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1. Introduction

ANC is a methodology that employs (secondary) acoustic sources to attenuate a (primary) acoustic noise exploiting
the principle of destructive interference (see, e.g., [1,2]). In the feedforward ANC setting the controller is an adaptive digital
filter that processes an input reference signal (correlated with the primary noise), in order to drive the secondary acoustic
source to provide the appropriate canceling signal at a given measurement point. The residual noise measured by the error
microphone is used to tune the filter parameters (sometimes called weights), typically based on a LMS-type rule.

The ANC scheme configures an indirect identification problem where the control filter is adapted without the direct
knowledge of its desired output signal, the error being measured only after the secondary path (i.e., the electroacoustic
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system accounting for the actuation and measurement chain of the control loop, as well as the involved acoustic channel).
Nevertheless, in the linear case, the control filter and secondary path can be swapped in the slow adaptation hypothesis,
transforming the indirect identification problem into a direct one. As a result, the gradient of the error cost function can be
conveniently approximated in terms of products of the current error with an auxiliary signal, obtained by filtering the input
or output of the control filter through the secondary path. This is the rationale behind popular ANC algorithms such as the
Filtered-x Least Mean Squares (FXLMS) or the Filtered-u LMS (FULMS) algorithms [1].

Unfortunately, this reasoning does not generally apply in the nonlinear case. ANC is affected by several sources of
nonlinearity, such as distortion or saturation on the involved microphones, amplifiers, and loudspeakers [3]. For these reasons
several nonlinear ANC (NANC) methods have been recently introduced in the literature, based on different nonlinear model
structures of the control filter, such as truncated Volterra expansions [4–7], radial basis functions [4], multilayer artificial
neural networks (MLANN) [3,8], functional link artificial neural networks (FLANN) with trigonometric [6,9-12], or piecewise
linear functional expansions [13], adaptive bilinear filters [14], general function expansion (GFE) nonlinear filters [15],
recursive second order Volterra (RSOV) filters [16], polynomial nonlinear autoregressive models with exogenous variables
(NARX)1 [17,18].

Adaptive algorithms of the LMS family can be extended to several of these model classes, in the simplifying assumption
that the secondary path dynamics be linear. For example, the Volterra FXLMS (VFXLMS) [5], the Filtered-S LMS (FSLMS)
[9,10,19], the Bilinear FXLMS (BFXLMS) [14], and the Filtered-x Affine Projection (FAP) algorithm for both the adaptive
Volterra filter and the FLANN structures [12,13], are documented in the literature. Indeed, the assumption of the linearity of
the secondary path together with the special structure of the control filter allows the commutation of the secondary path
with the linear portion of the control filter (containing the weights), transforming the ANC problem into a direct model
identification problem, as with the FXLMS/FULMS schemes [17].

In the more general hypothesis that the secondary path is nonlinear, this commutation is no longer feasible and the
adaptation process remains unavoidably indirect. As a result, the gradient of the cost function with respect to the control
filter weights depends on the input–output gradient of the secondary path, by application of the chain rule [3,15–17]
This complicates the exact computation of the gradient, since it involves nonlinear recursive filtering tasks [17]. Besides the
high computational effort required, the stability of such filters (which depend on the current estimates of the parameters)
cannot be guaranteed. This problem is typically solved by simplifying the expressions for the computation of the gradient
disregarding the recursive terms, along with the well-known Feintuch's assumption [20]. For example, in the case of
polynomial NARX models this leads to the Nonlinear Filtered Gradient LMS (NFGLMS) algorithm [17]. However, the
complexity of the ANC scheme is still significant, and the impact of Feintuch's assumption in terms of convergence speed is
not always negligible.

As noted in [17], the indirect structure of the adaptation process is also a complication for model structure selection [21],
which is crucial in nonlinear black-box identification applications to avoid overparametrization with all its related effects
(see, e.g., [22,23]). Model selection is particularly important in the ANC context to cut down the on-line computational load
(by reducing the size of the estimated models) in order to meet the real-time requirements of the on-line operation. Besides,
it may also have an impact on the noise reduction performance itself, since the parameters of more compact and precisely
matched model structures are estimated [17]. In addition, model selection may be necessary to track structural variations
of system dynamics. Unfortunately, none of the adaptive model selection approaches available in the literature (see, e.g.,
[24–28]) are suitable in the NANC context, since – again – they rely on a direct identification setting.

To circumvent these problems a nongradient-based error minimization algorithm is developed in this work for the
adaptation of general nonlinear control filters of the polynomial NARX family [29], inspired by Stochastic Approximation
(SA) methods and evolutionary optimization algorithms. These are optimization algorithms that operate without directly
exploiting the gradient of the loss function, but using only measurements of the function itself and heuristic policies to
move in the parameter space [30–33]. SA and evolutionary algorithms can be advantageous in ANC since they can operate
without a secondary path model, which is required for gradient calculation only (see, e.g., [34–39]). However, in order to
obtain reliable measurements of the loss function, a transient time must be allowed after each parameter perturbation is
effected, with a consequent increase in the convergence time. This is all the more relevant given that acoustic paths are
typically nonminimum phase. In addition, a temporary performance loss may be experienced when worsening directions
are explored in the parameter space.

In this paper, an SA-type method is employed to address the NANC problem exploiting its gradient-free optimization
feature, which allows to circumvent the costly recursions required to account for the secondary path input–output gradient
in the general NANC adaptation schemes of [15,17]. Contrary to the mentioned approaches, a model of the secondary path
(which can be accurately estimated and tracked with well assessed algorithms in practical applications) is also employed,
to perform a virtual backward reconstruction of the effects of a given parameter perturbation, accelerating the process
convergence and avoiding temporary performance losses. This virtualization scheme allows the parallel simulation of
multiple filter instances, subject to different perturbations. Based on it, a weight adaptation algorithm for NARX models is
first proposed that, similar to SA approaches, uses local information obtained by the evaluation of the loss function resulting
1 Notice that the polynomial NARX class strictly includes truncated Volterra expansions and bilinear models as well as RSOV filters.



from suitable perturbations of the control filter parameters to establish a convenient update direction in the parameter
space. The update rule follows a classical steepest-descent paradigm.

A model selection algorithm for NARX models is also designed based on a similar rationale, virtually evaluating the effect
of different structural variations. An heuristic policy is used to progressively construct the model by adding and pruning
terms. To avoid affecting the control performance during the selection process, a model of the secondary path is used to
assess each tentative structural modification, by estimating its effect on the output performance on a virtual channel.
This allows to evaluate different structural modifications in parallel, compatibly with the computational resources available.
Given that model selection is intrinsically computationally intensive, a downsampling of this task is here suggested to fit
the computational capacity of the control hardware, while the main control loop provides noise attenuation based on a
provisional control filter structure.

The rest of the paper is organized as follows. Section 2 illustrates the basic ANC scheme, discussing the implications
of the nonlinear setting. Section 3 provides a brief overview of SA-type methods for ANC applications and presents the
suggested gradient-free weight update method for the full NANC context. The method is then extended to address the
model selection task in Section 4.2. Several simulation examples that show the effectiveness of the proposed methods are
illustrated in Section 5 before the final conclusions.
2. The ANC problem

2.1. The basic ANC scheme

The basic feedforward ANC scheme (see Fig. 1) requires the availability of a reference input signal x(n), that must be
highly correlated with the offending noise d(n). The primary path P describes the model relating x(n) to d(n), essentially
accounting for the acoustic path involved in the noise transmission. The reference signal is processed by an adaptive digital
filter C, whose output y(n) drives a secondary acoustic source, with the aim to generate a secondary signal y′ðnÞ interfering
negatively with the primary noise d(n) at the error microphone. The secondary path S describes the model between y(n)
and y′ðnÞ. The control filter parameters (called weights) are adapted so as to minimize the (mean square) measured error
eðnÞ ¼ dðnÞ�y′ðnÞ. In the basic ANC setting, the acoustic paths are assumed linear and time-invariant (or at least sufficiently
slowly time varying), so that they can be characterized by their transfer functions P(z) and S(z), or, in the time domain, by
their impulse responses, p(n) and s(n).

In the simplest case, the adaptive filter is assumed to have a Finite Impulse Response (FIR) structure:

yðnÞ ¼ ∑
L�1

l ¼ 0
wlðnÞxðn� lÞ ¼wðnÞTxðnÞ;

where xðnÞ ¼ ½xðnÞ xðn�1Þ … xðn�Lþ1Þ�T and wðnÞ ¼ ½w1ðnÞ w2ðnÞ … wL�1ðnÞ�T is the weight vector at time n, L being the
FIR length. The secondary signal is obtained as the linear convolution of the secondary path impulse response sequence s(n)
and the filter's output y(n):

y′ðnÞ ¼ sðnÞnyðnÞ; (1)

The weight update rule is the core of the feedforward ANC scheme, and is typically a simple gradient-based method of
the LMS family. Indeed, under some simplifying assumptions, the gradient of the error cost function has a computationally
convenient form. More precisely, expressing the error signal as

eðnÞ ¼ dðnÞ�y′ðnÞ ¼ dðnÞ�sðnÞn½wðnÞTxðnÞ�

and using the stochastic gradient approach [1] one obtains the following weight update equation:

wðnþ1Þ ¼wðnÞ�μ

2
∂eðnÞ2
∂wðnÞ

!T

¼wðnÞþμ
∂y′ðnÞ
∂wðnÞ

� �T

eðnÞ; (2)
Fig. 1. Block diagram of an ANC system.
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Fig. 2. ANC scheme with commutation of C and S.
where μ is the algorithm gain or step size. In the popular FXLMS algorithm [1], the derivative term in the previous
expression is approximated as

∂y′ðnÞ
∂wðnÞffisðnÞnxðnÞ ¼ x′ðnÞ;

where x′ðnÞ ¼ ½x′ðnÞ x′ðn�1Þ… x′ðn�Lþ1Þ�T and x′ðnÞ ¼ ŝðnÞnxðnÞ, ŝðnÞ being an estimated version of s(n) [1]. This results in
the following update equation:

wðnþ1Þ ¼wðnÞþμx′ðnÞeðnÞ: (3)
2.2. ANC as an indirect identification problem

The scheme of Fig. 1 configures a model identification problem, where the objective is to find a model of C such that the
series between C and S emulates P, at least to the extent possible given the excitation characteristics of the reference signal
x(n). Such identification problem is indirect, in that the target output for model C is not accessible, and the only available
information is not directly related to the output of C, but to a filtered version of it, through S.

Now, assume that blocks C and S could be commuted, as in Fig. 2 (an hypothesis which is commonly accepted in the
linear context although C is time-varying, due precisely to the adaptation process). Then, the identification problem would
be reformulated as a direct one, where the unknown system C has input x′ðnÞ and e(n) represents the output error.
Optimizing the parameters of C with the LMS algorithm, one would get exactly the FXLMS update law (3). Thus, block
commutability of C and S stands at the basis of the FXLMS algorithm.

In the NANC context the commutability of blocks C and S does not generally apply. All the same, several methods have been
developed for a specific sub-case, in which the secondary path is assumed linear, and the control filter can be decomposed as
the series of a nonlinear block and a linear one, the latter containing the parameters. Then (in the slow adaptation assumption)
commutability applies to S and the linear parameter-dependent part of C, resulting in a weight update law that extends the
classical FXLMS approach. The mentioned VFXLMS, FSLMS, BFXLMS, FAP algorithms all fall into this category.

2.3. The full nonlinear case

Let us now consider the full nonlinear case. Without loss of generality we will assume that both systems C and S can be
adequately described by NARX models, i.e. input–output recursive models where the current output is given by a nonlinear
functional expansion of lagged inputs and outputs. Such model class is sufficiently general and subsumes all the cited
nonlinear model structures.

Let the control filter be described as

yðnÞ ¼ f ðzðnÞÞ; (4)

where f ð�Þ is a generic nonlinear function and zðnÞ ¼ ½yðn�1Þ… yðn�LÞ xðnÞ … xðn�LÞ�. Function f ð�Þ is often parameterized
through a (truncated) polynomial expansion, so that (4) can be rewritten as a linear regression:

yðnÞ ¼wðnÞTrðzðnÞÞ; (5)

where wðnÞ ¼ ½w1ðnÞ w2ðnÞ… wRðnÞ�T is the weight vector, rðzðnÞÞ ¼ ½r1ðzðnÞÞ r2ðzðnÞÞ… rRðzðnÞÞ�T is the regressor vector, with
riðzðnÞÞ ¼∏2Lþ1

j ¼ 1 zjðnÞlij , lij being nonnegative integers such that 0r∑2Lþ1
j ¼ 1 lijr l, and l being the maximum degree of the

expansion.
Similarly, let S be formulated as

y′ðnÞ ¼ gðz′ðnÞÞ ¼ vTqðz′ðnÞÞ; (6)

where z′ðnÞ ¼ ½y′ðn�1Þ… y′ðn�MÞ yðnÞ… yðn�MÞ�, v¼ ½v1v2 … vQ �T is the weight vector, qðz′ðnÞÞ ¼ ½q1ðz′ðnÞÞ q2ðz′ðnÞÞ…
qQ ðz′ðnÞÞ�T the regressor vector, and qiðz′ðnÞÞ ¼∏2Mþ1

j ¼ 1 z′jðnÞmij , mij being nonnegative integers such that 0r∑2Mþ1
j ¼ 1 mijrm.

The overall system with input x(n) and output y′ðnÞ (i.e., the series of C and S) cannot be generally characterized as a
linear regression in the parameterswðnÞ, even if both systems are described by linear-in-the-parameters models, unless very
specific structural properties hold. One such condition occurs, e.g., if both models depend linearly on yð�Þ [17]. Indeed, in that



case, the control filter can be reformulated (in operatorial notation) as

AðzÞyðnÞ ¼wxðnÞTrxðxðnÞÞ; (7)

where AðzÞ ¼ 1�a1z�1�…�aLz�L is a polynomial in the unit delay operator z�1 and rx is the vector of (nonlinear)
regressors depending only on xð�Þ. The vector of unknown parameters is wðnÞ ¼ ½a1 … aL wxðnÞT �T . Similarly, the secondary
path becomes

y′ðnÞ ¼ vTy′qy′ðy′ðnÞÞþBðzÞyðnÞ; (8)

where BðzÞ ¼ 1�b1z�1�…�bLz�M is a polynomial in z�1, y′ðnÞ ¼ ½y′ðn�1Þ … y′ðn�MÞ� and qy′ is the vector of (nonlinear)
regressors depending only on y′ð�Þ.

In these assumptions, the overall model becomes

AðzÞðy′ðnÞ�vT
y′qy′ðy′ðnÞÞÞþwxðnÞT ðBðzÞrxðxðnÞÞÞ; (9)

which is a recursive equation with input x(n) and output y′ðnÞ (y(n) does not appear anymore) that is linear in the parameters
wðnÞ. Then, LS-type algorithms can be used for parameter estimation.

2.4. Gradient-based weight update algorithms for the nonlinear case

In the full nonlinear case, more complex algorithms are required to address the model updating task. Several gradient-
based methods have been developed in the literature for this purpose (see, e.g., 15–17), whose distinctive features are the
calculation of the error gradient as a (recursive) function of the input–output gradient of the secondary path and the use of
Feintuch's assumption. We will here mainly refer to the NFGLMS algorithm [17], which is designed for recursive-type
models of the NARX class.

The NFGLMS parameter update equation consists in the application of (2), where, using the notation y′wðnÞ ¼ ∂y′ðnÞ=
∂wðnÞ and ywðnÞ ¼ ∂yðnÞ=∂wðnÞ, the gradient term is computed using the recursive expression:

y′wðnÞ ¼
∂y′ðnÞ
∂z′ðnÞz′wðnÞ; (10)

where z′wðnÞ ¼ ½y′wðn�1Þ… y′wðn�MÞ ywðnÞ … ywðn�MÞ�, and the approximations ∂y′ðn�kÞ=∂wðnÞ � ∂y′ðn�kÞ=∂wðn�kÞ ¼
y′wðn�kÞ and ∂yðn�kÞ=∂wðnÞ � ∂yðn�kÞ=∂wðn�kÞ ¼ ywðn�kÞ have been used (in the slow convergence hypothesis).

The first factor on the RHS of (10) can be computed as

∂y′ðnÞ
∂z′ðnÞ ¼

∂qðz′ðnÞÞ
∂z′ðnÞ

T

v; (11)

where ∂qiðz′ðnÞÞ=∂z′jðnÞ equalsmijqiðz′ðnÞÞ=z′jðnÞ if mijZ1, and 0 otherwise, i¼ 1;…;Q , j¼ 1;…;2Mþ1. The derivatives of y(n)
appearing in the term z′wðnÞ of (10) also require the solution of suitable nonlinear recursions:

ywðnÞ ¼ rðzðnÞÞT þ∂rðzðnÞÞ
∂wðnÞ

T

wðnÞ; (12)

where ∂riðzðnÞÞ=∂zjðnÞ equals lijriðzðnÞÞ=zjðnÞ if lijZ1 and jrL, and 0 otherwise, i¼ 1;…;R, j¼ 1;…;2Lþ1 (the xð�Þ terms are
independent of wðnÞ).

Expressions (10) and (12) are complex nonlinear recursions, whose solution generally results in unacceptable computa-
tional load for ANC applications, let alone the problem of ensuring the stability of the corresponding (time varying) nonlinear
filters. As typically done in ANC applications [1], Feintuch's assumption is used to eliminate all recursive terms from (10) and
(12), resulting in the following simplified nonrecursive expressions that are used in the NFGLMS [17]:

y′wðnÞ ¼ ∑
M

j ¼ 0

∂y′ðnÞ
∂yðn� jÞywðn� jÞ (13)

ywðnÞ ¼ rðzðnÞÞT : (14)

For additional details on the NFGLMS algorithm the interested reader is addressed to [17].

2.5. Impact of the Feintuch assumption in the NANC case

While undoubtedly successful in reducing the computational load, these simplifications are not always without con-
sequences on the convergence characteristics of the method. Consider, e.g., a NANC problem with the following secondary
path model:

y′ðnÞ ¼ 0:1y′ðn�1Þþ0:3yðnÞþ0:2yðn�1ÞyðnÞ;
and a purely linear controller structure, for simplicity:

yðnÞ ¼w1yðn�1Þþw2xðnÞ:
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The primary path coincides with the series of the controller, with parametersw¼ ½0:4 0:2�, and the secondary path. Fig. 3
compares the NFGLMS to the exact gradient algorithm (i.e., employing expressions (10) and (12), starting from the initial
parametrization w0 ¼ ½1 0:2� and with a white noise reference input signal. The performance is measured in terms of the
Normalized Mean Square Error (NMSE) index:

NMSEðnÞ ¼ 10 log 10
∑n

i ¼ 1eðiÞ2
n � varðdðnÞÞ

!
: (15)

Both methods eventually tend to the exact model parametrization, but the imprecise gradient calculation slows down the
convergence of the NFGLMS algorithm, especially at the beginning of the adaptation process, when the model parametrization
is far from the exact one.
3. A gradient-free weight update method

SA methods provide a convenient alternative that eliminates completely the mentioned nonlinear filtering operations
(and, thereby, also the need to approximate them, as in the NFGLMS algorithm), by avoiding altogether the use of gradient
information, and employing instead repeated measurements of the loss function and empirical weight perturbation policies.
Methods of this type have been regarded as particularly appealing for NANC, in that they do not require the estimation of
the secondary path model (see, e.g., [34,35]).
3.1. Stochastic approximation methods

The simplest SA method is the Finite Difference Stochastic Approximation (FDSA) algorithm [30], which is essentially a
gradient descent method, where the gradient is approximated by means of a finite difference. More in detail, denoting as JðθÞ
the cost function, where θ is the parameter vector, the ith component of the gradient is approximated as

Jθi ðθðnÞÞ ¼
JðθðnÞþcðnÞeiÞ� JðθðnÞ�cðnÞeiÞ

2cðnÞ ; (16)

where ei is a unit vector with 1 at the ith component and 0 elsewhere, and c(n) is the magnitude of the perturbation
(generally set to be decreasing with time). The parameter update is governed by

θðnþ1Þ ¼ θðnÞ�μðnÞJθðθðnÞÞT : (17)

As many as 2N cost function evaluations are required, N being the size of θ, to obtain a gradient estimate. Furthermore, more
than 1 sample may be necessary to robustly assess the value of J resulting from a parameter perturbation, raising to 2NT the
number of samples required to update the gradient, T being the time horizon used to evaluate the cost function. In all this
period of time, the actual output performance may temporarily worsen since, on average, both good and bad directions are
evenly explored.

The Simultaneous Perturbation Stochastic Approximation (SPSA) algorithm [31] exploits the same principles but improves
the performance by applying a parameter perturbation simultaneously to all elements of the parameter vector, thus reducing
the number of cost function evaluations to 2. The gradient approximation becomes

Jθi ðθðnÞÞ ¼
JðθðnÞþcðnÞδðnÞÞ� JðθðnÞ�cðnÞδðnÞÞ

2cðnÞδðnÞ ; (18)

where δðnÞ is the perturbation vector. The same update rule (17) applies to the SPSA algorithm. The convergence conditions
discussed in [31] indicate that a convenient choice for the parameter perturbation is to extract it from a symmetric 71
Bernoulli distribution. The sequence of gains c(n) should also be decreasing to 0.

In the Particle Swarm Optimization (PSO) approach [33] a population of models (particles) is simultaneously adapted,
sharing information related to the best performing particles to coordinate the population update. Each particle is characterized
by a position θðnÞ (in the parameter space) and a velocity vðnÞ (perturbation direction). At each update step all the particles’



positions and velocities are modified with respect to the particles that led to the best performances:

θðnþ1ÞðiÞ ¼ θðnÞðiÞ þvðnþ1ÞðiÞ (19)

vðnþ1ÞðiÞ ¼ ρvðnÞðiÞ þμ1r1ðθðnÞðiÞbest�θðnÞðiÞÞþμ2r2ðθðnÞbest�θðnÞðiÞÞ; (20)

where ρ is a leakage factor, μ1 and μ2 are gains, r1 and r2 are random numbers picked in ½0;1�, θðnÞðiÞbest and θðnÞbest indicating the
current best for the ith particle and the current best overall, respectively.

The SPSA algorithm has been applied for the reduction of periodic noise in a duct in [34], avoiding the use of secondary
path information. Parameter perturbations are added and subsequently subtracted to the parameter vector and the output
error of the ANC system is collected for a predefined number of steps to assess the effectiveness of each perturbation. An
ANC application of the PSO approach is discussed in [35], where several control filters are updated in parallel. More
precisely, each filter is fed with the same reference signal and outputs a different secondary signal. The different secondary
signals are multiplexed in time, so that at each sample time the output error pertaining to a specific particle is recorded
by the error microphone. Then, the parameters of each particle are updated with a logic similar to (19) and (20). Another
PSO-based method designed for a decentralized multichannel ANC scheme is discussed in [36]. It is here worth mentioning
that other types of evolutionary optimization algorithms have been exploited in the ANC context as well, to avoid secondary
path modeling and local minima problems. For example, [37,38] propose ANC methods based on genetic algorithms,
whereas a bacterial foraging optimization algorithm is employed in [39].

All the mentioned approaches suffer from the same two main drawbacks, related to the absence of a secondary path
model. First of all, several consecutive steps are needed to reliably assess the effect of each perturbation, so that these
methods will suffer from slow convergence problems. In addition, the noise attenuation performance is also affected, since
worsening modifications may be tested at times. In view of these unwanted effects, their usage in on-line ANC schemes is
questionable, unless it is really troublesome to obtain a reliable estimate of the secondary path model.
3.2. The virtualization scheme

On a different line, an SA-based approach is here adopted to address the NANC problem in the full nonlinear case because
of its ability to circumvent the complexity of the gradient calculation, but a model of the secondary path is nevertheless
employed to calculate virtually the effect of a model perturbation, providing an estimate of the control performance as
a result of its application. This allows to decouple the parameter estimation phase from the actual control task, where the
controller parameters are updated only in directions of expected performance improvement. In this way, both the noise
reduction performance and the algorithm's convergence time can be improved.

With reference to the NANC setting where both the control filter and the secondary path are nonlinear systems, assume
that the control filter is described by Eq. (4) and that a model for the secondary path is available in the form:

ŷ′ðnÞ ¼ ĝðẑ′ðnÞÞ ¼ v̂Tqðẑ′ðnÞÞ; (21)

where ẑ′ðnÞ ¼ ½ŷ′ðn�1Þ… ŷ′ðn�MÞ yðnÞ… yðn�MÞ�, and ŷ′ðnÞ denotes the estimated secondary path output, with obvious
notation (compare with (6)). Then, at each step an estimate of the noise can be obtained as

d̂ðnÞ ¼ eðnÞþ ŷ′ðnÞ: (22)

The obtained sequence d̂ð�Þ can be used to evaluate at time step n the effect of a given perturbation on the current filter
parameters, by simulating the series of (a copy of) the control filter (with perturbed parameters) and (a copy of) the
estimated secondary path as shown in Fig. 4. The simulation is protracted for T steps starting from n�Tþ1, T being a time
horizon sufficiently long for the assessment of the perturbation effect, and at the same time not too long to significantly
affect the overall computational load. In fact, in many simulations T¼1 provided more than satisfactory results.
copy 
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3.3. The empirical weight update (EWU) algorithm

Based on this backward simulation scheme for the assessment of parameter perturbation effects, an SA-type policy can
be suggested for the weight update, that tests different parameter perturbations in parallel, allowing to estimate the local
gradient direction employing solely the corresponding cost function evaluations. More precisely, the EWU algorithm (see
Table 1) operates similar to the FDSA algorithm, perturbing (in both directions) one parameter coordinate at a time.

At each time step n, 2N cost function evaluations are carried out, similar to the FDSA algorithm, but this time
simultaneously, thanks to the use of the secondary path estimate. Parameter perturbations are performed on each parameter
coordinate to estimate the gradient on each coordinate axis. Then, the improving perturbations are linearly combined to
provide the actual parameter perturbation used to update the control filter.

The EWU algorithm employs several times the function eval() (see Table 2), which evaluates the virtual value of the cost
function resulting from a parameter perturbation.

The EWU algorithm ends when perturbations do not lead to smaller errors for a predefined number of steps. The EWU
converges generally much faster than the SA-based ANC schemes explained previously, thanks to the virtualization of the
perturbation analysis. The algorithm is also insensitive to impulse-like error samples, which may blow up a gradient-based
scheme.
3.4. Some remarks on the computational complexity of the EWU

Table 3 compares the computational cost per iteration of the EWU scheme with that of the NFGLMS (a detailed
comparison of the NFGLMS with several other nonlinear algorithms can be found in [17]). In the table R and Q denote the
numbers of regressors of the control filter and secondary path model, M is the maximum lag in the latter model and T is the
length of the evaluation period for the assessment of parametric perturbations.

The dominant cost of the EWU scheme is represented by the 2R evaluations of the error function, each of which requires
an order of 2ðRþQ Þ operations, for T samples. In the simplest case, in which T is set to 1, the cost is thus quadratic in the
model size (notice however that the 2R evaluations can be parallelized). This cost can be reduced by a factor R if an SPSA-
type scheme is used, since in that algorithm a random perturbation is applied on the whole parameter vector at the same
time. This extension is straightforward since it ultimately amounts to picking a direction at random in the parameter space
Table 1
EWU iteration.

(1) Apply (4) to obtain the control output yðnÞ.
(2) Apply (21) to estimate the secondary path output ŷ′ðnÞ. Then, measure e(n) and estimate the noise sample with (22).
(3) For i¼1 to R (number of weights) let wiþ ðnÞ ¼wðnÞþμiei and calculate Jiþ ðnÞ ¼ evalðwiþ ðnÞ; T ;nÞ.
(4) Repeat step (3) with wi� ðnÞ ¼wðnÞ�μiei , calculating Ji� ðnÞ ¼ evalðwi� ðnÞ; T ;nÞ, i¼ 1;…;R.
(5) For i¼1 to R, let Jmin

i ðnÞ ¼minðJðnÞ; Jiþ ðnÞ; Ji� ðnÞÞ.
Then, if JððnÞ ¼ Jmin

i ðnÞÞ δwiðnÞ ¼ 0 else if Jiþ ðnÞ ¼ Jmin
i ðnÞ δwiðnÞ ¼ qiμi else δwiðnÞ ¼ �qiμi , where qi ¼ ðJðnÞ� Jmin

i ðnÞÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑R

j ¼ 1ðJðnÞ� Jmin
j ðnÞÞ2

q
is a

scaling factor that encourages perturbations in the most promising directions.
(6) Finally, let wðnþ1Þ ¼wðnÞþδwðnÞ.

Table 2
Function J ¼ evalðw ; T ;nÞ.

(1) For k¼ n�Tþ1 to n calculate yðkÞ ¼wTrðzðkÞÞ, where zðkÞ ¼ ½yðk�1Þ… yðk�LÞ xðkÞ … xðk�LÞ�, and yðkÞ ¼ yðkÞ for kon�Tþ1.
(2) For k¼ n�Tþ1 to n calculate y′ðkÞ ¼ v̂Tqðz′ðkÞÞ, where z′ðkÞ ¼ ½y′ðk�1Þ … y′ðk�MÞ yðkÞ… yðk�MÞ�, and y′ðkÞ ¼ ŷ′ðkÞ for kon�Tþ1.
(3) Calculate J ¼ ð1=TÞ∑n

k ¼ n�Tþ1ðd̂ðkÞ�y′ðkÞÞ2.

Table 3
Computational complexity of the EWU and NFGLMS algorithms.

Algorithm No. of multiplications No. of sums

NFGLMS ðRþ3Q ÞðMþ1Þþ2RþQþ1 ðMþ2ÞðRþQ�1Þ�1
EWU ð2RTþ1ÞðRþQ Þþ3Rþ1 ð2RTþ1ÞðRþQ�2Þþ6R



and estimating the gradient on that direction by means of two error measurements. In this version the algorithm becomes
linear in the model size RþQ , as opposed to the NFGLMS which has a quadratic dependence.

3.5. Step-size and time horizon adaptation

The step-size design is crucial for the convergence characteristics of the EWU. A fixed step-size may prevent the actual
reaching of the desired minimum. For this reason, an adaptive scheme has been adopted that reduces by a prespecified factor
the step-size on a specific coordinate axis if neither the positive nor the negative perturbation improve the performance. To
this aim, the following instruction is added after step (5) of the EWU algorithm:
5′Þ For i¼ 1 to R, if JðnÞ ¼ Jmin
i ðnÞ then μiðnþ1Þ ¼ ρμiðnÞ.
where 0oρo1 is the reduction factor.
If small T values are employed to save computational time, some imprecision is to be expected in the cost function

evaluation. A consequence of this which is sometimes experienced in the algorithm usage, is that the step-size is taken
prematurely to 0, before proper convergence. To prevent this, a gain increase was also introduced to reinforce good
directions, adding the following instruction as well:
500 Þ For i¼ 1 to R, if Jmin
i ðkÞ ¼ Jiþ ðkÞ for k¼ n�hþ1 to n or

Jmin
i ðkÞ ¼ Ji� ðkÞ for k¼ n�hþ1 to n, then μiðnþ1Þ ¼ ημiðnÞ.
Here η41 is the amplification factor and h is the time horizon over which the action to be reinforced is consistently the
same. For safety reasons a maximum threshold is set for μ.

A particularly convenient version of the algorithm in terms of computational effort employs also an adaptation of
parameter T. This parameter is normally set to 1 to speed up the algorithm, but when an apparent convergence has been
reached, resulting in small μiðnÞ 8 i, the step-size is tentatively reset to a pre-specified value μ and T is increased to robustify
the estimation of the cost function associated to the different perturbed parameter vectors. If new improving directions of
perturbation are found in this way, the weight vector is updated, the step-size in those coordinates is fixed to μ, and the
normal update process is resumed with T¼1.

4. The model selection task

The NARX model size (in terms of the number of regressors – and, consequently, parameters – R) increases rapidly with L
and l (curse of dimensionality), but in practice satisfactory models can be obtained with a small fraction of the terms.
Therefore, a selection of the essential terms of the expansion to include in the model is crucial to avoid overparametrization
issues.

Model structure selection is a formidably hard task, which takes much computational time to accomplish, and is
especially hard to apply on-line, when strict real-time requirements are posed. However, it can help reducing significantly
the model size, noticeably alleviating the ANC algorithm computational effort in the end. To get the benefits of model
structure selection without affecting the efficiency of the ANC scheme, this task can be run in parallel to the main parameter
update loop at a downsampled rate, distributing its load on larger time horizons.

4.1. Batch and adaptive model selection methods

Several model selection algorithms have been introduced in the literature both in the batch and the recursive case.
Referring to the first class of methods, several algorithms rely on the use of Orthogonal Least Squares (OLS) to decouple the
estimation of the parameters, such as the Forward Regression Orthogonal Estimator (FROE) [40] or the Fast Recursive
Algorithm (FRA) [41]. An alternative technique based on an output error approach is developed in [23]. Statistical
regularization methods have also been used for plain model reduction purposes, which is similar to model selection (see,
e.g., [42–45]).

Adaptive model selection algorithms have also been developed in the literature. Among these the GFEX and GFSL (Givens
rotation with Forward selection and EXponential/SLiding windowing) algorithms provide nice extensions of the OLS
regression method to the adaptive case, [24,25]. Recursive regularization-based identification methods have also been
recently proposed in the literature, [26,27]. Some recent developments in this area are provided in [28].

4.2. The heuristic iterative model selection policy

Unfortunately, all the mentioned (adaptive) selection methods are based on a direct identification setting and rely on
a linear regression structure of the identification problem, which is not consistent with the general setting of the NANC
problem. On the contrary, the EWU scheme is particularly suited for model selection, since testing a structural modification
is not particularly different from testing a parametric modification. However, while the latter perturbs the current model
only locally, a structural modification (i.e., the addition or pruning of a regressor) may provide a larger perturbation. Indeed,



Table 4
EWU-based model selection.

(0) Let Φ¼ friðzðnÞÞ; i¼ 1;…;Rg be the complete set of regressors (e.g., all the monomials of a polynomial expansion of degree l in the arguments
zðnÞ ¼ ½yðn�1Þ… yðn�LÞ xðnÞ… xðn�LÞ� for a given order L).
Let also ΦinDΦ and Φout ¼Φ\Φin be the sets of regressors included in and excluded from the model.
For example, one can initially set Φin ¼∅.
Let also rX denote the vector of regressors associated to a set of regressors X.

(1) For each riðzðnÞÞAΦout, i¼ 1;…; jΦoutj, let Xi ¼Φin [ friðzðnÞÞg. Apply the EWU algorithm with T ¼ Tsel for τ steps on a virtual path to estimate the

parameters of the model yðnÞ ¼wðnÞT rXi
, starting from wðnÞ ¼ 0.

At the end of the adaptation process calculate JiðnÞ ¼ evalðwðnÞ; T′;nÞ, where T ′ is a sufficiently long horizon to evaluate the model performance,
as well as the corresponding J(n) of the current model. If miniðJiðnÞÞr JðnÞ�δJ, then Φin ¼ Xi , Φout ¼Φ\friðzðnÞÞg, where δJ is a predefined threshold,
else the algorithm ends.

(2) If jΦinjZ3, for each riðzðnÞÞAΦin , i¼ 1;…; jΦinj, let Xi ¼Φin\friðzðnÞÞg and proceed as in Step (1).
If miniðJiðnÞÞr JðnÞ, then Φin ¼ Xi, Φout ¼Φ [ friðzðnÞÞg.
Optional: Repeat Step (2) until no further regressor is pruned.
the optimal parametrization of the model resulting from a structural modification is not necessarily proximal to that of the original
model (at least in the common coordinates). As a consequence, to establish the effect of the structural variation the parameters
of the modified model need to be adapted as well. For this reason, each structural modification is tested by applying the EWU
algorithm (with T¼1, for simplicity) for a given time period τ on a virtual path, starting from null parametrization.

Following the heuristic scheme of [23], the model structure is progressively modified by applying elementary structural
modifications (single regressor addition or pruning), as long as these modifications result in an improved model accuracy. At
each iteration of the algorithm all possible terms are tested for inclusion in the model and the best one is added if it provides
at least a pre-specified improvement. Each test consists in the application of the EWU algorithm for a given time period.
All tests are run in parallel, exploiting the virtualization mechanism explained previously. After the specified time period,
the corresponding cost functions are compared and the best model is retained. A pruning stage is then executed, with the
same rationale, this time testing the elimination of a regressor from the model. A regressor can be pruned if its elimination
from the model costs less than the accuracy improvement brought by the added regressor.

In detail, the model selection algorithm operates as described in Table 4.
The added computational complexity (multiple instances of the EWU algorithm must be executed in parallel) can be

compensated by suitably downsampling the model selection task, distributing its load on larger time horizons. Notice, in
this respect, that the first steps of the model selection procedure are quite fast, because the EWU is applied to (many) small-
sized models. In any case, the main benefit of the model selection is to be evaluated in the long run, since a significant
reduction in the model size may drastically cut the on-line computational effort (after the selection is completed). Moreover,
the unpredictable effects of overparametrization are also avoided.
5. Simulation examples

5.1. Test 1: Weight adaptation

The first simulation example is designed to test the algorithm in an ideal condition where there exists an exact parametrization
of the control filter, in order to see if it can retrieve the exact values of the parameters. The secondary path is given by

y′ðnÞ ¼ 0:1y′ðn�1Þyðn�2Þþ0:3yðnÞþ0:2y′ðn�1ÞyðnÞþ0:2y′ðn�1ÞyðnÞ2

and the controller structure is designed as follows:

yðnÞ ¼w1yðn�5Þþw2xðn�4Þþw3xðn�1Þþw4xðn�8Þyðn�3Þþw5xðn�3Þyðn�8Þ
þw6yðn�4Þyðn�6Þþw7xðn�6Þxðn�8Þþw8xðn�1Þyðn�8Þ

The primary path is designed so that there exists an ideal model for the control filter that solves the identification problem.
Precisely, the model of the primary path is obtained as the series of the controller, with parameters w¼ ½0:4 0:2 0:3 0:1 0:5
0:3 0:4 0:2�, and the secondary path.

Both the NFGLMS and the EWU algorithms have been tested on this example, employing the best step-size for each algorithm
(obtained by trial and error). The corresponding parameter evolution is shown in Fig. 5. Both the algorithms achieve convergence,
the EWU apparently being quicker and suffering less from parameter wandering (due to the stochastic gradient approximation)
after the initial transient. Consider, e.g., w6: it takes the NFGLMS more than 3500 steps to reach convergence while the EWU
converges to the optimal value after about 800 steps. The improved performance of the EWU compared to the NFGLMS is also
apparent from Figs. 6 and 7, that report the evolution of the output signal and of the corresponding NMSE index.
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Fig. 5. Test 1: Adaptation of coefficients w1 to w8, with NFGLMS (a–h) and EWU (i–p).
5.2. Test 2: Model selection in ideal conditions

The next simulation example is designed to test both the model selection and parameter update algorithms in an ideal
condition where an exact structure and parametrization of the control filter exist. The secondary path is given by

y′ðnÞ ¼ 0:1y′ðn�1Þyðn�2Þþ0:3yðnÞþ0:2y′ðn�1ÞyðnÞþ0:2y′ðn�1ÞyðnÞ2



Fig. 6. Test 1: system output with ANC off (a), NFGLMS (b) and EWU (c).
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Fig. 7. Test 1: NMSE of the NFGLMS and EWU algorithms.
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Fig. 8. Test 2: Selected regressors during the model selection process (correct regressors in black).
and the controller structure is designed as follows:

yðnÞ ¼w1xðnÞ2þw2yðn�1Þxðn�1Þþw3xðnÞ

The primary path is designed so that there exists an ideal model for the control filter that solves the identification problem.
Precisely, the model of the primary path is obtained as the series of the controller, with parametersw¼ ½0:4 0:2 0:3�, and the
secondary path.

Model selection is conducted over a full quadratic NARX structure of order L¼4 (54 terms), with a downsampling factor
of 50. In other words, the model selection process performs a step every 50 samples, using a window of 500 samples
to evaluate the effect of a model structure modification (τ¼ 500 and Tsel ¼ 1). The selection process is started after 550
samples. New terms are included in the model if they provide a 15 percent improvement. By inspection of Fig. 8 (showing
the regressors selected at least once), it is apparent that the correct regressors are picked out early in the selection process
and never pruned. Comparatively, other regressors are selected only temporarily and for very small times. Furthermore,



when all three essential regressors have been included in the model their coefficients tend to the exact values, while
spurious regressors are attributed negligible coefficient values (see Fig. 9).
5.3. Test 3: Model selection in nonideal conditions

The next test case is taken from [15] and is designed to test the model selection capabilities of the presented approach in
a case where an exact model does not exist. The primary and secondary paths are given by the following nonlinear systems:

dðnÞ ¼ xðnÞþ0:8xðn�1Þþ0:3xðn�2Þþ0:4xðn�3Þ�0:8xðnÞxðn�1Þþ0:9xðnÞxðn�2Þþ0:7xðnÞxðn�3Þ
y′ðnÞ ¼ yðnÞþ0:35yðn�1Þþ0:09yðn�2Þ�0:5yðnÞyðn�1Þþ0:4yðnÞyðn�2Þ

The input signal is a zero mean white noise.
The EWU selection procedure operates on a full quadratic NARX model with maximum lag equal to 8. The initial model is

assumed empty. A test-time of 500 samples was employed in the simulations and the selection procedure is started after the
first 500 samples have been collected. The selection procedure is run at a rate of one step every 50 samples. The threshold
for regressor inclusion in the model is a 15 percent improvement of the MSE. An initial step-size of 0.3 is assumed in the
model selection phase. The final controller model structure and parameters are reported in Table 5.

The selection process (see Fig. 10) appears to catch consistently a subset of 5 terms which constitute the core of the
model occasionally adding few terms with low coefficient values. A significant noise reduction is achieved early on during
the selection process (see Fig. 11).

Fig. 12 compares the parameter estimation performance of the EWU (using the selected model), with that of the NFGLMS
and the VFXLMS algorithms, according to the settings reported in Table 6. The step-size of each algorithm has been
optimized independently to achieve the fastest convergence possible. The performance of the EWU almost equals that of the
NFGLMS, implying that the model selection has made a good trade-off between model complexity and accuracy, thus
succeeding in cutting the on-line computational requirements (notice that the number of parameters is reduced by more
than one order of magnitude). Both methods outperform the employed Volterra filter.
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Fig. 9. Test 2: Values of the estimated coefficients during the model selection process.

Table 5
Control filter for Test 3: regressors and parameters.

Regressors Parameters

x(n) 0.9162
xðn�1Þ 0.4281
xðn�3Þ 0.3789
xðn�4Þ �0.0864
xðnÞxðn�1Þ �0.2574
xðnÞxðn�2Þ 0.6310
xðnÞxðn�5Þ �0.1718
xðnÞyðn�3Þ 0.7190
xðn�1Þyðn�1Þ 0.1083
xðn�4Þyðn�1Þ �0.0344
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Fig. 11. Test 3: Noise reduction during the selection process (original noise (black), reduced signal (gray); burn-in period of 500 samples).
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Fig. 10. Test 3: Regressor selection with the proposed approach.
5.4. Test 4: The NANC scheme with saturating microphones

A particularly hard NANC problem concerns a system affected by microphone saturation both at the reference and the
error microphone, as represented in Fig. 13, [14,17]. Following [17], the primary and secondary paths are modeled by two FIR
filters, taken from [46]

dðnÞ ¼ 0:0179xðnÞþ0:1005xðn�1Þþ0:279xðn�2Þþ0:489xðn�3Þþ0:586xðn�4Þþ0:489xðn�5Þ
þ0:279xðn�6Þþ0:1005xðn�7Þþ0:0179xðn�8Þ;
y′ðnÞ ¼ 0:7756yðnÞþ0:5171yðn�1Þþ0:362yðn�2Þ:

The reference and error microphone are subject to saturation, in the form of a 50 percent clipping of the signal with
respect to its maximum value [14]. The reference signal is the sum of three sine waves at the normalized frequencies of 0.02,
0.04, and 0.08, with a sampling frequency of 8 kHz.

A quadratic NARX model with L¼16 (594 terms) is assumed as a starting point for the model selection phase. The model
selection algorithm operates with a test-time equal to 500 and Tsel ¼ 1. The algorithm performs a step every 50 samples. A
core model with 3–4 terms is rapidly obtained that is capable of a significant noise reduction very early. The final selected



model includes only 10 terms and is given by

yðnÞ ¼ 0:5564yðn�1Þ�0:0447yðn�6Þþ0:392xðn�1Þþ0:9098xðn�4Þ�0:0314xðn�2Þxðn�13Þ
�0:0290xðn�1Þyðn�7Þþ0:0077xðn�2Þyðn�9Þ

�0:0217xðn�9Þyðn�13Þþ0:0669xðn�11Þyðn�9Þ
�0:0025yðn�1Þyðn�14Þ:

The following Figs. 14 and 15 report the attenuation performance achieved by the selected model using the EWU algorithm
for on-line weight update. For comparison purposes, the performance of the NFGLMS, the VFXLMS [5], and the BFXLMS [14]
algorithms, with the models and parameters listed in Table 7, is also reported. Notice that the larger the number of parameters,
the smaller the step-size must be, to achieve convergence. As a consequence the EWU is significantly faster to converge than
the other algorithms. Apparently, the compact size of the model, besides reducing of at least an order of magnitude the on-line
computational effort, allows the update algorithm to converge faster and the steady-state noise reduction compares favorably
with all the other methods. The result is all the more valuable, considering that in all simulations the EWU algorithm employs
the FIR model of the secondary path as its estimate, not taking into account the presence of the saturation.
Table 6
Test 3: Algorithm parameters.

Algorithm Step-size Model type Maximum lag No. of terms

NFGLMS 0.5 Full quadratic model 8 170
EWU 0.03 Selected quadratic model 8 10
VFXLMS 0.05 Full quadratic Volterra series 8 54
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+

−

e(n) d(n) 

x̄(n) y’(n) y(n) ē(n)C S 

P 

Fig. 13. Block diagram of a NANC system in the presence of saturated reference and error signals.

Fig. 12. Test 3: System outputs without ANC (a), with NFGLMS (b), EWU (c), and VFXLMS (d).
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Fig. 15. Test 4: NMSE with different ANC methods.

Table 7
Test 4: Algorithm parameters.

Algorithm Step-size Model type Maximum lag No. of terms

NFGLMS 2�10�5 Full quadratic model 16 594
EWU 0.02 Selected quadratic model 16 10
VFXLMS 1�10�4 Full quadratic Volterra series 16 170
BFXLMS 3�10�4 Full bilinear model 16 306

Fig. 14. Test 4: Residual output with different ANC methods: (a) ANC off, (b) NFGLMS, (c) EWU, (d) VFXLMS, and (e) BFXLMS.
6. Conclusions

A gradient-free optimization method was employed in a general NANC setting to avoid the computational complexity
and stability issues related to gradient-based approaches in the case of recursive nonlinear models. Contrary to other
adaptations of SA algorithms to the ANC context previously presented in the literature, the availability of a secondary path



estimate has been assumed, making it possible to evaluate the effect of a given parameter perturbation virtually, without
affecting the controller performance and improving the convergence properties. The EWU algorithm compares favorably
with competitor NANC methods, such as the NFGLMS or the VFXLMS, both in terms of estimation accuracy and conver-
gence speed.

An adaptive model selection algorithm for nonlinear model of the NARX family has also been developed based on
the EWU algorithm, which is especially suited for indirect identification problems, as the NANC scheme. The model selection
method has been tested on several cases, including a benchmark where the system nonlinearity is represented by micro-
phone saturation.
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