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Abstract— This paper proposes a manipulability optimization
control of a 7-DoF robot manipulator for Robot-Assisted
Minimally Invasive Surgery (RAMIS), which at the same time
guarantees a Remote Center of Motion (RCM). The first
degree of redundancy of the manipulator is used to achieve an
RCM constraint, the second one is adopted for manipulability
optimization. A hierarchical operational space formulation is
introduced to integrate all the control components, including a
Cartesian compliance control involving the main surgical task,
a first null-space controller for the RCM constraint, and a
second null-space controller for manipulability optimization.
Experiments with virtual surgical tasks, in an augmented reality
environment, were performed to validate the proposed control
strategy using the KUKA LWR4+. The results demonstrate that
end-effector accuracy and RCM constraint can be guaranteed,
along with improving the manipulability of the surgical tip.

I. INTRODUCTION
Robot-assisted surgery has been more popular over the
recent years for the advantages it can offer, like greater surgical precision, increased range of motion, improved dexterity
and enhanced visualization for surgeons [1]. In the traditional
Minimally Invasive Surgery, the surgical tip must go through
small incisions on the patient’s abdominal wall. Each small
incision produces a kinematic constraint, commonly known
as the Remote Center of Motion (RCM) constraint [2].
In general, the RCM constraint can be active or passive,
where the passive constraint is maintained mechanically,
while the active method is known to be achieved with a
software controller [3], and is more popular in the nonclinical research, since it is cost-less and provides a flexible
task space.
Different approaches have been adopted to derive a generic
formalization of the RCM as a kinematic constraint [2]
and to actively enforce it. In particular, Ortmaier et al. [4]
proposed an inverse kinematic control to enforce the motion
constraint preventing any force to be exerted on the trocar
during robotic surgery. However, the adoption of position
control in a surgical operation may cause, in case of rigid
interaction, high contact forces [5], [6]. For this reason,
From et al. [7], while addressing the RCM constraint in task
space, introduced Cartesian impedance control to perform
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the tasks safely. A step further in enforcing the RCM
constraint was performed by Sandoval et al. [3], exploiting
the redundancy. In fact, they proposed an improved dynamic
control approach that takes advantage of task redundancy for
the RCM constraint. Similarly, in [8] an adaptive decoupling
controller exploiting task redundancy was proposed, as well.
Besides fulfilling the RCM constraint, redundancy can
also be exploited to achieve other additional tasks, e.g.,
obstacle avoidance [9], human-like behavior [10], and manipulability optimization [11]. In particular, manipulability
optimization [12], [13], [14] of a surgical tool tip plays an
important role in robot assisted surgery, as it can provide
maximum distance from singularities, more flexible motion,
wider operational space, etc., and local optimization methods, e.g., based on gradient projection as in [15] or on
singular value decomposition as in [16], has been already
introduced.
In this paper, a novel manipulability optimization control of a serial redundant robot for real-time robot-assisted
Minimally Invasive Surgery has been proposed. The method
exploits the hierarchical operational space formulation [17],
integrating three parts: a Cartesian compliance control strategy for the main surgical tracking task, a first null-space
controller to enforce the RCM constraint, and a second nullspace controller for manipulability optimization by way of a
constrained quadratic programming approach.
It must be noticed that the proposed methodology represents
an improvement with respect to the RCM solution introduced
in [3], and combines an efficient on-line manipulability
optimization [11] into a single controller.
Finally, experiments using a 7-DoF serial robot KUKA
LWR4+ and considering a virtual surgical task tracking have
been performed to validate the proposed control method.
The paper is organized as follows. Section II describes
the proposed robot assisted MIS system. The dynamic model
of the redundant manipulator and the corresponding control
methodology are presented in Section III. In Section IV the
performance of the proposed control scheme is evaluated
using the KUKA LWR4+ robot, and conclusions are drawn
in Section V.
II. S YSTEM D ESCRIPTION
An overview of the developed robot assisted MIS system
is shown in Figure 1. The system is composed of:
• a KUKA LWR4+ redundant robot, that is torquecontrolled through the Fast Research Interface (FRI),
providing a direct real-time access to the robot controller at 500 Hz [18];

an HD endoscopic camera and an ArUco marker
board [19], that are used for virtual surgical task [20],
[21] tracking in an augmented reality environment;
• a 6-axis M8128C6 force sensor, adopted to measure
the interaction force between the surgical tip and the
abdominal wall.
The control system has been developed using OROCOS1 ,
with a real-time Xenomai-patched Linux kernel, and using
ROS2 Kinetic under Ubuntu [20].
•
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Overview of the robot assisted surgical MIS system.

III. C ONTROL METHODOLOGY
The control methodology here proposed aims at allowing a redundant robot to autonomously perform a surgical
task, tracking a desired trajectory of the surgical tool tip
generated by a surgeon, while ensuring the required level
of safety by way of a task space impedance controller, and
using the redundant degrees of freedom to enforce an RCM
constraint and optimize the manipulability. The robot model
has been discussed in [20], [21]. This Section introduces the
proposed control solution, based on the hierarchical control
formulation [17].

Fig. 3. Robot-assisted MIS surgical scene: during surgery, the tool-tip must
go through the trocar position Pt , representing the RCM constraint. X and
Xr are the actual and desired Cartesian position inside the abdomen.

controller.
First of all, to guarantee the required smoothness to the
surgical tool tip motion and avoid the trajectory generated
by the surgeon exceeds the robot acceleration and velocity constraints, an interpolation function is introduced. In
particular, the surgeon trajectory is interpolated using a
5th order polynomial in Cartesian space [25], adapting the
trajectory duration in such a way that the maximum Cartesian
acceleration and velocity constraints are satisfied. Then a
Cartesian space compliance control term [20], τ T ∈ R7 ,
can be introduced to achieve the main surgical tasks.

A. Hierarchical operational space formulation
The hierarchical control architecture (Figure 2), formulated in [17], is here composed of three main functions:
• a Cartesian compliance control strategy, accounting for
the main surgical tracking task;
• a first null-space controller, to enforce the RCM constraint;
• a second null-space controller, to optimize the robot
manipulability.
Each of these functions is described in the remaining of this
Section, while the stability analysis of the overall system has
been discussed in [22], [23].
B. Autotracking surgical task implementation
The main task for the MIS robot is tracking the desired
Cartesian trajectory generated by the surgeon [24], while
guaranteeing safety by way of a Cartesian impedance
1 Open
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C. RCM constraint in the first null-space
In the case of auto-tracking of a surgical task, three out of
the seven robot degrees of freedom are exploited, the other
four degrees of freedom remain as redundancy. Part of these
redundant degrees of freedom are used here by the first nullspace controller to fulfil the RCM constraint.
Figure 3 shows that to guarantee the tool always enters the
patient body through the trocar point P t , without influencing
the main surgical task, i.e., acting in the null space of the
surgical task. Hence, the “wrist” joint has to track a circular movement [21] around the end-effector from its actual
position N 1 to the desired position N 1d . A control action
F N 1 is proposed in [21] using surgical task redundancy to
enforce this constraint and to reduce the “wrist” tracking
error eN 1 = kN 1 − N 1d k. Projecting this action into the
null-space of the surgical task, the first null-space controller
of the surgical tip can be introduced as:


τ N 1 = I − J TT (q) J T (q) J TW (q) F N 1

where J W (q) ∈ R3×5 is the Jacobian matrix from the base
frame to the robot wrist. Furthermore, error eN 1 ∈ R can be
represented using the following distance [20]
d = k(P t − X) × ûc k
where ûc ∈ R3 is the actual surgical tip direction vector.
In fact, it can be easily shown that keN k is proportional to
the RCM constraint error d, i.e., d = λkeN 1 k, λ ∈ (0, 1],
and it can be thus expressed as
eN 1 =

k(P t − X) × ûc k
λ

where P t , X and ûc are all known. In general, λ varies
according to the tip position during the operation. In this
paper, we choose λ as a constant, but we resolve its timedependency introducing manipulability optimization.
D. Manipulability optimization in the second null-space
The additional redundant degrees of freedom, corresponding to the “wrist” null-space, are used to optimize the manipulability in the way shown in Figure 4, i.e., the positions
of end-effector and “wrist” are fixed, while the other joints
move to achieve manipulability optimization.
As it is well-known the manipulability measure gives a
scalar representation of the gain between joint velocities q̇
and task velocities Ẋ, and, consequently, measures the ability of the robot to move its end-effector, or, equivalently, the
distance from a singular configuration, i.e., a configuration q
for which the Jacobian is rank deficient. The manipulability
measure depends on the Jacobian matrix and is given by:
r
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where f1 (q) and f2 (q) are the forward kinematic functions
of the end-effector and of the “wrist”, respectively. The two
equality constraints has been introduced to guarantee that
the optimization of the manipulability index does not affect
tracking of the desired end-effector trajectory (first equality
constraint) and fulfilment of RCM constraint (second equality constraint).
The previous optimization problem is characterized by a
cost function that is usually non-convex, and by nonlinear
equality constraints, and it thus represents a challenging
problem. In order to address the non-convexity of the cost
function we can reformulate the optimization problem as
follows:
∂µ
min −q̇ T
∂q
q,q̇∈R7
s.t. X d = f1 (q)
N 1d = f2 (q)
On the other side, a way to handle the two nonlinear equality
constraints is introduced in Section III-D.2.
Furthermore, during surgical task execution joint velocities
and joint angles cannot exceed kinematic limitations, as this
might cause problems such as damages and harming the
patient. The convex sets of admissible joint positions and
velocities can be introduced as follows:
Ωq = {qi ∈ R | qi ≤ qi ≤ q̄i , i = 1, 2, . . . , 7}
¯
Ωq̇ = {q̇i ∈ R | q˙i ≤ q̇i ≤ q̄˙i , i = 1, 2, . . . , 7}
¯
where q˙i and q̄˙i are lower and upper bounds on joint
¯ respectively, and qi and q̄i are lower and upper
velocities,
¯
bounds on joint angles, respectively.
In order to express these two constraints as a single constraint
on joint positions and velocities, the constraint on joint
positions can be reformulated [11] as follows:
Ωq = {q̇i ∈ R |

− k0 qi − qi ≤ q̇i ≤ −k0 (qi − q̄i ) , i = 1, 2, . . . , 7}
¯
where k0 is a positive constant, and the two constraints can
be rewritten as:

Shoulder

Target

Fig. 4. Achieving manipulability optimization with second null-space of
the controller.

Ωq,q̇ = {q̇i ∈ R | max(q˙i , −k0 (qi − q˙i )) ≤ q̇i
¯
¯
≤ min(q̄i , −k0 (qi − q̄i )), i = 1, 2, . . . , 7}
Finally, the manipulability optimization problem, including
all the aforementioned constraints, can be formulated as:
min

1) Optimality formulation: For a redundant manipulator
with a desired workspace task X d and a RCM constraint
N 1d , the manipulability optimization problem can be formulated as [11]:
min7

−µ

q∈R

s.t.

X d = f1 (q)
N 1d = f2 (q)

q,q̇∈R7

s.t.

∂µ
∂q
X d = f1 (q)
N 1d = f2 (q)
q̇ ∈ Ωq,q̇
−q̇ T

(1)

2) Reformulation as a constrained quadratic program:
Problem (1) is now reformulated as a constrained quadratic
program, in a way that it can be online solved using a RNN
as reported in [11].

First of all, the two constraints ensuring desired endeffector trajectory tracking and fulfilment of RCM constraint
are recast into constraints at velocity level, as follows:
J T (q) q̇ − Ẋ d = 0

J W (q) q̇ − Ṅ 1d = 0

The equivalence between the two sets of constraints is guaranteed by the fact that the trajectory interpolation function
introduced in Section III-B ensures that the initial values
satisfy conditions X d0 = f1 (q 0 ), N 1d0 = f2 (q 0 ).
Furthermore, in order to guarantee that the problem is convex
and compliant with the formulation proposed in [11], the
objective function is augmented including the constraints as
follows:
c0
c1
∂µ
kJ T q̇ − Ẋ d k2 + kJ W q̇ − Ṅ 1d k2 − c2 q̇ T
2
2
∂q
where c0 , c1 , and c2 are positive constants.
The optimization problem in (1) can be thus reformulated
as:
min c0 kJ q̇ − Ẋ k2 + c1 kJ q̇ − Ṅ k2 − c q̇ T ∂µ
q,q̇

s.t.

2

T

d

2

W

1d

2

∂q

J T q̇ − Ẋ d = 0
J W q̇ − Ṅ 1d = 0
q̇ ∈ Ωq,q̇

and converted into an unconstrained optimization problem
by defining the following Lagrange function:
L(q̇, λ1 , λ2 ) =
− c2 q̇ T

c0
c1
kJ T q̇ − Ẋ d k2 + kJ W q̇ − Ṅ 1d k2
2
2

∂µ
+ λT1 (J T q̇ − Ẋ d ) + λT2 (J W q̇ − Ṅ 1d )
∂q

The solution of the unconstrained problem has to satisfy the
following Karush-Kuhn-Tucker condition:
−

∂L
∈ N Ωq,q̇ (q̇)
∂ q̇

where N Ωq,q̇ (q̇) represents the normal cone of set Ωq,q̇ .
Introducing a projection operator defined as [11]:


∂L
q̇ = P Ωq,q̇ q̇ −
∂ q̇
this can be equivalently written as:


∂L
q̈ d = −q̇ + P Ωq,q̇ q̇ − k
∂ q̇
∂L
λ̇1 = k
∂λ1
∂L
λ̇2 = k
∂λ2
and, introducing the expressions of the partial derivatives, as:
∂µ
− c0 J TT (J T q̇ − Ẋ d )
∂q
− J TT λ1 − c1 J TW (J W q̇ − Ṅ 1d ) − J TW λ2 ))
(2)
λ̇1 = k(J T q̇ − Ẋ d )
q̈ d = −q̇ + P Ωq,q̇ (q̇ + k(c2

λ̇2 = k(J W q̇ − Ṅ 1d )

As already mentioned, this problem can be online solved
using a RNN, as in [11], [26], whose weights can be directly
computed using the system model. Moreover, as doing in
this way the problem is solved iteratively, Section III-D.3
discusses the convergence of the algorithm to an equilibrium
point that is the solution of optimization problem in (1).
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3) Convergence analysis: Letting Υ = [q̇, λ1 , λ2 ]T , the
dynamical system can be rewritten as [11]:
Υ̇ = −Υ + P Ω [Υ − kF (Υ)]
where k is a constant, P Ω are the upper and lower limits
of the joint velocities and the joint angles, and F (Υ) =
∂L
∂L T
[− ∂L
∂ q̇ , ∂λ1 , ∂λ2 ] .
Given the expression of F (Υ), the following relation can be
derived:


2
2
2
L
L
− ∂∂ q̇L2
− ∂∂q̇∂λ
− ∂∂q̇∂λ
2
1
 ∂2L T

∂2L
∂2L 
(
)
∇F (Υ) = 
2
∂λ1 ∂λ2 
∂λ1
 ∂λ21 ∂ q̇
2
∂ L T
L
∂2L
( ∂λ
)
( ∂λ∂1 ∂λ
)T
∂λ2
2 ∂ q̇
2
2

Moreover, as ∇F (Υ) is an anti-symmetric matrix, the
following relations hold:
∂2L
∂2L
∂2L
∂2L
=
=
=
=
∂λ1 ∂λ2
∂λ2 ∂λ1
∂λ21
∂λ22
∂2L
∂2L
=
=0
∂ q̇∂λ1
∂ q̇∂λ2
As a consequence of the existence of ∇F (Υ), F (Υ) is
continuously differentiable and
∇F (Υ) + ∇T F (Υ) =

−c0 J T J TT − c1 J W J TW

0
0


0 0
0 0 ≤0
0 0

This proves the convergence of algorithm (2) to an equilibrium that is the optimal solution of the problem introduced
in (1), and thus the stability of the inner loop. The controller
can be formulated as:
τ N 2 = [(Z(q)M (q)Z(q)T )Z(q)M (q)]T
(K N 2 q̈ d − D N 2 q̇)
where Z(q) is a full rank null-space base matrix proposed
in [27]. The stability of the outer loop has been analysed
in [17]. The proposed Manipulability Optimization Control

(MOC), whose block diagram is depicted in Figure 5, can
be expressed as:
τ d = τ T + τ N1 + τ N2

(a) Distribution of manipulability index µ

Fig. 6. Operative procedure: 1) hands-on control is activated to locate
the trocar position (small incision on the patient’s body); 2) autonomous
tracking is used to control the tool tip along the virtual surgical tasks in
augmented reality.

TABLE I
E XPERIMENTAL CONTROLLER PARAMETERS
Controller
DCAC
(τ d = τ T + τ N 1 )

MOC
(τ d = τ T + τ N 1
+τ N 2 )

Controller parameters
K X = diag[2000, 2000, 2000]
D X = diag[20, 20, 20]
K N = diag[600, 600, 600]
D N = diag[10, 10, 10], λ = 0.5
K X = diag[3000, 3000, 3000]
D X = diag[30, 30, 30]
K N = diag[800, 800, 800]
D N = diag[10, 10, 10], λ = 0.5
K N 2 = [80, 120, 60, 30, 20, 10, 10]
K D2 = [6, 10, 5, 3, 2, 1, 1]
k0 = 0.1
λ1init = [0, 0, 0]T , λ2init = [0, 0, 0]T
c0 = 0.01, c1 = 0.01, c2 = 0.001, k = 0.1

(b) Distribution of end-effector error kE X k

IV. E XPERIMENTAL RESULTS
The set-up used to validate the proposed control algorithm
is depicted in Figure 6. The operative procedure is organized
as follows:
1) the medical staff locates the small incision on the
patient’s body;
2) the surgeon provides the desired trajectory X f using
the remote site to control the tool tip, and the desired
trajectory X d is generated by the control system using
the interpolation function;
3) the robot autonomously tracks the desired trajectory
X d performing the surgical task.
During the last step, the impedance controller guarantees
that the end-effector safely tracks the desired trajectory, the
first null-space controller ensures that the RCM constraint
is satisfied, and the second null-space controller optimizes
the manipulability. The magnitude of the Cartesian position
error kE X k, the RCM constraint error d and the interaction
force kF e k, defined in [20][21], are recorded to evaluate

(c) Distribution of RCM constraint error d

(d) Distribution of interaction force kF e k on the RCM constraint
Fig. 7.

Comparison between DCAC and MOC.

the proposed control method.
The parameters of the controller can be found in Table I.
The three virtual tasks [21] were performed with the Decoupled Cartesian Admittance Control (DCAC) [3] and with
the proposed Manipulability Optimization Control (MOC)
considering 5 trials for each algorithm.
Figure 7 shows the performance comparison between
DCAC and MOC during autonomous tracking tasks.
With the proposed algorithm, the manipulability index of
the surgical tip has been increased over 7% with respect to
DCAC. At the same time, the accuracy of the surgical tip has
been improved, while the error of the RCM constraint have
been decreased. Moreover, the interaction forces between the
abdominal wall and the tool shaft are reduced. This demonstrates that the proposed MOC achieves better operational
performance.
V. C ONCLUSION
This paper proposes a novel manipulability optimization
control of a serial redundant robot for online robot-assisted
Minimally Invasive Surgery. A hierarchical operational space
formulation [17] has been adopted, integrating three parts: a
Cartesian compliance control strategy for the main surgical
task, a first null-space controller to enforce the RCM constraint, and a second null-space controller for manipulability
optimization by using constrained quadratic programming.
Finally, an experimental evaluation has been performed on
virtual surgical tasks, in order to validate the performance of
the proposed methodology. Compared to [3], the results here
reported demonstrate that the proposed control algorithm
not only guarantees the RCM constraint during the autotracking phase, but also improves the manipulability of the
robot. Achieving global manipulability optimization while
guarantying the RCM constraint will be considered as a
future work.
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