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Abstract We introduce a new information-theoretic formulation of quantum measure-
ment uncertainty relations, based on the notion of relative entropy between measure-
ment probabilities. In the case of a finite-dimensional system and for any approxim-
ate joint measurement of two target discrete observables, we define the entropic di-
vergence as the maximal total loss of information occurring in the approximation at
hand. For fixed target observables, we study the joint measurements minimizing the
entropic divergence, and we prove the general properties of its minimum value. Such
a minimum is our uncertainty lower bound: the total information lost by replacing the
target observables with their optimal approximations, evaluated at the worst possible
state. The bound turns out to be also an entropic incompatibility degree, that is, a good
information-theoretic measure of incompatibility: indeed, it vanishes if and only if the
target observables are compatible, it is state-independent, and it enjoys all the invariance
properties which are desirable for such a measure. In this context, we point out the dif-
ference between general approximate joint measurements and sequential approximate
joint measurements; to do this, we introduce a separate index for the tradeoff between
the error of the first measurement and the disturbance of the second one. By exploiting
the symmetry properties of the target observables, exact values, lower bounds and op-
timal approximations are evaluated in two different concrete examples: (1) a couple of
spin-1/2 components (not necessarily orthogonal); (2) two Fourier conjugate mutually
unbiased bases in prime power dimension. Finally, the entropic incompatibility degree
straightforwardly generalizes to the case of many observables, still maintaining all its
relevant properties; we explicitly compute it for three orthogonal spin-1/2 components.

1. Introduction

In the foundations of Quantum Mechanics, a remarkable achievement of the last years
has been the clarification of the differences between preparation uncertainty relations
(PURs) and measurement uncertainty relations (MURSs) [1-13], both of them arising
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from Heisenberg’s heuristic considerations about the precision with which the position
and the momentum of a quantum particle can be determined [14].

One speaks of PURs when some lower bound is given on the “spreads” of the dis-
tributions of two observables A and B measured in the same state p. The most known
formulation of PURs, due to Robertson [15], involves the product of the two standard
deviations; more recent formulations are given in terms of distances among probability
distributions [10] or entropies [13, 16-22].

On the other hand, one refers to MURs when some lower bound is given on the “er-
rors” of any approximate joint measurement M of two target observables A and B. When
M is realized as a sequence of two measurements, one for each target observable, MURs
are regarded also as relations between the “error” allowed in an approximate measure-
ment of the first observable and the “disturbance” affecting the successive measurement
of the second one.

Although the recent developments of the theory of approximate quantum measure-
ments [11,23-26] and nondisturbing quantum measurements [27,28] have generated a
considerable renewed interest in MURS, no agreement has yet been reached about the
proper quantifications of the “error” or “disturbance” terms. Here, the main problem
is how to compare the target observables A and B with their approximate or perturbed
versions provided by the marginals M[l] and M[Q] of M; indeed, A, M[l]’ M[g] and B
may typically be incompatible. The proposals then range from operator formulations of
the error [1-4,29, 30] to distances for probability distributions [6—12] and conditional
entropies [31-33].

In this paper, we propose and develop a new approach to MURs based on the notion
of relative entropy. Here we deal with the case of discrete observables for a finite di-
mensional quantum system. The extension to position and momentum is given in [34].

In the spirit of Busch, Lahti, Werner [6—10], we quantify the “error” in the approx-
imation A ~ M) by comparing the respective outcome distributions A” and Mﬁ]
in every possible state p; however, differently from [6—10], the comparison is done
from the point of view of information theory. Then, the natural choice is to consider
S(A M[pl]), the relative entropy of A” with respect to Mf),, as a quantification of the

information loss when A” is approximated with Mﬁ]. Similarly, in order to quantify

either the “error” or — if A and B are measured in sequence — the “disturbance” related
to the approximation B ~ My}, we employ the relative entropy S (Bp | Mfz])- Relative
entropy appears to be the fundamental quantity from which the other entropic notions
can be derived, cf. [35-37]. It should be noticed that relative entropy, of classical or
quantum type, has already been used in quantum measurement theory to give proper
measures of information gains and losses in various scenarios [37—41].

The relative entropy formulation of MURSs, given in Section 2.3, is: for every ap-
proximate joint measurement M of A and B, there exists a state p such that

S(A7|Mf)) + S(BP(IMfy) > (A, B), (1)
where the uncertainty lower bound

(A, B) = ipfsup {s(arImey) + S (B7IM7) | @)

depends on the allowed joint measurements M. In the above definition, the same state
p appears in both error terms S (A” || M[pl]) and S(B”|| M[pz}); thus, by making their sum,
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all possible error compensations are taken into account in the maximization. The quant-

ity sup, {S (AP I Mfl]) + S (BP I MfQ]) } gives a state-independent quantification of the
total inefficiency of the approximate joint measurement M at hand, and we call it en-
tropic divergence of M from (A, B).

By considering any possible approximate joint measurement in the definition of
¢(A, B), we get an uncertainty lower bound ¢;,,c (A, B) that turns out to be a proper meas-
ure of the incompatibility of A and B. On the other hand, by considering only sequential
measurements, we derive an uncertainty lower bound c.4 (A, B) that provides a suitable
quantification of the error/disturbance tradeoff for the two (sequentially ordered) tar-
get observables. Indeed, such lower bounds share a lot of desirable properties: they are
zero if and only if the target observables are compatible (respectively, sequentially com-
patible); they are invariant under unitary transformations and relabelling of the output
values of the measurements; and finally, they are bounded from above by a value that
is independent of both the dimension of the Hilbert space and the number of the pos-
sible outcomes. As a main result, we show also that, for a generic couple of observables
A and B, considering only their sequential measurements is a real restriction, because
in general cqq(A, B) may be larger than ¢;,.(A, B); actually, the two indexes are guar-
anteed to coincide only if one makes some extra assumptions on A and B (e.g. if the
second observable B is supposed to be sharp).

Thus, every time A and B are incompatible, the total loss of information S (A” I M[pl])
+5(B”
measurement M and the state p; however, since ¢inc(A, B) > 0, inequality (1) states that
there is a minimum potential loss that no joint measurement M can avoid. Similar re-
marks hold for sequential measurements and the corresponding error/disturbance coef-
ficient. Note that, even if A and B are incompatible, the left hand side of (1) can vanish
if the state p and the approximate joint measurement M are suitably chosen (see Section
2.3). Of course, this is not a contradiction, as the formulation (1), (2) of MURSs is about
the size of the total information loss in the worst — but not all — input states. In this
sense, the bound (2) is a state-independent quantification of the minimal inefficiency of
the approximations A ~ M;; and B =~ M.

Our MURs directly compare with those of [6—10], from which however they differ
in one essential aspect: the latter quantify the inaccuracy of the approximate joint meas-
urement M by maximizing the errors of the approximations AP? ~ Mf’ll] and B”? ~ Mf’;‘]
over independently chosen states p; and p»; instead, in (2) we maximize the total ap-
proximation error S (APHI\/Iﬁ]) + S (Bp||M[pZ]) over a single state p. On the concep-
tual level, this amounts to say that our MURs are a statement about the inaccuracy of
the approximation (A, B) ~ (M}, M[g)) that occurs in one preparation of the system;
those of [6—10] rather refer to the inefficiencies of two separate uses of the approxim-
ate joint measurement M, namely, for approximating A ~ My in a first preparation,
and B ~ M|y in a second one. Similar considerations hold for the conditional entropy
approach of [31-33], where the “noise” and “disturbance” terms are defined through
different preparations in a sort of calibration procedure. In this respect, our MURs are
reminiscent of the traditional entropic PURs, which relate the spreads of the distribu-
tions A” and B” evaluated at the same state p (see Section 2.5).

Whenever A and B are incompatible, we will look for the exact value of ¢j,(A, B),
or at least some lower bound for it, as well as we will try to determine the optimal
approximate joint measurements M which saturate the minimum. In particular, we will
prove that in some relevant applications there is actually a unique such M, thus show-

\Mf;]) in the approximations A >~ My;j and B >~ My depends on both the joint
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ing that in these cases the entropic optimality criterium unambiguously fixes the best
approximate joint measurement.

The generalization of our MURs to the case of more than two target observables
is rather straightforward by the very structure of the relative entropy formulation. It is
worth noticing that there are triples of observables whose optimal approximate joint
measurements are not unique, even if all their possible pairings do have the corres-
ponding binary uniqueness property (see e.g. the two and three orthogonal spin-1/2
components in Sections 3.2 and 4.2).

Now, we summarize the structure of the paper. In Section 2, we state our entropic
MURSs for two target observables, and we introduce and study the main mathematical
objects which are involved in their formulation. In Section 3, we undertake the explicit
computation of the incompatibility indexes cinc(A, B) and cqq(A, B) and their respect-
ive optimal approximate joint measurements M for several examples of incompatible
target observables. Some general results are proved, which show how the symmetry
properties of the quantum system can help in the task. Then, two cases are studied:
two spin-1/2 components, which we do not assume to be necessarily orthogonal, and
two Fourier conjugate observables associated with a pair of mutually unbiased bases
(MUBs) in prime power dimension. In Section 4, we generalize the relative entropy
formulation of MURESs to the case of many target observables. As an example, the case
of three orthogonal spin-1/2 components is completely solved. Finally, Section 5 con-
tains a conclusive discussion and presents some open problems. Three further appen-
dices are provided at the end of the paper: in Appendix A, a couple of examples show
that the coefficients ci,e(A, B), coa(A, B) and ceq(B, A) may be different in general;
Appendices B and C collect all the technical details and proofs for the cases studied in
Sections 3.2, 3.3, and 4.2.

1.1. Observables and instruments. We start by fixing our quantum system and recalling
the notions and basic facts on observables and measurements that we will use in the
article [23-25,27,42-45].

The Hilbert space H and the spaces L(H), T(H), S(F). We consider a quantum sys-
tem described by a finite-dimensional complex Hilbert space H, with dim H = d; then,
the spaces £(J) of all linear bounded operators on H and the trace-class T(JH) coin-
cide. Let 8(3H) denote the convex set of all states on H (positive, unit trace operators),
which is a compact subset of T(J). The extreme points of S(JH) are the pure states
(rank-one projections) p = | ) (¢ |, with ¢p € H and ||¢p]| = 1.

The space of observables M(X) and the space of probabilities P(X). In the general
formulation of quantum mechanics, an observable is identified with a positive operator
valued measure (POVM). We will consider only observables with outcomes in a finite
set . Then, a POVM on X is identified with its discrete density A : X — L(¥H),
whose values A(x) are positive operators on J{ such that . A(z) = 1; here, the
sum involves a finite number |X| of terms (]X| denotes the cardinality of X). Similarly,
a probability on X is identified with its discrete probability density (or mass function)
p:X — R, where p(x) > 0and ) o p(z) = 1.

For p € §(H), the function A?(z) = Tr{pA(x)} is the discrete probability dens-
ity on X which gives the outcome distribution in a measurement of the observable A
performed on the quantum system prepared in the state p.
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We denote by M(X) the set of the observables which are associated with the sys-
tem at hand and have outcomes in X; M(X) is a convex, compact subset of £(3()%,
the finite dimensional linear space of all functions from X to £(J). Both mappings
p — AP and A — AP’ are continuous and affine (i.e. preserving convex combinations)
from the respective domains into the convex set P(X) of the probabilities on X. As a
subset of R, the set P(X) is convex and compact. The extreme points of P(X) are the
(Kronecker) delta distributions d,,, with = € X.

Trivial and sharp observables. An observable A is trivial if A = pl for some prob-
ability p, where 1 is the identity of J{. In particular, we will make use of the uniform
distribution uyx on X, ux (z) = 1/|X|, and the trivial uniform observable Uy = ux 1.
An observable A is sharp if A(z) is a projection Va € X. Note that we allow A(z) =
0 for some z, which is required when dealing with sets of observables sharing the same
outcome space. Of course, for every sharp observable we have |[{z : A(z) # 0}| < d.

Bi-observables and compatible observables. When the outcome set has the product
form X x Y, we speak of bi-observables. In this case, given the POVM M € M(X x Y),
we can introduce also the marginal observables My € M(X) and Mg € M(Y) by

M[l](x) = Z M(z, y), M[Z](y) = Z M(l‘,y)

yeY zeX

In the same way, for p € P(X x Y), we get the marginal probabilities p;;; € P(X) and
pr2) € P(Y). Clearly, (M};))” = (M?);); hence there is no ambiguity in writing M[pl.] for
both probabilities.

Two observables A € M(X) and B € M(Y) are jointly measurable or compatible if
there exists a bi-observable M € M (X x ) such that M{;; = A and My = B; then, we
call M a joint measurement of A and B.

Two classical probabilities p € P(X) and ¢ € P(Y) are always compatible, as they
can be seen as the marginals of at least one joint probability in P(X x Y). Indeed, one
can take the product probability p ® q given by (p ® q)(z,y) = p(x)q(y). Clearly,
nothing similar can be defined for two non-commuting quantum observables, for which
instead compatibility usually is a highly nontrivial requirement.

The space of instruments J(X). Given a pre-measurement state p, a POVM allows to
compute the probability distribution of the measurement outcome. In order to describe
also the state change produced by the measurement, we need the more general math-
ematical notion of instrument, i.e. a measure J on the outcome set X taking values
in the set of the completely positive maps on £(J). In our case of finitely many out-
comes, an instrument is described by its discrete density x — J,, * € X, whose
general structure is J[p] = Y, JopJS*, Vp € 8(H); here, the Kraus operators
J¢ € L(H) are such that )5 o > Jo*J¢ = 1 and, since J{ is finite-dimensional,
the index « can be restricted to finitely many values. The adjoint instrument is given by
TiF] =3 Jo*FJS,VE € L(H). The sum Jx = ) oo Ju is a quantum channel,
i.e. a completely positive trace preserving map on 8(H). We denote by J(X) the convex
and compact set of all X-valued instruments for our quantum system.

By setting A(z) = J;[1] = >, J2*JZ, aPOVM A € M(X) is defined, which is
the observable measured by the instrument 7; we say that the instrument [J implements
the observable A. The state of the system after the measurement, conditioned on the
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outcome z, is J[p] /AP (x). We recall that, given an observable A, one can always find
an instrument 7 implementing A, but 7 is not uniquely determined by A, i.e. different
instruments 7, with different actions on the quantum system, may be used to measure
the same observable A.

Sequential measurements and sequentially compatible observables. Employing the no-
tion of instrument, we can describe a measurement of an observables A € M(X) fol-
lowed by a measurement of an observable B € M(Y): a sequential measurement of
A followed by B is a bi-observable M(z,y) = J.5[B(y)], where J is any instrument
implementing A. Its marginals are Myj(z) = J;[1] = A(z) and Mg (y) = J«[B(y)].
We write M = 7*(B), which is a measurement in which one first applies the instrument
J to measure A, and then he measures the observable B on the resulting output state; in
this way, he obtains a joint measurement of A and J5 [B(-)], a perturbed version of B.

An observable A € M(X) can be measured without disturbing B € M(Y) [27], or
shortly A and B are sequentially compatible observables, if there exists a sequential
measurement M = 7*(B) such that

My =J7 [ =A, Mg =Jx[B()] =B.

So, a measurement of B at time 1 (i.e. after the measurement of A) has the same outcome
distribution as a measurement of B at time O (i.e. before the measurement of A).

If A and B are sequentially compatible observables, they clearly are also jointly
measurable. However, the opposite is not true; two counterexamples are shown in [27]
and are reported in Appendix A. This happens because we demand to measure just B
at time 1, i.e. we do not content ourselves with getting at time 1 the same outcome dis-
tribution of a measurement of B performed at time 0. Indeed, this second requirement
is weaker: it can be satisfied by any couple of jointly measurable observables A and B,
by measuring a suitable third observable C after A (with A implemented by an instru-
ment J which possibly increases the dimension of the Hilbert space). The definition of
sequentially compatible observables is not symmetric, and indeed there exist couples
of observables such that A can be measured without disturbing B, but for which the
opposite is not true. This asymmetry is also reflected in the remarkable fact that, if the
second observable is sharp, then the compatibility of A and B turns out to be equivalent
to their sequential compatibility.

Target observables. In this paper, we fix two target observables with finitely many
values, A € M(X) and B € M(Y), and we study how to characterize their uncertainty
relations. For any p € 8(J), the associated probability distributions A” and B” can be
estimated by measuring either A or B in many identical preparations of the quantum
system in the state p. No joint or sequential measurement of A and B is required at
this stage. In Section 2 we develop a general theory to quantify the error made by
approximating A and B with compatible observables and we introduce the notion of
optimal approximate joint measurement for A and B.

1.2. Relative and Shannon entropies. In this paper, we will be concerned with entropic
quantities of classical type [35, 36]; we express them in “bits”, which means to use
logarithms with base 2: log = log,.

The fundamental quantity is the relative entropy; although it can be defined for gen-
eral probability measures, here we only recall the discrete case. Given two probabilities
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p, q € P(X), the relative entropy of p with respect to ¢ is

p(z) .
p(x)log —— if suppp C suppg,
S(qu) = xeg;pp q(w) €)

+ o0 otherwise;

it defines an extended real valued function on the product set P(X) x P(X). Also
the terms Kullback-Leibler divergence and information for discrimination are used for
S(plla)-

The relative entropy .S (p||q) is a measure of the inefficiency of assuming that the
probability is ¢ when the true probability is p [36, Sect. 2.3]; in other words, it is the
amount of information lost when ¢ is used to approximate p [35, p. 51]. It appears in
data compression theory [36, Theor. 5.4.3], model selection problems [35], and it is
related to the error probability in the context of hypothesis tests that discriminate the
two distributions p and ¢ [36, Theor. 11.8.3]. We stress that .S (p||q) compares p and gq,
but it is not a distance since it is not symmetric. As such, the use of S is particularly
convenient when the two probabilities have different roles; for instance, if p is the true
distribution of a given random variable, while ¢ is the distribution actually used as
an approximation of p. This will be our case, where the role of p is played by the
distribution A” (or B”) of the target observable A (or B) and ¢ will be the distribution of
some allowed approximation; in particular, no joint distribution of p and q is involved.

In comparing our results with entropic PURs, we need also the Shannon entropy of
a probability p € P(X). It is defined by

H(p)=->_ plx)logp(x), )

zeX

and it provides a measure of the uncertainty of a random variable with distribution
p [36, Sect. 2.1].

We collect in the following proposition the main properties of the relative and Shan-
non entropies [35-37,43,46]. For the definition and main properties of lower semicon-
tinuous (LSC) functions, we refer to [47, Sect. 1.5].

Proposition 1. The following properties hold.

(i) 0 < H(p) < log|X|and S(p|lq) > 0, for all p, g € P(X).
(ii) H(p) = 0 if and only if p = 6, for some x, where &, is the delta distribution at x.
S(p||q) =0ifandonly ifp = q.
(iii) H (ux) = log |X|, and H(p) = log|X| — S(p|lux) for all p € P(X), where uy is
the uniform probability on X.
(iv) H and S are invariant for relabelling of the outcomes; that is, if f : X' — X isa
bijective map, then H(po f) = H(p) and S(po fllqo f) = S(pllq).
(v) H is a concave function on P(X), and S is jointly convex on P(X) x P(X), namely

S(Ap1+(1=N)p2|[Agi+(1-N)g2) < AS(p1]lq1) +(1=N)S(p2llg2), VA € [0,1].

(vi) The function p — H (p) is continuous on P(X). The function (p,q) — S(pllq) is
LSC on P(X) x P(X).

(vii) If p1,p2 € P(X) and q1,q2 € P(Y), then S(pr @ q1llp2 ® q2) = S(p1llp2) +
S(Q1||Q2)~
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In order to derive some further specific properties of the relative entropy that will be
needed in the following, it is useful to introduce the extended real function s : [0, 1] x
[0,1] — [-1/2, 4+o00], with

wlog L if0<u<land0<v<1,
v
s(u,v) =40 ifu=0and 0 <wv <1, &)
+00 ifu > 0and v = 0.

In terms of s, the relative entropy can be rewritten as S (pllq) = Y, s(p(2), q(2)).
Note that, unlike the relative entropy, the function s can take also negative values, and
its minimum is s(1/2,1) = —1/2. As a function of (u,v), s is continuous at all the
points of the square [0, 1] x [0, 1] except at the origin (0, 0), where it is easily proved to
be LSC.

Proposition 2. For all A € (0,1] and g € P(X), the map gx(p) = S(p|Ap+ (1 —N)q)

is finite and continuous in p € P(X). It attains the maximum value

1
S(plxp + (1= N)g) =1 i ’
e (pllAp =+ ( )q) = log A+ (1 — X\) mingex g()

(6)

which is a strictly decreasing function of \ € (0, 1].

Proof. Let A € (0, 1]. Forall u,v € [0, 1], the condition v > 0 implies Au+ (1 —X)v >
0, hence

u
wlog —— ifo<u<l,
sl Mu+ (1= A)) =4 B xu+ (1= A =
0 ifu=0.

Clearly, this is a continuous function of u € (0, 1]. To see that it is continuous also at 0,
we take the limit

ulir(ljl+ ulog TN ul;rg+ ulogu — ulg& ulog[Au + (1 — A)v]
0 ifv#0,

— — Tim ulog[\u+ (1 —A)o] =
in, wloglhu + (1= Al {ihmwomulog(m)o if v =0.

u—0t
Since gx(p) = >_, s (p(x), Ap(x) + (1 — X)g(x)), the continuity of g then follows.
Since gy is also convex on P(X) by Proposition 1, item (v), and the set P(X) is compact,
the function g, takes its maximum at some extreme point &, of P(X). It follows that

sup S(p||)\p +(1- )\)q) = maxS((SZH)\éI +(1-— )\)q)
pEP(X) zeX
1

=1 )
o8 A+ (1 —A) mingex q(z)

Setting gmin = ming ey ¢(z), the derivative in A of the last expression is

d 1 1 Gmin 1

—_— O = Pl

dX & A + (1 - )\)Qmin (]- - qmin))\ + Gmin
which is negative for all A € (0, 1] since gmin < 1/|X| < 1. Thus, the right hand side
of (6) is strictly decreasing in A. O
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Note that, if A = 0, then go(p) = S(p||q) is an extended real LSC function on P(X)
by Proposition 1, item (vi). However, it is not difficult to show along the lines of the
previous proof that the maximum in (6) is still attained, and

1

log ————
max S(pllq) = & min, g(z)
peP(X) +00 otherwise.

if suppg = X,

2. Entropic measurement uncertainty relations

In general, the two target observables A and B, introduced at the end of Section 1.1,
are incompatible, and only “approximate” joint measurements are possible for them.
Moreover, any measurement of A may disturb a subsequent measurement of B, in a
way that the resulting distribution of B can be very far from its unperturbed version; this
disturbance may be present even when the two observables are compatible. Typically,
such a disturbance of A on B can not be removed, nor just made arbitrarily small, unless
we drop the requirement of exactly measuring A. However, in both cases, the measure-
ment uncertainties on A and B can not always be made equally small. The quantum
nature of A and B relates their measurement uncertainties, so that improving the ap-
proximation of A affects the quality of the corresponding approximation of B and vice
versa. Incompatibility of A and B on the one hand, and the disturbance induced on B
by a measurement of A on the other hand, are alternative manifestations of the quantum
relation between the two observables, and as such deserve different approaches.

Our aim is now to quantify both these types of measurement uncertainty relations
between A and B by means of suitable informational quantities. In the case of incom-
patible observables, we will find an entropic incompatibility degree, encoding the min-
imum total error affecting any approximate joint measurement of A and B. Similarly,
when the observable B is measured after an approximate version of A, the resulting un-
certainties on both observables will produce an error/disturbance tradeoff for A and B.
In both cases, we will look for an optimal bi-observable M whose marginals M(;) and
M|z are the best approximations of the two target observables A and B. However, the
different points of view will be reflected in the fact that we will optimize over M in two
different sets, according to the case at hand.

2.1. Error function and entropic divergence for observables. We now regard any bi-
observable M € M(X x Y) as an approximate joint measurement of A and B and we
want an informational quantification of how far its marginals M;) and My are from
correctly approximating the two target observables A and B. Following [6-8], these
two approximations will be judged by comparing (within our entropic approach) the
distribution M[pl] with A”, and the distribution M'[DZ] with B”, for all states p. Note that
we can not compare the output of My} with that of A, and the output of M) with that
of B, in one and the same experiment. Indeed, although our bi-observable M is a joint
measurement of M(;) and M), there is no way to turn it into a joint measurement of
the four observables A, M{;}, M3) and B, when A and B are not compatible. Neverthe-
less, even if A and B are incompatible, each of them can be measured in independent
repetitions of a preparation (state) p of the system. Similarly, any bi-observable M can
be measured in other independent repetitions of the same preparation. So, all the three
probability distributions A”, B”, M” can be estimated from independent experiments,
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and then they can be compared without any hypothesis of compatibility among A, B
and M.

The first step is to quantify the inefficiency of the distribution approximations A” ~
Mﬁ] and B” ~ Mfz], given the bi-observable M. According to the discussion in Section
1.2, the natural way to quantify the loss of information in each approximation is to
use the relative entropy. Remarkably, the relative entropy properties allow us to give
a single quantification for the whole couple approximation (A, Bf) ~ (I\/I[pl], M[pZ]):
since S(A?|| M[pl]) and S(B” HMé]) are homogeneous and dimensionless, they can be
added to give the total amount of information loss.

Definition 1. For any bi-observable M € M(X x Y), the error function of the approx-
imation (A, B) ~ (M1}, M{g)) is the state-dependent quantity
SIA.BI[M](p) = S(A”|IMf,)) + 5(B7[MS). )
Note that the approximating distributions Mﬁ'] appear in the second entry of the
relative entropy, consistently with the discussion following its definition (3).
By Proposition 1, item (vii), we can rewrite (7) in the form
S[A,BM](p) = S(A” @ B”|[MF}; @ M7). ®)
It is important to note that the error function itself is a relative entropy; this can be
mathematically useful in some situations (see e.g. the proof of Theorem 4). Note that,
whether A and B are compatible or not, A’®B? is the distribution of their measurements
in two independent preparations of the same state p.
The second step is to quantify the inefficiency of the observable approximations
A ~ M|y) and B ~ M| by means of the marginals of a given bi-observable M, without
reference to any particular state. In order to construct a state-independent quantity, we
take the worst case in (7) with respect to the system state p.

Definition 2. The entropic divergence of M € M(X x Y) from (A, B) is the quantity

D(A,B|M) = sup S[AB||M](p) = sup {S(APHM[PH)+S(BP||Mf2])}. )
pES(3) PES(30)

The entropic divergence D (A, B||M) quantifies the worst total loss of information due
to the couple approximation (A,B) =~ (M, M[z)). Note that there is a unique su-
premum over p, so that D(A, BHM) takes into account any possible balancing and
compensation between the information losses in the first and in the second approxima-
tion. The entropic divergence depends only on M(;; and My}, and so it is the same for
different bi-observables with equal marginals. If A and B are compatible and M is any
of their joint measurements, then D (A, B||M) = 0 by Proposition 1, item (ii).

Theorem 1. Let A € M(X), B € M(Y) be the target observables. The error function
and the entropic divergence defined above have the following properties.

(i) The function S|A, B||M] : §(H) — [0, +00] is convex and LSC, VM € M(X x Y).
(ii) The function D(A,B|| ) : M(X x Y) — [0, +0o0] is convex and LSC.
(iii) For any M € M(X x Y), the following three statements are equivalent:
(a) D(A,B|M) < +oc,
(b) ker Mpyj(x) C ker A(z), Vo, and ker My (y) C ker B(y), Vy,
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(c) SIA, B||M] is bounded and continuous.
(iv) D(A,B|M) = 8(}rgax SIA, B|M](p), where the maximum can be any value
pE , p pure

in the extended interval [0, 4+00).

(v) The error S[A, B||M](p) is invariant under an overall unitary conjugation of A, B,
M and p, and a relabelling of the outcome spaces X and Y.

(vi) The entropic divergence D(A7 B M) is invariant under an overall unitary conjug-
ation of A, B and M, and a relabelling of the outcome spaces X and Y.

Proof. (i) The function S[A, B||M] is the sum of two terms which are convex, because
the mapping p — X7 is affine for any observable X and by Proposition 1, item (v); hence
S[A, B||M] is convex. Moreover, each term is LSC, since p + X is continuous and
because of Proposition 1, item (vi); so the sum S[A, B||M] is LSC by [47, Prop. 1.5.12].

(ii) Each mapping M +— M[pi] is affine and continuous, and the functions S (Af’ Il - ),

S (Bp |- ) are convex and LSC by Proposition 1, items (v) and (vi). It follows that M +—
S(A7]| M[pl]) and M — S(Bp||Mf2]) are also convex and LSC functions on M(X x Y);
hence, such are their sum and the supremum D(A7 Bl - ) [47, Prop. 1.5.12].
(iii) Let us show (a)=-(b)=-(c)=-(a).

(a)=(b). If ker Myy)(z) € ker A(z) for some x, then we could take a pure state p =
|10) (1| with ¢ belonging to ker M;;(z) but not to ker A(x), so that Mﬁ] () =0
while A?(z) > 0; thus, we would get S(A” ||Mf1]) = +oo and the contradiction
D(A,B|M) = +oc.

(b)=>(c). The function S[A, B||M] is a finite sum of terms of the kind s (A?(x), M7 (z))

or s(B(y), M[pZ] (y)), where s is the function defined in (5). Under the hypothesis (b),
each of these terms is a bounded and continuous function of p by Lemma 1 below. We
thus conclude that S[A, B||M] is bounded and continuous.

(c)=(a). Trivial, as D (A, B|[M) = sup,,cs4¢) S[A, B[[M](p).

(iv) If D(A,B|M) < 400, then S[A, B||M] is a bounded and continuous function
on the compact set S(H{) by item (iii) above, and thus it attains a maximum; moreover,
S[A, B||M] is convex, hence it has at least a maximum point among the extreme points
of 8(%), which are the pure states. If instead D (A, B|M) = +oo0, then ker My)(z) &
ker A(z) for some z, or ker My (y) € ker B(y) for some y again by item (iii). In
this case, every pure state p = |1)) (9| with ¢ € ker My (z) \ ker A(z), or ¢ €
ker Mig)(y) \ ker B(y), is such that S[A, B||M](p) = oo, and thus it is a maximum
point of S[A, B||M].

(v) For any unitary operator U on H, we have (U*AU)V PV = AP, (U*BU)V PV =
B, and, since (U*MU)[; = U*M[U, also (U*MU)[LZ.I]*”U = M[pl.]. Therefore, by the
definition (7) of the error function, we get the equality

S[U*AU, U*BU||U*MU](U*pU) = S[A, B|M](p).

The invariance under relabelling of the outcomes is an immediate consequence of the
analogous property of the relative entropy (Proposition 1, item (iv)).
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(vi) The two invariances immediately follow by the previous item. We check only
the first one:

D(U*AU, U*BU||U*MU) = sup S[U*AU, U*BU||U*MU](p)
PES(IH)

= sup S[U'AU, U'BU||[U*MU](U*pU) = sup SI[A,B|M](p)
PES(FH) PES(IH)

= D(A,B|M),
where in the second equality we have used the fact that US(H)U* = §(H). O

An essential step in the last proof is the following lemma.

Lemma 1. Suppose A, B € L(H) are such that 0 < A < 1and 0 < B < 1, and
assume that ker B C ker A. Let A? = Tr{Ap}, B? = Tr{Bp}, and let s be the
function defined in (5). Then, the function s, g : 8(H) — [0,+00], with sa.g(p) =
s(AP, BP), is bounded and continuous.

Proof. We will show that s4 p is a continuous function on 8(3{); since §(3() is com-
pact, this will also imply that s 4 g is bounded. The case B = 0 is trivial, hence we will
suppose B # 0. By the hypotheses, the condition B” = 0 implies that A? = 0. The
definition (5) of s then gives

AP
APlog o if AP > 0and B” > 0
sas(p) =140 if AP =0and B >0 =
0 if A? =0and B” =0

AP
o .
Bh(BP) if B> >0
0 if B =0

where we have introduced the continuous function & : [0, +00) — [—1/2, 400), with
h(t) = tlogtif ¢ > 0, and h(0) = 0. The function s4 p is clearly continuous on the
open subset U = {p € §(H) : B? > 0} of the state space S(H). It remains to show
that it is also continuous at all the points of the set U¢ = {p € 8§(H) : B = 0}. To this
aim, observe that

A < Cmax(A)PA < Cmax(A)PB and B > Cmin(B)P37

where ¢pax(A) is the maximum eigenvalue of A, ¢pin(B) is the minimum positive
eigenvalue of B, and we denote by P, and Pp the orthogonal projections onto ker A~
and ker B+, respectively. Since P?, # 0 for all p such that B > 0, it follows that

AP cmax(A)

Bp_m, Vpeu

Hence, by continuity of & and boundedness of the interval [0, ¢max (A)/cmin(B)], there
is a constant M > 0 such that

lsa.B(p)| =

p AP p
Bh(Bp)‘gMB, Vp e W

On the other hand, for p € U° we have s4 g(p) = 0. If (pi)x is a sequence in §(H)
converging to pg € UC, then |sa p(pr) — sa,5(po)| < MBP* — 0, which shows

k—o00
that s 4, p is continuous at pg. 0O
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2.2. Incompatibility degree, error/disturbance coefficient, and optimal approximate joint
measurements. After introducing the error function S[A, B||M](p), which describes the
total information lost by measuring the bi-observable M in place of A and B in the state
p, and after defining its maximum value D(A, Bl M) over all states, the third step is to
quantify the intrinsic measurement uncertainties between A and B, dropping any refer-
ence to a particular state or approximating joint measurement. When we are interested
in incompatibility, this is done by taking the minimum of the divergence D (A, Bl M)
over all possible bi-observables M € M(X x Y). The resulting quantity is the minimum
inefficiency which can not be avoided when the (possibly incompatible) observables A
and B are approximated by the compatible marginals M;) and M) of any bi-observable
M. This minimum can be understood as an “incompatibility degree” of the two observ-
ables A and B.

Definition 3. The entropic incompatibility degree cinc(A, B) of the observables A and
B is

wc(AB)= inf D(ABIM)= inf SIABIM(p). (10
nc(AB) = jink_, DIABIM) = inf ) sup SIABIMI). (10

The definition is consistent, as obviously ¢i,.(A, B) > 0, and ¢y (A, B) = 0 when
A and B are compatible. As the notion of incompatibility is symmetric by exchanging
the observables A and B, we would expect that also the incompatibility degree satisfies
the property cinc(A, B) = cinc(B, A). Indeed, this is actually true, as D(A, B||M) =
D(B,A[[M) for all M € M(X x Y), where M’ € M(Y x X) is defined by M'(y, z) =
M(z,y). Note that the symmetry of ¢;,,. comes from the fact that, in defining the error
function S[A, B||M], we have chosen equal weights for the contributions of the two
approximation errors of A and B.

On the other hand, when we deal with the error/disturbance uncertainty relation, our
analysis is restricted to the bi-observables describing sequential measurements of an
approximate version A’ of A, followed by an exact measurement of B. In other words,
we focus on

M(X;B)={T*(B): J € J(X)}
={M e M(X xY) : M(z,y) = J;[B(y)] Vz,y, forsome J € J(X)}, (11)

the subset of M(X x Y) consisting of the sequential measurements where the first out-
come set X and the second observable B are fixed. If M = J*(B) € M(X;B), then
A" = My = J*[1] is the observable approximating A, and B" = J[B(-)] is the ver-
sion of B perturbed by the measurement of A’. In general, it may equally well be A’ # A
and B’ # B, unless the observable A can be measured without disturbing B [27].

In order to quantify the measurement uncertainties due to the error/disturbance trade-
off, we then consider the minimum of the entropic divergence D (A, B|M) for M €
M(X; B). If we read S(A”|| Mﬁ]) as the error made by 7 in measuring A in the state p,
and S(BP I Mf’z]) as the amount of disturbance introduced by 7 on the subsequent meas-

urement of B, then the divergence D (A, Bl M) expresses the sum error + disturbance

maximized over all states for the sequential measurement M. Minimizing D (A, Bl M)
over all sequential measurements, we then obtain the following entropic quantification
of the error/disturbance tradeoff between A and B.
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Definition 4. The entropic error/disturbance coefficient coq (A, B) of A followed by B is

«d(A,B)= inf D(AB|M)= inf S[A, B|[M](p). 12
ccalAB) = b o D(ABIM) weitlo g sup SIABIMI(). (1)

Similarly to the incompatibility degree, the error/disturbance coefficient is always
nonnegative, and ceq(A, B) = 0 when A can be measured without disturbing B, i.e. A
and B are sequentially compatible. Contrary to ¢;,., we stress that in general the two
indexes coq (A, B) and cqq(B, A) can be different, as shown in Remark 1 below.

When the approximate measurement of the first observable A is described by the
instrument 7, the measurement of the second fixed observable B could be preceded
by any kind of correction taking into account the observed outcome z [7]. This can be
formalized by inserting a quantum channel C, in between the measurements of A and
B. As the composition 7, = C, o J, gives again an instrument 7' € J(X), we then
see that any possible correction is considered when we take the infimum in M(X; B).
The latter fact shows that Definition 4 is consistent, since only by taking into account
all possible corrections we can properly speak of pure unavoidable disturbance and of
error/disturbance tradeoff.

Comparing the two indexes c¢iy. and ceq, the inequality cinc (A, B) < ceq(A, B) trivi-
ally follows from the inclusion M(X; B) C M(X x Y). This means that, even if one is
interested in cqq, the most symmetric index cj,, is at least a lower bound for it. We stress
that the inclusion M(X; B) € M(X x Y) may be strict in general. For example, there
may exist observables which are compatible with B, but can not be measured before B
without disturbing it. Then, taken such an observable A, a joint measurement of A and B
clearly belongs to M (X x Y) but can not be in M(X; B). When M(X; B) C M(X x Y),
the incompatibility and error/disturbance approaches definitely are not equivalent. Nev-
ertheless, there is one remarkable situation in which they are the same.

Proposition 3. If B € M(Y) is a sharp observable, then M(X; B) = M(X x Y).

Proof. The proof directly follows from the argument at the end of [27, Sect. IL.D].
Indeed, for any M € M(X x Y), we can define the instrument 7 € J(X) with

B(y)

Talp] = Z Tr {pM(z,y)} Tr {B(y)}’

y€Y:B(y)#0
For such an instrument, the equality M(z, y) = J.5[B(y)] is immediate. O

As an immediate consequence of this result, we have ceq (A, B) = cinc (A, B) when-
ever the second measured observable B is sharp.

By Theorem 2 below, the two infima in the definitions of ¢y (A, B) and c.q(A, B)
are actually two minima. It is convenient to give a name to the corresponding sets of
minimizing bi-observables:

Minc(A,B) = argmin D(A,B|M),  Mc(A,B) = argmin D(A,B|M).
MeEM(XxY) MeM(X;B)

We can say that M, (A, B) is the set of the optimal approximate joint measurements
of A and B. Similarly, M.q (A, B) contains the sequential measurements optimally ap-
proximating A and B.

The next theorem summarizes the main properties of ¢;,. and ceq contained in the
above discussion, and states some further relevant facts about the two indexes.
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Theorem 2. Let A € M(X), B € M(Y) be the target observables. For the entropic
coefficients defined above the following properties hold.

(i) The coefficients cinc(A, B) and coqa(A, B) are invariant under an overall unitary
conjugation of the observables A and B, and they do not depend on the labelling
of the outcomes in X and Y.
(ii) The incompatibility degree has the exchange symmetry cine(A, B) = c¢ine(B, A).
(iii) We have 0 < cinc(A,B) < cea(A,B) <log|X| — GiSn(f‘.:J—C)H(Ap) and
p
' — p
cinc(A, B) <log|Y| pelgl(f}()H(B ).

(iv) The sets Minc(A, B) and Mqq(A,B) are nonempty convex compact subsets of
M(X x Y).

(v) ¢inc(A, B) = 0 if and only if the observables A and B are compatible, and in this
case Minc(A, B) is the set of all their joint measurements.

(vi) cea(A, B) = 0 if and only if the observables A and B are sequentially compatible,
and in this case Mqq(A,B) is the set of all the sequential measurements of A
followed by B.

(vii) If B is sharp, then Mip. (A, B) = Mea(A, B) and cine(A, B) = cea(A, B).

Proof. (i) The invariance under unitary conjugation follows from the corresponding
property of the entropic divergence (Theorem 1, item (vi)). We will prove it only for
Ced, the case of ¢, being even simpler. We have

CcaU'AUU'BU) = | inf BU)D(U*AU, U*BU||M)
€ ;U™

= inf D(A,BHM’)7
M/ eUM(X;U*BU)U*

and, in order to show that ceq(U*AU, U*BU) = ceq(A, B), it only remains to prove the

set equality UM(X; U*BU)U* = M(X;B). If M = J*(U*BU) € M(X;U*BU),

then, defining the instrument J/[p] = UJ,[U*pUJU*, ¥p,x, we have UMU* =

J"™*(B) € M(X;B), as claimed. In a similar way, the invariance under relabelling of

the outcomes is a consequence of the analogous property of the entropic divergence.

(i1) This property has already been noticed.

(iii) The positivity the inequality between the two indexes have already been noticed.
Then, let i € J(X) be the trivial uniform instrument U, [p] = ux(x)p. Taking the
sequential measurement /*(B) € M(X; B), we get U*(B)” = ux ® B” and

S(A"HU*(B)[pl]) + S(B"HU*(B)f;]) = S(AP||ux) =log |X| — H(A"),
where the last equality follows from Proposition 1, item (iii). By taking the supremum
over all the states, we get D(A,B|U*(B)) = log|X| — inf,es(sc) H(A?), hence
ced(A, B) <log|X| — inf ,c5(5c) H(AP) by definition. The last inequality then follows
by item (ii).

(iv) By item (ii) of Theorem 1 and item (iii) just above, D (A, B|| - ) is a convex LSC
proper (i.e. not identically +o0) function on the compact set M(X x Y). This implies
that Mine (A, B) # () [47, Exerc. E.1.6]. Closedness and convexity of M, (A, B) are
then easy and standard consequences of D(A7 Bl - ) being convex and LSC. On the
other hand, the set M(X;B) is a convex and compact subset of M(X x Y); indeed,
this follows from convexity and compactness of J(X) and continuity of the mapping
J +— J*(B) in the definition (11). The proof that the subset Mcq(A, B) C M(X; B) is
nonempty, convex and compact then follows along the same lines of M;,.(A, B).
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(v) Assume c¢in.(A, B) = 0. Then M;,.(A, B) exactly consists of all the joint meas-
urements of A and B, which therefore turn out to be compatible, as Mi,.(A, B) # ()
by (iv). Indeed, if M € M;nc(A, B), then 0 = ¢ine(A, B) = D(A, B||M), which gives
S(A”HM[pl]) = S(BPHI\/I[pz]) = 0 for all p. By Proposition 1, item (ii), this yields
AP = M[pu, B = M[pz], Vp, and so A = M), B = My}, which means that M is a joint
measurement of A and B. The converse implication was already noticed in the text.

(vi) Similarly to the previous item, if ceq (A, B) = 0, then Mq (A, B) consists exactly
of all the sequential measurements of A followed by B. Indeed, by the same argument of
(v), if M € M4 (A, B), then M is a joint measurement of A and B; since Mq(A, B) C
M(X;B), such a M is also a sequential measurement. As Meq(A, B) # 0 by (iv), this
proves that A and B are sequentially compatible. The other implication is trivial and
was already remarked.

(vii) As observed above, if B is sharp, then by Proposition 3 we have M(X;B) =
M(X x Y), which implies the claim. O

Item (iii) implies that the two indexes ci,. and ceq are always finite, although the
relative entropy S (qu) is infinite whenever supp ¢ 2 supp p. Actually, such a feature
of S has a role: because of Theorem 1, item (iii), a bi-observable M is immediately
discarded as a very bad approximation of A and B whenever ker My (x) € ker A(x)
for some z, or ker M9 (y) € ker B(y) for some y.

We see in items (v) and (vi) that ¢, and c.q have the desirable feature of be-
ing zero exactly when the two observables A and B satisfy the corresponding com-
patibility or nondisturbance property. We also stress that, by their very definitions,
Cinc (A, B) and ceq(A, B) are independent of both the preparations p and the approx-
imating bi-observables M, as well as they satisfy the natural invariance properties of
item (i). In view of these facts, we are allowed once more to say that the two bounds
Cinc (A, B) and cqq(A, B) are proper quantifications of the intrinsic incompatibility and
error/disturbance affecting the two observables A and B.

We stress that the definitions of ¢, (A, B) and ceq (A, B) are rather implicit. Indeed,
even if we proved that they are strictly positive when A and B are incompatible (or
sequentially incompatible), their evaluation requires the two optimizations “sup” on
the states and “inf” on the measurements. Nevertheless, in some cases explicit com-
putations are possible (even including the evaluation of the optimal approximate joint
measurements) or explicit lower bounds can be exhibited, see Sections 3.2 and 3.3.

Remark 1. Ttem (vii) of Theorem 2 says that the two indexes coincide in the important
case in which B is sharp. However, this is not true in general, as shown e.g. by the two
examples in Appendix A (taken from [27]). In the first example, dim H = 3, |X| = 2,
|Y] = 5, and we have ceq(A, B) > cea(B,A) = cinc(A, B) = 0. The second example is
more symmetric and simpler (|X| = Y| = 2), and it yields ceq (A, B) > cinc(A,B) =0
and also ceq(B,A) > 0.

2.3. Entropic MURs. By definition, the two coefficients (10) and (12) are lower bounds
for the entropic divergence (9) of every bi-observable M from (A, B):

D(A,B|M) > cinc(A,B), YM € M(X x Y);

(13)
D(A,B|[M) > cca(A,B), ¥M € M(X;B).
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By items (v) and (vi) of Theorem 2, the two inequalities are non trivial and, by item
(iv), both bounds are tight. As D (A, Bl| M) is a state-independent quantification of the
inefficiency of the observable approximations A ~ M;j and B ~ My}, the inequalities
(13) are two state-independent formulations of entropic MURs.

Since the definition of D (A, Bl M) involves a unique supremum over p, by Theorem
1, item (iv), we can also reformulate the entropic MURs (13) as statements about the
total loss of information that occurs in one preparation of the system:

VM € M(X x Y), 3p € S(3): S(A?IML,) + S(B?Mfy) > cinc(A, B);

VM € M(X;B), 3p € 8(H) : S(A’|IMf) + S(B”[Mfy) > cea(A, B).

(14)

So, in an approximate joint measurement of A and B, the total loss of information can
not be arbitrarily reduced: it depends on the state p, but potentially it can be as large
as Cinc(A, B). Similarly, in a sequential measurement of A and B, there is a tradeoff
between the information lost in the first measurement (because of the approximation
error) and the information lost in the second measurement (because of the disturbance):
they both depend on the state p, but potentially their sum can be as large as ceq(A, B).

The indexes cin(A, B) and ceq (A, B) are state-independent by their very definitions;
however, the corresponding MURSs (14) only refer to the worst possible state p for the
measurement M at hand. Such a state-dependency is a general feature of MURs [7,
Sect. C]: no MUR can provide a non trivial bound for the error of the approximation
(AP BP) ~ (Mﬁ], Mfz] ), holding for all states p in any approximate joint measurement
M. Indeed, for a fixed p € S(H), the trivial bi-observable M(x,y) = A?(z)B?(y)1
gives (A, BP) = (I\/Iﬁ]7 Mf;]); hence, it perfectly approximates the target observables
in the state p whatever criterion one chooses for defining the error.

Here, in some detail, let us compare our MURs with Busch, Lahti and Werner’s ap-
proach based on Wasserstein (or transport) distances (in the following, BLW approach;
see [6-8]). As for BLW, our starting point is just giving a quantification of the error
in the distribution approximation A” ~ M[pl] (or B? ~ I\/I[pz}). Anyway, employing the
relative entropy in place of a Wasserstein distance reflects a different point of view, with

some immediate consequences. BLW use a Wasserstein distance d(A?, Mf’l]) because

they want that the error reflects the metric structure of the underlying outputs X; since
the units of measurement of X and Y may not be homogeneous, this essentially leads to
quantifying the error of the whole couple approximation (A?, B?) ~ (M[pl], I\/I[pz]) with
the dimensional pair (d(Ap, Mfl] ), d(B”, Mfz] )) On the contrary, the relative entropy is
homogeneous and scale invariant; thus, it allows us to quantify the error of the couple
approximation (A?, B?) ~ (Mﬁ]7 Mf’z]) with the single, dimensionless and scalar total
error S (A?|| I\/Ifl]) + S(B7|| MFQ]).

A second difference arises in the quantification of the inefficiency of the observable
approximations A ~ M) and B >~ M. The BLW approach naturally leads to using

the two deviations d(A, M(y)) = sup, d(A?, Mf’l]) and d(B, M[y)) = sup, d(B?, Mf’Q]),

that is, the dimensional couple (d(A7 M), d(B, M[Q])). Instead, the entropic approach
gives the entropic divergence D (A, Bl M) as a natural, dimensionless and scalar meas-
ure of the approximation inefficiency.

Note that, for fixed M, the divergence D(/—\, B| M) tells us how badly M” can ap-
proximate the probabilities A” and B” when the three observables are measured in one
state p, but the same is not true for (d(A, M), d(B,M(y)). Indeed, BLW evaluate the
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worst possible errors separately, so that the two suprema for the Wasserstein distances
d(AP1, M[pll]) and d(B*2, Mf;]) are attained at possibly different states p; and ps.

Now, when MURs are derived, the difference of the two approaches is reflected in
the distinct aims of the respective statements.

For BLW, proving a MUR means showing that the two deviations d(A, M;;) and
d(B,My)) can not both be too small; that is, all the couples (d(A, M), d(B, M)
must lie above some curve in the real plane, away from the origin. One can even look
for the exact characterisation of all the admissible points

{(d(Aa M), d(B, M) - M € M(X x ‘5)};

this is the uncertainty region (or diagram) of A and B. Then, any constraint on the
shape of the uncertainty region yields a relation between the worst errors occurring in
two separate uses of an approximate joint measurement M: namely, for approximating
A =~ My in a first preparation, and B ~ M) in a second one.

On the other hand, in our entropic approach, proving a MUR amounts to giving
a strictly positive lower bound for D(A7 BHM); the sharpest statements are achieved
when cinc (A, B) or ceq (A, B) are explicitly evaluated. This is the state-independent for-
mulation (13); it can be further rephrased as the statement (14) about the inefficiency of
an arbitrary approximation (A, B) ~ (M}, M[2]) that occurs in one preparation of the
system, the same for both observables.

2.4. Noisy observables and uncertainty upper bounds. Before trying to exactly com-
pute cinc (A, B) and ceq(A, B) in some concrete examples, let us improve their general
upper bound given in Theorem 2, item (iii). For this task, we introduce an important
class of bi-observables M that are known to give good approximations of A and B.
Even if these M were not optimal, we expect that they should have a small divergence
from (A, B) and thus they should give a good upper bound for its minimum.

Two incompatible observables A and B can always be turned into a compatible pair
by adding enough classical noise to their measurements. Indeed, for any choice of trivial
observables Tao = pal, pa € P(X), and Tg = pgl, pg € P(Y), the observables
AA + (1 — \)Ta and vB + (1 — ) Tg, which are noisy versions of A and B with noise
intensities 1 — X\ and 1 — +, are compatible for all A,y € [0,1] such that A + v < 1
(sufficient condition) [48, Prop. 1]. A bi-observable with the given marginals is

M(z,y) = M(x)ps(y) + vpa(z)B(y) + (1 A= v)pA(x)pB(y)Jl-

Anyway, depending on A, B, pa and pg, it may be possible to go outside the region
A+~ < 1, and so reduce the noise intensities. In the following, for every 0 < A < 1,
we will consider the couple of equally noisy observables

Ax(z) = MA(z) + (1 — AP (2)1, s

where pp = (1/d)1 is the maximally chaotic state. Note that, if A is a rank-one sharp
observable, then AP = uqy; a similar consideration holds for B. If A < 1/2, the two



Entropic measurement uncertainty relations 19

observables are compatible, but, depending on the specific A and B, they could be com-
patible also for larger A. In any case, by (6) and (9) we get the bound

cine(A, B) < D(A, B||M)
! +lo 1
A+ (1— A mingex AP0 (z) 2 A+ (1 — A) mingey B (y)

< log (16)

for all A € [0, 1] such that Ay and B, are compatible, and any joint measurement M of
A, and B,. Since the two terms in the right hand side of (16) are decreasing functions
of A, in order to obtain the best bound we are led to find the maximal value A, of A
for which the noisy observables Ay and B), are compatible. This problem was addressed
in [49], where a complete solution was given for a couple of Fourier conjugate sharp
observables. Moreover, it was shown that in the general case a nontrivial lower bound
for Apmax can always be achieved by means of optimal approximate cloning [50].

Following the same idea, we are going to find a nontrivial upper bound for ¢;,,. (A, B)
by means of the optimal approximate 2-cloning channel

P:8(H) > S(HH),  &(p) = dL

1
+1 SQ(P@ )SQa

where S5 : H®H — H ® H is the orthogonal projection of H & H onto its symmetric
subspace Sym(H @ KH), defined by Sa(¢1 @ ¢2) = (p1 ® P2 + P2 ® ¢1)/2. Performing
a measurement of the tensor product observable A ® B in the state $(p) then amounts
to measure the bi-observable M., = *(A ® B) in p; its marginals are (see [51])

d+2
Md [1] = A)\cl and MC] [2] = B>\c1 where /\Cl = m

Of course A\¢j < Amax, but the important point is that A.; > 1/2. Inserting the above
Acl in the bound (16) and using dAP°(x) = Tr {A(x)}, we obtain

Cinc(Aa B) < D(A, BHMCI)
2(d+1)
d + 2 + min, Tr {A(x)}

2(d+1)

<l
8 d+ 2+ min, Tr {B(y)}’

+ log

holding for all observables A and B.
It is worth noticing that the bi-observable M., describes a sequential measurement
having B as second measured observable. Indeed, define the instrument 7 € J(X), with

Jelp] = Tri {(A(z) @ 1)@(p)} ,

where Tr; denotes the partial trace with respect to the first factor. It is easy to check that
M = J*(B), so that M) € Meq(X; B). Therefore, the upper bound we have found for
D (A7 Bl Mcl) actually provides a bound also for the entropic error/disturbance coeffi-
cient coq4 (A, B).

Summarizing the above discussion, we thus arrive at the main conclusion of this
section.
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Theorem 3. For any couple of observables A and B, we have

2(d+1)
. < <
CIIIC(A7 B) = Ced(A7 B) < log d+ 24+ mingex Tr {A(J?)}
) <2log ———+ <2, (
+ Ogd+2+minyeyTl" {By)} ~ R o

where in the second to last expression, k = 2 in general, or even k = 3 if |X| = |Y| = d
and both A and B are sharp with rank A(z) = rank B(y) = 1 for all z,y.

The striking result is that the two uncertainty indexes lie between 0 and 2, independ-
ently of the target observables A and B, the numbers |X| and |Y| of the possible out-
comes, and the Hilbert space dimension d. Note that the bound 2 log[2(d + 1)]/(d + k)
tends to 2 from below as d — oo.

For sharp observables, the bound (17) is much better than the bound given in The-
orem 2, item (iii). However, the case of two trivial uniform observables A = Uy and
B = Uy is an example where the bound of Theorem 2 is better than the bound (17).

As a final consideration, we will later show that there are observables A and B such
that their compatible noisy versions (15) do not optimally approximate A and B. Equi-
valently, for these observables all the elements M € M, .(A, B) (or M € Mcq(A, B))
have marginals M[;; # Ay and My # By for all A € [0, 1]. Indeed, an example
is provided by the two nonorthogonal sharp spin-1/2 observables in Section 3.2. The
motivation of this feature comes from the fact that we are not making any extra as-
sumption about our approximate joint measurements, as we optimize over the whole
sets M(X x Y) or M(X; B), according to the case at hand. This is the main difference
with the approach e.g. of [45,49], where a degree of compatibility is defined by con-
sidering the minimal noise which one needs to add to A and B in order to make them
compatible. It should also be remarked that the non-optimality of the noisy versions is
true also in other contexts [26].

2.5. Connections with preparation uncertainty. The entropic incompatibility degree
and error/disturbance coefficient are the non trivial and tight lower bounds of the en-
tropic MURs stated in Section 2.3. As we recalled in the Introduction, MURs are dif-
ferent from PURSs, which have been formulated in the information-theoretic framework
by using different types of entropies (Shannon, Rényi,...) [16-22]. Here we consider
only the Shannon entropy (4), and, to facilitate the connections with our indexes, we
introduce the entropic preparation uncertainty coefficient

Conep (A B) = inf | [H(A) + H(B")]. 1s)

According to the previous sections, the target observables A and B are general POVMs.
With this definition, the lower bound proved in [18, Cor. 2.6] can be written as

2
Coren(A,B) 2 —log_max|A@)!/?B(y)"/?|". 19)

When the observables are sharp, this lower bound reduces to the one conjectured in [16]
and proved in [17].
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Note that the infimum in (18) actually is a minimum, because the two entropies are
continuous in p. Moreover, the equality ¢prep(A, B) = 0 is attained if and only if there
exist two outcomes z and y such that both positive operators A(z) and B(y) have at
least one common eigenvector with eigenvalue 1.

For sharp observables, we immediately deduce that the absence of measurement un-
certainty implies the absence of preparation uncertainty. Indeed, c¢i,.(A, B) = 0 is the
same as A and B being compatible, which in turn is equivalent to the existence of a
whole basis of common eigenvectors {¢; : i = 1,...,d} for which both distributions
(i A(z)e;) and (10;|B(y)1;) reduce to Kronecker deltas [52, Cor. 5.3]. Therefore, we
have the implication ¢inc(A,B) = 0 = c¢prep(A, B) = 0. However, the same rela-
tion fails for general POVMs: for any couple of trivial observables A and B such that
A # 6,1 or B # 4,1, we have cinc(A,B) = 0 and ¢prep(A,B) > 0. On the con-
verse direction, the example of two non commuting sharp observables with a common
eigenspace shows that in general cprep(A,B) = 0 =5 cinc(A,B) = 0. The failure
of this implication exhibits a striking difference between preparation and measurement
uncertainties: actually, the entropic incompatibility degree vanishes if and only if the
two observables are compatible (Theorem 2, item (v)), while in the preparation case
nothing similar happens.

Nevertheless, there exists a link between the entropic incompatibility degree ¢;,,. and
the preparation uncertainty coefficient cprcp. Indeed, let us consider the trivial uniform
observable U € M(X x Y), with U = (ux ® uy)1 and Ujy; = ux1, Uy = uyl. By
Proposition 1, item (iii), we have

S(A?|U) + S(B|Ufy) = log |X| + log [Y] — H(A?) — H(B?).

By taking the supremum over all states, Definitions 2 and 3 give
cinc(A, B) < D(A,B||U) = log |X| + log [Y] — cprep(A, B).
The final result is the following tradeoff bound:
Cinc(A, B) + cprep (A, B) < log|X| + log |Y]. (20)

Note that this bound is saturated at least in the trivial case A = ux 1, B = uy1, for
which we have cprep(A, B) = log |X| 4 log [Y] and cinc(A, B) = 0. We also remark
that (20) is not the trivial sum of the two upper bounds ¢i,.(A,B) < 2 (Theorem 3)
and cprep(A, B) < log |X| + log |Y| (following from the definition (18) of ¢pyep and the
bound for the Shannon entropy of Proposition 1, item (i)).

3. Symmetries and uncertainty lower bounds

In quantum mechanics, many fundamental observables are directly related to symmetry
properties of the quantum system at hand. That is, in many concrete situations there is
some symmetry group G acting on both the measurement outcome space and the set
of system states, in such a way that the two group actions naturally intertwine. The
observables that preserve the symmetry structure are usually called G-covariant.

In the present setting, covariance will help us to find the incompatibility degree
¢inc (A, B) and characterize the optimal set M, (A, B) for a couple of sharp observ-
ables A and B sharing suitable symmetry properties. In Section 3.1 below we provide a
general result in this sense, which we then apply to the cases of two spin-1/2 compon-
ents (Section 3.2) and two observables that are conjugated by the Fourier transform of
a finite field (Section 3.3).
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3.1. Symmetries and optimal approximate joint measurments. We now suppose that the
joint outcome space X x Y carries the action of a finite group G, acting on the left, so
that each g € G is associated with a bijective map on the finite set X x Y. Moreover, we
also assume that there is a projective unitary representation U of G on H. The following
natural left actions are then defined for all g € G:

- on8(H): gp=U(g)pU(g)*;
- on P(X x Y): gp(z,y) = p(g~(z,y)) forall (z,y) € X x Y;
- on M(X x Y): gM(z,y) = U(g)M(g~(x,y))U(g)* for all (z,y) € X x Y.

While the two actions on 8(H) and P(X x Y) have a clear physical interpretation, the
action on M(X x Y) is understood by means of the fundamental relation

g(M?) = (gM)?", (€2

which asserts that gM is defined in such a way that measuring it on the transformed state
gp just gives the translated probability g(M?). Note that the parenthesis order actually
matters in (21).

A fixed point M for the action of G on M(X x Y) is a G-covariant observable, i.e.
U(g)M(z,y)U(g)* = M(g(x,y)) forall (z,y) € X x Y and g € G. On the other hand,
if M € M(X x Y) is any observable, then

el Z gM (22)

geG

is a G-covariant element in M(X x Y), which we call the covariant version of M.

Now we state some sufficient conditions on the observables A, B and the action of
the group G ensuring that the entropic divergence D (A, Bl - ) is G-invariant, and then
we derive their consequences on the optimal approximate joint measurements of A and
B.

Note that the relative entropy is always invariant for a group action, that is,

S(gpllgq) = S(plla),  Yp,ge P(X xY), geG, (23)

by Proposition 1, (iv). Note also that, for p € P(X x Y), the expression gpp; = (gp)()
is unambiguous, as the action of g is defined on P(X x Y) and not on P(X) or P(Y).

Theorem 4. Let A € M(X), B € M(Y) be the target observables. Let G be a finite
group, acting on X X Y and with a projective unitary representation U on H. Suppose
the group G is generated by a subset S C G, such that each g € S satisfies either
one condition between:

(i) there exist maps fgx : X — X and fqy 'Y — Y such that, for all x € X and
yey,
(a) g(z,y) = (fg.x(2), fo.u(y))
(b) U(g)A(z)U(g)" = A(fg,x(x)) and U(g)B(y)U(9)" = B(fo,y(v));

(ii) there exist maps fgx : X — Y and fgy : Y — X such that, for all x € X and
yey
(a) 9(55 y) ( g,
(b) U(g)A(z)U (

) =

Then, D (A, B||gM

(), [ Lo x(x))
)" = B(fo.x(x)) and U(9)B(y)U(9)" = Alf4.y(v)) -

D(A,B|M) forallM € M(X x Y) and g € G.
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Proof. 1f two elements g1, go € G satisfy the above hypotheses, so does their product
g1g2. Since S generates G, we can then assume that S = G. In this case, condition
(i.a) or (ii.a) easily implies the relation

grp) @ gpj2) = 9(Pp) @ Ppa))s VpeP(X xY),gea. (24)

On the other hand, by condition (i.b) or (ii.b), we get

A% @ B9 = g(A’ @ B*),  VYpeS(H), geG. (25)
For any M € M(X x Y), we then have
SA,Bllg~ M](p )ZS(A”®B”||( _1'\/')’[’] (97 M)fy) by (8)

= S(A? @ B’[lg~ (M9 @ g~ (M) ) by (21)
= S(A” @ B|lg~ (M{f] @ M) by (24)
= S(g(A* ® BX)||MF; @ M%) by (23)
= S(A9" @ BY|M{f @ MZ)) by (25)

= S[A, B[[M](gp).

Taking the supremum over p and observing that S(HH) = ¢g8(H), it follows that
D(A,Blg~'M) = D(A,B||M). O

Remark 2. 1. The occurrence of either hypothesis (i) or (ii)) may depend on the gener-
ator g € S¢; however, in both cases g does not mix the X and Y outcomes together.

2. Conditions (i.a), (ii.a) are hypotheses about the action of G on the outcome space
X x Y. Note that each one implies that the maps f, x and f;y are bijective. In
particular, one can have some generator ¢ satisfying (ii.a) only if |X| = |Y|.

3. Conditions (i.b), (ii.b) involve also the observables A and B. Even if A and B are not
compatible, they are required to behave as if they were the marginals of a covariant
bi-observable.

4. The symmetries allowed in hypothesis (ii) of Theorem 4 essentially are of permuta-
tional nature. They directly follow from the exchange symmetry of the error func-
tion (7), in which the approximation errors S (A”|[Mf};) and S (B?||M£,) ) are equally
weighted.

Corollary 1. Under the hypotheses of Theorem 4,

- the set Minc (A, B) is G-invariant;
- for any M € M (A, B), we have Mg € Minc(A, B);
- there exists a G-covariant observable in M, (A, B).

Proof. Since D(A,B| - ) is G-invariant by Theorem 4, then the set Min.(A, B) is G-
invariant. This fact and the convexity of M;,.(A, B) implies that Mg € M, (A, B) for
all M € M, (A, B). Since the latter set is nonempty by Theorem 2, item (iv), it then
always contains a (G-covariant observable. O

Remark 3. Since the covariance requirement reduces the many degrees of freedom in
the choice of a bi-observable M € M(X x Y), we expect that the larger is the symmetry
group G, the fewer amount of free parameters will be needed to describe a G-covariant
element M. This will be a big help in the computation of ¢in.(A, B), as Corollary 1
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allows to minimize D(A, BJ| - ) just on the set of GG-covariant bi-observables. More
precisely, under the hypotheses of Theorem 4,

inc A7 B) = i { AP||M? B?|IM” } ,
ane(A B) = B o5 S(A%lIME) + S (B7IIMy)
M G-covariant P pure

where the minimum has to be computed only with respect to the parameters describing
a G-covariant bi-observable M. In particular, it is only the dependence of the marginals
My1; and M{g] on such parameters that comes into play. Of course, solving this double
optimization problem yields the value of ¢;,.(A, B) and all the covariant optimal joint
measurement of A and B, but not the whole optimal set M;,,(A, B).

In the cases of two othogonal spin-1/2 components (Section 3.2.1) and two Fourier
conjugate observables (Section 3.3), covariance will reduce the number of parameters
to just a single one.

If B is not sharp, the two sets Mi,. (A, B) and Mqq (A, B) may be different, and we
need a specific corollary for Meq(A, B). Indeed, stronger hypotheses are required to
ensure that the sequential measurement set M(X; B) is G-invariant.

Corollary 2. Under the hypotheses of Theorem 4, and supposing in addition that all
the generators g € S enjoy only condition (i) of that theorem,

- the set M(X; B) is G-invariant;

- the set Moq (A, B) is G-invariant;

- for any M € Moq(A, B), we have Mg € Meq(A, B);
- there exists a G-covariant observable in Mqq(A, B).

Proof. We know that D (A, BJ| - ) is G-invariant by Theorem 4, and so we only have to
prove that M(X; B) is G-invariant; then the subsequent claims follow as in Corollary 1.
Since we can assume S = G, any element g € GG maps a sequential measurement M =
J*(B) to another sequential measurement [7'*(B), due to condition (i) of Theorem 4:

gM(z,y) = U(9M(g7(2.9) ) U(9)" = U@M(f;x(2). £,3 ) ) U (9)"

= U(9)T}- () BU, ()| U9)"

= U(9)T}-1,) |U(0) BOU(9)|Ul9)" = T (B)(z.y).
O

Remark 4. Corollary 2 does not admit elements g satisfying condition (ii) of Theorem
4 because this hypothesis alone can not guarantee the G-invariance of the set M(X; B).
Of course, it works for a sharp B, but it could fail, for example, for a trivial B. Indeed,
take X = Yand A = B = Ux; then M(X;B) = {M € M(X x Y) : M(z,y) =
M (x)ux(y), Ya,y, for some My € M(X)}, and M (y) = B(y) has rank d for every
M € M(X;B) and y € Y. Nevertheless, if g satisfies (ii.a), then (ii.b) is obvious,
but g could send a sequential measurement M outside M(X; B). Indeed, (gM)2)(y) =

U(g)M, ( fgjgc(y))U(g)* has rank equal to the rank of M, ( fs;glc(y)), which can be
chosen smaller than d.
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3.2. Two spin-1/2 components. As a first application of Theorem 4 and its corollaries,
we take as target observables two spin-1/2 components along the directions defined by
two unit vectors a and b in R?. They are represented by the sharp observables

Aw) =5 (I +ra-0), Bly)=
where 0 = (01 ,02,03) is the vector of the three Pauli matrices on 3 = C?, and
X =Y ={-1,41}. Let « € [0, 7] be the angle formed by a and b; by item (i) of
Theorem 2, the coefficient ¢in. (A, B) does not depend on the choice of the values of the
outcomes, and this allows us to take « € [0, 7/2]. Indeed, when @ > 7/2, it is enough
to change y — —y and b — —b to recover the previous case. Without loss of generality,
we take the two spin directions in the ¢j-plane and choose the i- and j-axes in such a
way that the bisector of the angle formed by a and b coincides with the bisector n of
the first quadrant; m is the bisector of the second quadrant. This choice is illustrated in
Figure 1, where o € [0,7/2], af + a =1, and

(I+yb-o), (26)

i+3j j—i

) m = )
V2 V2
1

o = ll—i-sina6 [1 1] o — cos o c [0 ]
' 2 V2 2 2(1 + sin ) V2]

a=ait+ asj, b=azi+aij, n =
27

Figure 1. The unit vectors a and b characterizing the target spin-1/2 observables (26).

In the next part, we will see that the compatible observables optimally approximat-
ing the two target spins (26) are noisy versions of another two spin-1/2 components;
however, in general their directions may be different from the original a and b. For this
reason, we need to introduce the family of observables A, B, € M({+1, —1}), with

1 1
Ac(z) = 3 [14 2 (c101 +c202)], Bely) = 3 14y (co1 + c102)], (28)

where ¢ = ¢+ c2J, ¢; € R. Note that the components of ¢ appear in A, and B, in the
reverse order; moreover, A = A, and B = B, . Formula (28) defines two observables if
and only if |¢| < 1, that is, ¢ belongs to the disk

C:{cli—&—cQj:c%—i—c%gl}. (29)
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Note that, for |c| = 1, the observable A. is sharp, and it is the spin-1/2 component
along the direction ¢; on the other hand, for || € (0,1), A, is a noisy version of A |¢|
with noise intensity 1 — A = 1 — || (cf. (15)). Analogue considerations hold for B..

3.2.1. Entropic incompatibility degree and optimal measurements. When the angle
between the spin directions a and b is o = /2, the target observables become the two
orthogonal spin-1/2 components along the ¢- and j-axes:

AW =X(@) =3 (L+ao), Bl =Y()=5 (L +ym).  (O)

In Appendix B.2, we use Theorem 4 and the many rotational symmetries of these ob-
servables to drastically simplify the problem of finding both the value of ¢ (X, Y) and
the explicit expression of a bi-observable in M;,.(X, Y). Remarkably, it also turns out
that M;,.(X, Y) is a singleton set. Indeed, the following theorem is proved.

Theorem 5. Let X and Y be the two orthogonal spin-1/2 components (30). Then, there
is a unique optimal approximate joint measurement of X and Y, that is the bi-observable

1
Mo(z.y) = 5 <1+5§U1+\/y§02>7 31)

i.e. Mine(X,Y) = {Mo}. If pe is the projection on any eigenvector of o1 or oo, then
Cine(X,Y) = SIX, Y[[Mo] (pe) = log [2 (2 _ \/i)} ~ 0.228447 . (32)

Note that Mg(z, y) is a rank-one operator for all (z,y) € X x Y, and its marginals

Mo 1) () = % <1+ \201> . Mop(y) = % <IL + \%az>

turn out to be the noisy versions X, /v/3 Y, /32 of the target observables X, Y (cf. (15)).

When the two spin directions a and b are not orthogonal, the system loses the 180°
rotational symmetries around the 2- and j-axes. According to Remark 3, this makes the
evaluation of ¢;,. (A, B) a more difficult task. The best we can do is to express ¢inc (A, B)
as the solution of a maximization/minimization (minimax) problem for an explicit func-
tion of two parameters. The analysis of the symmetries of two nonorthogonal spin-1/2
components, and the consequent proof of the next theorem are given in Appendix B.1.

Theorem 6. Let A and B be the spin-1/2 components (26) with the angle o € [0, 7/2].
Forall € [0,27), v € [-1,1] and x,y € {—1,+1}, define

p(¢):%(1+COS¢0’1+SiH¢0’2)7 c( ):2—'\_[;‘7, (33)
1 1
My (2,9) = 3 |(1+709) 14— (001 +yo) + 5 (gor +a02) | G4
Then, M., € M(X x Y), and we have
inc(A,B) = i A, B||M
Cinc(A, B) 'yerfl_uﬁl] qbg[log};(ﬂ) S[A, B[IM,](p()), (35)
SIA.B[M.](p) = S(A?||AL ) + S(B”[BL,)- (36)

Moreover, vy solves the minimization problem (35) if and only if M, € Minc(A, B).
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In Section 3.2.2, we provide a numerical evaluation of the entropic incompatibility
degree (35) for some angles o € [0, 7/2]. Moreover, using the family of approximate
joint measurements in (34), we analytically find a lower bound for ¢;,.(A, B). Note
that, for a € (0,7/2), it is not clear if there is a unique -~ solving (35), and if the set
Minc(A, B) is only made up of the corresponding bi-observables M., (see also Remark
7 in Appendix B.1).

The noisy spin-1/2 components A,y and B,(,) appearing in (36) are the two mar-
ginals of the bi-observable M., in (34). When M, is optimal, we stress that for o # 7 /2
they may not be noisy versions of the target observables A and B. Indeed, in Table 1
below and the subsequent discussion, we numerically show this for the case o = 7/4.

It is worth noticing that every bi-observable (31) or (34) can be rewritten as a mixture
(convex combination) of two sharp joint measurements of compatible spin components,
along the bisector n in the case of the first bi-observable, and along the bisector m for
the other one. More precisely, we introduce the sharp bi-observables

M) = |51+ o) [ 504 m- 0)] = An(o)Balo),

37)
1 1
M_(2.y) = [201 —wmv)} [201 +ym- a)] = A (®)B_m(y).
Then, we have
1 1 -
Mo = 5 (M4 +M_), M7:¥M++TWM,. (38)

In terms of My, the bi-observable M., can be expressed also as the mixture

{7M++(1—v)Mo if v >0,

M. = .
[YIM_+ (1= [y[)Mo  ify <0.

v =

3.2.2. Numerical and analytical results for nonorthogonal components. In the case of
two arbitrarily oriented spin components, the minimax problem (35), giving ¢;,. and
«y for the optimal bi-observable M., is hard to be solved analytically. Nevertheless, the
double optimization over the angle ¢ and the parameter v can be tackled numerically,
and the resulting cinc (A, B) for 100 equally distant values « in the interval [0, 77/2] are
plotted in Figure 2.

A good analytical lower bound for ¢, (A, B) can be found by fixing a trial state
p(#), considering the bi-observables M., of (34), and then minimizing the error func-
tion S[A, B||M,](p(¢)) with respect to v € [—1,1]. Indeed, equation (35) yields the
inequality cine (A, B) > min, g1 1) S[A, B[|M,](p(¢)) for all ¢ € [0,27). A conveni-
ent choice for ¢, suggested by the results in the case of two orthogonal components,
is to take ¢ € {n/4 + a/2, 57 /4 + «/2}, so that the corresponding state p(¢) is any
eigenprojection of @ - o or b - o; say we take the eigenprojection p. = p(7/4 — a/2)
of a - o with positive eigenvalue. Then, we get

Cinc(A,B) > min S[A,B|M,](pe) =: LB(«). (39)
vel-1,1]
In Appendix B.3, the explicit expression of S[A, B||M,](p.) is given in (80), its min-
imum over + is computed and, for « # /2, it is found at the point

V20 — ay
V=",

ai

(40)
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Figure 2. Dots: numerical evaluations of ¢inc (A, B) as a function of «.. Continuous line: the analytical lower
bound LB(«) in (43).

where
1
= u2—|—81+ua2—u>, 41
2\@&2< ( )2 @b
u = (a +1)c112—c122_(1+‘/1+sina)sina 42)
“\"ve) e 9

In particular, the value (40) for v, together with the fact that the bi-observable M,
has marginals M, (;j = A,y and M, ;57 = Bc(,), show that the marginals of the bi-
observable giving the lower bound (39) are not noisy versions of the target observables
A and B; indeed, ¢(7y) ¢ a in this case. Finally, the lower bound turns out to be

1+ cosa 1 —cosa

1 1
LB(«a) = —logw+§(1—|—cosa)log 157 +§(1—cosa)log =7 (43)
with
1 u? +8(1 + u)ag sina( 3 )
w= -+ —1). 44
2 42 ay 8 V2ay 9

The plot of LB(«) is the continuous line in Figure 2.

For « = 0, the target observables are compatible and ¢, (A, B) = 0. For @ — 0 the
previous formulae give u = 0, £ = 1, ¢(y) = a = n, and one can check that also the
lower bound (43) vanishes, as it must be.

For two orthogonal components, i.e. & = 7/2, the expression (43) gives the exact
value (32) of the entropic incompatibility degree, and it is not only a lower bound. This
value can be computed by going to the limit & — 7 /2 in (43), or directly by Remark 8
in Appendix B.3.

For a € (0,7/2), Figure 2 shows that the analytical lower bound (43) is not so far
from the numerical value.
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We now compare our optimal approximate joint measurements with other proposals
coming from different approaches. Of course, every approximate joint measurement
M that is optimal with respect to some other criterium will have a divergence from
the target observables (A, B) larger or equal than c¢;,.(A, B). We stress that the other
two proposals we will consider yield optimal bi-observables of the form M.,, in which
however the parameter + is different from ours.

We have seen that, when «« = /2, the incompatibility degree of A and B, as well
as their unique optimal approximate joint measurement My, can be evaluated analytic-
ally. In this special case, it turns out that Mg is optimal also with respect to the other
criteria we are going to consider in this section. However, as already said, this is not
true for general . In order to show it, we fix the angle « = m/4, and compare the
results of the different criteria in Table 1. We also add a LB column summarizing
the parameters for the analytical lower bound (39). The rows provide: (1) the para-
meter 7y characterizing the measurement M., ; (2) the angle characterizing the pure state
p(¢) at which S[A, B||M,] is computed, that is the trial angle 7/4 — «/2 in the first
column, and the angle maximizing S[A, B||M,](p(¢)) in the other ones; (3) the value
of S[A,B||M,](p(¢)) for the parameters chosen in (1) and (2), which gives LB(m/4)
in the first column and the entropic divergence D(/—\, BHM,Y) in the other ones. The

Table 1. Incompatibility degree and its bounds for o« = 7/4.

[ criterium [ LB | ¢mc | BIW [ NV |
measurement: y ~ 0.795559 | 0.743999 | 0.541195 | 0.414213
state: ¢ ~ 0.392699 | 0.282743 | 0.391128 | 0.416889
value: S[A, B[[M,](p(¢)) ~ || 0.110081 | 0.120035 | 0.160886 | 0.212079

description of the columns is as follows.

LB: The choice of the parameters is the one described in the computation of the
analytical lower bound for ¢;,.. The parameter v comes from (40), the angle ¢ = 7/8
corresponds to the trial state p. = p(7/8) (i.e. the eigenprojection of a-o for & = 7/4),
and the corresponding value of S[A, B||M,](p.) is the lower bound LB(7/4).

cinc: The parameters are chosen following the relative entropy approach to MURs.
They are the numerical solution of the minimax problem (35). Thus, the value of
S[A, B||M,](p(¢)) is the one found numerically for cinc(A, B), i.e. the dot at o« = 7/4
in Figure 2; 7y is the corresponding minimum point giving the optimal approximate joint
measurement M, of A and B; the angle ¢ corresponds to the state at which the error
function S[A, B||M,] attains its maximum.

BLW: As discussed in Section 2.3, in [6-8] a different approach is proposed. In
particular, its application to the case of two spin-1/2 components is given in [9] (see
also [26], where the same final results are obtained in a slightly different context). There,
the authors find a strictly positive lower bound for the sum d(A, Mp;7)? 4 d(B, M),
which holds for all approximate joint measurements M. Moreover, they find a couple
of compatible observables (A., B.) saturating the lower bound, and thus optimally ap-
proximating the target observables (A, B); this couple is given by a vector ¢ yielding
compatible A. and B, and lying as close as possible to the target direction a. Referring
to Figure 3 in Appendix B.1, this amounts to requiring that c is the orthogonal projec-
tion of a on the right edge of the square () in the ¢j-plane; such a square is the region
of the plane where the approximating observables A, and B, are compatible (see Pro-
position 4, item (ii), in Appendix B.1). Using the parametrization ¢(~y) given in (33) for
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the right edge of @, we see that this approach fixes v = 1/2as. The entropic divergence
of the corresponding bi-observable M., from (A, B) and the angle of the state p(¢) at
which it is attained are the content of the BLW column.

NV: At the end of Section 2.4, we briefly discussed the proposal of [45,49] to use
approximating joint measurements whose marginals are noisy versions (NV) of the two
target observables. In this approach, one approximates the target observables by means
of a compatible couple (A¢, B.) with ¢ || a. Still making reference to Figure 3 in the
appendix, the best choice is then picking c as large as possible; in this way, ¢ lies where
the right edge of the compatibility square () intersects the line joining a and the origin.
With our parametrization ¢(7y) of the edge, this implies ¥ = as/a;. The results for
this choice (together with the corresponding maximizing state) are reported in the last
column.

3.3. Two conjugate observables in prime power dimension. We now consider two com-
plementary observables in prime power dimension, realized by a couple of MUBs that
are conjugated by the Fourier transform of a finite field. In general, the construction of a
maximal set of MUBs in a prime power dimensional Hilbert space by using finite fields
is well known since Wootters and Fields’ seminal paper [53]; see also [54, Sect. 2] for
a review, and [55-57] for a group theoretic perspective on the topic.

Let IF be a finite field with characteristic p. We refer to [58, Sect. V.5] for the basic
notions on finite fields. Here we only recall that p is a prime number, and [F has cardin-
ality |F| = p" for some positive integer n. We need also the field trace tr : F — Z,

defined by trx = Z;é 2" (see [58, Sect. VI.5] for its definition and properties).

We consider the Hilbert space H = ¢?(IF), with dimension d = p™, and we let our
target observables be the two sharp rank-one observables Q and P with outcome spaces
X =Y =T, given by

Q(z) =0z ) (02|, P(y) =|wy){wy|,  Vz,y€F. (45)
In this formula, §,, is the delta function at x, and
1 21l ty gz * . 1 — 27 gy ¢
wy(z) = ——=e» = (F*0,)(z) with F¢(z) = — e o(t). (46)
y(2) 7 (£76y)(2) (2) \/(—i; (t)

Since | (6, |w, )| = 1/V/d for all x and y, the two orthonormal bases {6, },cr and
{wy }yer satisfy the MUB condition. In particular, as a consequence of the bound in
[17], their preparation uncertainty coefficient (18) is

cprep(Q, P) = logd. 47

In (46), the operator F' : J{ — I is the unitary discrete Fourier transform over the
field F. The observables Q and P are then an example of Fourier conjugate MUBs, as
P(y) = F*Q(y)F forally € F.

The definitions (45) and (46) should be compared with the analogous ones for MUBs
that are conjugated by means of the Fourier transform over the cyclic ring Z,, see
e.g. [59]. In the latter case, the Hilbert space is 3 = ¢2 (Z4), and the operator F in (46)
is replaced by

Fo(z) = % e (1) 48)

teEL
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(cf. [99, Eq. (4)]; note that no field trace appears in this formula). The two definitions
are clearly the same if IF coincides with the cyclic field Z,, (i.e. n = 1 and so d = p),
but they are essentially different in general. Indeed, as observed in [54, Sect. 5.3], they
are inequivalent already for d = 22.

The following theorem is the main result of this section.

Theorem 7. For the two sharp observables Q and P defined in (45), we have

2V/d

log S inc Q7 max S QP Q,D S I P I ?
\/7 1 C ( ) ppeg‘(l%) [ ( || )\U) ( || )\o)]

s2loe Ty

where Qx, = AoQ + (1 — Xo)Ug and Py, = M\oP + (1 — X\g)Ur are the uniformly noisy
versions of the observables Q and P with noise intensity

Vd

17A0:2(\/§+1)'

(50)

An optimal approximate joint measurement M € M. (A, B) is given by

]. 2mi
Mo(z,y) = ————+ | 9, - with g, =0, +e »
o(z,9) 2<d+ﬁ)|wy><¢y| ! Yuy

TR, (51)

If p # 2, then M is the unique optimal approximate joint measurement of Q and P, i.e.

Minc(Qa P) = {MO}

As in the case of the two spin-1/2 components, the proof of this theorem relies on
a detailed study of the symmetries of the pair of observables (Q, P), and a subsequent
application of Theorem 4. The symmetries and the proof of the theorem are given in
Appendix C. Here we briefly comment on its statements and provide a simple example.

Remark 5. 1. Since Q and P are sharp, the inequality (49) also gives a bound for the
index ceqa(Q,P) = cine(Q, P).

2. The two bounds in (49) are not asymptotically optimal for d — oo, as the lower
bound tends to 1 while the upper bound goes to 2.

3. The value in (50) is the minimal noise intensity making the two uniformly noisy
observables Q», and P, compatible [59, Prop. 5 and Ex. 1].

4. In the terminology of [24, 25], the bi-observable in (51) is the covariant phase-
space observable generated by the state [v/d/(2v/d+2)] | 10,0 ) (0.0 | = dMg(0,0)
(see (86) and the discussion below it for further details on covariant phase-space
observables).

5. Our choice of using the field I instead of the ring Z in defining the Fourier operator
in (46), and the consequent restriction to only prime power dimensional systems,
comes from the fact that the resulting MUBs (45) share dilational symmetries that
are not present in the F-conjugate ones. These extra symmetries drastically reduce
the number of parameters to be optimized for finding an element of M;,.(A, B) (see
Remark 10.2 for further details).



32 A. Barchielli, M. Gregoratti, A. Toigo

6. The uniqueness property of the optimal approximate joint measurement My in odd
prime power dimensions should be compared with the measurement uncertainty re-
gion for two qudit observables found in [10, Sect. 5.3]. In particular, we remark that
there is a whole family of covariant phase-space observables saturating the uncer-
tainty bound of [10, Eq. (38)]. Our optimal bi-observable M, just corresponds to one
of them, that is, the one generated by the state p = dMg(0, 0).

7. When d = 2™ with n > 2, it is not clear whether or not the set M;,,.(Q, P) is made
up of a unique bi-observable. However, in the simplest case d = 2 we have already
shown that M, (Q, P) = {Mg} (see Theorem 5).

Example 1 (Two orthogonal spin-1/2 components). Let us consider as target observ-
ables the two sharp spin-1/2 components X,Y € M({+1,—1}) associated with the
first two Pauli matrices, defined in (30). This is the easiest example of two Fourier
conjugate MUBs. To see this, take the cyclic field F = Z; = {0, 1}, corresponding
to the choice d = p = 2, n = 1, tra = z, and identify the observables Q(z) =
X ((—1)%) and P(y) = Y ((~1)?) (x,y = 0,1) by setting oy = [30) (do]| — |61) {1,
and oy = |dp)(d1] + |61)(01|. With this identification, the discrete Fourier transform
becomes F' = (01 + 03) /v/2 = iexp{—irn - ¢/2}. We have already found in (31)
the optimal joint observable of X and Y, together with the value of the entropic incom-
patibility degree. These are precisely the bi-observable and the lower bound found in
Theorem 7.

4. Entropic measurement uncertainty relations for n observables

Uncertainty relations have been studied also in the case of more than two observables,
see e.g. [13,19,22] for the case of entropic PURs. Both our entropic coefficients (10) and
(12) (and the related MURS) can be generalized to the case of n > 2 target observables.
However, in the case of ceq (A1, . . ., A,,) an order of observation has to be fixed, and one
needs to point out the subset of the observables for which imprecise measurements are
allowed (the analogues of the observable A in the binary case of c¢.q(A, B)) from those
observables that are kept fixed and get disturbed by the other measurements (similar to
B in ceq (A, B)). Thus, different definitions of c.q are possible in the n-observable case.
This leads us to generalize only the entropic incompatibility degree cinc(A1, ..., An),
whose definition is straightforward and gives a lower bound for c.q, independently of
its possible definitions.

4.1. Entropic incompatibility degree and MURs. LetAq, ..., A, ben fixed observables
with outcome sets X1, ..., X, respectively. As usual, we assume that all the sets X;
are finite. The observables with outcomes in the product set Xy...,, = Xy X -+ x X,
are called multi-observables, and we use the notation M(X;...,,) for the set of all such
observables. If M € M(X;...,), its i-th marginal observable is the element My;; €
M(xl), with

M (z) = Z M(Z1, ., X1, By T 1, - - -, T
z;€X :5#1

The notion of compatibility straightforwardly extends to the case of n observables.
As in the n = 2 case, we regard any M € M(X;...,,) as an approximate joint meas-
urement of Ay, ..., A,. For all p € §(H), the total amount of information loss in the
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distribution approximations A? ~ Mﬁ.], 1 =1,...,n,is the sum of the respective relat-
ive entropies. Then, we have the following generalization of Definitions 1, 2 and 3.

Definition 5. For any multi-observable M € M(X...,,), the error function of the ap-

proximation (Ay, ..., An) =~ (Mpy, ..., My,) is the state-dependent quantity
S[AL - AnlMI(p) = D S(A7IIME). (52)
i=1
The entropic divergence of M € M(X1...,,) from (A1, ..., Ap) is
D(Al,...,AnHM) = sup S[A1,...,A.[IM](p). (53)
pES(IH)
The entropic incompatibility degree of the observables Ay, ..., A, is
ine (A1, .., Ap) = inf  D(Aq,...,A,|M). 54
cinc (A1 )= el DA IM) (54)

We still denote by

Minc(Al,...,An): argmin D(A1,7AnHM)
MeM(X1...,)

the set of the optimal approximate joint measurements of A1, ...,A,. As in the case
with n = 2, the optimality of a multi-observable M depends only on its marginals M;,
since the entropic divergence itself depends only on such marginals.

We have the following extension of Theorems 1, 2 and 3.

Theorem 8. Let A; € M(X;), i = 1,...,n, be the target observables. The error func-
tion, entropic divergence and incompatibility degree satisfy the following properties.

(i) The function S[A1,...,Ap|IM] @ S(H) — [0,+00] is convex and LSC, VM €
(ii) The function D(Al, A ) s M(Xy...) = [0, +00] is convex and LSC.
(iii) For any M € M(X1...,,), the following three statements are equivalent:
(a) D(A17 e ,An||M) < o0,
(b) ker My (x) C ker Aj(x) Va, Vi,
(c) S[A1,...,Ap||M] is bounded and continuous.
(iv) D(A1, ..., Ay[IM) = gg%{c) S[A1, ..., ALlIM](p), where the maximum can be
p
p pure
any value in the extended interval [0, +00).
(v) The quantities S[A,B[|M](p), D(A1,...,A|IM) and cine(Ar, ..., A,) are in-
variant under an overall unitary conjugation of the state p and the observables

Ai,..., A, and M, and they do not depend on the labelling of the outcomes in
X1,y Lo

(Vi) Cinc(As(1)s - - - s Ag(n)) = Cinc(A1, ..., An) for any permutation o of the index set
{1,...,n}.
(vii) The entropic incompatibility coefficient cine(A1, ..., Ay) is always finite, and it

satisfies the bounds

Cinc(Ala cee 7An) S Z IOg |x1| - peiél(g_() Z H(Azp)a (55)
i=1 i=1



34 A. Barchielli, M. Gregoratti, A. Toigo

- A )<Z”:10 n(d+1)
inc 1,---9M\n _7»:1 gd+n-|—(n—l)mlnzexlTr{Al(x)}

d+1
< nlog TLEZT—F“) <nlogn. (56)
(viii) The set Minc(A1, ..., Ay) is a nonempty convex compact subset of M(X1...p,).
(ix) cinc (A1, ..., An) = 0 if and only if the observables Ay, ..., A, are compatible,
and in this case Minc(A1, ..., Ay) is the set of all the joint measurements of
A, ... A,
(x) If Apt1 € M(X,,41) is another observable, then we have cinc(A1, ..., Any1) >
Cinc(Ala e 7An)

Proof. The proofs of items (i)—(vi), (viii) and (ix) are straightforward extensions of the
analogous ones for two observables.

In item (vii), the upper bound (55) follows by evaluating the entropic divergence of
the uniform observable U = (ux, ® - @ ux, ) 1 from (Aq,...,Ap):

Cinc(A1, ..., A,) < D(Al, ey An||U) = sup S(AfHux)
pES(I0) i=1
= sup Z [log |%;| — H(A?)] by Proposition 1, item (iii);
pES(H) ;4

this yields (55).

The upper bound (56) follows by using an approximate cloning argument, just as in

the case of only two observables. Indeed, the optimal approximate n-cloning channel is
the map

dn!
(d+n—1)!
where S,, is the orthogonal projection of H®™ onto its symmetric subspace Sym(H®™)

[50]. Evaluating the marginals of the multi-observable M = ®*(A; ® --- ® A,,), we
obtain the noisy versions

B :S(00) = SO, B(p) = Sulp® 12015,

d+n
Mcl 1] = Ai Al 3 where )\Cl = m
(see [51]). Since Cinc(Aq,...,A,) < D(A1,...,Ay[[Ma), a computation similar to
the one for obtaining the bound (17) in Section 2.4 then yields the bounds (56).
Finally, in order to prove item (x), take any M’ € M(Xy x -+ x X,,41), and let

M(z1,...,2,) = Z M (21,..., %0, 2).

z€Xn41

We have Mii] = My; foralli =1,...,n, hence

Cine(A1, ., An) < D(A1,..., An[[M) = sup > S(A?[MF))
Poi=1
n+1
<sup Y S(AP[M) = D(Ar,..., Apa M),

Poi=1
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Item (x) then follows by taking the infimum over M’. O

The monotonicity property (x), which is specific of the many observable case, is an-
other desirable feature for an incompatibility coefficient: the amount of incompatibility
cannot decrease when an extra observable is added.

Remark 6 (MURs). Theorem 8 gives the following extension of the entropic MURs (13)
and (14):

D(A1,... . ApIM) > cine(Ar,.. . Ay), M € M(Xy...n), (57)
YM e M(X1...,), p € S(H) : ZS(AfHME]) > Cine(A1, ..., Ap). (58)
=1

Finally, suppose the product space X;...,, carries the action of a finite symmetry
group G, which also acts on the quantum system Hilbert space J{ by means of a pro-
jective unitary representation U. These actions then extend to the set of states S(H),
the set of probabilities P(X;...,,) and the set of multi-observables M(X...,) exactly as
in Section 3.1. Similarly, for any M € M(Xj...,,), we can define its covariant version
M. Then, the content of Theorem 4 and Corollary 1 can be translated to the case of n
observables as follows.

Theorem 9. Let A; € M(X;), i = 1,...,n, be the target observables. Suppose the
finite group G acts on both the output space X1 ..., and the index set {1, ... ,n}, and it
also acts with a projective unitary representation U on H. Moreover, assume that G is
generated by a subset S C G such that, for every g € Sg and i € {1,...,n}, there
exists a bijective map fq; : X; — Xy for which

(a) g(x1,...,%n)gi = fg,i(x;) forall (x1,...,2,) € Xi..cn,
(b) Uqu(.Z‘Z)U; = Agi(fg}i(xi))for all x; € X;.

Then,

-D(A1,...,AllgM) = D(A1,...,A,|IM) for all M € M(X;...,,) and g € G;
- the set Minc(A1, ..., Ay) is G-invariant;

- forany M € Mine(Aq, ..., Ap), we have Mg € Mine(A1, ..., Ap);

- there exists a G-covariant observable in Min.(Aq, ..., Ay).

Proof. As in the proof of Theorem 4, it is not restrictive to assume that S¢ = G. For
all p € P(X4...,), condition (a) implies

gp[?](xz): Z gp(xlw"vmn): Z p(fg—l,gl(xgl)vu-vfg—l,gn(xgn))

z;€X; Ty €Xgj
s.t. j#£i s.t. gj#i
= Z p(yl""vyn) where Yj :f97179j(‘r9j)
Y €X;
s.t. gjF#i
= Z p(y17~-~7yn) :p[gfli](ygfli)
ijDCj
st j#g e

= prg-1q (fg-1,i(4)),
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and hence

n

(9 @ -+~ @ gpp)) (@1, - ) = [ [ gpp (1) = [ [ pro-ra(fo-1.(4)
=1

=1
= [ i (fo-1.6i(za1) = 9Py @ -+ @ ppy) (@1, - -, 7).
i=1

Therefore,
g @ - @ gpm) = 9(ppy @ - -+ @ Ppwy)- (59)

On the other hand, by condition (b) we have A?"(x;) = A _,,(fy-1,i(2;)), and then

(A @ @ AP (@1, an) = [T AS 1 (Fr i) = TT AL (Fo1,0i(0))
i=1 =1

that is,
AP @ @AY =g(A)@---@AL). (60)
Having established (59) and (60), the proof of the equality D(Ay,...,A,[gM) =

D(Al, ce An||M) follows along the same lines of the proof of Theorem 4. The re-
maining statements are then proved as in Corollary 1. O

In the next section we will use Theorem 9 to solve the case of n = 3 orthogonal
target spin-1/2 components. This is the basic example of a maximal set of d + 1 MUBs
in a d-dimensional Hilbert space. It is an open problem whether similar arguments lead
to find the incompatibility index cinc(Q1, ..., Qq+1) of a maximal set of d + 1 MUBs
Q1,...,Qqg+1 whenever such a set of MUBSs is known to exist, that is, for all prime
powers d.

4.2. Three orthogonal spin-1/2 components. Let the target observables A1, Ay, Az be
three mutually orthogonal spin-1/2 components, that is, the sharp observables X, Y,
Z € M({+1,—1}) associated with the three Pauli matrices; the observables X,Y are
given in (30), and

Z(2) = % (1 + zo3), VzeZ ={+1,-1}. (61)

Then, we have the following three-spin version of Theorem 5.

Theorem 10. Let X, Y and Z be the three orthogonal spin-1/2 components (30), (61).
Then, for the following two tri-observables Mg, M; € M(X x Y x Z)

1 1
Mo(z,y,2) = 3 ]1‘1‘%(3301 + Yoo + z03) (62)

M1(17 17 71) = 2M0(15 17 71)3 Ml(la 717 1) = 2M0(17 715 1)7
Mi(—1,1,1) = 2Mg(—1,1,1), My(—1,—-1,—1) = 2Mp(—1, -1, -1), (63)
Mi(z,y,2) =0 otherwise,



Entropic measurement uncertainty relations 37

we have Mg, My € Min.(X,Y, Z). If pe is the projection on any eigenvector of o1, o
or os, then, fori = 0,1,

ne(X,Y,Z) = SIX,Y, ZIMi)(p) = log (3 - V3) = 0.342497.  (64)

The description of the symmetry group of X, Y and Z, and the consequent application
of Theorem 9 yielding the proof of Theorem 10, are provided in Appendix B.4.

Note that, differently from the case with only n = 2 spins, for n = 3 orthogonal
spin-1/2 components there is not a unique optimal approximate joint measurement. It
should be also remarked that, although My # My, both optimal approximate joint
measurements given in (62), (63) have the same marginals, so that S[X,Y,Z||Mq] =
SIX,Y,Z||M;]. Indeed, they are the equally noisy observbles

Moy = My = X%, Mopg) = Mg = Y%, Moz = My3) = Z%- (65)

The construction of the tri-observable M, is taken from [60, Sect. VI]. It is an open
question whether (X1 I3 Y, /N3 Z, / \/g) is the unique triple of compatible observ-

ables optimally approximating (X, Y, Z); see also Remark 9 in Appendix B.4 for further
comments.

5. Conclusions

We have formulated and proved entropic MURs for discrete observables in a finite-
dimensional Hilbert space. In doing so, we have considered target observables A and
B described by general POVMs, not only sharp observables. Our formulation employs
the relative entropy to quantify the total amount of information that is lost when A
and B are approximated with the marginals M(;; and M) of a bi-observable M. Such
an information loss is the state-dependent error (8); maximizing it over all states p
and then minimizing the result over the bi-observables M, we have derived our MURs
(14): for every approximating bi-observable M, there is always a state p such that the
total information loss of the approximation (A, B*) ~ (M[pl], Mf2]) is not less than

a minimal threshold ¢(A, B), independent of M and strictly positive when the target
observables are incompatible.

Minimizing over different sets of bi-observables yields MURs with different mean-
ings. If M varies over all the POVMs on the product set of the A- and B-outcomes,
then the resulting index c¢in.(A, B) is the minimal error potentially affecting all pos-
sible approximate joint measurements of A and B. On the other hand, if M is only
allowed to vary over the subset of all the sequential measurements of an approxima-
tion of A followed by B, we obtain the minimal information loss ceq(A, B) due to the
error/disturbance tradeoff. We have proved that the two indexes remarkably coincide
when the second observable B is sharp; we have also given explicit examples, involving
general POVMs, where the two indexes actually differ.

The two coefficients ¢j,. and c.q play a double role: on the one side, they are the
lower bounds of our entropic MURs, as just described above; on the other side, they
also properly quantify the degree of (total or sequential) incompatibility of the target
observables. The latter interpretation is justified since ¢, and cqq only depend on A
and B, as well as by the remarkable properties of the two indexes (Theorem 2). In
particular, the existence of an index allows to establish whether a couple of observables
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is more or less incompatible than another one. For instance, the incompatibility degree
of two spin-1/2 components grows by increasing the angle between their directions, as
naturally expected (see Figure 2).

Due to the double optimization in the definitions of ¢jn.(A, B) and cqq(A, B), it
is not easy to explicitly compute them and their corresponding optimal approximate
joint measurements. Anyway, in Theorem 4 we have shown how one can use general
symmetry arguments in order to simplify the problem. We have then applied this method
to two spin-1/2 components (Theorems 5 and 6), and two Fourier conjugate MUBSs in
prime power dimension (Theorem 7).

A peculiar feature of our MURSs is that in several cases there is actually a unique
optimal approximate joint measurement. Indeed, in the two spin and MUB examples,
we have uniqueness for all the cases in which we have managed to completely charac-
terize the sets M, and Mq of the optimally approximating joint measurements. We
conjecture that this is still true also for the two nonorthogonal spin-1/2 components, and
the Fourier conjugated MUBs in even prime power dimensions, for which up to now
we have only partial results.

One nice aspect of our approach is that it naturally and easily generalizes to more
than two observables. We have done this extension only for the entropic incompatibil-
ity degree c;,. (Theorems 8 and 9), as the multi-observable interpretation of c.q is less
transparent. As an application, we have computed the index ¢, for three orthogonal
spin-1/2 components X, Y and Z; although in this case there is still a unique covari-
ant approximate joint measurement, the main difference with the two spin case is that
Minc(X, Y, Z) is not a singleton set now.

Many problems still remain open, as it is not clear how to analytically or at least
numerically compute ¢, and coq and the corresponding optimal approximate joint
measurements for an arbitrary couple of target observables. Explicit results would be
desirable for physically relevant observables other than those considered in Sections
3.2, 3.3 and 4.2 (e.g. two or more spin-s components with s > 1/2, two or more
MUBs in arbitrary dimensions and possibly not Fourier conjugate, etc.). A possible
generalization is to include also systems in presence of “quantum memories”; indeed,
this extension has recently been studied in the case of entropic PURs [22,61,62]. More
importantly, the theory we have developed is restricted to discrete observables in a
finite-dimensional Hilbert space. The bound c¢inc (A1, ..., A,) < nlogn appearing in
(17) and (56), which is independent of the number of the outcomes and the dimension
of J(, suggests that it would be possible to generalize the theory to arbitrary observables
in a separable Hilbert space. However, this is not a straightforward extension; indeed,
the first results on position and momentum [34] already show that the error function (7)
needs to be restricted to only particular classes of states, in order to avoid cj, = 400,
merely due to classical effects.

A. Examples of compatible but not sequentially compatible observables

First example from [27]. Apart from an exchange of A and B and some explicit com-
putations, this example is taken from [27, Sect. III.C, and the end of Sect. III.A]. With
H=C3X={1,2}andY = {1,...,5}, the two target observables are defined by

L (200 L (000
Al)=-[oo00]), A@=:[020]:
001 2\001
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1 2 0-—v2 L (00 0 1 (000
B.(1):Z o0 0 |, B(2):E 01 —2], B(3)=5 010],
—/20 1 0-2 4 000
1 (000 1 2 02
B(4)=—|042], BG)==[ 00 0
10 021 4 V20 1

These two observables are compatible, and one can check that a joint observable is

M(1,1) =B(1), M(1,5) =B(5), M(2,2) =B(2), M(2,3)=B(3),

M(2,4) = B(4),  M(1,2) = M(1,3) = M(1,4) = M(2,1) = M(2,5) = 0.

This implies ¢i,c(A, B) = 0. Moreover, in [27, Sect. III.C] it is proved that: (1) there
exists an instrument implementing B which does not disturb A; (2) any instrument im-
plementing A disturbs B. By Theorem 2, item (vi), this implies ceq(B,A) = 0 and
Ced(A, B) > 0.

Second example from [27]. This is the first example of [27, Sect. III.A], which we
report in the particular case in which the noise parameters are fixed and equal; let us
call them A, with A € (3, 2]. The observables are two-valued (X = Y = {1,2}),
and they are built up by using two noncommuting orthogonal projections P and Q:
[P, Q] # 0. The joint observable M and its marginals are given by

M(L1)=(1- N1, M(1,2) =2 - 1P,  M(21) =2\ 1)Q,

M(2,2) = <12>\> (P+Q)+%(11—P+]1—Q),

A1) =My (1) = AP+ (1= A\)(1 = P), A(2) =My(2) = A(1 - P)+ (1 - \)P,

B(1) = Mp(1) =AQ+ (1 -A)(1-Q), B(2) =My((2) =A1-Q)+(1-1Q.

The observables A and B are compatible by construction, and so ¢in.(A, B) = 0.In [27],
it is proved that there does not exist any instrument implementing A which does not
disturb B; it follows that ceq (A, B) > 0 and, by exchanging P and @, ceq(B,A) > 0.

B. Symmetries and proofs for target spin-1/2 components

In this appendix, we describe the symmetry groups for two arbitrary and three ortho-
gonal spin-1/2 components. Then, by using Theorem 4, we prove our main Theorems 6
(Appendix B.1), 5 (Appendix B.2) and 10 (Appendix B.4), and we provide the missing
calculations in Section 3.2.2. Since the proof of Theorem 5 follows from Theorem 6
with the angle ov = /2, here we prefer to reverse the order of the two proofs.
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B.1. Incompatibility degree and optimal measurements for two spin-1/2 components.
In this section, A and B are the spin-1/2 components defined in (26), with directions
spanning an arbitrary angle « € [0, w/2]; the respective outcome spaces are X = Y =
{—1,+1}. The symmetry group of A and B is the order 4 dihedral group Dy C SO(3)
generated by the rotations Sp, = { R, (1), Rm ()}, i.e. the 180° rotations around the
bisectors n and m of the first two quadrants (see Figure 1). Here and in the following,
our reference for the discrete subgroups of the rotation group is [63, pp. 77-79]. The
natural action of the group D5 on the outcome space X x Y is given by

Rn(ﬂ-) (I,y) = (y,CC), Rm(ﬂ-) (I,y) = (—yv _I)v V(Iay) e X xY. (66a)

We then see that condition (ii.a) of Theorem 4 is satisfied for all ¢ € Sp,. As the
representation U of Dy on C2, we take the restriction of the usual spin-1/2 projective
representation of SO(3); this gives

U(Rp(n)) =e ™92 = —in.a, U(Rm(r)) =¢"™/2=_—im- o. (66b)
It is easy to see that the observables A and B satisfy the relations
U(Rp(m))A(@)U (R (7)) = B(x), U (Rm(m))A(@)U(Rm(r))" =

B
U(Rn(m))B()U(Rn(m))" = Aly),  U(Rm(m))By)U(Rm(7))" = A(—y).
(67)
This implies that also condition (ii.b) of Theorem 4 is fulfilled for all g € Sp,. Then,

because of Remark 3, in order to find ¢j,.(A, B), we are led to study the most general
form of a Dy-covariant bi-observable and its marginals.

Proposition 4. Let the dihedral group Do act on X X Y and H as in (66). Then, the
following facts hold.

(i) The most general Dy-covariant bi-observable on X x Y is
1
M(z,y) = 1 [(14+vzy) L+ (12 + c2y) 01 + (cox + 1) 03] , (68)

withy € Rand c = c1t + 23 € R2 such that
\/§|01+02|—1§7§1—\/§‘01—02|. (69)

The marginals of M are My = Ac and M{g] = Be, with A, B. defined in (28).
(ii) Equation (28) defines the marginals of a Dy-covariant bi-observable on X x Y if
and only if the vector c belongs to the square

Q= {cii+caj :|er| <1/V2, |ea| < 1/V2} (70)

Proof. (i) The set M(X xY) is a subset of the linear space £(C2)**¥ = C**¥x.L(C?),
where the set of the 16 products between one of the functions 1, x, y, xy and one of
the operators 1, 01, 09, 03 provides a basis of linearly independent elements. Then, the
most general bi-observable on X x Y is a linear combination of such products; it is easy
to see that the covariance under the rotation R, (7) Ry, (7) implies the vanishing of the
coefficients of the products x1, y1, xyo1, xyos, lo1, 1loa, xos, yos. By taking into
account also the normalization and selfadjointness conditions, we are left with

1
M(z,y) = 7 [(1 +72y) L+ (12 + cay) o1 + (clz + cyy) o2 + (c3 + camy) 03],
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with real coefficients v, ¢; and ¢;. By imposing the covariance under R, (), we get
¢y = co, ¢y = c1, c3 = ¢4 = 0, and (68) is obtained. Finally, since R,,(7w) =
Ry ()R (m) Ry (), the bi-observable (68) is covariant with respect to the whole
group Ds. To impose the positivity of the operators M(x,y), it is enough to study
the diagonal elements and the determinant of the 2 X 2—-matrix representing (68). The
positivity of the diagonal elements V(x,y) gives v € [—1, 1]. By the positivity of the
determinant,

(1+yzy) > (12 + cay)” + (caz + c1y)”, V(z,y) € X x Y.

The latter two conditions are equivalent to (69). Evaluating the marginals of (68) im-
mediately yields the observables (28).
(ii) We begin by noticing that ¢ € @) is equivalent to

V20ci 4ol =1 <1 —V2]e; —eal. (71)

For the marginals A, and B, of a D,-covariant bi-observable, inequalities (69) trivially
imply (71), and so ¢ € @ holds; alternatively, the same result follows from [26, Prop.
3]. Conversely, if A; and B, are as in (28) with ¢ € @, then by (71) we can always
find v as in (69). The D2-covariant bi-observable corresponding to v, ¢1, ¢ then has
marginals A; and B,. 0O

Now we tackle the problem of evaluating the lower bound c¢i. (A, B) and finding the
optimal covariant approximate joint measurements of the target spin-1/2 components
(26). By Remark 3 and Proposition 4,

inc(A, B) = i A?||M? B”(IMP?
cnc(A.B)= | min = max {S(A”[Mf,) +5(B"[Mp)}
M Ds-covariant £ pure

= min max {S(ApHAg) —|—S(B”HB’C’)},

cEQ peS(H)
p pure

(72)

where () is the square (70). Thus, the value of ¢;,.(A, B) can be found by minimizing

the function
D(e) = max {S(A"AZ) +5(B[B)} (73)
pPES(IH)
p pure
for ¢ ranging inside Q.

Note that the domain of the function D can be extended to the whole disk C' intro-
duced in (29). In the domain C, D(¢) = 0 if and only if A, = A and B. = B, which is
equivalent to ¢ = a. The regions C and () in the 2j-plane are depicted in Figure 3.

We are now ready to prove our main result for the case of A and B being two ar-
bitrary spin-1/2 components. Indeed, the key point is that, by convexity arguments, the
minimization of the function D over the square ) fixes ¢; = 1/ \/2. This consider-
ably simplifies the search of an optimal Ds-covariant bi-observable, as it reduces the
involved parameters from the number of three (see (68)) to a single one (see (34)).

Proof (of Theorem 6). By (72), we have

CinC(Av B) = lggg D(C) (74)

Let us start with the case a # 0. For ¢ € @), the observables A. and B, are compat-
ible, and D(c) = D(A, B|[M) for any of their joint measurements M. By Theorem 1,
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Cc2
C
a
Q L
ol .- C1
“exn
ce’
Figure 3. The existence disk (29) for the observables A
and B, and their compatibility square (70). The disk is the
domain of the function D defined in (73), and the square
is the subset over which D is minimized in (74).

item (iii), D(c) is finite if and only if ker A.(z) C ker A(x) and ker B.(y) C ker B(y)
for all z, y. In turn, this is equivalent to ¢ not being any of the vertices V' of the square
Q. since A; = [c|Ac/je) + (1 — |¢[)Ux and B, = |¢| Bj|¢) + (1 — |¢|)Uy. Therefore,
in the minimum (74) we can assume that ¢ ¢ V, and so D(¢) < +oc.

The mappings ¢ — A2 and ¢ — B# are affine on the disk C for all p € §(H),
which, together with the convexity of the relative entropy, implies that the mappings
c — S(A?||A2) and ¢ — S(B”||BZ) are convex; hence, such are their sum and the
supremum D in (73). Moreover, we have already noticed that D(¢) = 0 if and only if
c=a.

Making reference to Figure 3, let us take ¢ € @ \ V and introduce the line segment
joining ¢ and @: ¢y = (1 — A)e + Aa, A € [0,1]. By defining D(\) = D(cy), a
simple convexity argument (see Lemma 2 below) shows that the function A — D())
is finite and strictly decreasing on [0, 1]. Then, the minimum of D(c)) with respect
to ¢y € ( is attained where the line segment crosses the right side of the square, i.e.
for (ex)1 = 1/+/2. This is true for every point c in the set Q \ V. Therefore, the
points ¢ minimizing (74) need to be on the right edge {1/v/23 + 27 : |c2| < 1/3/2}
= {e(y) : v € [-1,1]} of the square Q; in the second equality, we have used the
parametrization in (33). In conclusion,

Cinc(A,B) = min D (e(y)). (75)

Note that (75) is true also in the case « = 0 (compatible A and B), for which we have
D(c(1)) =0.

Now, for v € [—1,1], define M, as in (34). Then, M, has the form (68) with
¢ = c¢(v). In particular, since v, ¢; = 1/ V2 and ¢y = v/ V/2 satisfy (69), item (i)
of Proposition 4 implies that M., is a POVM, and M., ;] = A(,) and M, 5] = B¢(4).
Equation (36) then follows from the definition (7) of the error function. Moreover, by
(36) and (73), we have D(A, B||M,) = D(c(7)), hence M., € Minc(A, B) if and only
if ~y attains the minimum in (75).

In order complete the proof, it only remains to show that the minimization problem
(75) is equivalent to (35). Indeed, for p = (1 + v -0)/2and p' = (1 + v’ - 0)/2, with
v = (v1,v2,v3) and v’ = (vy,v2,0), we have S[A, B||M,](p) = S[A, B||M,](p’) by
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(36). Therefore, by defining p(¢) as in (33),
D(e(v)) = max S[A,BIIM,](p) by (36), (73)

p pure

= Dax S[A, B[IM,](p())-

By inserting this expression into (75), we get the desired equivalence. 0O

Remark 7. The last proof shows that the bi-observables M., given by (34) with y yield-
ing the minimum in (35) actually exhaust all Do-covariant elements in M;,.(A, B).
Indeed, for the most general Dy-covariant bi-observable M parameterized with  and
c as in (68), we have D(A,B|[M) = D(c) > cinc(A,B) if ¢1 # 1/v/2, or, equival-
ently, M # M,,. However, it is not clear whether any optimal bi-observables needs to
be Ds-covariant, and, if this is the case, the minimum (35) is attained at a unique .

In the proof Theorem 6, we have made use of the following lemma, which will turn
out useful also later.

Lemma 2. Let a < 0, and suppose D : [a, 1] — [0, +00] is a convex function such that
D(1) = 0 and D(0) < +o0. Then, D is nonincreasing on the interval [a, 0], and it is
finite and strictly decreasing on [0, 1].

Proof. Fora < x <y < 1, the convexity of D implies

-y y—=x -y
D(y) < ;— D(@)+ 17— D(1) = 1— D(x). (76)

In particular, D(y) < D(z), and, choosing z = 0, D(y) < +oc for all y € (0,1).
Then, another application of (76), now with 0 < z < y < 1, yields D(y) < D(z).
Since the latter inequality implies D(x) > 0, for all z € [0, 1), its extension to y = 1 is
clear. O

B.2. The case of two orthogonal components. When the target observables are the
orthogonal spin-1/2 components X and Y in (30), the symmetries of our system in-
crease from Ds to the enlarged dihedral group Dy4. Here we recall that Dy C SO(3)
is the order 8 group of the 90° rotations around the k-axis, together with the 180°
rotations around ¢, 7, » and m; clearly, D2 C D,. Now, the two rotations Sp, =
{R;(m), Rn(m)} generate Dy; for instance, we have R;(m) = Rp(m)R;(m)Rn (),
Ry (m) = Ri(m) R (1) Ri (1), Rie(m/2) = Ry (m)Rj ().

The action of the group element R, (7) on X x Y, H, A = X and B = Y is still
given by (66) and (67); we have already seen that these actions satisfy condition (ii) of
Theorem 4. Further, by introducing the natural actions

Ri(7) (z,y) = (z, —y), U(Ri(m)) =e ™49/2 = _jj. g, (77)
we have
U(Ri(m))X(2)U (Ri(m))" = X(x),  U(Rs(m))Y(y)U(Ri(m))" = Y(=y).

In particular, we see that R; () fulfills condition (i) of the same theorem. Therefore, all
g € Sp, satisfy the hypotheses of Theorem 4.

Again, in view of Remark 3, now we look for the general expression of a Dy-
covariant bi-observable.



44 A. Barchielli, M. Gregoratti, A. Toigo

Proposition 5. Let the dihedral group D, act on X x Y and H by (66) and (77). Then,
the most general D,-covariant bi-observable on X x Y is given by (68) with v = 0,
co = 0and |c1| < 1/V/2, that is,

1
M(z,y) = 1 1+ c1 (w01 +yo2)], ] < 1/v2. (78)
Proof. By applying the extra transformation (77) to the Dy-covariant bi-observable (68)
we get

*

R;(m)M(z,y) = U(Ri(w))M(ac7 —y)U(R,-(W))

1
=1 (1 —vxy) 1+ (a1x — c2y) 01 — (c2w — c1y) 02] -

In order to have covariance also under this transformation, it must be v = 0 and ¢y = 0;
then, condition (69) reduces to the inequality in (78). O

We are now ready to prove our main theorem for two orthogonal spin components.

Proof (of Theorem 5). By Theorem 4, there is at least one D4-covariant bi-observable
M € Minc(X,Y), which is necessarily of the form (78) by Proposition 5. Comparing it
with (34), we see that they coincide if and only if ¢; = 1/4/2 and ¥ = 0, and in this
case both of them equal Mg in (31). Thus, by Theorem 6, v = 0 solves the minimization
problem (35), and My is the unique D4-covariant element in My (X, Y). In particular,
by (35) and (36) we have

cine(X.Y) = maxe SIA. BMol (o(6)

S[A, B[[Mo](p(¢)) = 5(cos ¢) + 3(sin ¢),
where we have introduced the function
1

1+ kv
s(v) = = 1+ kv)log—————, v < 1.
=3 3 (+ko)loe s, o

(79

In (79), the best way to maximize 5(cos ¢) + 3(sin ¢) is by means of a suitable integral
representation. Namely, by direct inspection, we have

5(0) 1 / 20%(1 =) N

T o2 Ja 1 22
V2

Then, by differentiation and simple computations, we get

7@ = L (3(cosg) + 5(sin )

d¢
_ sin(49) /1 N(L=N)(2 =N
2In2 Ji,y3 (1 — A2(sin ¢)2)2 (1 — A\2(cos q§)2)2

The integrand is nonnegative for all A € [1/+/2,1] and ¢ € [0,27). We then see that
f(@) < 0for0 < ¢ < w/4, f(n/4) =0, f(¢) > 0forv/4 < ¢ < 7/2. So, for
¢ € [0,7/2], the point ¢ = 7/4 gives a minimum of 3(cos ¢) + 5(sin ¢), while we
have two equal maxima at ¢ = 0 and ¢ = 7/2; as § is a continuous even function on

dA.
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[—1, 1], the maximum (79) is attained at ¢ = 0, 7/2, 7, 37 /2. Such angles correspond
to p(¢) being the eigenprojections of o1 or o; this gives the first equality in (32). Then,
in the last two ones, the numerical values follow by direct computation.

Finally, we still have to prove the uniqueness of M in the set M. (X,Y). Let
M be any bi-observable in Mi,.(X,Y). By Corollary 1, its covariant version Mp, is
still in M;,c(X,Y), and hence Mp, = Mg since My is the unique Dy-covariant ele-
ment of Mi,.(X,Y). Definition (22) implies gM(z,y) < |Dy4|Mp,(x,y) for all g
and z,y, hence in particular M(z,y) < |Dy4|Mp,(z,y) = 8Mg(z,y) for all z,y.
Since Mg(x,y) has rank 1, it must then be M(z,y) = f(z,y)Mo(z,y), Va,y, for
some nonnegative coefficients f(xz,y). Writing f in the linear basis 1, z, y, xy of
C**Y, the normalization constraint ey Mzy) =22, , f@,y)Mo(z,y) = 1 gives
f(xz,y) = 1 + exy for some real parameter e. For all x,y, we have the positivity
constraint M(z,y) = f(z,y)Mo(x,y) > 0, which implies f(z,y) > 0; this gives
—1<e<1.

Summing up, if M € Mi,.(X,Y), then M(z,y) = (1 + exy)Mo(z,y) for some
€ € [—1, 1]. Let us show that the only possible parameter is ¢ = 0. Indeed, the marginals
of M are

1 +¢€j

7

Mm = Ac(e)7 M[Q] = BC(E), with 6(6) =

Their distributions in the state p, = (1 + o1) /2 are
1 1 € €

= Lo (- DY = o (i)
SERVoR va) SV v2)

On the other hand, we have XP¢ = ¢; and YP° = uy, so that
cine(X,Y) = D(X, Y[M) = S[X, Y|[M](pe) = S (X7 M) + 5 (Y7 M)

22

1++2

) = 0. Hence, Y = Mf';‘], and € = 0 then follows. O

~log + (Y7 [MZ5) = cine(X,Y) + S (Y7 [MZ),

Mpe

which implies S (Y"“ 2]

B.3. A lower bound for the incompatibility degree. In order to compute the lower bound
(39), we have to minimize the following quantity over y:

1+ 2a1as 14 2a1a2
SIA, B|IM,](pe) = log og
K 1+ (a1 + a2v)/V2 2 L+ (a1 +az)/V2
1-2 1-2
9192 Jog W2 (80)
2 1—(a1'y+a2)/\@
By setting £ = (a17y + a2)/v2 and f(£) = (In2)S[A, B||M,](p.), we get
22
f(6)=In V2a
\@a1+\/§a2€+af —a22
1 14 2a1a2 1 1—2aqas
+ 5 (1 + 2@1@2) In W + 5 (1 — 2a1a2) In ﬁ s (81)
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whose derivative is

\/§a2 + - 2(11@2
V2ar +V2axl +af —aj 14
Remark 8. For « = w/2,i.e.a; = 1 and ay = 0, we immediately get that the expression

(81) has a unique minimum at ¢ = 0, which gives v = 0 and the value (32) for the
incompatibility degree.

OES

For o # /2, the zeros of f'({) satisfy the algebraic equation ¢ + uf/(v/2 az) —
1 —u = 0, where u is defined in (42). By solving the algebraic equation and studying
the sign of the derivative, we find that the minimum of (81) is at the point (41) and that
the corresponding value of + is (40). By using this result and 2a; a2 = cos «, we get the
lower bound (43).

B.4. Incompatibility degree and optimal measurements for three orthogonal spin-1/2
components. Here the target observables are X, Y and Z defined in (30) and (61). Their
symmetry group is the order 24 octahedron group O C SO(3), generated by the 90° ro-
tations around the three coordinate axes: Sp = {R;(7/2), Rj(n/2), Ri(m/2)}. Note
that for the dihedral groups introduced before we have Dy C D4 C O. Let us denote
the three generators of O by g1 = R;(7/2), g2 = R;(7/2), g5 = Ri(7/2). By using
again the spin-1/2 projective representation of SO(3), which we now restrict to O, we
have the relations

UgIX(x)UgT = X(z), Ule(y)Ug;‘ =Z(y), Uglz(z)Ugf
Ug2x<x)ng = Z(_‘T)? Ug2Y<y)ng = Y<y)a U, 2Z(z)Ug:
Ugs X(2)Uy = Y (), UgsY(y)U,, = X(—y), Ugs Z(2)U,,

=Y(-2),
=X(2),
=Z(2).
Moreover, the natural action of O on the outcome space X x Y x Z = {+1, —1}3 is
g1 (z,9,2) = (2, =2y),  g2(2,9,2) = (z9,—7),  g3(2,9,2) = (—y,2,2),
and the action on the index set is

git=1, q12=3, ¢13=2, gl =3, g¢g3=1, g31 =2, g¢g32=1.
Then, the hypotheses of Theorem 9 are satisfied by setting

foa@) =z, fo20) =y, [fas(z)=—2 [feilz)=—=z,

fQQ,Q(y) =Y fgz,B(z) =2z, fgg,](x) =z, fgs,Q(y) =Y, fgg,S(Z) =z.
Therefore, we can apply Theorem 9 in order to prove the main result of Section 4.2.
Proof (of Theorem 10). By similar arguments as in the proofs of Propositions 4 and 5,

one can prove that the most general O-covariant tri-observable in M(X x Y x Z) has
the form

1 .
M(z,y,z) = 3 [1+ c(zo1 + yoa + z03)] with le] < (82)

8-

Writing its marginals as

M) = X, Mg = Yo, Mz = Z,
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we have

D(X,Y,Z|M) = max [S(X?[|X2) + S(Y?|Y2) +S(2°]22)]
pES(H)

p pure
for all ¢ € [~1/+/3,1/+/3]. Denote by D(c) the right hand side of the previous equa-
tion; then, the function D can be extended to all ¢’s such that X., Y. and Z,. define three
POVMs on {—1, +1}. In particular, it is naturally defined also in the interval (1/+/3, 1],
where X., Y. and Z,. are the equally noisy versions of the sharp observables X, Y and
Z (cf. (15)). We thus obtain a function D : [~1/4/3,1] — [0, +00]. The mappings
¢ = XP, ¢+ YP and ¢ — ZF are affine on the interval [—1/+/3, 1], which, together
with the convexity of the relative entropy, implies that such are the sum and the su-
premum in D. Moreover, D(0) = D(X,Y,Z||Uxxyxz) < +oco and D(1) = 0. Then,
by Lemma 2, the divergence D(X, Y,Z| M), with M given by (82), attains its unique
minimum when ¢ = 1/+/3; for such ¢, M = M defined in (62). Since Mi,.(X,Y,Z)
contains at least one O-covariant tri-observable by Theorem 9, then My is the unique
O-covariant element in M, (X, Y, Z). The fact that also M; given by (63) is optimal
follows since My and M; have the same marginals (see (65)).
For the optimal approximate joint measurements My and M1, we have

ne(X.Y.Z) = D(X.Y.ZIM)) = mase SIX.Y.Z|M](p)

p pure
= PIX? PIIY? p||7P
= pes(0) [SOIXE, ) +S(PIYE, ) + 52712, )]
p pure
= ¢n?oa;( : [3(cos ¢ sin b)) + 3(sin psin b)) + 5(cos )], (83)
€10,2m
0€[0,m)

where we have used the parametrization p = (1 4 cos¢sinf oy + singsinfos +
cos 0 03) /2, inserted the marginals (65) of My, and introduced the function

5 . 1+ kv 1P 21—
"2 ! : - <1.
5(v) 21«;1( + kv) ongv/\/g 21n2/} e A I <

By using the integral representation of s,

9 (5(cos ¢ sin) + 5(sin ¢ sin6) + 5(cos )

oo
__sin(4¢)(sinf)* /1 A2(1=M)(2-)?)
- 2In?2 V3 (1= A202)% (1 — A202)

bl

similar computations give the derivative with respect to §. By the same arguments as
in the case of two components, we obtain that in (83) the maximum is attained at all
angles ¢, 6 corresponding to p being an eigenprojection of o1, o5 or o3. This fact and a
final straightforward computation give (64). O

Remark 9. The last proof actually shows that Mg given in (62) is the unique O-covariant
optimal approximate joint measurement of X, Y and Z.
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C. Symmetries and proofs for two Fourier conjugate MUBs

The natural symmetry group for the two Fourier conjugate observable Q and P of (45)
is the group of the translations in the finite phase-space of the system, together with all
its symplectic transformations; as usual, we identify the latter symplectic group with the
group SL(2,F) of the 2 x 2 matrices with entries in F and unit determinant. However,
just a smaller subgroup of SL(2,F) will be enough for us. Namely, for all a € F, =
F\ {0}, we denote by d(a) and f(a) the SL(2, F)-matrices

d(a) = (g a‘}l), f(a) = (-3—1 3)

Then, the set H = {d(a),f(a) | a € F.} is an order 2(d — 1) subgroup of the or-
der d(d? — 1) group SL(2,F). It naturally acts by left multiplication on the additive
abelian group V' = F? of the F-valued 2-entries column vectors u = (uy,u2)T. We
can then form the semidirect product group G = H x V, whose composition law is
(h,u)(k,v) = (hk,k™lu + v).

The group G has a natural left action on the joint outcome space X x Y = F2: by
writing the points of X x Y = F? as columns, we have

AN T+ up
(h.w) (y) _h (y Mz). (84)

In this context, the joint outcome space X x Y is called the finite phase-space of the
system, and the subgroup V' C G is the group of its translations (d(1), w). The elements
(d(a),0) € H are diagonal symplectic transformations, while (f(1),0) just reverses
the components = and y changing the sign of = (see e.g. [57] for more details on finite
phase-spaces and their symmetries).

On the other hand, the group G has also a natural projective unitary representation
on H. In order to describe it, we first introduce the following unitary operators:

2mi

Wu)p(z) =er T2ETg(z —uy),  VueF?
D(@)é(=) = dla~12),  VaeF.=F\{0}.

The operators W (u) constitute the Weyl operators associated with the phase-space
translations, and D(a) are the squeezing operators by the nonzero scalars. Collected
together with the Fourier transform F', they satisfy the composition rules

W(w)W(v) =5 92U W (u +v), D(a)D(b) = D(ab),
F?=D_,, FD(a)F* = D(a™"),
D(a)W (uw)D(a)* = W(d(a)u), FW(u)F* = e~ % "1y (f(1)u).
Setting
U(d(a), u) = D(a)W (u), U(f(a), u) = D(a) FW (u),

we obtain a projective unitary representation of G on J. It is easily checked that
U(d(a), w)Q(x)U(d(a), w)* = Q(a(z + u1)),

d(a), w)P(y)U(d(a),u)" = P(a™" (y +u2)),

f(a),w)Q(2)U(f(a),u)" = P(—a™!(z + u1)),

f(a), w)P(y)U(f(a),u)" = Qa(y + uz)).

G

(85)

C

a

g

(
(f(a),
(f(a)

G

a

S

)
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The action (84) satisfies conditions (i.a) / (ii.a) of Theorem 4, with S¢ = G.
Moreover, by (85) the two sharp observables A = Q and B = P satisfy conditions
(i.b) / (ii.b) of the same theorem. Therefore, by Corollary 1 we conclude that the set
Mine(Q, P) contains a G-covariant element M.

Since in particular the bi-observable My is covariant with respect to the group V' of
the phase-space translations, it must be of the form

M- (z,y) = éW((x, W ((z,y)")*,  Va,y€eF, (86)
ie. Mg = M, for some state 79 € S(H) [42, Theor. 4.5.3]. According to [24, 25],
we call an observable M, of the form (86) the V-covariant phase-space observable
generated by the state T. Since My is also H-covariant and H is the stability subgroup of
G at (0,0), we see that 1) = d M (0, 0) can be any state commuting with the restriction
Ul of the representation U to H.
By [64, Props. 1 and 2], the marginals of a V-covariant phase-space observable M.
are

M-g(z) =Y QT (z—2)Q(2),  M.p(y) =D P (z—y)P(z). &)

z€eF z€F
Now, the fact that 7y commutes with U|,; and the covariance relations (85) imply
Q™ (x) = Tr [noU(f(—1),0)Q(x)U(f(—1),0)*] = P™(z), Ve €T,
Q™ (z) = Tr [1oU(d(a),0)Q(z)U(d(a),0)"] = Q™ (ax), Ve eF, acl,.

By the second relation, the probability Q™ is constant on the two subsets {0} and I,
of F, which are the orbits of the action of the multiplicative group I, on F. Therefore,
we can write Q™ as a linear combination of the two functions §p and ug — dp/d. The
normalization of Q™ requires

Q™ = Aodp + (1 — Ao)ur

for some real \g. On the other hand, we must have Ay € [-1/(d — 1), 1] by the
positivity constraint. Equations (87) with 7 = 7 then give

Mo = 2Q + (1 = Xo)Ur =: Qy, » My 2] = AP + (1 — Ao)Ur =: Py,

where Ug is the trivial uniform observable on F. If Ay > 0, then Q,, and P, have
the simple physical interpretation as uniformly noisy versions of Q and P with noise
intensities 1 — Ag, as it was explained in Section 2.4 (cf. (15)). However, we can not
exclude that )\ takes its value in the negative interval [—1/(d — 1), 0), where this
interpretation does not apply.

We finally come to the proof of our main result for two Fourier conjugate target
observables.

Proof (of Theorem 7). For \ € [0, 1], a straightforward extension of the argument in
[59, Prop. 5] from the cyclic field Z,, to the finite field I yields that the minimal noise
intensity making the two noisy observables Q) and P compatible is

1—>\21—>\*:i (88)

2(Vd+1)
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(see also Example 1 therein). Moreover, the same extension also proves that when in the
previous bound the equality is attained, Q, and Py, have a unique joint measurement
in the whole set M (X x Y); it is the V' -covariant phase-space observable M., generated
by the pure state

Vd

Ty 20+ va) |%0,0) (Y00,
with ) ¢ given in (51). As a consequence, for the two marginals Q», and P, of the
optimal approximate joint measurement My, the inequalities —1/(d — 1) < Ag < A
must hold. Note that the state 7, commutes with U | - hence it is a valid candidate for
generating the G-covariant phase-space observable M.
Now, by optimality of My we have

¢ine(Q, P) = D(Q,P[Mo) = sup [S(Q°1Q3,) + S(P7IIPK,)] =t D(Xo).

The map A — D(A) = sup, [S(Q”[|Q}) 4+ S(P?||P%)] is defined for all A € R such
that Q and P are two POVMs. By affinity, these \’s form an interval I, which neces-
sarily contains the subinterval [0, 1]. On the interval I, the function D is nonnegative;
moreover, the mappings A — QX and X\ — P% are affine on I, which, together with the
convexity of the relative entropy, implies that such are the sum and the supremum in D.
Since D(0) = D(Q, P||Uxxy) < 400 and D(1) = 0, by Lemma 2 the function D is
nonincreasing on /, and finite and strictly decreasing on [0, 1]. This fact and inequality
(88) for compatible Q) and P then imply Ay = A.. Moreover, the fact that M, is the
unique joint observable of Q,, and P, imposes 79 = T, that is My = M., which is
(51). Therefore, M, is the unique G-covariant observable in M;,.(Q, P), and

€ine(Q: P) = D(A.) = sup [S(Q71Q5,) + S(PIIPS.)] -

The first inequality in (49) then follows by evaluating the sum inside the sup at any
eigenprojection p = |d; ) (0, | of Q. On the other hand, the second inequality is the
general bound for ¢;,.(Q, P) given in (17).

We finally prove the uniqueness of the optimal approximate joint measurement (51)
in the case p # 2. If M is any observable in the optimal set M;,.(Q, P), its covariant
version M is still in M (Q, P) by Corollary 1, hence Mg = M., by the previous part.
By (22), M(z,y) < |G|M¢g(z,y) = |G|M,, (z,y) for all z, y. Since M., (z, y) has rank
1, it must then be M(x,y) = f(x,y)M,, (x,y) for some function f : F? — [0, |G|]. The
two normalization requirements >, M (z,y) = Land }_  f(z,y)M; (z,y) =
> 2y M(z,y) = 1 impose constraints on the coefficients f(z,y). If d = p" is odd,
these constraints are enough to imply that f(z,y) = 1 for all 2, y. Indeed, this follows
since in this case the observable M, is informationally complete. For d = p odd, this
is proved in [59, Prop. 9]. In the more general case d = p™ odd, the same proof still
holds, as it relies on the fact that the inverse Weyl transform of 7,

Tu(u) := Tr {7 W (u)}
Vd

1
STy dofom) + doluw) + = (

is nonzero for all u € F? (see [65, Prop. 12]). The uniqueness statement is thus proved,
and this concludes the proof of Theorem 7. O

~ 2;’7 truqus + 1):|
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Remark 10. 1. In the case p = 2, the above proof only shows that Mg defined in (51) is

2.

the unique G-covariant observable in the set M, (Q, P).

In the proof of Theorem 7, the dilational symmetries {d(a) | a € F.} simplified the
problem of characterizing the set M;,.(Q, P), reducing it to the optimization of the
single parameter A.
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