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Abstract We apply the extended kinetic theory (EKT) to the dense, simple shear flow of inelastic hard spheres. 
EKT is a phenomenological extension of kinetic theory which aims at incorporating in the simplest possible 
way the role of pre-collisional velocity correlations which are likely to occur at a concentration larger than 
the freezing point. The main effect of that correlation is the decrease in the rate at which fluctuating energy 
is dissipated in inelastic collisions. We use previously published results of numerical simulations performed 
using an event-driven algorithm to obtain analytical expressions for the radial distribution function at contact 
(which diverges at a concentration lower than the value at random close packing for sheared inelastic spheres) 
and the correlation length (i.e., the decreasing factor of the dissipation rate) at different values of the coefficient 
of restitution. With those, we show that when the diffusion of fluctuating energy of the particles is negligible, 
EKT implies that three branches of the analytical relation between the ratio of the shear stress to the pressure 
and the concentration (granular rheology) exist. Hence, for a certain value of the stress ratio, up to three 
corresponding values of the concentration are possible, with direct implications on the existence of multiple 
solutions to steady granular flows.

1 Introduction

Classic kinetic theories [14,16,23,36] have been successful in describing the behavior of granular flows at low 
to moderate concentration. On the other hand, at large concentration, pre-collisional velocity correlations [31, 
32,39] and enduring contacts among particles involved in force chains [9,37] appear; hence, both the molecular 
chaos and the instantaneous binary collision assumptions of classic kinetic theories fail. Unfortunately, most 
of the granular flows of practical interest are actually dense, and this explains why the scientific literature on 
the topic has grown exponentially in the recent years (e.g., see Ref. [12] for a recent review).

Substantially, two approaches have been proposed to model dense granular flows. One is entirely phe-
nomenological and makes use of dimensional analysis to identify the dimensionless parameters governing the 
problem, i.e., the stress ratio, the inertial parameter, and the concentration, at least in case of rigid particles 
(see later in the text for more details). Physical experiments and numerical simulations are then employed 
to obtain a posteriori approximate algebraic relations (i.e., the granular rheology) between those parameters 
[9,15,26,27]. The simplicity of this approach that can be easily applied to a number of flow configurations, 
and even extended to deal with non-locality [28], explains its increasing popularity. The other approach is 
more fundamental and relies on kinetic theories by the following: (i) adding rate-independent terms borrowed
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from soil mechanics to the constitutive relations of classic kinetic theories to take into account the effects of
enduring contacts [24,25,35]; (ii) extending in a phenomenological way the classic kinetic theories to take into
account the decrease in the rate at which energy is dissipated in collisions due to the pre-collisional velocity
correlation [19,20]; (iii) both [5].

Here, we wish to apply the extended kinetic theory (EKT) as proposed by Jenkins [19,20], and lately slightly
modified and tested in a number of gravity-driven flow configurations [3,4,21,22], to the simple shear flow of
inelastic, hard spheres. Many works have focused on shear flows of granular materials [1,2,6,17,40,42,45],
with and without interstitial fluid. None of them though made use of EKT to solve for the flow field. It
has been shown [31] that, besides the already mentioned decrease in the collisional dissipation rate, sheared
inelastic granular flows show an increase in the collision frequency, which diverges at a concentration lower
than the value at random close packing. The simplest possible way to incorporate this effect is to modify the
radial distribution function at contact. The comparison between the analytical solution of EKT and previously
published numerical simulations [39], performed using an event-driven algorithm, on frictionless hard spheres,
permits to obtain the analytical form of the radial distribution function for different coefficients of restitution;
and to obtain a new formulation for the correlation length (i.e., the decreasing factor in the collisional dissipation
rate) that depends only on the coefficient of restitution, without requiring additional ad hoc parameters.

Besides EKT, many works have introduced a diverging length-scale to deal with correlation in granular
matter. Some of them [10,33,34] focus on the spatial correlation existing in the quasi-static regime dominated
by the presence of force chains, due to the rearrangements of grains after a failure, which is though different
from the pre-collisional velocity correlation induced by the inelastic nature of collisions of EKT (the former
is, for instance, absent in the case of frictionless hard spheres). A diverging length-scale associated with
correlation that applies also to the case of frictionless hard spheres has been proposed by Lois and Carlson [34]
in their force network model. Besides the fact that no analytical expression for that length-scale is proposed,
the main drawback is that the diverging length-scale appears in the expression of the stress tensor (multiplying
the square of the shear rate). In that case, the ratio of shear stress to the pressure would be a constant for
dense granular shear flows, i.e., independent of the concentration, in contrast with the results of numerical
simulations [9,31,32,38,39]. Recently [18,28], a diverging length-scale associated with particle correlation
has also been introduced in a differential equation governing the spatial distribution of the inverse of the
viscosity for dense granular flows. That equation has been postulated to take into account the influence of the
boundaries (non-locality) in the context of the phenomenological rheology based on the inertial parameter.
Once again, that correlation is different from the pre-collisional velocity correlation of EKT, given that, for
instance, the former is absent in the case of simple shear flows.

2 Theory

We focus on simple shear flows of hard spheres in the absence of external forces (Fig. 1). We take x and y to
be the directions parallel and perpendicular to the flow, respectively. The only component of the local mean
velocity vector is u, while ν is the local value of the volume concentration. Without loss of generality, we
take the particle diameter and density to be unity. The particles are characterized through the coefficient of
restitution e, i.e., the ratio of the magnitude of their relative velocity after and before a collision. The momentum
balances indicate that both the particle pressure p and the particle shear stress s are constant in the flow field.
The balance of the fluctuating energy reduces to

su′ − Γ = 0, (1)

x

y y y

u ν

Fig. 1 Sketch of the flow configuration
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Table 1 Constitutive relations from kinetic theory

p = f1T

f1 = 4νG F

G = νg0

F = 1+e
2 + 1

4G

s = f2T 1/2u′

f2 = 8JνG
5π1/2

J = 1+e
2 + π

32G2
[5+2G(3e−1)(1+e)][5+4G(1+e)]

24−6(1−e)2−5(1−e2)

Γ = f3
T 3/2

L

f3 = 12νG(1−e2)

π1/2

where Γ is the rate of collisional dissipation. Here and in what follows, a prime indicates the derivative along
y. The two terms on the left-hand side of Eq. (1) represent the energy production and dissipation, respectively.

Kinetic theories provide the closures to the problem, i.e., the constitutive relations for the pressure, the shear
stress, and the rate of collisional dissipation. Here, we adopt the expressions derived by Ref. [14], summarized
in Table 1, ignoring their small term c∗ and using the notations of Ref. [22]. There, T is the granular temperature
(one-third of the mean square of the particle velocity fluctuations), and g0 is the radial distribution function
at contact. As anticipated, EKT takes into account the fact that, when repeated collisions induce correlated
motion among the particles, the rate at which energy is dissipated decreases by the factor L (correlation length),
whose expression reads [20]

L = max

(
L∗ u′

T 1/2 , 1

)
, (2)

where the coefficient L∗ is a function of the concentration and the particle properties. Equation (2) ensures
that, when the molecular chaos assumption holds, L = 1, i.e., one diameter, as in classic kinetic theories.
Jenkins and Berzi [21] suggested to use

L∗ = 1

2
cG1/3, (3)

where c is a material coefficient of order unity. The presence of this additional parameter, whose physical
meaning is unclear, represents a weakness of the theory. Also the determination of the most suitable expression
for the radial distribution function at contact for inelastic particles under shear is still an open issue [31,39].

Mitarai and Nakanishi [39] performed event-driven numerical simulations on shear flows of inelastic hard
spheres in absence of gravity, using Lees–Edwards boundary conditions [11] along the direction perpendicular
to the flow. In this case, the shear rate u′, the granular temperature and the concentration are constant in the
flow field (Fig. 1). Using the constitutive relation for the pressure of Table 1,

g0 = 1

2ν(1 + e)

( p

νT
− 1

)
. (4)

Hence, it is possible to obtain the radial distribution function at contact from the measured values of pressure,
granular temperature, and concentration. This differs from the approach of Refs. [39] and [31], where the radial
distribution function at contact was obtained in a more rigorous way from the measured collisional frequency.
However, the evaluation of g0 using Eq. (4) ensures that kinetic theory correctly predicts the particle pressure.
Figure 2 shows the dependence of g0 on the concentration obtained from Eq. (4), using the measurements of
Ref. [39] at three values of the coefficient of restitution (e = 0.7, 0.92, and 0.98). The numerical values can
be reproduced using an expression in the form suggested by Ref. [44],

g0 = a

νp − ν
, (5)

where a is a material coefficient and νp represents the concentration at which the radial distribution function
at contact is singular and the pressure diverges. That concentration would coincide with the concentration at
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Fig. 2 Dependence of the radial distribution function at contact on the concentration obtained from pressure measurements in
numerical simulations (symbols) and Eq. (5) (lines) when e = 0.7 (circles and solid line); e = 0.92 (squares and dashed line);
e = 0.98 (triangles and dot-dashed line). The dotted line represents the expression of Ref. [7]

Table 2 Values of the singularity in the radial distribution function at different values of the coefficient of restitution

e a νp νs

0.70 0.95 0.617 0.619
0.92 0.88 0.624 0.625
0.98 0.89 0.636 0.627

random close packing for elastic particles [43,44]. The values of a and νp, obtained from linear regression, for
the three values of the coefficient of restitution investigated in Ref. [39] are reported in Table 2. Also shown in
Fig. 2 is the widely used radial distribution function at contact of Ref. [7]. It is worth emphasizing that Eq. (5)
cannot apply at low concentration, given that it is different from unity when ν = 0. Also, Table 2 confirms
that νp depends on the degree of inelasticity, unlike suggested in Ref. [8].

With Eq. (1) and the constitutive relations of Table 1, the correlation length can be written as

L = max

(
f3T 3/2

su′ , 1

)
(6)

and can be obtained from measured values of concentration, shear stress, and granular temperature, at fixed
shear rate, if Eq. (5) is used in the expression of f3 of Table 1. For simple shear flows, the correlation length
is only a function of the concentration and the material properties, given that, using Eqs. (6) and (2) and the
constitutive relations of Table 1,

L = max

(
f 1/3
3

f 1/3
2

L∗2/3, 1

)
. (7)

Figure 3 shows the correlation length as a function of the concentration obtained using the measurements of
Ref. [39] in Eq. (6). Below the concentration at the freezing point ν f = 0.49 [44], the correlation length is
equal to one, indicating that the particle motion is uncorrelated (molecular chaos). Above ν f , the correlation
length increases linearly with g0. We propose the following analytical expression for L ,

L = max
2(1 − e)

15
(g0 − g0, f ) + 1, 1 , (8)

where g0, f is the value of g0 at the freezing point. Figure 3 shows that Eq. (8) interpolates well the numerical
values. From Eqs. (7) and (8), we obtain the expression of L∗,

L∗ =
(

f2

f3

)1/2 2(1 − e)

15
(g0 − g0, f ) + 1

3/2

, (9)

that, unlike Eq. (3), contains only well-defined physical quantities.
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Fig. 3 Correlation length as a function of the concentration obtained from measurements in numerical simulations (symbols) and
Eq. (8) (lines) when e = 0.7 (circles and solid line); e = 0.92 (squares and dashed line); e = 0.98 (triangles and dot-dashed
line)
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Fig. 4 Ratio of shear stress measured in numerical simulations to that obtained from the constitutive relation of kinetic theory as
a function of the concentration when e = 0.7 (circles); e = 0.92 (squares); e = 0.98 (triangles)

Figure 4 depicts the ratio of the shear stress measured in the numerical simulations of [39] to that obtained
from the constitutive relation of Table 1 using the measured values of concentration and granular temperature
and the imposed shear rate and Eq. (5) for the radial distribution function at contact. It can be noticed, as is well
known [39,41], that kinetic theories underestimate the shear stress for nearly elastic particles. On the other
hand, the agreement is much more acceptable for more inelastic particles. It has been suggested that, in sheared
flows, the shear viscosity diverges at a concentration lower than that at which the pressure diverges [13,29].
To check this, we have plotted in Fig. 5 the ratio ν2T 1/2u′/s as a function of the concentration obtained from
the numerical simulations of Mitarai and Nakanishi [39]. In the dense limit (i.e., for G → ∞), the constitutive
relations of kinetic theory indicate that the ratio should be proportional to the inverse of the radial distribution
function at contact, i.e., from Eq. (5), be a linear decreasing function of the volume concentration, and vanish
at ν = νp. Indeed, Fig. 5 shows that ν2T 1/2u′/s decreases linearly with the concentration when the latter
exceeds 0.5. The concentration νs at which ν2T 1/2u′/s vanishes (i.e., the shear viscosity diverges) for the
different values of the coefficient of restitution has been obtained by linear regression and reported in Table 1.
Indeed, for nearly elastic particles, the shear viscosity diverges at a concentration lower than that at which
the pressure diverges, so that regions of constant velocity in the presence of a gradient of concentration and
granular temperature [30] are possible. For more inelastic, and somehow more realistic, particles, instead, both
the shear viscosity and the pressure diverge at the same value of concentration.

Using Eq. (6) and the constitutive relations of Table 1, we obtain the ratio of the shear stress to the pressure,

s

p
=

(
f2 f3

f 2
1 L

)1/2

, (10)
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Fig. 5 Quantity ν2T 1/2u′/s obtained from numerical simulations as a function of the concentration when e = 0.7 (circles);
e = 0.92 (squares); e = 0.98 (triangles)
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Fig. 6 Stress ratio as a function of the concentration as predicted by the extended kinetic theory for e = 0.7 (solid line) and
e = 0.92 (dashed line). The circles indicate multiple solutions at a given level of the stress ratio

which, in the case of simple shear flows, is only a function of the concentration. Similarly, we can obtain also
the relation between the so-called inertial parameter I = u′/(p/ν)1/2 [15] and the concentration,

I =
(

ν f3

f1 f2L

)1/2

. (11)

Equations (10) and (11) constitute the rheology of granular materials composed of inelastic hard spheres.
Although one might be tempted to use them in solving any kind of problems involving granular flows, it must
be emphasized that their validity is restricted to situations for which the algebraic energy balance between
production and dissipation holds. Figure 6 shows the dependence of the stress ratio on the concentration
predicted by Eq. (10) at the two values of the coefficient of restitution for which the measured shear stress
is well predicted by kinetic theory (Fig. 4). As expected, more inelastic particles are characterized by larger
values of the stress ratio. The strong nonlinearity of Eq. (10) is reflected by the fact that up to three values of
the concentration provide the same value of stress ratio. Those three values belong to three different branches
of the curve: (i) the dilute branch at concentrations less than about 0.2, where the stress ratio decreases with ν;
(ii) the moderate branch at concentrations in the range 0.2–0.49, where the stress ratio mildly increases with
ν; (iii) the dense branch at concentrations larger than 0.49, where once again the stress ratio decreases with
ν. EKT differs from classic kinetic theory in that the latter predicts that only two values of the concentration
(those associated with the dilute and the moderate branches) pertain to the same value of the stress ratio.
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3 Conclusion

We have applied the EKT to the simple shear flow of inelastic hard spheres. We have employed measurements
of pressure, shear stress, and granular temperature at imposed concentration and shear rate from event-driven
numerical simulations reported in the literature to obtain analytical expressions for the radial distribution
function at contact and the correlation length in the rate of collisional dissipation at different values of the
coefficient of restitution. The main results of this work are as follows: (i) the pressure diverges at a value of
the concentration that decreases with the particle inelasticity, as previously reported [31]; (ii) the correlation
length, employed instead of the particle diameter in the collisional rate of dissipation of EKT, is larger than one
diameter at concentrations higher than the freezing point, and a simple analytical expression depending only
on the coefficient of restitution is provided; (iii) the fact that the shear viscosity diverges at a concentration
smaller than the pressure is a peculiar characteristic of nearly elastic particles, and not a general feature. (iv)
Finally, unlike in classic kinetic theories, the analytical relation between the stress ratio and the concentration
of EKT, that is possible to obtain only when the diffusion of fluctuating energy is negligible, presents three
branches: one dilute for concentrations <0.2, one moderate for concentrations between 0.2 and 0.49 (freezing
point), and one dense for concentrations larger than 0.49. Hence, up to three values of concentration pertain
to the same value of the stress ratio. This might have important consequences, e.g., on the stability of inclined
flows and the clustering phenomenon.

References

1. Babic, M.: Unsteady Couette granular flows. Phys. Fluids 9, 2486–2505 (1997)
2. Bagnold, R.: Experiments on a gravity-free dispersion of large solid spheres in a newtonian fluid under shear. Proc. R. Soc.

Lond. A 225, 49–63 (1954)
3. Berzi, D.: Analytical solution of collisional sheet flows. J. Hydraul. Eng.-ASCE 137, 1200–1207 (2011)
4. Berzi, D., Jenkins, J.: Surface flows of inelastic spheres. Phys. Fluids 23, 013303 (2011)
5. Berzi, D., Prisco, C.di , Vescovi, D.: Constitutive relations for steady, dense granular flows. Phys. Rev. E 84, 1–6 (2011)
6. Boyer, F., Guazzelli, E., Pouliquen, O.: Unifying suspension and granular rheology. Phys. Rev. Lett. 107, 1–5 (2011)
7. Carnahan, N., Starling, K.: Equations of state for non-attracting rigid spheres. J. Chem. Phys. 59, 635–636 (1969)
8. Chialvo, S., Sun, J., Sundaresan, S.: Bridging the rheology of granular flows in three regimes. Phys. Rev. E 85, 021305

(2012)
9. da Cruz, F., Sacha, E., Prochnow, M., Roux, J., Chevoir, F.: Rheophysics of dense granular materials: discrete simulation of

plane shear flows. Phys. Rev. E 72, 021309 (2005)
10. Dahmen, K., Ben-Zion, Y., Uhl, J.: A simple analytic theory for the statistics of avalanches in sheared granular materials. Nat.

Phys. 7, 554–557 (2011)
11. Evans, D., Morriss, G.: Statistical Mechanics of Nonequilibrium Liquids. Academic Press, London (1990)
12. Forterre, Y., Pouliquen, O.: Flows of dense granular media. Annu. Rev. Fluid Mech. 40, 1–24 (2008)
13. Garcia-Rojo, R., Luding, S., Brey, J.: Transport coefficients for dense hard-disk systems. Phys. Rev. E 74, 061305 (2006)
14. Garzó, V., Dufty, J.: Dense fluid transport for inelastic hard spheres. Phys. Rev. E 59, 5895–5911 (1999)
15. GdR-MiDi: On dense granular flows. Eur. Phys. J. E 14, 341–365 (2004)
16. Goldhirsch, I.: Rapid granular flows. Annu. Rev. Fluid Mech. 35, 267–293 (2003)
17. Hanes, D., Inman, D.: Observations of rapidly flowing granular-fluid materials. J. Fluid Mech. 150, 357–380 (1985)
18. Henann, D., Kamrin, K.: A predictive, size-dependent continuum model for dense granular flows. Proc. Natl. Acad. Sci.

USA 110, 6730–6735 (2013)
19. Jenkins, J.: Dense shearing flows of inelastic disks. Phys. Fluids 18, 103307 (2006)
20. Jenkins, J.: Dense inclined flows of inelastic spheres. Granul. Matter 10, 47–52 (2007)
21. Jenkins, J., Berzi, D.: Dense inclined flows of inelastic spheres: tests of an extension of kinetic theory. Granul. Matter 12, 151–

158 (2010)
22. Jenkins, J., Berzi, D.: Kinetic theory applied to inclined flows. Granul. Matter 14, 79–84 (2012)
23. Jenkins, J., Savage, S.: A theory for the rapid flow of identical, smooth, nearly elastic, spherical particles. J. Fluid

Mech. 130, 187–202 (1983)
24. Johnson, P., Jackson, R.: Frictional–collisional constitutive relations for granular materials, with application to plane shear-

ing. J. Fluid Mech. 176, 67–93 (1987)
25. Johnson, P., Nott, P., Jackson, R.: Frictional–collisional equations of motion for particulate flows and their application to

chutes. J. Fluid Mech. 210, 501–535 (1990)
26. Jop, P., Forterre, Y., Pouliquen, O.: Crucial role of sidewalls in granular surface flows: consequences for the rheology. J.

Fluid Mech. 541, 167–192 (2005)
27. Jop, P., Forterre, Y., Pouliquen, O.: A constitutive law for dense granular flows. Nature 441, 727–730 (2006)
28. Kamrin, K., Koval, G.: Nonlocal constitutive relation for steady granular flow. Phys. Rev. Lett. 108, 178301 (2012)
29. Khain, E.: Hydrodynamics of fluid-solid coexistence in dense shear granular flow. Phys. Rev. E 75, 051310 (2007)
30. Khain, E.: Bistability and hysteresis in dense shear granular flow. EPL 87, 14001 (2009)
31. Kumaran, V.: Dynamics of dense sheared granular flows. Part I. Structure and diffusion. J. Fluid Mech. 632, 109–144 (2009)
32. Kumaran, V.: Dynamics of dense sheared granular flows. Part II. The relative velocity distributions. J. Fluid Mech. 632, 145–

198 (2009)



2198 D. Berzi

33. Lemaître, A., Caroli, C.: Rate-dependent avalanche size in athermally sheared amorphous solids. Phys. Rev. Lett. 103,
065501 (2009)

34. Lois, G., Carlson, J.: Force networks and the dynamic approach to jamming in sheared granular media. EPL 80(5), 58001
(2007)

35. Louge, M.: Model for dense granular flows down bumpy inclines. Phys. Rev. E 67, 061303 (2003)
36. Lun, C.: Kinetic theory for granular flow of dense, slightly inelastic, slightly rough spheres. J. Fluid Mech. 233, 539–

559 (1991)
37. Majmudar, T., Behringer, R.: Contact force measurements and stress-induced anisotropy in granular materi-

als. Nature 435, 1079–1082 (2005)
38. Mitarai, N., Nakanishi, H.: Bagnold scaling, density plateau, and kinetic theory analysis of dense granular flow. Phys. Rev.

Lett. 94, 128001 (2005)
39. Mitarai, N., Nakanishi, H.: Velocity correlations in dense granular shear flows: Effects on energy dissipation and normal

stress. Phys. Rev. E 75, 031305 (2007)
40. Orlando, A., Shen, H.: Effect of particle size and boundary conditions on the shear stress in an annular shear cell. Granul.

Matter 14, 421–423 (2012)
41. Santos, A., Garzó, V., Dufty, J.: Inherent rheology of a granular fluid in uniform shear flow. Phys. Rev. E 69, 061303 (2004)
42. Savage, S., Sayed, M.: Stresses developed by dry cohesionless granular materials sheared in an annular shear cell. J. Fluid

Mech. 142, 391–430 (1984)
43. Song, C., Wang, P., Makse, H.: A phase diagram for jammed matter. Nature 453, 629–632 (2008)
44. Torquato, A.: Nearest-neighbor statistics for packings of hard spheres and disks. Phys. Rev. E 51, 3170–3182 (1995)
45. Xu, H., Louge, M., Reeves, A.: Solutions of the kinetic theory for bounded collisional granular flows. Continuum Mech.

Therm. 15, 321–349 (2003)


	Extended kinetic theory applied to dense, granular, simple shear flows
	Abstract
	1 Introduction
	2 Theory
	3 Conclusion
	References


