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A B S T R A C T

The key UK design guidelines published by the Concrete Society and Concrete Centre for single human walking
excitation of high-frequency floors were introduced more than 10 years ago. The corresponding walking force
model is derived using a set of single footfalls recorded on a force plate and it features a deterministic approach
which contradicts the stochastic nature of human-induced loading, including intra- and inter- subject variability.
This paper presents an improved version of this force model for high-frequency floors with statistically defined
parameters derived using a comprehensive database of walking force time histories, comprising multiple suc-
cessive footfalls that are continuously measured on an instrumented treadmill. The improved model enables
probability-based prediction of vibration levels for any probability of non-exceedance, while the existing model
allows for vibration prediction related to 75% probability of non-exceedance for design purposes. Moreover, the
improved model shifts the suggested cut-off frequency between low- and high-frequency floors from 10 Hz to
14 Hz. This is to account for higher force harmonics that can still induce the resonant vibration response and to
avoid possible significant amplification of the vibration response due to the near-resonance effect. Minor effects
of near-resonance are taken into account by a damping factor. The performance of the existing and the improved
models is compared against numerical simulations carried out using a finite element model of a structure and the
treadmill forces. The results show that while the existing model tends to overestimate or underestimate the
vibration levels depending on the pacing rate, the new model provides statistically reliable estimations of the
vibration responses. Hence, it can be adopted in a new generation of the design guidelines featuring a prob-
abilistic approach to vibration serviceability assessment of high-frequency floors.

1. Introduction

The advancements in construction materials and design software
have boosted the current architectural trend of building lighter struc-
tures than ever with increasingly longer spans and reduced carbon
footprint. While the Ultimate Limit State (ULS) requirements for these
modern structures are normally met, Serviceability Limit State (SLS)
criteria increasingly govern design. This is particularly the case with
vibration serviceability of structures due to human activities, such as
walking, running and jumping [1,2].

Building floors have traditionally been designed mainly to accom-
modate people, who are by their nature very sensitive vibration re-
ceivers [3]. Nowadays there is a growing need for floors accom-
modating vibration sensitive equipment, such as microscopes and lasers
in hospitals and hi-tech laboratories. Their optimal functioning com-
monly permits extremely low vibration levels (often micro-levels) of the
supporting structure which are far below human perception. Vibration
criteria (VC) for sensitive equipment is normally provided by the

manufacturer, leaving the provision of the adequate floor to clients and
structural designers [2].

Early studies made vibration assessment based on static deflection
of a floor and suggested increasing the stiffness and therefore the fun-
damental frequency to reduce the vibration response. The same concept
features the work by Ungar and White [4] who were the first to use an
“idealised footfall force” [5] in a method to calculate the maximum
velocity response. This method has been further developed by Amick
[6] and adopted in a number of design guidelines [7,8].

A more sophisticated approach was based on the nature of the vi-
bration response [9,10]. If the response is dominated by a resonant
build-up they are known as low-frequency floors, while those that show a
sequence of transient responses due to each successive footfall are
called high-frequency floors. The division between low- and high-fre-
quency floors depends on whether the fundamental frequency of the
floor is relatively low or high, respectively. The threshold frequency
(known as cut-off frequency) varies significantly for different authors
and design guidelines, as shown in Table 1.
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Floors supporting sensitive equipment are required to have low-
level transient vibration responses due to human walking excitation
[11,12], thus they should be high-frequency floors. A number of studies
[13,14] reported that the cut-off frequencies given in Table 1 are too
conservative, which has a major effect on the design and cost of ultra-
sensitive facilities. They showed that the resonant build-up response
can occur even for floors with a fundamental frequency of above 15 Hz
[14]. This is because there are higher dominant harmonics of walking
loading at frequencies above 10 Hz, which contain a significant amount
of energy. For example, according to the design guidelines, a floor with
a fundamental frequency of 11.5 Hz is a high-frequency floor. However,
a person walking at a pacing rate 2.3 Hz, whose corresponding walking
force has Fourier amplitudes shown in Fig. 1, still can induce the re-
sonant vibrations by the harmonic corresponding to the fifth integer
multiple of walking loading. This error in the floor type yields an un-
derestimated vibration response, hence a floor may not be fit for pur-
pose.

The uncertainty linked to the cut-off frequency could be explained
by the lack of knowledge and/or reliable experimental data pertinent to
human walking excitation. This study addresses this issue by de-
termining a cut-off frequency based on detailed numerical analysis
featuring a large number of continuously measured walking forces
generated by many people walking on an instrumented treadmill
[15,16]. Another major drawback of the available design guidelines is
the deterministic mathematical description of human-induced loading,
while a probabilistic approach is arguably more suitable due to the
inherent stochastic nature of human walking forces [16–19]. This study
proposes an improved and probability-based version of the widely used
Arup’s force model for high-frequency floors [20]. This model was

chosen as it provides closest and least conservative predictions of floor
vibrations compared with experimental results [12,14,21,22]. The
parameter estimation of the proposed model and the model im-
plementation take statistical approaches. Moreover, the effect of
structural damping is introduced in this model to take into account any
“near-resonance” effects.

For high-frequency floors, the time domain modelling approach
used here is more appropriate than the frequency domain approach
used elsewhere [17,23,24] due to its capability to describe the peak
responses corresponding to footfall strikes. The performance of the new
model has been verified via numerical simulations utilising the tread-
mill forces and a finite element model of a high-frequency floor.

Section 2 of this paper describes the nature of the human-induced
vibration responses and the procedure followed to derive a more reli-
able cut-off frequency between low- and high-frequency floors. The new
model and its implementation procedure are elaborated in Section 3,
while its verification is demonstrated in Section 4. Finally, a discussion
of the results and the main conclusions are presented in Section 5.

2. Resonant and transient vibration responses due to human
walking excitation

This section demonstrates the nature of the resonant and transient
vibration responses due to human walking excitation based on nu-
merical simulations using measured walking forces (Section 2.1) ap-
plied to different Single Degree of Freedom (SDOF) oscillators (Section
2.2). Moreover, it aims to derive a reliable value of the cut-off fre-
quency (Section 2.3) relevant to the model development presented in
Section 4.

2.1. Walking forces

The authors have at their disposal a comprehensive database of 715
continuously measured vertical force time histories, generated by more
than 70 test subjects walking individually on an instrumented treadmill
[15,16]. Each test subject followed the same test protocol designed to
record a force signal at a constant speed of rotation of the treadmill
belts per each test. The speed was varied randomly from slow to fast
across successive tests, so the database comprises forces for a wide
range of pacing rates. Each force time history contains at least 60
successive footfalls, rather than a single footfall only used in develop-
ment of Arup’s model. This makes it possible to study the intra-subject
variability of the walking loads, i.e. the inability of a person to generate
two identical footfalls during a walking test. The large number of test

Table 1
Cut-off frequency between low- and high-frequency floors adopted by different
authors and design guidelines.

Author Cut-off frequency

Ohlsson [36] 8 Hz
Wyatt and Dier [9] 7 Hz
Allen and Murray [37] 9 Hz
The concrete society [27] 10 Hz
The concrete centre [38] 10 Hz
The Steel Construction Institute P354

[39]
10 Hz for general floors, open plan
offices, etc.
8 Hz for enclosed spaces, e.g. operating
theatre, residential

American institute of steel
construction [26]

9 Hz

Fig. 1. Fourier amplitudes of a walking force signal measured using an instrumented treadmill corresponding to a pacing rate of 2.3 Hz.
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subjects processed in the experiment enables studies of inter-subject
variability, i.e. differences between force records generated by different
people under (nominally) identical conditions. These forces can be
considered statistically more reliable data than that used in the devel-
opment of the original Arup model [25].

The range of pacing rates corresponding to these walking forces is
between 1.4 and 2.5 Hz. The force signals were cropped for the time
duration of 50 footfalls from the middle of the force signal. Several first
and last footfalls were discarded to eliminate potential negative effects
related to the start and the end of the walking test, yielding footfalls
that might not reliably represent the real walking of a person. This
length of the force signal was used everywhere else in this paper unless
otherwise stated. Moreover, the effect of body weight was excluded by
normalising the forces [15,16] to 750 N before they were used in the
analysis presented.

2.2. Resonant and transient vibration responses

Depending on the natural frequency ( fn) of the first vibration mode,
the vibration response due to human walking excitation can take three
distinct shapes (Fig. 2):

• When the fundamental frequency is relatively small (i.e.
fn < 8–10 Hz) and close to one of the integer multiples of the pa-
cing rate ( fp), a resonant build-up response is likely to occur
(Fig. 2a).

• If the fundamental frequency is much higher than the pacing rate
(i.e. ≫f fn p) a transient response will dominate the vibration re-
sponse (Fig. 2c).

• When the fundamental frequency lies between the two above
mentioned ranges, the sharp transient decays are reduced

Fig. 2. Simulated vibration responses due to a recorded walking force with =f 2.0p Hz and natural frequency of the oscillator (a) =f 2.0n Hz, (b).

Fig. 3. Normalised discrete Fourier amplitudes for all available walking forces [15,16] with pacing rates between 1.4 and 2.5 Hz.
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considerably, and the overall vibration levels are increased (Fig. 2b).

This paper focuses on modelling the transient vibration response
(Fig. 2c), which is the typical case for high-frequency floors.

Besides the natural frequency, the behaviour of the vibration re-
sponse is affected by the harmonics of the walking force that excite the
dominant vibration modes of the structure [26,27]. The common
knowledge is that a build-up of the resonant response is unlikely to
occur if the fundamental frequency is higher than three or four integer
multiples of the pacing rate [26,27]. The normalised Fourier amplitudes
of all the forces in the database [15,16], for a length of 20.48 s, are
overlapped in Fig. 3 with a logarithmic scale in its vertical axis. There is
no apparent sign that beyond, say, 10 Hz (see Table 1) the Fourier
amplitudes of the harmonics do not exist and cannot produce a resonant
build-up response. They are smaller in amplitude, but they definitely
exist at integer multiples of the pacing rate.

To assess the effect of the harmonics of the walking excitation on the
vibration response, each walking force from the database was applied
to a series of SDOF oscillators, which had natural frequencies between 1
and 40 Hz with an increment of 0.1 Hz. Therefore, the total number of
the oscillators is 391 and the total number of simulated vibration re-
sponses is 279,565. The modal mass was assumed 1 kg and the damping
ratio was assumed 3% in all simulations. The duration of each simu-
lation is equal to the length of the corresponding walking force time
history, while the integration time step is 0.005 s. For the response of
each simulation, the running 1-s root mean square (1-s RMS) was cal-
culated as described in Eq. (1).

∫=v
T

v t dt1 ( ) ,RMS
T

0
2

(1)

where vRMS is the velocity 1-s RMS (m/s) and T is the duration of the
averaging (1-s).

The maximum transient vibration value (MTVV), which is equal to
the maximum 1-s RMS, corresponding to each simulation was used for
comparison, as shown in Fig. 4. The grey colour represents the MTVV
velocity corresponding to each walking force and varying SDOF natural
frequencies, while the black colour represents the average MTVV ve-
locity at each SDOF natural frequency.

The MTVV velocity is relatively high at integer multiples of pacing
rates (Fig. 4). This is the case even for the oscillators, with a natural
frequency of up to 30 Hz. Therefore, there is no evidence that the
harmonics of walking forces, which correspond to frequencies above
the reported cut-off frequency in the design guidelines (Table 1), cannot
induce a resonant build-up response. This implies that a more detailed
study should be carried out to derive the cut-off frequency, as elabo-
rated in the next section.

2.3. Determining cut-off frequency between low- and high-frequency floors

As already observed above, a typical transient response due to
walking comprises a series of velocity peaks corresponding to heel
strikes, followed by a decaying vibration response to around zero before
the beginning of the next footfall, as shown in Fig. 2c [14]. This means
that the response due to previous footfalls has a negligible contribution
to the response due to the present footfall. On the other hand, for non-
transient vibration responses (Fig. 2a and b), the response is affected by
a number of previous footfalls depending on the structural damping.

Theoretically speaking, a transient response time history can be
reconstructed from the peak responses followed by an exponentially
decaying response in between them. In this case, the reconstructed vi-
bration response level is similar to that of the original time history
response (Fig. 5). Therefore, the proposed methodology to identify the
cut-off frequency is as follows:

• Simulate vibration responses by applying measured walking forces
[15,16] on SDOF oscillators with different natural frequencies.

• For each response time history, extract the peak velocity responses
corresponding to each footfall strike with their exact times.

• Use the peak velocities to reconstruct the time history response
which comprises only a decaying response after each peak velocity,
as shown in Fig. 5.

• Establish the difference between the original and the reconstructed
responses by calculating the ratio of their MTVVs (i.e. MTVV velo-
city of the reconstructed response over that for the original re-
sponse).

• Repeat this process for the different natural frequencies of the SDOF
oscillator and the measured walking forces [15,16].

• Identify the frequency corresponding to a value of the MTVV ratio
which is reasonably close to 1.0, as explained below.

The closer the MTVV ratio to 1.0, the more similar are the re-
constructed response and its corresponding simulated transient re-
sponse. Fig. 6 compares two cases when the MTVV ratio is close or far
from 1.0. The process of generating reconstructed vibration responses
was repeated for all available walking forces [15,16] when the natural
frequency of the SDOF oscillator is an integer multiple of the pacing
rate (up to 20 Hz). This is to consider the effect of the harmonics at
these frequencies. The damping ratio used in the simulations was 3%
while the modal mass was assumed 1 kg. The MTVV ratios corre-
sponding to this analysis are presented as box plots in Fig. 7. The upper
and lower ends of the rectangles represent the values corresponding to a
75% and 25% chance of non-exceedance, respectively. The whiskers
(ends of the extended lines from the boxes) represent the maximum and
minimum values.

At relatively low pacing rates, the MTVV ratio approaches 1.0 at a
lower SDOF natural frequency than that for higher pacing rates (Fig. 7).
This indicates the dependency of the cut-off frequency on the pacing
rates. For natural frequencies at or above 14 Hz, the median of the
MTVV ratios for all pacing rates (horizontal lines in the middle of the
rectangles in Fig. 7) were within 10% of 1.0 (i.e. 0.90–1.10), which is
reasonably close to 1.0. This implies that the shape of vibration re-
sponses corresponding to SDOF oscillators with natural frequencies
above 14 Hz resemble typical transient responses regardless of the pa-
cing rate. The harmonics of walking forces [15,16] corresponding to
frequencies above 14 Hz are more likely to increase the amplitude of
the vibration responses rather than to induce a clear resonant build-up
response. Therefore, this frequency has been selected as the cut-off
frequency above which the human-induced vibration of floors is
dominated by transient response.

3. Modelling human-induced vibrations of high-frequency
structures

This section starts with necessary details of Arup’s deterministic
force model (Section 3.1), followed by its expansion into a more so-
phisticated probability-based successor proposed in this study (Sections
3.2 and 3.3) and its implementation in vibration serviceability assess-
ment of high-frequency floors (Section 3.4).

3.1. Arup’s model

The model was derived using a database of over 800 single footfalls
recorded for 40 individuals stepping on a force plate while walking at a
range of pacing rates controlled by a metronome [25]. The measured
footfalls were shifted repeatedly along the time axes to synthesise the
corresponding artificial and perfectly periodic force time history
(Fig. 8). Each such force was applied to a series of SDOF oscillators with
natural frequencies of 10–40 Hz and only the peak velocity for each
simulation was extracted. The modal mass was assumed 1 kg for all
simulations, so that the peak velocity response was numerically
equivalent to the impulse represented by the shaded area in Fig. 8 and
expressed in Ns. Such an impulse is termed effective impulse.
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For varying pacing rates, the mean of the extracted effective im-
pulses are shown in Fig. 9 as a function of the ‘floor frequency (Hz)’,
which is the natural frequency of the 1 kg SDOF system. The corre-
sponding curve fit is:

=I A
f

f
,eff

p

n

1.43

1.3 (2)

where, Ieff is the effective impulse (Ns), fp is the pacing rate (Hz), fn is
the SDOF natural frequency (Hz) and A is a coefficient which has a
mean value of 42 and a standard deviation of 0.4 while its corre-
sponding design value for 75% chance of non-exceedance is 54.

This effective impulse is used in Eq. (3) to calculate the contribution
of the time history response of each vibration mode in the total re-
sponse. This response corresponds to one footfall strike.

= −v t u u
I
M

e ω t( ) sin( ),n i j
eff

n

ω t
nd

ζn n
(3)

Here, v t( )n (m/s) is the contribution to the velocity response from
mode n at each time step t , ui and uj are the mode shape amplitude at
the node of application of the force and the node of interest, respec-
tively, Mn (kg) is the modal mass of the mode n, ζn is the modal
damping ratio, ωn and ωnd (rad/s) are the angular frequency and
damped angular frequency of mode n, respectively.

The contribution of each mode in the total response, calculated
using Eq. (3), should be determined individually for N vibration modes
with a natural frequency up to twice the fundamental frequency. The

total velocity response v t( )t is calculated using Eq. (4) based on the
assumption that the structure remains linear during vibration, and
therefore, the principle of superposition applies.

∑=
=

v t v t( ) ( ),t
n

N

n
1 (4)

The criterion of the vibration serviceability assessment for high-
frequency floors is based on the maximum 1-s RMS of the total response
calculated using Eq. (1).

3.2. Improved modelling procedure

Based on the analysis presented in Section 2, the key differences
between the steps followed to derive Arup’s model and its advanced
version explained in the following sections are:

• The range of natural frequencies of the SDOF oscillators used to
derive the present model is 14–40 Hz with an increment of 0.1 Hz,
compared with 10–40 Hz used to derive Arup’s model. This is to
account for the proposed cut-off frequency of 14 Hz (Section 2.3).

• In the new model, SDOF simulations, which utilised continuously
measured treadmill forces [15,16], were carried out to extract the
peak velocities corresponding to 50 successive footfalls. These peak
velocities are treated as the effective impulse (Ieff ) explained in Eq.
(3) but they belong to the improved model presented in this paper.

• Contrary to Arup’s model, the damping effect is considered in the
new model. This is to take into account the slight amplification of

Fig. 4. MTVV velocity (grey) for pacing rates ( fp) from 1.4 Hz (up left) to 2.4 Hz (bottom right). Black represents the average MTVV velocity at each natural
frequency.
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the vibration response of high-frequency floors induced by the near-
resonance effects corresponding to the higher harmonics of walking
loading, as explained in Section 2.

Apart from the above mentioned differences, the new model was
derived using the same procedure as that used for Arup’s model. The
damping ratio was assumed 3% in the SDOF simulations, while the
effect of other damping ratios is elaborated in Section 3.3.3. A time step
of 0.005 s was used in the analysis. The total number of the peak ve-
locities (effective impulses) obtained from the analysis is more than
900,000, i.e. 715 continuously measured walking forces [15,16], each
comprising 50 footfalls, applied to 261 SDOF oscillators with natural
frequencies in the range14–40 Hz and 0.1 Hz increments.

3.3. Formulation of the effective impulse

The peak velocities corresponding to a single footfall and multiple
SDOF oscillators can be presented as a spectrum. Fig. 10 shows an ex-
ample of this spectrum corresponding to one footfall within a

continuous walking force, with a pacing rate of 2.25 Hz. For example,
for this pacing rate there are 28 continuously measured walking force
time histories in the database [15,16], each having 50 footfalls. This
means there are 1400 spectra created and analysed for this pacing rate.
The differences between these spectra can be explained by the inter-
and intra-subject variabilities of human walking forces (Section 2.1).
Hence, a statistical approach is utilised here to model the spectra as a
function of SDOF natural frequency, pacing rate and damping ratio.

In Fig. 10 peaks can be noticed around integer multiples of the
pacing rate due to resonance or near-resonance effects. This can be
explained by the effect of harmonics of the walking excitation at integer
multiples of pacing rates as explained in Section 2.2.

To simplify the modelling of the spectrum shown in Fig. 10, it was
split into two components: a ‘base curve’ and an ‘amplification factor’
(grey curve and black dots, respectively, in Fig. 10). The base curve was
assumed continuous across all SDOF frequencies, while the amplifica-
tion factor was assumed to be present at locations of each integer
multiple of the pacing rate (black dots in Fig. 10). The grey dots re-
present the locations where the amplification factor has no effect and its

Fig. 5. Typical reconstructed vibration response from simulation of a walking force with pacing rate ( fp) of 2.0 Hz applied on SDOF oscillator with a natural
frequency ( fn) of 16 Hz. Red, green and pink dots refer to the 1st, 2nd and 3rd peak velocities, respectively.
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location is assumed to be in the middle of each two successive integer
multiples of pacing rate (subsequent pairs of the black dots). Between
black and grey dots, the amplification factor can be assumed to change
linearly and its value can be interpolated between them.

Hence, the peak velocity at each integer multiple of the walking
frequency is theoretically equal to the base curve value at that natural
frequency multiplied by the corresponding contribution of the ampli-
fication factor at the same natural frequency, as shown in Fig. 10.

A Matlab script was written to extract the amplification factor
around each integer multiple of the pacing rate, while the base curve
was constructed by connecting the grey dots linearly (Fig. 10). The base
curve values B f f( ,n p) (m/s) and amplification factor A f f( ,f n p) (di-
mensionless parameter) were assumed as functions of both the natural
( fn) and pacing ( fp) frequencies. Hence, the effective impulse can be
mathematically described in Eq. (5).

=I B f f A f f P f f( , ) ( , ) ( , ,ζ),eff n p f n p p nζ (5)

where, P f f( , ,ζ)p nζ is the damping factor (dimensionless parameter),
which is described in Section 3.3.3.

In the remaining part of this section, the probability distributions
used to fit B f f( ,n p) and A f f( ,f n p) were chosen based on the Bayesian
Information Criterion [28] and the parameter fitting is based on the
Nonlinear Least Squares method [29].

3.3.1. Base curve
Fig. 11 shows that B f f( ,n p) values fit well a gamma distribution

defined as [30]:

=
− −

f B f f
B f f e

θ k
( ( , ))

( , )

( )
,n p

n p
k

k

1
B fn fp

θ
( , )

(6)

where f B f f( ( , ))n p is the probability density function, k and θ are the
shape and scale parameters and kΓ( ) is the gamma function evaluated
at k.

The fitting process is repeated for 35,750 spectra (i.e. 715 walking
force time histories, each comprising 50 footfalls). Values of the ex-
tracted parameters k and θ (dimensionless parameters) were then sur-
face fitted as functions of fn and fp (measured in Hz) using polynomial

and exponential forms, due to the shape of the data to be fitted. The
fitting is shown in Fig. 12 and described by Eqs. (7) and (8).

= − +k f f4.5 0.12 3 ,n p (7)

= +θ
f

f
0.08 2 ,p

n

3.3

1.58 (8)

3.3.2. Amplification factor
Values of amplification factors A f f( , )f n p follow the generalised ex-

treme value distribution (Fig. 13), which probability density function
f A f f( ( , ))f n p is characterised by location μ, scale σ and shape τ para-
meters as described in Eq. (9) [31].

⎜ ⎟= ⎡

⎣
⎢ + ⎛

⎝

− ⎞

⎠

⎤

⎦
⎥

⎜ ⎟
− − ⎧

⎨
⎩

−⎡

⎣
⎢ + ⎛

⎝

− ⎞

⎠

⎤

⎦
⎥

⎫

⎬
⎭

−

f A f f
σ

A f f μ

σ
e( ( , )) 1 τ 1 τ

( , )
f n p

f n p

A f f μ
σ

1 1/τ 1 τ
( , )f n p

1/τ

(9)

The extreme probability distribution is fitted to all 35,750 spectra.
The extracted values of μ, σ and τ (dimensionless parameters) are fur-
ther fitted to surfaces as functions of fn and fp (measured in Hz). The
results are illustrated in Fig. 14 and the mathematical formulation is
described by Eqs. (10)–(12). Note that due to the shape of the fitting
data, the exponential form best fitted μ and σ surfaces, while the
polynomial function best fitted τ values.

= +μ
f

f
0.98 7.6 ,p

n

2.5

1.82 (10)

= − +σ
f

f
0.03 0.85 ,p

n

1.3

(11)

= − − +f f f f fτ 0.18 0.00013 0.015 0.0004 ,n n p p n
2 2

(12)

Interpolation of A f f( ,f n p) should be considered if the natural fre-
quency is not an integer multiple of the pacing rate (Fig. 10). For in-
stance, if the natural frequency lies exactly in the middle of two suc-
cessive integer multiples of the pacing rate, the amplification factor will

Fig. 6. Comparison between simulated (grey) and reconstructed (black) vibration responses with their corresponding 1-s running RMS for natural frequency ( fn) of
16 Hz (top) and 8 Hz (bottom).
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Fig. 7. MTVV ratio between simulated and reconstructed vibration responses at different pacing rates ( fp).

Fig. 8. Arup’s approximation of the typical walking force (top) and its corresponding velocity vibration response (bottom).
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have no effect on the response (i.e. =A f f( , ) 1.0f n p ). This takes into
account that the amplification factor has a reduced effect between the
integer multiples of the pacing rate, as shown in Fig. 10.

3.3.3. Damping effect
A damping factor is developed in this section to scale amplification

factor A f f( ,f n p) to account for the effect of a floor near-resonance with
the harmonics of walking excitation above 14 Hz and to account for
damping ratios ζ of the SDOFs different from 3%. Hence, the numerical
simulations presented in the previous section are repeated here to de-
rive amplification factors ′A f f( , ,ζ)f n p for damping ratios in the range
0.5%-6%, with an increment of 0.1%. The damping factor P f f( , ,ζ)p nζ can
be expressed as:

=
′

P f f
A f f

A f f
( , ,ζ)

( , )

( , ,ζ)
,p n

f n p

f n p
ζ

(13)

The plane defined by Eq. (14) is fitted to P f f( , ,ζ)p nζ for different
damping ratios:

= + +P f f a bf cf( , ,ζ) ,p n p nζ (14)

where, a, b and c are the parameters of the equation (dimensionless
parameters). Fig. 15 shows the fitted plane corresponding to a damping
ratio of 5%.

Finally, values of the parameters a, b and c are curve fitted as
functions of the damping ratio. The resulting curve fits are illustrated in
Fig. 16 and described by Eqs. (15)–(17). The shapes of these equations

are decided based on the trends observed in the data (Fig. 16).

= −a 2.82 2.58ζ0.1 (15)

= − +b
e

0.0174 0.38
100ζ (16)

= −c
e

0.0028 0.0138
50ζ (17)

According to Eq. (14), the range of P f f( , ,ζ)p nζ is 0.86–1.72. The
lower and upper limits correspond to fp =2.5 Hz, fn =14Hz and

=ζ 6% and =ζ 0.5%, respectively. It is assumed that the damping factor
P f f( , ,ζ)p nζ has the highest effect when fn is an integer multiple of fp due
to the near-resonant effect with the higher harmonics of walking, as
was the case with A f f( ,f n p) in the previous section. Hence, if the natural
frequency is not an integer multiple of the pacing rate, P f f( , ,ζ)p nζ need
to be interpolated in the same way as A f f( ,f n p).

3.4. Implementation of the new model

Vibration serviceability assessment of a high-frequency floor using
the new model takes the following steps:

• The modal properties are derived from either modal testing or a
finite element model (FEM) of the floor.

• The walking path, pacing rate and its corresponding walking speed
or step length can be utilised to calculate the time that a walking

Fig. 9. Effective impulse derived from Kerr [25] footfall traces (after Willford et al. [35]).

Fig. 10. Spectrum (black triangles) of peak velocity response corresponding to one footfall within a continuous walking force with a pacing rate of 2.25 Hz.
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person spends while walking on the floor. This is necessary to de-
termine the number of footfalls and the duration of the vibration
response. Further discussion about deciding an appropriate pacing
rate and walking path is beyond the scope of this paper. However, a
reader is advised to generate value of the pacing rate based on
probability density functions available in the literature [32].

• For each vibration mode, Eqs. (7), (8), (10)–(12) are used to

calculate the distribution parameters related to the gamma and the
generalised extreme value distributions. Random values of these
distributions are generated based on Eqs. (6) and (9) corresponding
to A f f( ,f n p) and B f f( ,n p), respectively. The number of the generated
values is the same as the number of footfalls calculated above. The
effect of damping is considered by calculating P f f( , ,ζ)p nζ using Eq.
(14), which parameters can be calculated using Eqs. (15)–(17). The

Fig. 11. Probability density function (left) and cumulative probability density function (right) derived using best fit of gamma distribution for a sample of base curve
values corresponding to a pacing rate 2.25 Hz and SDOF natural frequency 24.8 Hz.

Fig. 12. Best fits of the shape (left) and scale (right) parameters for the gamma distribution.

Fig. 13. Probability density (left) and cumulative probability density (right) functions using best fit of generalised extreme value distribution for a sample of
amplification factor values corresponding to a pacing rate of 2.25 Hz and natural frequency of 24.8 Hz.
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generated values of A f f( ,f n p) and P f f( , ,ζ)p nζ need to be scaled de-
pending on the natural frequency of the considered vibration mode
and the pacing rate, as explained in Section 3.3.2 and Fig. 10.

• The effective impulse Ieff corresponding to each footfall can be de-
termined using Eq. (5). The time history of decaying vibration re-
sponse due to each effective impulse is calculated utilising Eq. (3)
and the modal properties of each mode under consideration. The
total time history response due to each mode can be obtained when
the decaying responses are sequenced one after another to form a

continuous response time history for the duration of walking. The
time between each two successive footfalls needs to be consistent
with the pacing rate. The residual of each decaying response at the
beginning of the next footfall is assumed to be zero.

• The total response corresponding to the contribution from all vi-
bration modes having frequencies up to twice the fundamental fre-
quency is calculated using Eq. (4). This number of vibration modes
is adopted from the Arup’s model.

By following the above mentioned procedure, a single response time
history can be obtained. To consider the statistical nature of A f f( ,f n p)
and B f f( ,n p), a sufficient number of responses needs to be generated as
explained below. This number of samples n is defined by Eq. (18) [33].

⎜ ⎟= ⎛
⎝

⎞
⎠

n s
SE

,
x

2

(18)

where, s is the standard deviation of the population and SEx is the
standard error of their mean.

In this study, the samples are a set of MTVV velocity calculated
following the above mentioned procedure, while the population refers
to all possible MTVV velocities. As the standard deviation of the po-
pulation s is unknown, it is estimated to be the standard deviation of the
samples. Assuming the samples are independent and identically dis-
tributed, there is a 95% chance that their mean is within the population
mean ∓ a tolerance of SE1.96 x [33]. This tolerance should be specified
based on the required accuracy [33]. The authors suggest using a tol-
erance value of 1% of the mean of the samples.

Hence, the sufficient number of responses can be found in an

Fig. 14. Best fits of the location (top left), scale (top right) and shape (bottom) parameters for the generalised extreme value distribution.

Fig. 15. Best fit of the damping factors corresponding to a damping ratio of 5%.
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iterative approach. After generating each sample (MTVV velocity), the
sufficient number of samples n can be calculated using Eq. (18) and
compared with the actual number of generated samples. When Eq. (18)
is fulfilled (i.e. the number of generated samples is equal or higher than
the sufficient number of samples n) the simulations can be stopped.

Finally, the cumulative distribution function (CDF) of the MTVV
velocity, corresponding to the generated responses, can be obtained and
the vibration serviceability assessment can be carried out based on the
desired probability. The whole process explained in this section is
summarised in Fig. 17.

4. Verification

The performance of the model elaborated in the previous section is
verified here against numerical simulations (Section 4.3) of the vibra-
tion response calculated using the measured treadmill forces (Section
2.1) and an FEM of a high-frequency floor (Section 4.1). Simulations are
also carried out using the original Arup model (Section 4.3) for com-
parison (Section 4.4).

4.1. Finite element model

The FEM utilised in this section is developed using ANSYS FE soft-
ware [34] and is updated to match the experimentally measured modal
properties of the corresponding real floor (Fig. 18). The floor is a
58m×14m composite slab supported by steel beams and columns.
The slab has a concrete deck with thickness 130mm and it was mod-
elled using a shell element (SHELL181 in ANSYS) assuming isotropic
behaviour with a mesh size of 0.5m. BEAM188 element was used to
model the supporting steel beams and columns. The elastic modulus
used to model the concrete and steel materials are 38 GPa and 210 GPa,
while their corresponding Poisson’s ratios are 0.2 and 0.3, respectively.
The structure has a maximum span of 7.0× 6.0 m and similar (but not
identical) structural configuration between its two wings (left and
right). The columns were fixed at the far ends and the lateral movement
of the floor was restrained at the perimeter of the floor.

Fig. 19 shows the first six vibration modes of the structure. While
the first 18 vibration modes have contributions from either the left or
the right wing of the structure, the other eight vibration modes have
contributions from both wings. The dynamic properties of all vibration
modes with a natural frequency up to twice the fundamental frequency
(26 vibration modes) were extracted from the FEM and used in the
analysis presented in the next section.

4.2. Simulations based on measured walking forces and FEM

The simulations are carried out using 60 measured forces (Section
2.1) due to people walking at six walking frequencies (i.e. ten walking
forces for each pacing rate 1.4, 1.6, 1.8, 2.0, 2.2 and 2.4 Hz) re-
presenting slow to fast walking scenarios.

A walking path expected to produce the maximum response is
specified before performing the simulations (Fig. 19). A constant value
of 0.75m was used for the step length. Unity-scaled (normalised to a
maximum value of 1.0) mode shapes ϕ{ }r were used to calculate the
modal force time histories P t( )r for each mode r for the walking force
moving along the walking path, as described in Eq. (19):

=P t f t ϕ v t( ) ( ) ( . ),r r (19)

where, f t( ) is the physical walking force, t is time, v is the constant
walking speed, = …r 1,2, refers to different modes of vibration and
ϕ v t( . )r is amplitude of the mode shape r at the location of the pedes-
trian at time t. Essentially Eq. (19) describes scaling of walking force

Fig. 16. Fitting parameters a (left), b (middle) and c (right).

Fig. 17. Implementation procedure of the new model.
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Fig. 18. FEM of the floor structure.

Fig. 19. Mode shapes, natural frequencies ( fn) and modal masses (Mn) of the first six modes showing the walking path (WP) (dashed yellow line) and the point of the
response calculations (red dot).
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f t( ) by mode shape amplitudes ϕ v t( . )r along the walking path. Due to
the discrete locations of the nodes, the amplitudes of the unity-scaled
mode shapes corresponding to the location of the pedestrian at each
time step were obtained by interpolation.

The contribution of each mode in the total response was obtained by
applying the modal force time history to a SDOF oscillator having the
same modal properties as that extracted from the FEM. The Newmark
integration method was used to solve the corresponding equation of
motion with a time step of 0.005 s. The modal damping ratio was as-
sumed 3% in all simulations. The vibration responses were calculated at
a node which has contributions from as many vibration modes as pos-
sible (red dot in Fig. 19). Hence, the contribution of each mode in the
total response was multiplied by its corresponding mode shape value at
that node (uj). The total responses were determined based on the su-
perposition principle, i.e. by adding responses from all vibration modes
having a natural frequency up to twice the fundamental frequency.

This procedure was repeated to simulate the vibration response due
to each measured walking force. Therefore, there are 60 vibration re-
sponse time histories, here called “oscillator based responses”, used in
the next section for comparison with the vibration responses calculated
using both the new model and Arup’s model.

4.3. Calculated responses using the new model and Arup’s model

The same walking path, pacing rates, step length and modal prop-
erties from the previous section were used here to calculate the re-
sponses, using both the newly proposed model and Arup’s model.

For the new model, the procedure described in Section 3.4 was
followed to estimate the vibration response time histories and their
corresponding MTVV velocity. After generating each response, an es-
timation of the required number of generated responses, according to
Eq. (18), is obtained and compared with the actual number of generated
responses, as shown in Fig. 20.

The vibration response using Arup’s model was estimated in a si-
milar procedure. The main difference is that the effective impulse is
calculated based on Eq. (2) instead of Eq. (5).

4.4. Results and comparison

Examples of velocity time history responses calculated using the

oscillator based simulations and the new model are presented in Fig. 21.
Based on the visual inspection, the responses are apparently very si-
milar.

A numerical comparison between the vibration responses can be
made using their cumulative probability distribution. Fig. 22 shows the
overlaid plot of the cumulative probability distribution corresponding
to each vibration response time history obtained using the oscillator
based simulations, the new model and Arup’s model.

This figure shows that the vibration response levels calculated using
the new model (light grey curves in Fig. 22) are relatively close to that
obtained from the oscillator based simulations (dark grey curves in
Fig. 22). The vibration responses calculated using Arup’s model slightly
overestimate the responses corresponding to the pacing rates of 1.4 Hz
and 1.6 Hz, while less conservative results were obtained for vibration
responses corresponding to other pacing rates (Fig. 22).

A more obvious and appropriate comparison between the con-
sidered vibration responses can be carried out using the MTVV of the
velocity responses. Fig. 23 presents the cumulative probability dis-
tribution of the MTVV velocity corresponding to the generated re-
sponses using the new model. This represents the MTVV velocity pre-
diction range of the proposed model. For comparison purposes, the
projections of the MTVV velocity, corresponding to the responses ob-
tained using the oscillator based simulations and Arup’s model, on the
cumulative probability distribution in Fig. 23 were illustrated in the
same figure.

Most of the MTVV velocity corresponding to the oscillator based
simulations are within the predicted range of the vibration responses
obtained using the new model (Fig. 23). Only four vibration responses
(out of 60) obtained from the oscillator based simulations are outside
but relatively close to the predicted range of the vibration levels cal-
culated using the new model. Ideally, the MTVV velocity of the oscil-
lator based simulations should be clustered around vibration levels
corresponding to a cumulative probability distribution value of 0.5
(Fig. 23). This is broadly achieved by most of the simulated MTVV
velocity values (dashed grey lines in Fig. 23).

Arup’s methodology for vibration prediction has an implicit 75%
chance of non-exceedance probability for a certain vibration level as
explained in Section 3.1. This implies that the MTVV velocity corre-
sponding to the responses obtained using Arup’s model should be
higher than that corresponding to seven responses (out of 10) obtained

Fig. 20. Stability of the estimated number of the required simulations related to the response calculation at pacing rate of 1.4 Hz. The required number of generated
responses was achieved after 326 iterations.
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from the oscillator based simulations related to each pacing rate. By
comparing these MTVV velocity values, it is obvious that the vibration
levels calculated using Arup’s model are significantly overestimated for
low pacing rates (1.4 Hz and 1.6 Hz) and slightly underestimated for a
high pacing rate (2.4 Hz). Closer vibration levels were obtained for
responses corresponding to pacing rates 1.8 Hz and 2.0 Hz (Fig. 23).

The same trend can be observed when they are compared with the
MTVV velocity corresponding to the new model (Fig. 23).

5. Discussion and conclusions

This paper presents an improved version of Arup’s approach for the

Fig. 21. Time-history response samples from the oscillator based simulations, the new model and Arup’s model corresponding to a pacing rate of 2.0 Hz. For the
responses calculated using the new model and Arup’s model, only their envelopes are shown in this figure for comparison purposes.

Fig. 22. Cumulative probability distribution function of the time history responses obtained from the new model (light grey curves), oscillator based simulations
(dark grey curves) and Arup’s model (dashed black curves).
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vibration serviceability assessment of high-frequency floors. The main
advances are the new cut-off frequency of 14 Hz rather than 10 Hz
between low- and high-frequency floors and the probabilistic rather
than deterministic approach to modelling individual walking loading.
Note that using cut-off frequency 14 Hz in the existing models for high-
frequency floors (including Arup’s model) may not be appropriate, as
they were developed using simulations of different oscillators than in
this study.

Another key advantage of the proposed force model is its capability
to provide probability-based vibration serviceability assessment related
to any given probability of exceedance of the floor vibration levels. This
is far more flexible than Arup’s original model providing vibration le-
vels corresponding to 75% probability of non-exceedance. The prob-
abilistic approach of the proposed individual walking loading and the
related criterion for assessing vibration serviceability describes better
the stochastic nature of human-induced vibrations than that of the
existing model.

The simulation results showed that the new model can predict the
vibration levels for more than 90% of cases. Those outside the range
showed vibration levels mostly below (yet close to) their targets
(Fig. 23). On the other hand, Arup’s model tends to overestimate the
response for low pacing rates, while a slight underestimation of the
responses was noticed for high pacing rates. The best performance of

Arup’s model was observed for pacing rates corresponding to an
average walking speed (i.e. 1.8 Hz and 2.0 Hz). This is in line with
previous findings that Arup’s model can underestimate the response for
high-frequency floors with relatively low fundamental frequency and
high pacing rate [14]. The reason for this could be related to using
synthetic rather than continuously measured walking forces [15,16]
and the range of the SDOF frequencies used to derive the model.

As the new model requires repetitive simulations, vibration servi-
ceability assessment in design practice would benefit from a computer
software where the results can be obtained within a few seconds on a
standard PC configuration. In future this approach could also involve in
the calculations statistical treatment of walking paths and other force
parameters, such as pacing rate and body weight. Finally, the new
model needs to be verified against vibration serviceability surveys of
real high-frequency floors when occupied by walking people.
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