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I. INTRODUCTION

ISOGEOMETRIC Analysis (IGA) [1] is a discretization
technique, which was introduced to simplify the interaction

between computer-aided design (CAD) software and numer-
ical solvers. The discretization in IGA is done with Non-
Uniform Rational B-Splines (NURBS), a family of functions 
that is widely used in CAD [2]. The main advantage of IGA 
with respect to standard FEM is that it uses a representation of 
the geometry in terms of NURBS, which is maintained during 
refinement. This is particularly interesting for the implemen-
tation of high-order surface impedance boundary conditions 
(SIBCs), because the curvature of a NURBS parametrization 
can be computed exactly at any point.

The use of NURBS together with SIBCs was already 
applied in [3], in that case using the BEM to discretize 
an integral equation for the computation of per-unit-length 
(p.u.l.) parameters of multiconductor transmission lines. In 
this paper, we present the variational formulation of the same 
2-D problem in harmonic regime, and we solve it numeri-
cally with IGA. It is not our goal to compare the present 
method with the BEM proposed in [3], but to present an 
alternative discretization technique. As a matter of fact, the 
well-known advantages and drawbacks when comparing BEM 
and FEM (matrix sparsity, dimension of the computational 
domain, singular integrals, etc.) also apply when compar-
ing the method in this paper with the NURBS-based BEM 
in [3].

The same problem was already discretized with FEM in [4]. 
With respect to that paper, our formulation: 1) applies the 
SIBC also to the conductors where the current is imposed; 
2) includes high-order SIBCs; and 3) accurately takes into 
account the curvature with the use of NURBS.
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Fig. 1. Geometry of the problem.

II. MAGNETIC VECTOR POTENTIAL FORMULATION

Consider a set of N infinitely long parallel conductors, with
cross sections �i , i = 1, . . . , N (see Fig. 1). Each conductor
is assumed to have electrical conductivity σi and magnetic
permeability μi , with μ0 the permeability of free space.

We consider the time-harmonic eddy-current model, with
a 2-D formulation based on the magnetic vector potential
A = Aez , as in [5]. Splitting the potential into “source” and
“eddy” components, A = As + Ae, it can be seen that As is
constant in each conductor, and its value in �i will be denoted
by As

i . Then, in the 2-D formulation, the eddy component Ae

satisfies the following equation in each conductor:

∇2 Ae
int = jωμiσi Ae

int in �i (1)

and in the nonconducting domain

∇2 Ae
ext = 0 in �0. (2)

Denoting by �i the boundary of (the cross section of) each
conductor, and by n the unit normal vector exterior to �0,
the equations for Ae are completed with interface conditions



on �i

[Ae]�i = −As
i ,

[
1

μ

∂ Ae

∂n

]
�i

= 0 (3)

where the brackets denote the jump on the interface, [Ae] =
Ae

int − Ae
ext. The problem is completed with a radiation

condition that, in practice, is replaced by truncating the infinite
domain at the boundary �R = {(x, y) : x2 + y2 = R2},
and applying the second-order absorbing boundary condition
(see [6], Section 3.3)

∂ Ae
ext
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+ 3Ae

ext

8R
− 1

2R

∂2 Ae
ext

∂ξ2 = 0 on �R (4)

where ξ denotes the curvilinear coordinate over the boundary
contour.

Since the source component As is unknown, a condition on
the intensity flowing in each conductor is also needed

∫
�i

1

μ0

∂ Ae
ext

∂n
= Ii , i = 1, . . . , N. (5)

III. SURFACE IMPEDANCE BOUNDARY CONDITIONS

The general idea of applying SIBCs is to replace the solution
of the problem inside the conductor given by (1), with an
approximate boundary condition that replaces the field Ae

int.
The method is valid under the condition of skin effect, that
is, in each conductor the penetration depth δi = √

2/ωμiσi

is much smaller than the characteristic size of the conductor
cross section.

Defining α = √
2j, and using the interface conditions (3),

the first-order (Leontovich) and second-order (Mitzner) SIBCs
on �i are [5], [7]
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μi (δ
2
i c + 2αδi )
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where c = c(ξ) is the (signed) curvature of the contour of the
cross section.

IV. WEAK FORMULATION

The weak formulation of the problem is obtained from (2)
divided by μ0. Multiplying by a test function v, and applying
the absorbing boundary condition (4) and the SIBCs (6), we
get
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Instead, if we apply the SIBC (7), we obtain
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Since the constants As
i are also unknown, in order to

discretize the problem with Galerkin’s method the SIBCs
must also be applied to the intensity equation (5). Applying
condition (6) this becomes∫

�i

α

μiδi
(Ae

ext − As
i ) dξ = Ii , i = 1, . . . , N (10)

and applying condition (7), we get∫
�i

2α2(Ae
ext − As

i )

μi (δ
2
i c + 2αδi )

dξ = Ii , i = 1, . . . , N. (11)

Hence, the variational problem for Leontovich’s condition
is given by (8) and (10). For Mitzner’s condition, it is given
by (9) and (11). These weak formulations can be discretized
with the finite element method. In this paper, we discretize
them with an isogeometric method, that we describe in the
following section.

V. NURBS AND ISOGEOMETRIC ANALYSIS

From an ordered knot vector 
={0 = ζ1, . . . , ζn+p+1 = 1},
n univariate B-spline basis functions of degree p are computed
using the Cox-De Boor recursive formula

Bk,0(ζ ) =
{

1, if ζk ≤ ζ < ζk+1
0, otherwise

Bk,p(ζ ) = ζ − ζk

ζk+p − ζk
Bk,p−1(ζ )+ ζk+p+1 − ζ

ζk+p+1 − ζk+1
Bk+1,p−1(ζ ).

These B-splines form a basis of the space of piecewise
polynomials of degree p, with the number of continuous
derivatives on each knot ranging from 0 up to p−1, depending
on the multiplicity of the knot. B-spline basis functions are
positive and locally supported.

Bivariate B-splines of degree (p, q) are simply defined from
the previous formula using tensor products. Bivariate NURBS
basis functions are defined as rational B-splines by associating
a positive weight to each B-spline function, in the form

N̂k1 ,k2(ζ ) = wk1,k2 Bk1,p(ζ1), Bk2,q(ζ2)∑n
j1=1

∑m
j2=1 w j1, j2 B j1,p(ζ1), B j2,q(ζ2)

defined for ζ = (ζ1, ζ2) in the unit square. A NURBS surface
is then constructed as the image of the unit square by a certain
parametrization F, which is given by a linear combination of
NURBS basis functions, associating a control point Ck1,k2 to
each basis function, in the form (see [2])

F(ζ ) :=
n∑

k1=1

m∑
k2=1

N̂k1 ,k2 (ζ )Ck1,k2 . (12)



Fig. 2. Partition of the unit square given by the knot vectors, and the partition
induced in the physical domain through the parametrization F.

We note that the algorithms of knot insertion and degree
elevation, explained in [2], allow to recompute the control
points after inserting new knots in the knot vector or raising
the degree, respectively, to maintain the same parametriza-
tion (12).

For the discretization of the weak formulation introduced in
the previous section we use IGA [1], a numerical technique
which is based on NURBS. Assuming that the domain �0 is
given as a NURBS geometry, like in (12), and invoking the
isoparametric concept, the same space of NURBS functions is
used for the discretization of the field Ae

ext, which takes the
form

Ae
ext =

n,m∑
k1,k2=1

Ak1,k2 Nk1 ,k2

with the basis functions in the physical domain defined by

Nk1 ,k2(x) = N̂k1,k2

(
F−1(x)

)
.

The implementation of IGA is very similar to that of FEM,
the main differences appearing in the assembly of the matrix
of the linear system. In practice, the knot vectors used to
define the geometry generate a partition in the unit square,
and through the parametrization F, a partition of the physical
domain, as shown in Fig. 2. To assemble the matrix, the
integrals on each element are computed numerically using
standard Gaussian quadrature rules. The basis functions and
the parametrization F, and also their derivatives, can be evalu-
ated at the quadrature points using the algorithms for NURBS
explained in [2]. A possible alternative is to evaluate the
functions using Bézier extraction, as proposed in [8]. For more
details on the implementation of IGA, we refer to [1] and [9].

One of the main features of IGA is that, once the parame-
trization (12) is given, refinement can be done automatically
using the algorithms of knot insertion and degree elevation. In
fact, these two algorithms are the analogous of h-refinement
and p-refinement in FEM [1]. Moreover, a combination of both
allows the so-called k-refinement, which consists of raising
the degree and the continuity at the same time. This gives
more smooth solutions than the ones computed by FEM,
since NURBS basis functions of degree p have up to p − 1
continuous derivatives.

There is numerical evidence that the higher continuity of
NURBS functions leads to better convergence in terms of
degrees of freedom with respect to FEM. However, it has
been recently shown that the computational cost per degree of
freedom is also increased, both in the assembly of the matrix
and in the solution of the linear system [10]. The study of

Fig. 3. Geometry of two parallel conductors. D = 2 mm.

Fig. 4. Relative error in p.u.l. resistance for two circular copper cables of
diameter 2 mm. Distance between the centers of the conductors is 4 mm.

Fig. 5. Relative error in p.u.l. inductance for two circular copper cables of
diameter 2 mm. Distance between the centers of the conductors is 4 mm.

efficient quadrature rules for splines and NURBS [11], and
the development of efficient solvers and preconditioners are
two active research topics for IGA methods.

VI. NUMERICAL RESULTS

The implementation is validated by solving the canonical
case of two parallel circular copper conductors, with conduc-
tivity σ = 5.8 × 107 S/m. The diameter of each conductor
is 2 mm, and the distance between their centers is 4 mm,
as shown in Fig. 3. With the numerical solution, we have
computed the p.u.l. resistance and inductance, following the
procedure described in [5] and comparing numerical results
with the analytical solution [12]. The relative errors, shown
in Figs. 4 and 5 converge to zero when frequency goes to
infinity. In particular, Fig. 4 shows the higher order conver-
gence of the Miztner approximation compared to Leontovich
approximation, as predicted by the theory, which states that
the approximation of the kth order is O(δk+1). The applied
discretization is with NURBS of degree 3, the number of
elements is equal to 72 900 and the number of degrees of
freedom is equal to 76 911. The radius of the external boundary
is R = 240 mm. Our IGA results are very close to those
obtained with the BEM formulation in [3], showing that
they are due to the chosen SIBC and do not depend on the
discretization technique. Fig. 6 shows the impact of the domain
size on the accuracy of the inductance: as it can be noted the



Fig. 6. Relative error in p.u.l. inductance in the Mitzner approximation for
different values of the radius R of the computational domain.

Fig. 7. Absolute error of |Bx | along the line AB in Fig. 3, with respect to
the FEM simulation.

Fig. 8. Absolute error of |By| along the line AB in Fig. 3, with respect to
the FEM simulation.

error does not go below a threshold, which becomes lower
increasing the radius of the computational domain. This is
because the computation of the inductance from the variational
formulation is equivalent to computing the magnetic energy
in the truncated domain, but the real value should take into
account the whole space. This could be overcomed with the
use of infinite elements, for instance, but it is beyond the scope
of this paper.

In order to show the gain in accuracy when computing
the magnetic field near the conductors, the magnitudes of the
x- and y-components of the magnetic field are calculated on
the line A–B represented in Fig. 3 at 10 kHz, by means
of IGA formulations with first- and second-order SIBCs,
and compared with those obtained using a commercial FEM
code [13]. As can be noted in Figs. 7 and 8, Mitzner’s SIBC
provides better accuracy with respect to Leontovich’s SIBC
over the line.

VII. CONCLUSION

The implementation of Leontovich’s and Mitzner’s sur-
face impedance boundary conditions with isogeometric finite

elements is tested in the simple canonical case of two circular
parallel conductors, showing the higher order convergence of
the latter. The exact computation of the curvature provided by
NURBS opens the way to variational formulations including
higher order impedance boundary conditions of Rytov’s kind.
Even if more complicated examples are needed to show the
benefits of the proposed formulation, preliminary results are
promising and in good agreement with those obtained with
boundary elements, with and without the use of NURBS. The
extension to the 3-D case would require the use of the SIBCs
studied in [14] and the isogeometric elements in [15].
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