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Abstract

In this paper we study by probabilistic techniques the convergence of the value function for a two-scale,
infinite-dimensional, stochastic controlled system as the ratio between the two evolution speeds diverges.
The value function is represented as the solution of a backward stochastic differential equation (BSDE)
that it is shown to converge towards a reduced BSDE. The noise is assumed to be additive both in the
slow and the fast equations for the state. Some non degeneracy condition on the slow equation is required.
The limit BSDE involves the solution of an ergodic BSDE and is itself interpreted as the value function
of an auxiliary stochastic control problem on a reduced state space.

1 Introduction

The purpose of this paper is to give a representation of the limit of the value functions of a sequence of
optimal control problems for a singularly perturbed infinite dimensional state equation. Namely we consider
the following system of controlled stochastic differential equations:

{deva = AXPY 4 b(XEY, Q% ay)dt + RAW}, X, = w0, an

edQ = (BQS™ + F(XE®, Q™)) dt + Gplag)dt + £2G dWVE, Qo = qo,

where both state components X% and Q% take values in a Hilbert space. In the above equation A and
B are unbounded linear operators, a represents the control, (W});>0, (W?)i>o are infinite dimensional
cylindrical Wiener processes, b, F', p are functions and R and G are bounded linear operators satisfying
suitable assumptions. We notice that the presence of the constant € in the second equation corresponds
to the fact that @ evolves with a speed which is larger by a factor 1/e then the speed of evolution of the
component X. In other words the above equation is a good model for a so called two scale system. The



optimal control problem is then completed by a standard cost functional of the form:

1
J%(z0,q0,) :=E (/ UX7Y Q0% ap)dt + h(Xf’a)> , (1.2)
0
and the value function is defined in the usual way:
VE(xo0,qo) := inf J (g, g0, @), (1.3)

where the infimum is extended over a suitable class of progressively measurable control processes ().
Our purpose is to give a characterization of the limit of V(xg, qp) as € (that is the ratio between the speed
of slow and the quick evolution) converges to 0.

Several authors have studied the convergence of singular stochastic control problems in finite dimensional
spaces, see for instance [2], [3], [18], [19], [21]. In particular [2] has been an inspiration for the present work.
In that paper the authors represent the value function of a singular stochastic control problem, in finite
dimensions, by the solution, in viscosity sense, of an Hamilton-Jacobi-Bellman equation. Then they show,
by PDE methods their convergence towards the solution, again in viscosity sense, of a reduced parabolic
PDE with smaller state space and a new nonlinearity usually called effective Hamiltonian. Such analysis
is performed in the case of periodic boundary conditions. Although PDE techniques perfectly fit the finite
dimensional case allowing to cover general situations (including state equations with control dependent
diffusions) they are not adaptable to this infinite dimensional case and consequently to the case of two scale
stochastic control problems for stochastic PDEs. Namely comparison of viscosity solution would require, in
infinite dimensional frameworks, additional assumptions such as a trace class noise and strong regularity of
solutions (see [11]) that would hold only in special situations and, in any case, woluld not allow to cover
our case where we consider cylidrical Wiener noises (see, as well, the discussion in the Introduction of [16]
about use of viscosity solutions in infinite dimensional control problems).

In this paper we choose a completely different approach based on Backward Stochastic Differential Equations,
BSDEs in short, (see [22], and [16] as a reference, respectively, for the finite and infinite dimensional case)
that has already proved to be well adapted to infinite dimensional extensions. This choice eventually allows
us to give a representation of the limit of V¢(zg,qo) (see (1.3)) in a general Hilbertian framework that
constitutes, at the best of our knowledge, the first result in this direction. Moreover our assumptions are
general enough to cover a pretty large class of two scale systems of controlled partial differential equations,
possibly driven by cylindrical Wiener processes (see, for instance, the system of controlled reaction diffusion
equations driven by space-time white noise in Example 6.6). As a counterpart we notice that we consider
state equation in which the control only affects the drift and in which the noise of the slow component is
assumed to be non-degenerate.

We try now to give a few more details on our method and results.

We will solve the control problem in the weak formulation, see [13]. This means, in particular, that the
Wiener process will not be fixed (still the formulation allows to fix a priori a filtration (F;) and work
with a (F;) Wiener process, (see Remark (6.3) and Section 6 here, in additon section 7 in [16] for further
considerations).

To start with we consider, for each € > 0, the following uncontrolled forward-backward system:

dX, = AX;dt + RdW},

edQ; = (BQ5 + F(Xy,Q5)) dt + /2 G dW,

—dYE = (X, Q5, Z§, E5 /\/E) dt — ZEd W} — Z5dW2,
Xo=mz0 Qf=q, Y =h(X1),

(1.4)



where ¢ will eventually be the Hamiltonian corresponding of the stochastic control problem:
V(@,p,2,8) = inf {I(z,q,0) + 2[R7'b(z,q, )] + Epla)}.

Then, once we have a solution (X,Q°,Y®, Z%) to system (1.4), we exploit the well known identification
between Y§ and V¢(zo,qo) (see [10] or [16]) in order to study the limit of the value functions by the limit
of the sequence Yy as ¢ — 0. Our main result is indeed stated in terms of Y¢, that is, see Theorem 5.4, we
prove that:

Y§ — Yo, P—a.s.

where (X,Y,Z) is the unique solution of the following decoupled forward backward system of stochastic
differential equations:

dX; = AX;dt + RAW},

—dYy = N Xy, Zy) dt — Zy dW},

Xo =m0, Y1=h(X)).

The statement of the above mentioned result is formulated and proved in Section 5 as a general result on
singular limits of BSDEs since it is independent of its control theoretic interpretation and, we believe, the
proving argument has some interest on its own. It is worth mentioning that the ‘reduced nonlinearity’ A is
itself a component of the unique solution (Y, Z, A) of the parametrized version of a, so called, Ergodic BSDE
(see (4.1) and Theorem 4.2) similar to the ones introduced in [15] (see [9] and [20] as well). Function A can
also be interpreted as the optimal cost of an ergodic optimal control problem, see Remark 6.5. Moreover,
as it happens in the finite dimensional case, the space in which the above reduced forward-backward system
lives is a subspace of the original one (corresponding to the slow evolution alone).

As a by-product of our main result, using the Bismut Elworthy formula in [17] we immediately get that the
solution of the reduced BSDE, and therefore the limit value function, depends on zq in a differentiable way
and is linked to the unique mild solution of a semilinear parabolic PDE in infinite dimensional spaces:

ov(t,z) 1

5t + §Tr[RR*V:20v(t,m)] + (Az, Vu(t,z)) = Mz, Vu(t, z)R), te[0,1], z € H,

v(1,x) = h(x).

Finally, in the last section, exploiting the concavity of A we give a representation of Y; as the value function
of an auxiliary stochastic control problem on a reduced state space.

The paper is organized in the following way. In Section 2 we set the notation and we introduce some
functional spaces while Section 3 contains some estimates on the two scale state equation that will be useful
in the paper. In Section 4 we introduce parametrized ergodic BSDEs and study their regularity with respect
to parameters. In Section 5 we state the form of the limit equations and prove a convergence result for
BSDEs that represents the main technical issue of this paper. In Section 6, we finally link our results to the
stochastic singular control problem. Finally, in section 7 we interpret the solution of the reduced BSDE in
terms of a stochastic optimal control problem.

2 Notation

Given a Banach space E, the norm of its elements z will be denoted by |z|g, or even by |z| when no confusion
is possible. If F' is another Banach space, L(E, F') denotes the space of bounded linear operators from F to
F, endowed with the usual operator norm. When F' = R the dual space L(F,R) will be denoted by E*. The
letters =, H and K will always be used to denote Hilbert spaces. The scalar product is denoted (-, -), equipped



with a subscript to specify the space, if necessary. All Hilbert spaces are assumed to be real and separable
and the dual of a Hilbert space will never be identified with the space itself. By Lo(E, H) and Lo(Z, K)
we denote the spaces of Hilbert-Schmidt operators from = to H and to K, respectively. Finally G(K, H)
is the space of all Gateaux differentiable mappings ¢ from K to H such that the map (k,v) — V¢(k)v is
continuous from K x K to H; see [16] for details.

Let W' = (W})i>0 and W2 = (W2);>¢ be two independent cylindrical Wiener processes with values in =,
defined on a complete probability space (Q2, F,P). By {F, t € [0,T]} we will denote the natural filtration of
(W1, W?), augmented with the family A of P- null sets of F. Obviously, the filtration (F;) satisfies the usual
conditions of right-continuity and completeness. All the concepts of measurability for stochastic processes
will refer to this filtration. By P we denote o-algebra of progressive measurable sets on Q x [0,7] and by
B(A) the Borel o-algebra of any topological space A.

Next we define the following two classes of stochastic processes with values in a Hilbert space V. Given an
arbitrary time horizon 7" and constant p > 1:

o LB (2x[0,T];V) denotes the space of equivalence classes of processes Y € LP(€2 x [0, T]; V) admitting
a predictable version. It is endowed with the norm

T
vi= (5[ mpas)”

o LB°(Q x [0,+00[; V) denotes the set of processes defined on RT such that their restriction to an
arbitrary [0, 7] belongs to L (2 x [0,T]; V).

o L1,(Q;C([0,T);V)) denotes the space of predictable processes Y with continuous paths in V', such that
the norm

Y], = (B sup [Vy[")"/”
s€[0,T

is finite. The elements of L, (; C([0,T];V)) are identified up to indistinguishability.

. L%ZOC(Q;C' [0, +00[; V)) denotes the set of processes defined on RT such that their restriction to an
arbitrary [0, T belongs to L, (€; C([0,T];V)).

Given @ in L% (2 x [0,T); L2(E,V)), the Itd stochastic integrals fg &, dW} and fg O, dW2 t € [0,T), are
V-valued martingales belonging to L% (€2; C([0,T]; V)).

3 The forward system

For arbitrarily fixed zg € H and g9 € K we consider the following system of stochastic differential equations
in Hx K:
dX; = AXydt + RdAW}, Xo =19, t >0,
(3.1)
edQ5 = (BQ§ + F(Xy,Q5)) dt +e/2GdWE, Qf=qo, t >0,

where the “slow” variable X takes its values in H and the “fast” variable Q¢ takes its values in K, ¢ €]0, 1]
is a small parameter.

Finally A : D(A) C H — H and B : D(B) C K — K are unbounded linear operators generating Cp-
semigroups {e'4};>0 and {e'P};>¢ over H and K, respectively, while R and G are linear bounded operators
from = to H (respectively to K).

Moreover, we make the following, standard assumptions:



Hypothesis 3.1 A : D(A) C H — H is a linear, unbounded operator that generates a Cy- semigroup
{e}y>0, such that |etA|L(H7H) < Mae¥at t > 0 for some positive constants Ma and wa. B : D(B) C
K — K is a linear, unbounded operator that generates a Cy- semigroup {e'B};>¢ such that |etB]L(K7K) <
Mpe“Bt t >0 for some Mp,wp > 0.
Moreover there exist constants L >0 and y € [0, [ s.t.:

e pozm) + 1€ e ) < L™, Vs e[0,1].
Hypothesis 3.2 F : H x K — K is bounded and there exists a constant Lg for which:

|F(x,y) — F(u,v)|x < Lr(lz —ulm + [y — vlk).

for every x,u e H, y,v € K.
Moreover we assume that for every x € H, F(z,-) is Gateaux differentiable, more precisely, F(x,-) €

GYHK,K).
Hypothesis 3.3 B + F is dissipative i.e. there exists some pu > 0 such that:

(Bq+ F(z,q9) — (Bd + F(2,q)),qa— ¢) < —plg — |7,

forallx € H,q,q' € D(B).

Remark 3.4 The above dissipativity assumption is needed in Section 4 to apply the techniques in [15] when
dealing with an ergodic control problem for the quick evolution (e.g. the second equation in 3.1). As far as
the ergodic control problems is considered such hypothesis can be relaxed when the diffusion operator G is
assumed to be invertible, see [9]. We choose here to stick to the stronger form because, on the one side, we
think it is important to cover the case of degenerate noise in the quick evolution (that can not, for instance,
be covered, even in the finite dimensional case, in [2]) and, on the other side, strong results like the uniform
exponential decay in Lemma 3.10, following from the strong formulation, seem to be technically very helpful
here.

Hypothesis 3.5 Re€ L(E;H), G € L(Z; K).

Remark 3.6 When we will apply our results to a two scale control problem, see Section 6, we will have to
impose invertibility of R (instead of a standard and weaker ‘structure condition’ on the image of the control
operator, see, for instance [16]). This is indeed an unpleasant technical assumption needed to simplify the
structure of the slow evolution after Girsanov transform.

Given any cylindrical Wiener process (8;)¢>0 with values in = we denote by (3)>0 the stochastic convolution

88 = [ 08Guas,
0

In the following we shall assume, as in [15], that:
Hypothesis 3.7 sup,.,E|37|? < .

Remark 3.8 Notice that since (5;) is a centered Gaussian process this implies that, ¥Yp > 1 it holds
SUPg~q E|BB|P < co. Moreover hypothesis 3.7 is verified whenever B is a strongly dissipative operator.

We collect here two results we will use in the sequel. We do not provide the proof of the first, that can be
found for instance in [16, Proposition 3.2]. Regarding the second result, for the reader’s convenience, we
briefly report the argument which is a slight modification of the one in [8, Section 6.3.2.].



Lemma 3.9 Under Hypothesis 3.1 and 3.5 the slow equation in system (3.1) admits a unique mild solution
X;° that has continuous trajectories and for all p > 1 satisfies:

E( sup [X[°P) < ¢p(1+ |zol?), 9 € H, (3.2)
te(0,1]

for some positive constant c, depending only on p and on the quantities introduced in the hypotheses.

Lemma 3.10 Let (I's)s>0 be a given, H-valued, predictable process with I' € L%ZOC(Q x [0,00[; H) and let
(gs)s>0 be a given, K -valued, process with g € L%ZOC(Q x [0, +ocf; K) for some p > 1.
Then the following equation:

dQs = (BQS + F(Fsa Qs)) ds + gsds + GdfBs, s >0, Qo = qo, (33)

admits a unique mild solution Q € L%IOC(Q; C([0, +o0]; K)).
Under hypotheses (3.1)—~(3.7), there exists a constant ky, (independent of T') such that for all T > 0:

sup E|Qs|P < ky(1+ |qo|? + sup E[TP + sup E|BE|P + sup E|gs|P). (3.4)
s€[0,T7] s€[0,T s€[0,T] s€[0,T

Moreover if (I',)s>0 is another H-valued, predictable processes in L%ZOC(Q x [0,00[; H) and Q' is the mild
solution of equation:

dle - (BQIS + F(F;7 Q/s)) ds + gsds + GdﬂS? s> 07 QO = qo,

then, for all T > 0,
T
Q1 — Q7| < K/ e MT=O|0, — )| dl, P-a.s.,
0

where again K does not depend on T'.

Proof. Let Z, = e"*(Qs — B5). By Ité rule (going through Yosida approximations) we deduce that Z is
the mild solution of the following equation

dZs = uZsds + BZsds + e"*F(Ts,e " Z5 + BSB))dS + e gqds.

Differentiating /| Zs|? + ¢ (going, once more, through Yosida approximations), using dissipativity of B+ F,
see hypothesis 3.3, we obtain

]ZS]S\/ZJQ%—@Sw/q%—i—E—F/O GM‘F(F@ﬁZB)-I—gg‘df—l—u/o [\/|Zg‘2+€—’Zg|} de.

Letting ¢ — 0, by dominated convergence we obtain:

1Z4] < |l +/ e | F(Ty, BE) + g dt.
0

Recalling the definition of Z we conclude:
S
Q<182+ < anl + [ [P, BP) + gt
0

and by Holder inequality (for the last term):
s » p/P* s B
|QslP < 37|B7|P + 3PePH|qo|” + 3 (/ e’ Q(Sz)d«o / e PeCTO|P(Ty, Bf) + gilPdL.
0 0

6



The claim then follows from Hypothesis 3.2.
The proof of the last statement is similar (and easier) noticing that:

ds(Qs — Q%) = B(Qs — Q)ds + [F(I's, Qs) — F(I', Q})]ds,

and then arguing as before. O

If we fix x € H, qo € K, choose g = 0 and make a change of time s — s, then the fast equation in system
(3.1) becomes

~

dQs = (BQs + F(2,Qs)) ds + GAW?2, s >0, Qo = qo. (3.5)

where WSQ = ¢ 1/2W2 is a cylindrical Wiener process. So (3.5) is a special case of (3.3), and Lemma 3.10
applies.
We will denote by Q%% the unique mild solution of equation (3.5).

4 The ergodic BDSE parametrized

We introduce a function ¢ : H x K x £ x 2% — R. We will eventually (see Section 6) choose as 1) the
Hamiltonian of our control problem. Here we only assume that 1 satisfies the following;:

Hypothesis 4.1 Function 1 is measurable and there exist Ly, Ly, L, L¢ > 0 such thatVq,q € K, z,2’ € H,
£,&,2,2 € Z*:

(2, 0,2,6) = (', 2 &) < La(l + [z))lw — @' + Lalz = 2| + Lo(1 + [2[)lg — ¢| + Lel§ — &'

Moreover we assume that sup,c g e V(2 q,0,0)] < 400

The next result states existence of a solution to the so called ergodic backward stochastic differential equation
(EBSDE):
—dY; = [ih(x, Q%P 2, ;) — Az, 2)] dt — Z, dW2, Vi > s. (4.1)

Theorem 4.2 Under hypotheses 3.1, 3.2, 3.8, 8.5, 8.7 and 4.1 there exist measurable functions v : H X
KxZ*5R,(:HxKxZE" R, \: HxEZ*— R such that:

1. for all fixed x and z, ¥ is Lipschitz with respect to q and verifies:
|0(x, q,2)| < (1 + |2])dl, (4.2)

(c > 0 depends only on the constants introduced in the above mentioned hypotheses) .

2. if we set
V0 = g, QP 2),  EDOF = (2, QPP 2), (4.3)
then Z%90% ¢ L%loc([o, +00[,Z*) and the EBSDE (4.1) is satisfied by the triplet (Y;"%*, 259 \(z, 2))
that is:
~ ~ T A ~ T ~ A
Y, =Yr —I—/ [(z, QP 2,Z5) — Az, 2)] ds — / 2,dW2 P — a.s. for all t <T.
¢ t
3. it holds:

Az, 2) — M2/, )| < Li(l + |2|)|z — 2| + Li]z -2, (4.4)

for some posive constants L} and L.



Proof. Fix x € H and z € E*. In [15, Theorem 4.4 and Corollary 5.9] authors prove existence of functions
o(x,-,2), {(x, -, 2) and A(z, 2) such that (4.2) holds and if (Y®%:* =%:90:?) are defined as in (4.3), then Z%:90:?
is in L%l"c([o, +oo[, %) and the triplet (Y5907 '=%:90.2 A(x, 2)) is a solution to equation (4.1).

Measurably of v, ¢ and A with respect to all parameters follows by their construction (see again [15] Theorem

4.4).

We only need to prove (4.4). Fixed z,2’ € H and z, 2’ € Z* we set A= Az, z) =\, ), Y = ye0z_ye 07

=z,0,2 _ éz’,O,z’

[1]

)

Axz,0 ~z,0 Ax,0 ~z,0,2"
1/}(337 Q?af’ 2 :'7:f7 7Z) - 7»0(50; Q? %2 ‘:f e )(&x,o,z o &x/,ﬂ,z/)
=

if ~z,0,z ~z’,0,2’
= I =y Zp

0, = =z,0,2 =z’,0,2" |2 T

t — T —r =%

)

0 otherwise

and
~ o / A ! ’
ft - 1/1(337 ?07 Z, ‘:'f /052 ) - w(x/7 Qqaf 707 Zl?‘:‘f /05 )

Then we have T T
170+5\T:17T+/ frdr—/ Er(0udt +dW?2), VT >t>0.
t t

So, by Girsanov theorem (notice that (6;) is uniformly bounded), there exists a probability P (mean value
denoted by E) such that W; = fg 0pdl + Wf, t > 0, is a cylindrical Wiener process. Consequently:

T T N
AT:YT—YO+/ der—/ =ZdW,, VYT >t>0
0 0
and consequently:
~ o~ ~ o~ T~
Al < T~ HYo| + T'E|Yr| + Tl/ E|fs| ds. (4.5)
0
Thanks to hypothesis 4.1 we get that for all ¢ > 0:
fil < Lo(U+ 2Dz — @] + Loz — 2/ + L+ [2)IQF° - Q7 ¥, P—aus.

We notice that with respect to (Wt) processes Q”C’O and Qx',O satisfy respectively

dQ*° = (BQ™ + F(z, Q%)) ds + 0,ds + GdW,, s > 0,
dQT0 = (BQ™° + F(2/, Q%)) ds + 6sds + GdW,, s> 0,

and Lemma 3.10 yields |Q2° — Q% °| < (K/p)|z — /| thus:
|ft] < (Ly+ LeK/p)(1 + |2])|x — 2’| + L.|z — 2|, P —a.s. for all ¢t > 0. (4.6)

From Lemma 3.10 we also have that for every T' > 0 and every p > 1,

sup E[QUOP < k(1 + ||’ + sup E[6,[”), (4.7)
s€[0,T] s€[0,T7

and
sup E|Q¥ )P < ky(1+ |zP + sup E[6,P). (4.8)
s€[0,T] s€[0,T7]



Since @ is uniformly bounded it holds:

=1 AT,0 Ax,0
sup E(|Qy 7 + Q¢ 1F) < o0,
te[0,00(

thus, by (4.2), we get that:

sup E(|Y;]) < oc.
t€[0,00]

Consequently T—E(|Y7|) — 0 as T — oo and the claim follows by (4.5) and (4.6) letting T — occ.
O

Remark 4.3 If, fired x and z, one restricts the class of triples (Y, =, \) where to find a solution to equation
(4.1), asking that there must be a constant ¢ > 0 (that may depend on qo, x and z) such that |Yy| < c(14]Q4|)
P-a.s. for every t > 0 then, see [15, Theorem 4.6], the third component \ of the solution is uniquely
determined.

5 Limit equation and convergence of singular BSDEs

We've eventually got to the forward-backward system for t € [0, 1]

dX, = AX;dt + RdW},

edQf = (BQ§ + F(X,,Q5)) dt + &'/2 G dW?,

—dYF = (X, Q5, ZE, 25/ /o) dt — ZEAW} — Z2dW2,
Xo=m9 Qf=qo, Y& =h(X1),

(5.1)

that, as we will see in the sequel, is also associated to a controlled multiscale dynamics. Function h : H — R
satisfies:

Hypothesis 5.1 h is Lipschitz continuous with constant L > 0.

We have that:

Theorem 5.2 Assume 3.1-3.7, 4.1 and 5.1.

For every € > 0 there exists a unique 5-tuple of processes (X,Q°,Y ¢, Z¢,=2%), with X € L%(Q; C([0,1]; H)),
Q° € LA(;,C([0,1]; K)), Ye € LA (,C([0,1];R)), Z°€ LA(Q x [0,1];E*) and Z° € LA (2 x [0,1];E*) such
that P — a.s. the system (5.1) is satisfied for all t € [0, 1].

Proof. The proof is contained in [16, Propositions 3.2 and 5.2], we just notice that the system is decoupled,
so once the forward equation is solved then it becomes a known process in the backward equation. ]

The purpose of our work is to study the limit behaviour of Y¢ as € tends to 0.
We introduce the candidate limit equation, that turns out to be a forward-backward system on the finite
horizon [0,1] and on the reduced state space H.

dX; = AXydt + RdW}, t €10,1],
—dY; = M Xy, Zy) dt — Zy dW, (5.2)
XOZCL'(), }71 :h(Xl)

where ) is defined in Theorem 4.2.
One has that



Theorem 5.3 Under Hypothesis 3.1—3.7, 4.1 and 5.1, there exists a unique triplet of processes (X,Y,Z)
with X € L (Q;C([0,1]; H)), Y € L5 (Q;C([0,1;R)), Z e LE(Qx[0,1];E*) that fullfils system (5.2), P—a.s.
for every t € [0,1].

Proof. Thank to the regularity of A\, see (4.4), the proof of existence and uniqueness of the solution to
equation (5.2) is standard (see, for instance [16, Proposition 4.3]). O

We can now state our main result:

Theorem 5.4 Under Hypothesis 3.1—38.7, 4.1 and 5.1, the following holds for Y and Y¢ found in Theorem
5.2 and Theorem 5.3 respectively:
lim Y§ = Yp. (5.3)
e—0

Proof. We start by noticing that if we slow down time, that is, for s € [0,1/e[ we set: Qi =Q.,YE=Y¢

£S) S €S
=2 = ¢~ /222, then the last two equations in (5.1) becomes:
dQ5 = (BQS + F(Xee, Q5) dt + G AW,
—df/? = ¢(X€S7 Aiv zZz &E) dt — \/gZesasd Wsl - éide, (54)

[SCR ]

Xo=z0 @f=q, Y, =h(X)

where Wf = 12wt

~o, £ =1,2. We will often make use of this change of time in the proof.

We must compare:
- 1 - 1 - 1
V- Yo [ (W0X0Q5 2,5 /VE) - AXe Z)dt — [ (25— Ziyaw) - [ =iaw.
0 0 0
By adding and subtracting we split the first integral on the right hand side as:
1 1
| X0 Q5 26 Z5 V)~ MX 2 dt = [ (000, Q5 2,5 /VE) — 010, Q5 2 /) di
0 0

1
+ /0 (6(Xer Q5 20 55 /VZ) — N(Xo Z4) . (5.5)

We have to use a discretization argument to cope with the second member of the sum.
Let us now introduce for every N positive integer, a partition of the interval [0, 1] of the form t;, = k2=V, k =

0,1,...,2" and define a couple of step processes X~ and ZN defined as follows:
XN =X, teltptral, k=0,...2Y -1 (5.6)
~ 2 ~
zN = 2N/ Zydl, for t € [ty tper], k=1,...2Y =1, Z, =0 for t € [0,41], (5.7)
te—1

where X, Z are part of the solution of (5.2). By construction one has that:

1 ~ —
lim E/ \ZN — Z, dt = 0. (5.8)
0

N—o0

We fix N, then for k =0,1,...,2Y — 1 we consider the following, iteratively defined, class of forward SDE:

dOYF = (BQYF + F(Xy, QNF)) ds + GAW?, s >ty/e,  Qpf = Q) (5.9)

Moreover we define (see Theorem 4.2):

I

>Nk
Yy

0(Xy,, ONF, 20, ENF = ((Xy,, ON*, Z]),  for s > ty/e,

10



(5.10)

for all s >ty /e,

)

(

so that the triplet ((Ys™")s>t, . ,)\(th,ZfZ) (= éVk)s>tk/ ) verifies:
_dYSN7k = [¢<th7 Qé\]k Zt]Z7 :Nk) )‘(tha Zt]Z)] ds — éé\f deZ
and
YR < e(1+12]))| Q1] for all s > t;,/e (5.11)
for some positive constant ¢ > 0 independent of k and N
We also set for s € [0,1/¢]
2N _1 2N 1
N = Z Qévvkl[tk/g,tk+1/g[( ) EN = Z = 7kI[tk/€7tk+1/€[( ) (5.12)
= k=0
so that, forall N e Nand k=0 N _ 1 have:
CNE Nk thy1/e N SN SN N AN tkH/E'N -
LA SR [(X, ,Q ZN 2Ny o NXD, Z ds + = dW:=0. (5.13)
k/g tk+1/5 ; €S €S s €S s s
k/€ ty/e
The second integral in the right hand side of (5.5) can be written as:
1 B 2N -1 tet1/e R B R _
| @i Qi 2z Ve -z == 3 e @5 2 D) = A (e Ze) .
0 k=0 tr/€e
and, adding the null terms in (5.13) for k = 1,...,2" as:
1 2N 1
>N,k
| 00X @5 205~ A 2t = ¢ ST (5.14)
21 /e o
b X [ 0 02 2 B w2, O ZX 2N s
k=0 1t/
2V -1 tht1/e 21 tk+l/5
+e Z/ =N aw? — ¢ Z/ Xeg, Zos) — NXN, ZN)] ds.
k=0 Jtr/ te/e
Therefore coming back to our original term Y§ — Y we have, taking into account (5.5):
2N 1 1/e ~
Yb =€ Z tk/E tk+1/g) + 6/0' [w(XE& s ZaesﬂEs) - w(XESa Qi? Zf—:sa Ei) ds
1/e 1/e B _
te / (0Xers Q3 Zer B2) = (X, QN ZX EN s~ [ NN, Zer) = AXE, ZE) s
0
1/5 1/e N .
—f/ 75 — Zes dWl—e/ = — =) a2,
0
Notice that we can rewrite this difference as follows
2N —1 1/e
> Nk ~ ~
Yo_g/ REN ds 4 Z o AR 5/0 A(Xey, Zog) — MXY, 28] ds
) ng,:§) ¢(X557Qs, 85,‘—‘5)] dS
Z5, 2] ds

P (Xes,
N Zé\s[?:i)_w( 557QN

/
1/5 _
/ EN 25 dw? - e / e — Zes) AW

11
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Then by Hypothesis 4.1 we deduce that for a

where R = (Xes, Q5. Zes, 55) — 0(XX, QF, ZX, 55).
suitable constant ¢, independent from € and N, the following holds:
IRTN| < e(1+Zes)) |+ (1 + 1 Z:6DIQ5 = QY| + el Zes — ZL). (5.16)
The presence of the two stochastic terms in (5.15) allows us to get rid of the third and fourth term on the

right hand side by a Girsanov argument, namely we introduce
W}( €t7Qsa gsa:g) _w(XESaQ;ZE&éi)] ~ . ~
— Zi, — Zeg)" it |ZE, — Z, 0,
51 (s) = |Z2, — Zes|2 Geo = Zea)” 1125 = Zes] # (5.17)
0 if |Z5, — Zes| = 0,
and
w( Es’QN Zg\;?:i)_w( 657QN Zég?:év) Se  =Nyx e |Pe =N
: (& =) iffE -] £,
52,€,N(8) — :g _ :é\f|2 $ s § 8 (5.18)
0 if |25 — =N =o.
We notice that processes (6°(s))sejo,1/] and (6 (8))se[0,1/¢] are bounded uniformly by L, and L¢ respec-
tively, see Hypothesis 4.1. We have:
_ 1/e .
s ds — 5/ 62N (5)[EN — 28] ds
0

B 1/e
m—%q/ 51 (s)|
0
1/5 _
— 25 dW? + f/ 75, — Zg) dW!

1/e
+€/ (EN
0

1/e
N
+5/ R€ dS +5 Z /E - tk+l/5)

and rescaling time (speeding it up this time)
1
YYo= [z - Zlaer [ #eN@/oIEN, - di
0 0
1 1
eV [E -z awi+ [z - z)aw!
2N —1

N
/ Rz 1tdt+€ Z /E B tk+1/5)
(5.19)

N t
W} = / §VE(r/e) dr + W},
(5.20)

We set, for ¢ € [0, 1]
0
t
2 [N ey ar 4
0

e -
We denote by E° the expectation under the new probability P* with respect to which (W, W¢),cjo.1) is a
H x K valued cylindrical Wiener process (recall that (W}, WtQ)te[o,l} is a H x K valued cylindrical Wiener
N_q
Nk Nk
beje Yf;k+1/e]‘ (5.21)

process). Since the left hand side is deterministic, we have
k=1

YO_EE/ oy Nt + eE° Z[Y

12



Moreover, taking into account (5.16), it holds:

~ 1 ~ 1 - — ~
B [ IR < B [ (4 1Z01% - XY+ (4120107 - O + 12 - Z)) .

Let us start from .
Ea/ (1 + | Z)| X, — XD dt.

0

We notice that, with respect to W' we have:

dXy = AX,dt — ROV (t/e)dt + RdW},
—dY; = N(Xy, Z,) dt — Zy[—6V=(t/e)dt + AW},
171 = h(Xl), XO = Xy.

p = exp 54 (s/e) dW} — |65 (s/e)|? ds
( o )

then, byHélder inequality, setting Ax n := sup;cp 1] [ Xt — XN it holds:

Define:

1

~ 1 — ~ —
B [ 1201 - XD < B [AX,N / <1+|ztr>dt}
0 0

~ 1 —
< e [p—3/4<p1/4AX,N>pl/2/ 1+ |Zt|>dt]
0

<[] " [Eenton] B (o [ 0+ )|

Again by Girsanov the process (— fot S (t/e)dt + Wf) 0.1 is a cylindrical Wiener process with respect to
telo,

1/2

pdP¢. By uniqueness of the solution of the forward backward system (5.2) the law of the process (X¢)i>o0
under pdP? coincides with its law with respect to P. Moreover we notice that being Z; = ((X;) where ( is
a deterministic Borel function H — Z* then the law of Z and Z" depend only on the law of (X) in a non
anticipating way. So even the law of (Z;);>0 and (Z}¥)i>o under pdP® coincides with its law with respect to
P.

Recalling that ¢ is uniformly bounded and consequently (with respect to ¢ as well) we have E® p 3 <e
(where ¢ does not depend on ¢), moreover

E* <p/0 \Zty%zt) —E (/0 \Ztlzdt> < +00.

~ 1 —
IEE/O (L+|Z]) |1 X — XN | dt < C[EAY N4, (5.22)

Thus we can conclude

where C' is independent of N and e.
By the continuity of trajectories of (X)¢>0, having also E sup;¢(o 1 | X |* < 0o, we get:

EA% y — 0, as N — . (5.23)

We also have that:
o1 ~ 1 ~ 1/2
EE/ \Zy — ZN|dt < C [E/ | Z; — ZtN|2dt] = C(EAzN)Y?, (5.24)
0 0

13



1
where Ay n = / |Zy — Z)N|?dt and by (5.8):
0

EAz N — 0, as N — oc. (5.25)

Now we deal with the term:
1
B [ H1ZIQ5, - O dt.
0
Introducing the P° Wiener process W2, := (e)~V/ 2W€28 we have that the process (Q%) se[0,1/¢] solves:

dQ5 = (BQS + F(Xy, Q7)) ds — GV (s)ds — +GdW2, s>0, Q5 =, (5.26)

moreover (Q)se(o.1/¢) solves:

dON = (BON + F(XN,ON))dt — G6*>5N (s)ds + GAW2, s>0, O =q. (5.27)

£S)

Therefore by Lemma 3.10 and hypothesis 4.1 we have for all p > 1:

sup E°[|ON|P] < ¢p | 1+ [qol”" + sup E°|X,P+ sup E°
s€[0,1/¢] s€[0,1/¢] s€[0,1/¢]

/ 6(5_7”)]3Gaﬂ/1~}r2
0

4 Lg) . (5.28)

for a constant ¢, independent of € and N. Arguing as before, we have that

E°| X [P = E5(p7'2p! 21X, IP) < (EFp™) V2B (ol X, 7)) /? < O(EIX, ),

)
/ B GaW?
0

and

Es

/ eBGaw?2
0

r _
— e (p—1/2p1/2

/ eBGaw?2
0

ap\ \ 1/2 ap\ 1/2

for some constant C' > 0 independent of ¢. Therefore, bearing in mind the estimate (3.2) for the slow

/ eBGaw?2
0

< (Eep—1)1/2 <IE5 <p

component X and Hypothesis 3.7, we conclude that there exists a constant ¢ > 0, independent of € and N,
such that
sup ES[|ONP] < c. (5.29)

s€[0,1/¢]
Again by Lemma 3.10 one has that for all s > 0,
Q5 - O <e [ e, - XL jar < e,
0
thus, arguing as in (5.22),

~ 1 —_ A~ A ~ 1 —
Ef/ (1+1|Z)|Q-r, — QN |dt < cEF {AX,N/ (1+ |Zt|)dt} < C[EA% N4, (5.30)
0 0

as above.
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Now we come to the last term. We apply successively (5.11) and (5.29) to get the following estimates (the
value of the constant ¢ below can change from line to line but never depends neither on k nor on N or on

e):

2N 1 2N 1

i >Nk >Nk ™ N AN AN

efe Y (VE =V F )| <es > EF [(1 F1Z D+ 197 o] + \thﬂ/e!)]
k=1 k=1
' e SN /3] [7e AN AN Y

<ee 30 (B HIZNDY]T B+ QN+ 1] D)
k=1
2N -1

S {1 N (EE’Z%M?’)WT |
k=1

Proceeding as above, recalling that the law of Zf depends only on the law of the process (X;) we have:

et/ 7N \A/3 211/3 =N 2] /3 2N . 2 23
B2 < (B0 (B2 < 2 |6 [ 1220l

At last we sum up the latter result, (5.22), (5.24) and (5.30) to get:

T T tpya/e

1 2N
> = e,N = >Nk Nk
V6 = ¥ol < B [ RN ae+eB L -V
k=1
s 1 1/2
< CEAY MY + C(EAZN)Y? + ec22V <IE / | Z,|? dt) +ec2V.
0

So letting first € tend to 0 and then N to oo the claim follows, by (5.23) and (5.25). O

Remark 5.5 Consider the following class of forward backward systems with initial time 7 € [0, 1]

dX]" = AX]"dt + RAW}, t<1,
—dY,"" = NX[70 Z)0) dt — Z]T AW, ¢ <1, (5.31)
X =, YU =h(X]").

If we set v(7,x) = Y;"" then it is shown in [17] that v is a deterministic continuous function [0,1] x H — R
being Gateaux differentiable with respect to the second variable. Thus it is the unique mild solution, in the
sense of definition 6.1 of [16] of the nonlinear Kolmogorov equation; see [16, Th. 6.2].

ovu(t, )

+ Lo(t,x) = Mz, Vu(t,z)R), te[0,1], z € H,
v(l,z) = h(z),

where L is the second order operator
1
Lo(x) = SRR V2g(x)) + (Az, Vu(t,2)), g € CH(H),

V2g(x) € L(H) being the second derivative of g in x.
In particular the limit lim._,o Y7 can also be represented by the solution of the above HJB equation as:

lim Y = Y3 = 0(0,0).
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6 The two scale control problem

In this section we are finally in a position to exploit the convergence of solutions of BSDEs proved in the
previous section to solve our original problem of characterizing the limit of value functions V¢(xzg, qp) as
e — 0 (see (1.3) in the Introduction).

As we've stated in the introduction we formulate the control problem in a weak form, see [13]. This choice
is typical in the BSDEs approach and allows to easily identify the value function with the solution of the
backward equation, see also the Section 7 in [16]. Remark 6.3 below reminds the reader about the relation
with the original formulation.

As we have already explained in Remark 3.6, we need to add the following hypothesis:

Hypothesis 6.1 R admits a bounded right inverse R~1 € L(H;Z).

Given the solution (X, Q%) of system (3.1) and a progressively measurable process (ay);e[o,1] taking its values
in a complete metric space U we denote by ©%“ the density

1 1 !
05 = exp </ R_lb(Xta in at)thl - 2/ |R_1b(Xta Qi’ Oét)’2 dt)
0 0

1 o, 1 (1 )
<exp ([ Szotenaw? =5 [ Ziptanar).

where b: H x K x U — H and p : U — K are measurable functions satisfying suitable assumptions listed
below.
We also consider the following cost functional:

1
Fanansa) =2 o7 ([ 1036, Qfanar+ ) ). (6.1)
0
where | : H x K x U - R and h : H — R are measurable and satisfy the assumptions below:

Hypothesis 6.2 There are positive constants L and M such that :

b(x,q,u) = b(2', ¢, )] < L(|lz —2'[ + |g = ¢']), V¢, € K,x,2' € H a €U,
l(x,q,0) = (', ¢, )| < L(|lz — 2’| + g — ¢')), Vq,d € K,x,2' € H, a €U,
|h(z) = h(z")| < Llz — 2|, Vo, 2’ € H,
b(z, ¢, )|, |l(z, g, )|, |p(@)], |h(z)| < M, Vge K,x e H,aeU.

Remark 6.3 We recall that if dP** := ©@%*dP then under probability P=* the process:

t 1 t
(w,},wf):(—/ R (X, i,a,«)dr—l—th,—\/g/ play)dr + W7),
0 0

is a cylindrical Fi- Wiener process in E X =, where Fy is the filtration introduced in Section 2. Moreover with
respect to (W}, W2) the couple of processes (Xy, Q5) satisfies the controlled system:

dX; = AX;dt + b(Xs, Q5, ap)dt + RAW], Xy = o,
(6.2)
edQ5 = (BQ5 + F(X§,Q5) dt + Gp(ap)dt + '2GdW?, Q5 = qo.
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Moreover:

1
Fanansa) =5 (103, Qhanar+ ) )
0
thus the one introduced here is a correct formulation of our original problem (1.1) and (1.2).

We define, for x € H, g € K and z,£ € = :
¥(2,¢,2,¢) = inf {l(z,¢,0) + 2[R7'b(x, ¢, )] + Ep(a)}, (6.3)

and notice that, by straight forward considerations, under Hypotheses 6.1 and 6.2, the Hamiltonian v verifies
hypothesis 4.1.
The main result of this paper is now just an immediate consequence of Theorem 5.4.

Theorem 6.4 Denote by V¢ the value function of our control problem that is:
Vs(x(h QO) = inf ']E(x()v q0, Oé),
(0%

where the infimum is taken over all progressive processes o with values in U.
The sequence VE(xq,qo) converges to the solution Yy of equation (5.2) evaluated at zero.
Proof. In [14] it is shown that V¢ (zg,q0) = Y (see (5.1)). The claim then follows by Theorem 5.4. O

Remark 6.5 The nonlinearity A in the limit equation (5.2) has itself a control theoretic interpretation.
Namely, fixed x € H and z € Z*, let us consider the following ergodic control problem with state equation

dQ? = BQ%ds + F(x,Q%) ds + Gp(Bs)ds + GAW?2, (6.4)
and ergodic cost functional:
%
J(x,2,8) = lim iéle(S/ 2R~ '(x, QP Bs) +1(x,Q5, Bs)]ds. (6.5)
- 0

Then A(z, z) is the value function of the ergodic control problem that we have just described, that is:

Ma,2) = inf J(@, 2 9),

where the infimum is taken over all progressive processes 3 : [0, 00[— U.

Moreover notice that, in particular, being the infimum of linear functionals, the map z — A(z, z) is concave.

Finally notice that the result was proven in [15] with liminf replaced by limsup in the definition (6.5) of
the ergodic cost nevertheless, as it can be easily verified, this substitution is inessential in the argument
reported in [15]

Example 6.6 We provide a simple example to which our result applies. Let us consider the following two
scale system of classical controlled reaction diffusion SPDEs in one space dimension driven by space time
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white noises see, for instance [8] Section 11.2 or [12]:

( a S _ 82 &€ € 1> 8
pr (t,x) 52 (t,x) + b(u®(t, z), v (¢, ), alt, z)) + a(x)awl(t,m),
8 € _ 82 1> 15 g
Dt = (L — () + F (1) (1, 2) 4 plar(at)

(6.6)

us(t,0) = us(t,1) = v°(t,0) = v°(¢,1) =0,

uf(0,7) = u’(x), v°(0,2) = v°(z), te[0,1], = €0,1],

where (W1(t,x)) and (W?(t,x)) are independent space-time white noises. Here (u¢) represents the slow
state, (v) the quick one and « is the control.
We make the following assumptions on the coefficients:

1. m is a positive constant.

2. b, f are continuous maps, b is bounded and Lipschitz continuous w.r.t to the first two variables uniformly
w.r.t. the control, moreover f is Lipschitz continuous with a constant smaller then m.

3. o, p are measurable and bounded functions [0,1] — R. Moreover we ask that |o(x)| > ¢, for a.e.
x € [0,1] and a suitable constant ¢, > 0.

4. r : R — R is a measurable and bounded map.

5. An admissibile control « is any bounded progressive measurable process a : 2 x [0,1] x [0,1] — R and
the cost functional is

“(ug, vo) / / 0(uf (t, ), v (t, z), alt, x))dwdt+/ h(u®(1,x)) dz,
with £ and h Lipschitz continuous and bounded functions.

The abstract formulation in H = K = L?(0,1) and U = L?(0, 1) is identical to the one in [17, section 5]. In
this same place it is shown that Hypotheses 3.1—3.7, 4.1, 5.1 and 6.2 hold. Notice that thus Theorem 5.4
and Theorem 6.4 apply.

7 Control interpretation of the limit forward-backward system

Since we were able to interpret the limit value function as the solution of a reduced forward-backward system
we can now hope to see it as the value function of a correspondingly reduced control problem.

Most of our analysis in this section is based on the fact that A is concave with respect to z. In particular,
by Fenchel-Moreau theorem (translated in the obvious way for concave functions instead than for convex
ones), we can write A\ = A\, where for all z € H:

)\*(ﬂj,p) = leIlzf* (_Zp_ )\(.T,Z)), p €=

and the map A\ (z,-) is an upper semicontinuous concave function with non empty domain in =. Thus for
allz € H, z € =*:
Mz, 2) = inf (—2p — A\u(z,p)).
pe=

18



Recalling that A is Lipschitz continuous with respect to z uniformly in « and denoting by L the Lipschitz
constant we have:
Ai(z, p) = —o0, whenever |p| > L.

and consequently:
Mz, z) = inf (—zp— A(z,p)). (7.1)

PEE, [p|<L

Moreover, A (x,p) < —A(z,0) < ¢(1 + |z|), thus, for any process (pt)o<t<1 with values in =, the process

t
( / A*(Xs,mds)
0 0<t<1

is well-defined and takes values in [—o0, 00).
We have the following characterization:

Theorem 7.1 Assume 8.1—38.7, 4.1 and 5.1 then it holds:

1
YO = 115pr <h(X1) — / )\*(Xt,pt)dt‘ft>,
0

where:

1. (Xt)e>0 is, as before, the mild solution of the following stochastic differential equation:

dX; = AXydt + RAW},  Xo = xo;

2. the infimum is extended to all Z-valued, progressively measurable processes (ps)o<s<1 that are bounded
by L;

3. EP denotes the mean value with respect the probability P* under which
t
WP = / peds + W}
0

1s a Wiener process.

Notice that, with respect to (WP) process (X) solves the controlled stochastic differential equation:
dXy = AXydt — Rypdt + RAWF,  Xo = 0.

Proof. Given any = valued progressively measurable process (p¢):>0 with |p:| < L by (7.1) we get:

1 1
Y, = h(X1)+/ )\(XS,ZS)ds/ ZgdW}
t t
1 1
< h(X) - / (Zops + M(Xo,ps)) ds — / ZydwL.
t t

and by the definition of (WP?):

1 1
Vi < h(X)) - / M (Xe,pa)ds — / Z,dW?,
t t

7).

which shows that: )
}_/t < EF (h(Xl) - / )\*(Xs’ps)dS
t
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Conversely, we may choose, for any n > 1, (p}")o<t<1 such that |p}| < L and
_th? - A*(Xtap?) - 1/” S )\<Xt7 Zt)

By a measurable selection theorem, see for instance Theorem 6.9.13 in [5], we can also assume the process
p™ to progressive measurable.
We have

1
n

1 1
1_/t > h(Xl) - / (Zsp? + )\*(Xsup?) + ) ds — / stWsla
t t

and rewriting the above in terms of W*":

1t ! Lo
Vb otz b0 - [ A Xepde - [z
t t

7).

and the claim is proved. O

Therefore we can conclude that:

n—0o0

1
Y, > lim EP" (h(Xl)—/ Ax(Xs, py)ds
t
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