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1. Introduction

Multiaxial fatigue has been the subject for the proposal of many
criteria intended to predict fatigue strength (or fatigue life) under
multiaxial conditions from a limited number of tests under uniax-
ial or torsional conditions. Among the different multiaxial loads,
the out-of-phase (OOP) conditions that are typical of rolling con-
tact fatigue (RCF), both for subsurface and surface failures, are in
general the most detrimental for mechanical applications, with a
severe reduction of the allowable fatigue shear strength respect
to simple torsion.

RCF is traditionally treated in terms of an allowable Hertzian
pressure [1], while the Dang Van criterion [2] has been the theory
widely adopted for several applications including RCF [3–5], due to
the treatment of out-of-phase stress components histories and the
simple definition of allowable shear stress, as a linear function of
the hydrostatic stress rh. Nevertheless, fatigue failure assessments
under RCF cannot be made regardless of the influence of small de-
fects. Service life of high strength steel bearings is found to be af-
fected by the presence of small inclusions whereas catastrophic
failures of railway wheels are triggered by sub-surface defects
[6]. Therefore, it is important to consider the presence of defects
for a significant strength prediction under RCF conditions.

In the literature two typical treatments of RCF in presence of de-
fects are adopted: (a) calculation of the stress intensity factor (SIF)
at the tip of defects and by comparing it with the threshold stress
intensity factor range, DKth, obtained under Mode II/III [7,8] and (b)
use of a fatigue criterion in which the fatigue limit depends on de-
fect size by assuming, according to Murakami’s concept, that de-
fects can be treated as small cracks [9].

The approach (a) is more rigorous since it employs a threshold
condition for crack propagation based on the threshold values
DKII,th (or DKIII,th), which are obtained in shear/torsion tests and ac-
count for shear mode failure mechanisms. However, this approach
is found to overestimate the real threshold under RCF conditions.
As a matter of fact, the authors have presented a novel series of
experiments on microcracked specimens subjected to out-of-phase
loads, which have clearly shown that the threshold DKIII,th in RCF
conditions (both for a gear and a bearing steel) is much lower than
that under simple torsion [10,11], due to the crack opening caused
by the severe plastic deformation and rubbing of crack lips. How-
ever, up to now there are no experimental results for applications
like the railway wheels, where mild steels are adopted.

The approach (b), for which the fatigue limit depends on defect
size, does not appear to be fully correct when applied to RCF prob-
lems. As a matter of fact, for materials containing defects, even
when a multiaxial fatigue criterion is able to correctly predict the
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Nomenclature

LP loading path
OOP out of phase
p0 maximum contact pressure
R stress ratio
RCF rolling contact fatigue
s ratio between the fully reversed torsional fatigue limit

and the fully reversed uniaxial fatigue limit
SIF stress intensity factor
a angle between the fracture plane and the critical plane
aDV Dang van material parameter
b, g, k Liu–Mahadevan material parameters
kv cyclic yield shear stress
Da coplanar crack depth
DK stress intensity factor range
DN number of cycle
rH

a;c hydrostatic stress amplitude acting on the critical plane
rm,c normal mean stress acting on the critical plane
ra,c normal stress amplitude acting on the critical plane

rh hydrostatic stress
rW fully reversed uniaxial fatigue limit
sa,c shear stress amplitude acting on the critical plane
sW fully reversed torsional fatigue limitffiffiffiffiffiffiffiffiffiffi

area
p

crack size expressed in terms of square root of the pro-
jected crack areaffiffiffiffiffiffiffiffiffiffiffiffi

area0
p

fictitious crack length parameter

Subscripts
I Mode I
II Mode II
III Mode III
th threshold
I,th,LC Mode I threshold for long crack
III,th,OOP Mode III threshold for out-of-phase loading
behavior of smooth specimens, it fails in describing the condition
of non-propagating small cracks in presence of a high negative
hydrostatic stress [12].

In the present paper we would like to address these two open
points. Firstly, we present a summary of experimental results on
very small defects under RCF conditions for two hard steels
(respectively, a bearing and a gear steel), together with new results
for a mild steel adopted for manufacturing railway wheels.

Then, the above experimental data are analyzed in terms of the
criteria usually adopted in RCF applications (namely, Dang Van cri-
terion [13,14] and Liu–Mahadevan criterion [15,16]). Finally, the
conditions for the applicability of such criteria are discussed.

2. Experiments for Mode III thresholds in RCF

The materials tested for investigating Mode III crack thresholds
under pure torsion and RCF conditions are two hard steel, a bearing
steel and a Q&T steel for gears (SAE 5135 steel), and a ductile steel
widely used for manufacturing railway wheels (R7T steel). Ulti-
mate tensile stress (UTS) as well as monotonic and cyclic yield
stress (0.2% plastic strain offset) are listed in Table 1.

As it can be observed, the three materials are very different in
terms of monotonic and cyclic properties.

2.1. Specimen shape and dimension

All the fatigue tests were carried out onto micronotched hour-
glass specimens (Fig. 1). After machining, the specimens were hand
polished and then electro-polished (surface removal 30–40 lm) in
order to reduce the residual stresses.

After surface finish, artificial micronotches were then intro-
duced onto the surface of the specimens by EDM machining: three
different defects were introduced, characterized by a size (ex-
pressed in terms of Murakami’s

ffiffiffiffiffiffiffiffiffiffi
area
p

parameter) of 220, 315
and 630 lm. Defect sizes are shown in Fig. 1.
Table 1
Tensile properties of the three steels.

Material UTS (MPa) M

Bearing steel 2360 1
Gear steel 2150 1
Railway wheel steel 875 5
2.2. Precracking and fatigue test details

All specimens were preliminary pre-cracking in Mode I in order
to induce the formation of small non-propagating cracks at the
bottom of the notches. The pre-cracking procedure was carried
out under tension–compression, with a stress ratio R = �2 for 107

cycles, at stress levels slightly lower than the fully reversed uniax-
ial fatigue limit. After pre-cracking procedure all the specimens
were observed under a scanning electron microscope (SEM) to ver-
ify the success of pre-cracking procedure, and if not successful, the
Mode I loading was repeated. More details can be found in
[10,11,17].

After the pre-cracking procedure, the specimens were subjected
to torsional and out-of-phase tests at different Mode III stress
intensity factor range, DKIII, values. The out-of-phase (OOP) tests
were carried out according to three different load paths: in the case
of the bearing steel, two load paths provided by SKF (the industrial
partner) were adopted (namely load paths LP1 and LP2, which rep-
resent the stress state experienced by a sub-surface defect parallel
and inclined in respect to the free contact surface respectively),
while the gear and the railway steel were subject to a load path
LP3, very similar to LP1. The three load patterns are shown in Fig. 2.

The tests were conducted in force/torque control using an MTS
809 Axial Torsional System. The surface-mixed mode crack ad-
vance was constantly monitored during the test by employing
the method of plastic-replicas.

Following the fatigue test, all the specimens were examined un-
der SEM, after having removed the debris clopping the defect, by
intense ultrasonic cleaning in acetone. Both the specimen surface
appearance and the co-planar (XZ plane in Fig. 1) fracture surface
morphology were investigated (the latter inspected after static
cryogenic rupture in liquid nitrogen). The coplanar crack growth
rate was estimated at the end of each test as Da/DN, where Da is
the coplanar crack depth and DN is the number of cycles at the
end of the test.
onotonic yield stress (MPa) Cyclic yield stress (MPa)

980 2070
395 1735
45 480



Fig. 1. Shapes and sizes of specimen and artificial micro-notches adopted in fatigue tests.
2.3. Fatigue test results

In the case of the bearing and the gear steel the crack growth
under out of phase tests, LP1 and LP3 respectively, is found to be
characterized by a co-planar shear growth (which correspond to
a pure Mode II and Mode III at the surface point and at the defect
tip respectively, see Fig. 3), accompanied by the formation of debris
and plastic deformation of the crack mouth, at DKIII levels much
lower than the ones corresponding to Mode I threshold.

For the same materials, tests under simple torsion showed a
small co-planar crack advance (with a growth rate comparable to
threshold region) at DKIII levels similar to DKI,th, together with
the formation of pure Mode I cracks on planes tilted at 45� respect
to crack plane, see Fig. 3. These Mode I cracks are the ones respon-
sible for fatigue failure at stress levels higher than the fatigue limit
and, correspondingly, the fatigue limit is the Mode I threshold onto
the tilted cracks.

For the bearing steel, out-of-phase tests under LP2 show a
behavior similar to torsion. The failure is controlled by Mode I
propagation: the observation of fracture surfaces for interrupted
tests reveals a small co-planar growth with the early development
of Mode I on tilted planes, see Fig. 3. Details can be found in [17].

The experimental results on the railway wheel steel [18] re-
ported in Table 2, fully confirm results onto bearing and gear steels.
Two different defect sizes have been considered, characterized by a
size (expressed in terms of Murakami’s

ffiffiffiffiffiffiffiffiffiffi
area
p

parameter) of 220
and 630 lm. In Fig. 4, for each defect size, it is possible to note a
huge and continuous coplanar crack propagation at a stress level
much lower than the Mode I threshold for long cracks. The Mode
III threshold under out-of-phase tests appears to be very low and
can be estimate to be the 30% of the threshold for long crack, quite
independently from the defect sizes.

Comparing this result with the previous ones obtained on dif-
ferent materials in terms of coplanar crack growth rate, Da/DN,
as a function of the applied Mode III stress intensity factor, DKIII,
normalized with respect to the Mode I threshold for long crack,
DKI,th,LC as reported in Fig. 5, it appears evident that it is always
possible to note a strong reduction of the Mode III threshold under
out of phase conditions (DKIII,th,OOP). The major effect has been ob-
served for the railway wheel steel, that is the more ductile tested
material. Even if the entity of this reduction depends on material,
the experimental results confirm the same failure mechanism for
all the tested materials, characterized by plastic deformation and
rubbing of fracture lips resulting in a residual opening between
the crack lips. This is the reason why, for all the tested materials,
it is always possible to note a strong reduction of DKIII,th,OOP in
comparison to DKI,th,LC. During OOP fatigue tests the emission of
debris, emerging from the crack, due to the abrasion process
engendered by the interaction of the sliding rough crack surfaces
during anti-plane shear, was noted.
3. Application of multiaxial fatigue criteria

The observed experimentally behavior, characterized by a
strong reduction of allowable applied shear stress amplitude in
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Fig. 2. Load patterns: (a) Load Path 1 (LP1) for bearing steel, (b) Load Path 2 (LP2)
for bearing steel and (c) Load Path 3 (LP3) for gear steel and railway wheel steel.

Fig. 3. Schematic illustration of Mode I, II and III crack propagation in multiaxial
fatigue tests.
presence of a compressive out-of-phase normal stress, has been
studied considering different multiaxial high cycle fatigue criteria.
Two different criteria has been selected, i.e. the Dang Van crite-
rion and the Liu–Mahadevan criterion. These two criteria are
widely used in literature for the prediction of fatigue life in rolling
contact fatigue problems.

For all the materials, a series of axial or bending fatigue tests, at
a stress ratio R = �1, were carried out on micro-notched and
smooth specimens in order to determine the relationship between
fatigue strength and defect size (Kitagawa diagram).

The experimental results of the Kitagawa diagram were inter-
polated by means of the modified El-Haddad model [19]:

rW ¼ rW0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
area0
pffiffiffiffiffiffiffiffiffiffi

area
p

þ ffiffiffiffiffiffiffiffiffiffiffiffi
area0
p

s
ð1Þ

where rW0 is the fatigue limit for smooth specimens, rW is the fa-
tigue limit depending on defect size (expressed in terms of Muraka-
mi’s

ffiffiffiffiffiffiffiffiffiffi
area
p

parameter) and
ffiffiffiffiffiffiffiffiffiffiffiffi
area0
p

is the fictitious crack length
parameter found by interpolating the fatigue limit experimentally
obtained for different defect sizes.

The same procedure has been applied to obtain the torsional fa-
tigue limit depending on the defect size. According to the experi-
mental results reported in Refs. [10,11] the ratio s, between the
fully reversed torsional fatigue limit, sW, and the fully reversed
uniaxial fatigue limit, rW, is equal to 1 for the bearing and the gear
steel. For the railway wheel steel the ratio s is equal to 0.83 as re-
ported in Ref. [4] for smooth specimens. Similar results were also
obtained in Ref. [20] with tests onto micronotched specimens.

Due to the confidentiality agreement with the industrial part-
ners involved in this project, all the results presented below will
be normalized in respect to the Mode I threshold for long cracks,
DKth,I,LC, or the axial fatigue limit, rW.

3.1. Dang Van fatigue criterion

The basis of the Dang Van criterion is the application of the elas-
tic shakedown principles at the mesoscopic scale (more details can
be found in Refs. [13,14]). The Dang Van criterion can be expressed
by:

sDVðtÞ þ aDVrhðtÞ 6 sW ð2Þ

where aDV is a material constant to be determined, sW is the fatigue
limit in reversed torsion, rh(t) is the instantaneous hydrostatic
component of the stress tensor and sDV(t) is the instantaneous value
of the Tresca shear stress, that is:

sDVðtÞ ¼
s
_

IðtÞ � s
_

IIIðtÞ
2

ð3Þ



Table 2
Out-of-phase fatigue test results. Railway wheel steel.

Specimen No.
ffiffiffiffiffiffiffiffiffiffi
area
p

(lm) DKIII/DKI,th,LC Number of cycles Co-planar Mode III (lm)

R.01 630 0.71 105 876
R.06 630 0.59 1.6 � 105 946
R.12 630 0.59 1.6 � 105 957
R.08 630 0.50 2.0 � 105 381
R.09 630 0.50 2.0 � 105 466
R.07 630 0.42 106 1741
R.04 630 0.34 106 80
R.10 630 0.25 106 20
R.24 220 0.71 0.6 � 105 1068
R.18 220 0.59 1.2 � 105 640
R.13 220 0.47 1.2 � 105 241
R.16 220 0.47 1.2 � 105 188
R.19 220 0.36 5.0 � 105 79
R.15 220 0.30 106 57
evaluated over a symmetrized stress deviator found at the mes-
oscopic scale, which is obtained by subtracting from the deviatoric
stress sij(t) a constant tensor, sij,m, that is:

s
_

ijðtÞ ¼ sijðtÞ � sij;m ð4Þ

where sij,m is a residual stress deviator, able to fulfill the condition
of an elastic shakedown state at the mesoscopic scale.

The constant aDV appearing in the expression of the Dang Van
criterion is usually calibrated with two fatigue tests, that is: ten-
sion–compression to determine rW and pure torsion to determine
sW:

aDV ¼ 3ðsW

rW
� 1

2
Þ ð5Þ

The resulting failure locus is a line as reported in the sDV–rh

plane (original Dang Van locus in Fig. 6). Plotting onto sDV–rh plane
the stress cycles corresponding to a three-dimensional rolling/slid-
ing point contact with a ratio p0/kY equal to 3.5, being p0 the max-
imum contact pressure and kY the cyclic yield shear stress,
Desimone et al. [21] pointed out that, if the conventional Dang
Van formulation is considered, failure would not be predicted. On
the contrary, the used value of the ratio p0/k should be the lower
limit for fatigue accumulation according to Johnson [22]. In order
to predict failure using the Dang Van criterion, Desimone et al.
[21] argued that the failure locus in the region with rh < 0 should
be modified into a constant value sW = 0.5rW (proposed conserva-
tive locus in Fig. 6). A recent papers [23], with application to bear-
ings, support this kind of modification. The Dang Van criterion, in
its original and modified forms, is then applied to experimental
data previously discussed.
3.1.1. Bearing steel
The application of the Dang Van criterion to the bearing steel for

LP1 is reported in Fig. 7. The results are normalized with respect to
the axial fatigue limit, rW. For each defect size, three different fa-
tigue tests are reported in the Dang Van plane (sDV versus rh):
the first one, characterized by the lower value of the ratio DKI/
DKI,th,LC, equal to 0.3 for

ffiffiffiffiffiffiffiffiffiffi
area
p

= 220 lm and 0.49 forffiffiffiffiffiffiffiffiffiffi
area
p

= 630 lm, is below the out of phase fatigue limit with the
presence of non-propagating cracks; the second one, with a ratio
DKIII/DKI,th,LC equal to 0.38 for

ffiffiffiffiffiffiffiffiffiffi
area
p

= 220 lm and 0.53 forffiffiffiffiffiffiffiffiffiffi
area
p

= 630 lm, is a middle value with an initial coplanar crack
growth; finally the last one, with a ratio DKIII/DKI,th,LC equal to
0.62 for

ffiffiffiffiffiffiffiffiffiffi
area
p

= 220 lm and 0.68 for
ffiffiffiffiffiffiffiffiffiffi
area
p

= 630 lm, is character-
ized by a evident coplanar crack growth. Despite the evident copla-
nar crack growth, all the fatigue tests are below the original locus
proposed by Dang Van. Hence, it is possible to conclude that, at
least for a coplanar/Mode III failure, the original Dang Van criterion
is not able to correctly predict the experimental results, leading to
unsafe predictions.

The introduction of a new conservative locus, as proposed by
Desimone et al. in Ref. [21], seems to better reproduce the experi-
mental results. For the smaller defect size (Fig. 7-a), the fatigue
limit in out-of-phase is correctly predicted. This tendency is con-
firmed by the second defect size, even if the prediction seems to
be a little more conservative.

The introduction of the conservative locus seems to be a nec-
essary condition for the prediction of Mode III failure: as a matter
of fact, the out-of-phase tests have clearly shown this is a failure
mode completely different from the ‘usual’ Mode I that defines
the original Dang-Van locus (which is defined by fatigue limits
under tension–compression and torsion). So the superposition of
a more conservative limit appears to be correct. It is also impor-
tant to note that Mode I crack propagation never appears in LP1
fatigue tests, if the load path in the Dang Van plane is below the
original locus. This can be noted in Fig. 8a, where two different
fatigue tests are reported. The first one, characterized by a ratio
of DKIII/DKI,th,LC equal to 0.62, is below the original Dang Van lo-
cus and no evidence of mode I crack propagation has been exper-
imentally observed. On the contrary, as soon as the loading path
in the Dang Van plane exceeds the original locus, it is always pos-
sible to observe on the specimen surface the formation of a Mode
I crack, confirming the idea that this original locus can be seen as
a Mode I failure locus.

This idea apparently looks to be supported by the analysis of LP2
and torsional tests. Since, failure under these tests is controlled by
Mode I, drawing all these load paths in the Dang Van plane, it is pos-
sible to observed that in all cases the Mode I failure is characterized
by the crossing of the original locus, as reported in Fig. 8b.

3.1.2. Gear steel and railway wheel steel
The results obtained for the gear and railway wheel steels under

torsion and LP3 are very similar to the ones of the bearing steel. In
particular, torsional fatigue limit corresponds to the onset of Mode
I propagation onto tilted planes, while OOP tests show a threshold
DKIII much lower than DKI,th. The predictive capabilities of the
Dang Van criterion have been checked for these two steels. In
Fig. 9 the experimental results are reported in the Dang Van plane
for the railway wheel steel. The results confirm the same trend pre-
viously discussed for the bearing steel. The original Dang Van locus
fails in the prediction of a Mode III crack growth, while the pro-
posed conservative locus is able to correctly predict the multiaxial
fatigue limit in out-of-phase.

3.2. Liu–Mahadevan fatigue criterion

The Liu–Mahadevan criterion [15,16] is a high cycle fatigue
criterion based on the definition of a critical plane and a fatigue
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fracture plane, where the fracture plane is the crack plane observed
at macro level, while the critical plane is a material plane where
the fatigue damage is evaluated. In the original proposed model
the fracture plane is defined as the plane which experiences the
maximum normal stress amplitude.
The critical plane orientation may differ from the fatigue frac-
ture plane for different materials [15]. For extremely brittle mate-
rials, characterized by a ratio between the fully reversed torsional
fatigue limit and the fully reversed uniaxial fatigue limit s P 1, the
value of the angle a between the fracture plane and the critical
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Application of Dang Van criterion to rolling/sliding contact, for a spherical contact
of radius 1 mm and friction coefficient l = 0.1.
plane can be set to zero, so that the critical plane coincides with the
fracture plane. In the general case the angle a can be obtained as a
function of the ratio s:

cosð2aÞ ¼ �2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 4ð1=s2 � 3Þð5� 1=s2 � 4s2Þ

p
2ð5� 1=s2 � 4s2Þ ð6Þ

Once the critical plane has been defined, the fatigue model is:

req ¼
1
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ra;c 1þ g

rm;c

rW

� �� �2

þ rW

sW

� �2

ðsa;cÞ2 þ k rH
a;c

� �2

s
ð7Þ

where ra,c, sa,c and rh
a;c are the normal stress amplitude, shear stress

amplitude and hydrostatic stress amplitude acting on the critical
plane respectively. rm,c is the mean normal stress acting on the crit-
ical plane. b, g, and k are material parameters depending on the ra-
tio, s, between the torsional and the uniaxial fully reversed fatigue
limit:
s ¼ sW

rW
P 1)

b ¼ s

k ¼ 9ðs2 � 1Þ
g ¼ 1

8><
>: ð8Þ

s ¼ sW

rW
< 1)

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2ð2aÞs2 þ sin2ð2aÞ

q
k ¼ 0

g ¼ 3
4þ 1

4

ffiffi
3
p
�1=sffiffi
3
p
�1

� �
8>><
>>: ð9Þ
3.2.1. Bearing steel
The application of the Liu–Mahadevan criterion to the bearing

steel is shown in Fig. 10. The results are normalized in respect to
the axial fatigue limit, rW. The application of this criterion to the
LP1 gives good results. The prediction of the fatigue limit is correct
for a defect size equal to

ffiffiffiffiffiffiffiffiffiffi
area
p

= 630 lm. On the contrary, the pre-
diction in the case of a defect size equal to

ffiffiffiffiffiffiffiffiffiffi
area
p

= 220 lm seems
to be slightly non-conservative. The predicted fracture plane for
LP1, the horizontal plane, is in full agreement with the observed
macroscopic crack plane.

For the LP2 the prediction of the Liu–Mahadevan criterion is
still good (Fig. 10-c). The predicted fracture plane inclined by an
angle of 50� with respect to the horizontal direction, is also in good
agreement with experimentally observed macroscopic fracture
plane.

3.2.2. Gear steel and railway wheel steel
The good predictions showed by the Liu–Mahadevan criterion

are fully confirmed by its application to the gear steel in the predic-
tion of both the fatigue limit and the fracture plane.

A different conclusion has to be drawn for the railway steel. The
application of the Liu–Mahadevan criterion gives non-conservative
results in the case of defect size equal to

ffiffiffiffiffiffiffiffiffiffi
area
p

= 630 lm (Fig. 11).
For a fatigue tests characterized by a huge coplanar crack depth,
greater than 1.7 mm in 106 cycles, the equivalent stress predicted
by the Liu–Mahadevan criterion is still well beneath the fatigue
limit.

As a result, to obtain an equivalent stress equal to the fatigue
limit is required to apply a DKIII,OOP in out-of-phase tests equal to
0.65 the Mode I threshold for long crack, a value well greater than
the experimental one, estimated in the range 0.35–0.40.
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Fig. 7. Application of Dang Van criterion to bearing steel and Load Path 1: defect size equal to
ffiffiffiffiffiffiffiffiffiffi
area
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= 220 lm (a) and
ffiffiffiffiffiffiffiffiffiffi
area
p

= 630 lm (b).
4. Discussion

Different criteria have been compared in their capability to cor-
rectly predict the Mode III threshold under rolling contact fatigue
condition. In Fig. 12 is reported the application of the different cri-
teria to bearing steel experimental results with a defect size equal
to

ffiffiffiffiffiffiffiffiffiffi
area
p

= 220 lm. The vertical grey band represents the Mode III
threshold experimentally obtained in OOP tests. The horizontal
line represents the condition for the crack growth predicted by
the different criteria. For the Dang Van criterion, the equivalent
stress is the equivalent shear stress obtained as the maximum va-
lue over the observation time (Eq. (2)). For the Liu–Mahadevan cri-
terion the equivalent stress is the value obtained by applying Eq.
(7). The predicted Mode III threshold can be calculated as the inter-
section between the prediction of the different criteria for different
applied loads (different value of the ratio DKIII/DKI,th,LC in Fig. 12)
and the horizontal line. As reported in Fig. 12 the Dang Van crite-
rion with the original locus gives a very non-conservative predic-
tion. On the contrary, changing the definition of the failure locus,
the prediction becomes conservative. The best prediction is
achieved by the application of the Liu–Mahadevan criterion.

The same conclusions are still valid for the other materials and
for the other defect sizes. The results are reported in Table 3.

The biggest error in the application of the Liu–Mahadevan crite-
rion is achieved in the case of the railway wheel steel. This result is
strongly influenced by the ratio s. The results reported in Table 3
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Fig. 8. Mode I and Mode III crack propagation in the Dang Van plane. Bearing steel with defect size equal to

ffiffiffiffiffiffiffiffiffiffi
area
p

= 220 lm: Load Path 1 (a) and Load Path 2 (b).
have been obtained using a ratio s, in agreement with the experi-
mental results, equal to 0.83. This ratio is typical of materials con-
taining defects, but it is not a typical value of a ductile material.
Changing the s value in the Liu–Mahadevan criterion, the predicted
Mode III threshold in rolling contact fatigue conditions changes
approaching the experimental value, as can be observed in
Fig. 13. A value of the s ratio equal to 0.5 fulfills the experimental
threshold in mode III under the out-of-phase scheme. The results of
the Liu–Mahadevan criterion as a function of the ratio s are re-
ported in Table 4.
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Fig. 9. Application of Dang Van Criterion to railway wheel steel and Load Path 3: defect size equal to

ffiffiffiffiffiffiffiffiffiffi
area
p

= 220 lm (a) and
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5. Conclusions

In this paper we summarize the fatigue test results obtained for
three different steels (a bearing, a gear and a railway wheel steels)
that have been subjected to out-of-phase multiaxial fatigue tests,
simulating RCF conditions in presence of small shallow pre-cracks.
The experimental results have then been discussed adopting the
Dang Van criterion and the Liu–Mahadevan criterion, that are
two multiaxial high cycle fatigue criteria widely adopted for fati-
gue analysis in contacting bodies.

The results show that the fatigue resistance domain is charac-
terized by the presence of two different phenomena. In the region
of rh < 0, tests simulating RCF for deep defects show a peculiar co-
planar propagation driven by shear, while in torsional tests and
out-of-phase tests with rh > 0, the fatigue strength appears to be
controlled by the onset of Mode I propagation.

The Dang Van criterion with the original failure locus is not able
to predict both failure mechanisms. The original locus seems to
correspond to Mode I failure experimentally observed in torsional
fatigue tests and in the Loading Path 2 for the bearing steel. On the
contrary, the application of the original failure locus is extremely
non-conservative in the prediction of Mode III failure experimen-
tally observed in out-of-phase fatigue tests. These results have
been confirmed on three different materials with different cyclic
and monotonic properties, from extremely brittle to ductile steels.
The introduction of a different failure locus, characterized by the
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Table 3
Mode III threshold under out-of-phase fatigue tests in term of the ratio DKIII,th,OOP/DKI,th,LC, evaluated by employing the experimental value of the s ratio.

Material
ffiffiffiffiffiffiffiffiffiffi
area
p

(lm) Experimental Original Dang Van Modified Dang Van Liu–Mahadevan

Bearing steel 630 0.45–0.50 0.75 0.33 0.53
Bearing steel 220 0.40–0.45 0.70 0.32 0.50
Gear steel 630 0.60–0.65 0.92 0.35 0.62
Gear steel 220 0.55–0.60 0.98 0.37 0.65
Railway wheel steel 630 0.35–0.40 0.78 0.35 0.63
Railway wheel steel 220 0.30–0.35 0.58 0.26 0.47
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Fig. 13. Effect of the ratio s on the prediction of Liu–Mahadevan criterion. Railway
wheel steel, Load Path 1 and defect size equal to

ffiffiffiffiffiffiffiffiffiffi
area
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= 630 lm.

Table 4
Influence of the s ratio on the mode III threshold under out of phase fatigue tests, in
term of the ratio DKIII,th,OOP/DKI,th,LC, for the railway wheel steel using the Liu–
Mahadevan criterion.

ffiffiffiffiffiffiffiffiffiffi
area
p

(lm) Experimental s = 0.5 s = 0.58 s = 0.83

630 0.35–0.40 0.36 0.46 0.63
220 0.30–0.35 0.27 0.34 0.47
independence of fatigue limit by hydrostatic stress for negative
values, seems to underestimate the Mode III failures under OOP
tests.

The Liu–Mahadevan criterion is able to discern between brittle
and ductile steels by the definition of a different set of material
parameters. For the brittle steels, i.e. the bearing and the gear
steels, characterized by a ratio s between the torsional and the uni-
axial fatigue limit equal to 1, the Liu–Mahadevan criterion is able
to give good predictions for both Mode I and Mode III failure mech-
anism. The application to ductile steel, i.e. the railway wheel steel,
gives non-conservative results. However, predictions due to Liu–
Mahadevan can become very precise if the ratio s is fixed to 0.5
(typical for ductile steels) instead of considering the experimental
one.
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