional
PLL characterized by a VCO working at 1775.2 MHz, with
a reference frequency of 25 MHz and a frequency ratio 70 +
N/125, where the fractional part is obtained by means of a
12-bit ΔΣ modulator setting N = 26. In our simulations, the
ΔΣ modulator was enhanced, as shown in Fig. 3, by adding
a dithering block composed of a 16-bit linear feedback shift
register (LFSR) configured to show the maximum length cycle

6We remark that, as it was shown, for instance, in [6] for a similar example,
this comparison cannot be done by resorting to commercial circuit simulators
such as SPECTRE. In fact, even if one succeeded in computing the periodic
steady-state solution of the oscillator with the SH method, the fundamental
matrix evolution would be computed not correctly since saltation matrices are
not inserted. As a consequence, the results provided by the PNOISE analysis,
which grounds on such a matrix time evolution, would be wrong.



Fig. 4. Simulated (gray) and measured (black) PSDs for the considered PLL.
x-axis: frequency offset from the f0 fundamental of the VCO [Hz]; y-axis:
PSDs [W/Hz] in dB.

[21]. The ΔΣ block drives the divider so that on average it
divides by a fractional value. The less significant bit of the
k input value of the ΔΣ block is set by the bit block that
takes as inputs N and the single bit output of the LFSR block.
We first simulated the PLL without the dithering block and
computed noise effects; the obtained results (not reported) were
in good agreement. We then turned on the dithering block and
computed once more the noise effect; what we expect is a
comparable result but the removal of spurs (located at 200 kHz
and multiples) due to the ΔΣ modulator repetition sequence.
Since the detailed schematic of the VCO was not available,
it was implemented as a polar oscillator and its output noise
was characterized through a battery of harmonic balance simu-
lations; more details can be found in [22]. The equivalent noise
source is represented by the ηφ independent voltage source in
Fig. 3. The blocks inside the red dashed box are modeled as
digital elements through the VERILOG-RTL language. The other
elements are modeled as standard SPICE-LIKE elements or as
analog behavioral blocks and are noiseless. We first performed
a time-domain analysis with noise sources turned off to bring
the PLL to work close to the locking condition. Simulation
time was reduced by suitably precharging the capacitances of
the low-pass filter. We then performed a time-domain noise
analysis for 900 μs: this time corresponds to 25.000 periods
of the reference signal and allows the determination of the
single-sided PSD with offset frequencies till about 5 kHz far
from the fundamental. This simulation took 4100 s. A sequence
of 5396577 noise samples was generated and processed by
using the proposed approach in 47 s (multithreading, frequency
grid composed of 896 points) to generate the PSD reported in
Fig. 4. The simulated PSD of the fractional PLL with dithering
overlaps very well the experimental result that refers to the real
PLL (without dithering). It is worth mentioning that since the
evolution of the system is aperiodic the PNOISE analysis cannot
be adopted.7

VI. CONCLUDING REMARKS

This brief takes a step ahead with respect to [12] and [1] from
both a theoretical standpoint (generalization of their framework

7Actually, for the sake of completeness, one should notice that the dynamic
evolution of the circuit is periodic because of the inherent periodicity of
the dithering block that is not implemented through a true random numbers
generator. At least in principle, one could look for a periodic solution of the
dithered fractional PLL but the period would be so long that this approach is
impracticable. Consequently, time-domain noise analysis is the only possible
solution and aperiodic dynamics is assumed in the whole simulation time.

to AMS circuits) and a numerical standpoint (efficient compu-
tation of spectra). The latter aspect has been illustrated through
two benchmark examples.
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