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Abstract. Let Pmax(d, s) denote the maximum arithmetic genus of a locally Cohen-
Macaulay curve of degree d in P3 that is not contained in a surface of degree < s.
A bound P (d, s) for Pmax(d, s) has been proven by the first author in characteristic
zero and then generalized in any characteristic by the third author. In this paper, we
construct a large family C of primitive multiple lines and we conjecture that the generic
element of C has good cohomological properties. From the conjecture it would follow
that P (d, s) = Pmax(d, s) for d = s and for every d ≥ 2s− 1. With the aid of Macaulay2
we checked this holds for s ≤ 120 by verifying our conjecture in the corresponding range.

1. Introduction

1.1. The maximum genus problem for smooth space curves. The genus of a compact
connected Riemann surface X is the dimension of the space H0(X,ΩX) of holomorphic one
forms on X. It is the unique topological invariant of X. The set of compact Riemann
surfaces of genus g has the structure of an irreducible quasi-projective algebraic varietyMg,
which is known as the moduli space of surfaces of genus g.

A compact Riemann surface can always be embedded in some projective space PN
C ; its

image is then a smooth projective curve C. The genus of X can be computed by looking at
the vector space of hypersurfaces of degree n � 0 containing C: indeed, if one denotes by
H0(PN ,OPN (n)) the space of all hypersurfaces in PN of degree n and by H0(PN, IC(n)) the
space of those containing C, then for n� 0

(1) dim H0
(
PN ,OPN (n)

)
− dim H0

(
PN , IC(n)

)
= deg(C)n+ 1− pa(C).

The left hand-side of (1) for n� 0 is thus equal to a degree 1 polynomial in n that is called
the Hilbert polynomial of C; the coefficient deg(C) of n is called the degree of C and it can
be computed as the number of intersections of C with a general hyperplane, while pa(C) is
called the arithmetic genus of C. It is a theorem that the arithmetic genus pa(C) coincides
with the topological genus of X.

In the algebraic context, over an arbitrary algebraically closed field k, one can still define
as above the Hilbert polynomial, hence the degree and arithmetic genus, of an arbitrary, not
necessarily smooth, one dimensional subscheme C ⊂ PN

k by proving that the left hand-side
of (1) is a degree 1 polynomial in n. Grothendieck has constructed what he called the Hilbert
scheme Hilbd,g(PN

k ) of curves of degree d and arithmetic genus g in PN
k ; the Hilbert scheme

Hilbd,g(PN
k ) parametrizes one dimensional subschemes of degree d and arithmetic genus g

in PN
k in the sense that there is a one to one correspondence between the set of closed points

of Hilbd,g(PN
k ) and the set of such subschemes.
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Thus the problem of classifying embedded projective curves became that of determining
the pairs (d, g) for which Hilbd,g(PN

k ) is non-empty, and then describe Hilbd,g(PN
k ) for these

pairs. For N = 3, the problem of determining the possible pairs (d, g) for smooth connected
curves was settled by Gruson and Peskine [11]; the correct answer was known already to
Halphen [12] but he lacked a correct proof.

Unfortunately, unlike the moduli spaces Mg, the Hilbert schemes Hilbd,g(PN
k ) do not

have a nice geometric structure except for the fact that they are connected [13]; in fact they
may fail to be reduced [21, 22] or irreducible, and may have all type of singularities [25].
Therefore any serious study of embedded curves involves more refined invariants than just
degree and genus to obtain a stratification of Hilbd,g(PN

k ) in nicer subschemes: this was
already clear to Halphen [12]. A natural choice is to consider the postulation of C, that is,
the dimension of the space of hypersurfaces of degree n containing C, for every n. By (1) the
postulation refines the degree and genus. As it is very difficult to characterize the possible
values of the postulation for curves of a given degree and genus, beginning with Halphen
researchers have concentrated their efforts on the intermediate problem of determining the
maximum genus G(d, s) of a curve of degree d in P3 that does not lie on a surface of degree
< s. This was certainly motivated by the observation that curves of very high genus have
to be contained in surfaces of very low degree. The problem is now known as the maximum
genus problem, and it is not completely settled yet: the pairs (d, s) to be considered are
naturally divided in three domains called range A, B and C respectively [15]. In range
C, the precise value of G(d, s) has been determined by Gruson and Peskine [10]. In the
most difficult range B, there is a conjectural bound GB(d, s) for G(d, s) and Hartshorne and
Hirshowitz [16] have constructed curves of degree d and genus GB(d, s) not lying on surfaces
of degree < s. It remains to show that G(d, s) ≤ GB(d, s). There is recent very interesting
work of Macri and Schmidt on this topic [19].

To give the reader the flavour of the maximum genus problem, we would like to explain
the conjectural value of G(d, s) in range A, namely when d < 1

3 (s2 + 4s+ 6). Let

GA(d, s) = (s− 1)d+ 1− dim H0
(
P3,OP3(s−1)

)
= (s− 1)d+ 1−

(
s+ 2

3

)
.

The inequality d < 1
3 (s2+4s+6) together with Clifford’s theorem implies H1(C,OC(s−1)) =

0; therefore in range A a curve of degree d not lying on a surface of degree s− 1 must have
genus g(C) ≤ GA(d, s), and equality holds if and only if C has maximal rank — recall that
a curve C in PN is said to be of maximal rank if the natural map ρ(n) : H0(PN ,OPN (n))→
H0(C,OC(n)) has maximal rank, that is, is either surjective or injective, for every integer
n. Thus, if one could construct for each (d, s) satisfying d < 1

3 (s2 + 4s + 6) an irreducible
smooth curve of maximal rank, degree d and genus GA(d, s), it would follow that GA(d, s) =
G(d, s). Such curves have been constructed in a subinterval of range A (see [2, 3]). The
curves constructed by Gruson-Peskine to prove sharpness in range C and the examples by
Hartshorne-Hirshowitz in range B are curves of maximal rank as well.

We would like to mention here that recently Eric Larson has proven the maximal rank
conjecture for a Brill-Noether general curve in a rather extraordinary series of papers cul-
minating in [18] — the case N = 3 of the conjecture was settled by Ballico and Ellia in the
80’s [1].

1.2. The maximum genus problem for locally Cohen-Macaulay space curves. If on
the one hand the class of smooth curves is too restricted for most purposes, on the other hand
the class of one dimensional subschemes with a fixed Hilbert polynomial is too large if one
is interested in the geometry of curves. From the point of view of liaison theory, the correct
class to be considered it that of locally Cohen-Macaulay curves, that is, one dimensional
subschemes of P3 with no zero-dimensional irreducible or embedded components. Locally
Cohen-Macaulay curves form an open subsetHd,g of the full Hilbert schemeHilbd,g(P3), and
one can use liaison theory and the Hartshorne-Rao module

⊕
n∈Z H1(P3, IC(n)) to obtain
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a nice stratification of Hd,g: the set of locally Cohen-Macaulay space curves of degree
d and genus g curves with fixed cohomology and Hartshorne-Rao module is smooth and
irreducible and its dimension is in principle computable [20, Théorème VII1.1, Corollaire
VII.1.7, Proposition 3.2].

The problem of determining the possible values (d, g) for the degree and arithmetic genus
of a locally Cohen-Macaulay space curve turned out to be much easier than the corresponding
problem for smooth curves. Indeed, the Hilbert schemes are nonempty if and only if d ≥ 1
and g = (d− 1)(d− 2)/2 or if d ≥ 2 and g ≤ (d− 2)(d− 3)/2 (see [17]).

This paper is concerned with the problem of maximum genus for locally Cohen-Macaulay
space curves: determine the maximum arithmetic genus of a locally Cohen-Macaulay space
curve of degree d that is not contained in a surface of degree s − 1. The first author [6]
proved a bound P (d, s) for the maximum genus if the characteristic of the ground field is
zero, and proved the bound is sharp if s ≤ 4; later the third author [23] gave a different
proof of this bound valid in any characteristic. Note that there is a locally Cohen-Macaulay
curve of degree d that is not contained in a surface of degree < s if and only if d ≥ s ≥ 1.
It is clear that one must have d ≥ s because a curve is contained in the surface obtained
as cone over a general plane section, while, if d ≥ s, an example of a curve of degree d not
contained in a surface of degree < s is the divisor C = dL on S where L is a line contained
in a smooth surface S of degree s.

Theorem 1.1 ([6, 23]). Let C be a curve in P3 of degree d and genus g. Assume that C is
not contained in any surface of degree < s. Then d ≥ s and

(?) g ≤ P (d, s) =

(s− 1)d+ 1−
(
s+2
3

)
, if s ≤ d ≤ 2s,(

d−s
2

)
−
(
s−1
3

)
, if d ≥ 2s+ 1.

Thus to show that P (d, s) is the maximum arithmetic genus Pmax(d, s) of a locally Cohen-
Macaulay space curve of degree d that is not contained in a surface of degree s−1 it remains
to construct, for each pair d ≥ s, a curve of genus P (d, s) not lying on a surface of degree
s−1. Note that numerically P (d, s) = GA(d, s), but the domains of these functions in the
smooth irreducible case and in the locally Cohen-Macaulay case are different.

We think the case d = s is the crucial case of the problem. Indeed, if P (s−1, s−1) =
Pmax(s−1, s−1), it easily follows that P (d, s) = Pmax(d, s) for every d ≥ 2s−1 (see Section 6).
So let us suppose d = s. It is known that curves of degree d not lying on a surface of degree
d− 1 are supported on one line or on two disjoint lines [24]. Among curves supported on a
single line, the ones with the nicest scheme structure are those contained locally in a smooth
surface; they are called primitive multiple lines [4, 8]. Let C be a primitive multiple line of
degree d having the line L as its support. Then the sheaf L = IL,C/I2L,C is an invertible
sheaf of OL-modules; indeed, over the open set where C = dL on a smooth surface S, L is
the conormal sheaf of L in S. Therefore there exists a unique integer e such that L ∼= OL(e).
We call e the type of the primitive d-line C. For e ≥ 0, by a result of Beorchia and Franco
[7, Proposition 1.1], such a C is an embedding in P3 of dC0 ⊆ F(e), where F(e) is the ruled
surface PP1(OP1 ⊕OP1

(e)) and C0 is a section with C2
0 = −e; see also [8].

One easily computes that the genus of a primitive d-line C of type e is

pa(C) = −
d−1∑
i=1

(ie+ 1).

In order to show the bound P (d, d) is sharp, it is then enough to prove the following con-
jecture about existence of primitive d-lines with so to speak good cohomology, an analogue
of the maximal rank condition. Note that a primitive d-structure C on a line L ⊂ P3 is
contained in the infinitesimal neighborhood Ld of L defined by the d-th power IdL,P3 of the
ideal sheaf of L.
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Conjecture A. Let d ≥ 5 be an integer congruent to 2 modulo 3. Then

(i) there is a primitive d-line C of type e = d−2
3 that is not contained in a surface of degree

d− 1;
(ii) there is a primitive d-line C of type e = d+1

3 with support L such that

H0
(
IC(n)

)
= H0

(
IdL(n)

)
for n ≤ d.

This means that C is not contained in a surface of degree d−1 and furthermore, every
surface of degree d containing C contains Ld;

(iii) there is a primitive d-line C of type e = d+4
3 with support L such that

H0
(
IC(n)

)
= H0

(
IdL(n)

)
for n ≤ d+ 1.

Conjecture A implies that the bound P (d, d) for the genus of a curve of degree d not lying
on surfaces of degree < d is sharp. Indeed, if d ≡ 2 (mod 3), a primitive d-line C of type
e = d−2

3 has genus P (d, d) and, according to Conjecture A there is such a curve C not lying
on surfaces of degree < s.

If d ≡ 0 (mod 3), the disjoint union D of a line L′ and a primitive (d− 1)-line C of type
e = d

3 has genus P (d, d); by Conjecture A there is such a curve C with support L satisfying
H0(IC(d− 1)) = H0(Id−1L (d− 1)); so every surface of degree < d containing C is a union of
planes containing L. Thus, if we choose a line L′ disjoint from L, no surface of degree d can
contain L′ ∪ C.

Finally, if d ≡ 1 (mod 3), e = d+2
3 , the disjoint union D of a double line B of type d−2

and a primitive (d−2)-line of type e = d+2
3 has genus P (d, d). By Conjecture A there is such

a curve C with support L satisfying H0(IC(d−1)) = H0(Id−2L (d−1)). On the other hand, if
the support of the double line B is the line L′ of equations x = y = 0, the homogenous ideal
of B is generated by x2, xy, y2 and by the equation of a surface of degree d = e(B) + 2. The
condition H0(IC(d− 1)) = H0(Id−2L (d− 1)) implies there is no nonzero F ∈ H0(IC(d− 1))
that is contained in the ideal (x, y)2 if the lines L′ and L are disjoint. Thus no surface of
degree d can contain the curve D = B ∪ C if the supports of B and C are disjoint.

The main purpose of this paper is to introduce a construction of primitive multiple lines
that we hope will lead to a proof of the conjecture. We begin by motivating our construction.
As a primitive d-structure C on a line L ⊂ P3 is contained in the infinitesimal neighborhood
Ld of L, we can consider the ideal sheaf F(C) of C in Ld. Since C is primitive, the sheaf
F(C) turns out to be an invertible sheaf of OLd−1

-modules: a local generator of F(C) at a
point p is the image of the local equation g ∈ IC,p of a smooth surface containing C near
p. The Hilbert polynomial of this sheaf is χF(n) =

(
n− e− 1

3 (2d− 1)
) (

d
2

)
. Hence the

condition d ≡ 2 (mod 3) guarantees that the unique zero n0 of χF(n) is an integer, so that
to prove the conjecture it is enough to construct a primitive d-line C of type e such that
H0(F(n0)) = 0. Note that H0(F(n0)) = 0 implies that F has natural cohomology, that is,
dim H0(F(n)) = max(χF(n), 0) for all n ∈ Z.

Furthermore, if S ⊂ P3 is a surface containing L which is generically smooth along L,
then S contains a unique locally Cohen-Macaulay d-structure C on the line L because, being
Cohen-Macaulay, such a curve is determined by its local ring at the generic point of L, where
C is the intersection of S and Ld. The equation of S defines a section of the invertible sheaf
F(C), hence a divisor E on Ld−1. The condition H0(F(n0)) = 0 translates on a condition
on the cohomology of E.

An analysis of the possible local equations for such an E led us to consider polynomials
in three variables x, y, z that are homogeneous with respect to the weight function WT that
assigns weight 1 to x, weight 2 to y and weight 3 to z. Now fix an integer d = 3m− 1 ≥ 5
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congruent to 2 modulo 3. A WT-homogeneous polynomial of weight 3m has the form

g(x, y, z) = zm +

m∑
i=1

ai(x, y)zm−i.

We assume that g has no term in (x, y)d−1. Every monomial in x, y, z of weight 3m that
does not belong to (x, y)d−1 has degree strictly less than d− 1, except for x3(m−1)z that has
degree d− 1. We assume that x3(m−1)z appears in g with nonzero coefficient, so that g has
degree d − 1. Let G(X,Y, Z,W ) = W d−1g(X/W,Y/W,Z/W ) be the homogenization of g
with respect to the standard grading; it is a polynomial of degree d− 1. The main result of
this paper is the following:

Theorem 1.2. In the projective space P3 = Proj(k[X,Y, Z,W ]) over the algebraically closed
field k, consider the line L of equations X = Y = 0 and, for an integer a ≥ 0 and a scalar
t ∈ k∗, the surface St of equation XGZa − tY W a+d−1 = 0. Let Ct be the unique locally
Cohen-Macaulay d-structure on L contained in the surface St. Then

(i) for every integer a ≥ 0 and a scalar t ∈ k∗, the curve Ct is a primitive d-line of type
e = a+m− 1;

(ii) suppose furthermore that the ideal I = (x, y)d−1 + (g) ⊂ k[x, y, z] contains no nonzero
polynomial of degree d− 2. Then

H0(ICt
(n)) = H0(IdL(n)) for all n ≤ a+ d− 1.

In particular, if a polynomial g as in (ii) exists, Conjecture A is true for d = 3m − 1, and
the bound P (d′, d′) is sharp for d′ = d, d+ 1 and d+ 2: there exists a curve of degree d′ and
arithmetic genus P (d′, d′) that does not lie on a surface of degree < d′.

In light of Theorem 1.2, Conjecture A is thus a consequence of the following

Conjecture B. Fix an integer m ≥ 2 and let g be a general WT-homogeneous polynomial
in k[x, y, z] of weight 3m. Then the ideal I = (x, y)3m−2 + (g) contains no polynomial of
standard degree 3m− 3.

We have verified Conjecture B for m = 2 and m = 3 by handwritten computations and
with the aid of Macaulay2 [9] for m ≤ 40 and a ground field k of characteristic sufficiently
large.

In Section 5 we prove that the k-algebras k[x, y, z]/(x, y, z)d−1 and k[x, y, z]/((x, y)d−1

+ (zm)) have the same Hilbert function with respect to the WT-grading; if the Hilbert
scheme parametrizing such zero dimensional (but weighted) affine schemes with fixed WT-
Hilbert function were irreducible, the generic point would give a deformation g of zm as
desired. Or one would be done if one could show that for general g of weight 3m the initial
ideal of (x, y)3m−2 + (g) is (x, y, z)3m−2, with respect to some (or any) monomial order that
refines the usual degree.

1.3. Content of the paper. In Section 2 we review some basics fact about primitive
multiple lines in P3. In Section 3, Proposition 3.2, we prove that the curves appearing
in Theorem 1.2 are indeed primitive multiple lines of the required type; for this we need
the condition that g is WT-homogeneous. In Section 4 we prove part (ii) of Theorem 1.2
reducing the statement about the cohomology of F(C) = IC/ILd

to a statement about the
zero dimensional scheme defined by the ideal I = (x, y)d−1 + (g). In Section 5 we study
what this condition means in terms of the polynomial g and we explain how we checked
Conjecture B for m ≤ 40. In the final Section 6 we prove that, if P (s−1, s−1) is sharp, then
P (d, s) is sharp for every d ≥ 2s − 1, thus proving sharpness of bounds (?) in most cases
assuming Conjecture B is true.
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2. Primitive multiple lines embedded in P3

We would like to guess what the postulation of the general primitive d-line in P3 should be.
A restraint on the possible values of the postulation comes from the fact that any primitive
d-line C in P3 is contained in the (d− 1)-th infinitesimal neighborhood Ld of L = Cred, that
is,

IdL ⊆ IC .
Thus it is natural to look at the sheaf

F = F(C) := IC,Ld
= IC/IdL

For an invertible sheaf F of OLd−1
-modules, we define the reduced degree of F as the degree

of the restriction FL of F to the reduced line L.

Proposition 2.1. A subscheme C ⊂ Ld is a primitive d-line if and only if C has no zero
dimensional embedded or isolated components, the sheaf F(C) = IC,Ld

is annihilated by
Id−1L and F(C) is locally free of rank 1, as a module over OLd−1

. If C is primitive and e
is its type, the reduced degree of F(C) is −e− 2. At a point p, if f ∈ IC,p defines locally a
smooth surface containing C, then the image of f in F(C)p generates F(C)p.

Proof. The sheaf F(C) = IC,Ld
is contained in IL,Ld

, thus it is annihilated by Id−1L . Locally,
C is contained in a smooth surface S, so the ideal of C is locally generated by a regular
sequence x, yd where x is the equation of S and x, y are local equations of L. Then [x] is
a free local generator of F(C) = IC,Ld

over OLd−1
because the annihilator of [x] is Id−1L .

Finally, to compute the type of C, we consider the unique 2 structure C2 on L contained
in C: if f ∈ IC,p defines locally a smooth surface containing C, then the ideal of C2 at p is
generated by f and I2L. It follows that

F(C)⊗OL
∼= F(C2)⊗OL

∼= F(C2).

On the other hand, the type e of C is the same as the type of C2, and for C2 we use the
exact sequence

0→ F(C2) = IC2
/I2L → IL/I2L → IL/IC2

∼= OL(e)→ 0

to deduce F(C2) ∼= OL(−e− 2). �

Example 2.2. If C is contained in a surface S of degree s smooth along L = Cred, then

F(C) ∼= OLd−1
(−s)

and the type of C is e = s − 2. One can compute the type of C most easily by finding a
smooth surface S containing C2, then the type of C is deg(S)− 2.

More generally:

Lemma 2.3. Suppose C ⊂ P3 is a primitive d-line of type e with support L, and suppose S
is a surface of degree s that contains C and is generically smooth along L. Then the equation
of S gives rise to an exact sequence

0→ OLd−1
(−s)→ IC/IdL → OE → 0

where E is an effective Cartier divisor on Ld−1 of reduced degree s − e − 2 that satisfies
OLd−1

(E) ∼= IC/IdL(s).
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Proof. Since S is generically smooth along L, its equation gives a regular section of the
invertible OLd−1

-module F(s) = IC/IdL(s); this section defines the Cartier divisor E, and
gives rise to the standard exact sequence

0→ OLd−1
→ F(s) ∼= OLd−1

(E)→ F(s)⊗OE
∼= OE → 0

where the last isomorphism is due to the fact that E is zero dimensional. To compute the
reduced degree of E we recall that the reduced degree of F = IC/IdL is −e − 2, hence the
reduced degree of F(s) ∼= OLd−1

(E) is s− e− 2. �

Remark 2.4. The postulation of C is determined by the h0-function n 7→ h0(F(n)) =

dim H0(F(n)) of F because Ld is arithmetically Cohen-Macaulay.

Proposition 2.5. The Hilbert polynomial of F is

χF(n) =

(
n− e− 1

3
(2d− 1)

)(
d

2

)
.

Proof. When C is contained in a degree s surface smooth along L = Cred, then s = e+2 and
F(C) ∼= OLd−1

(−e− 2); since the Hilbert polynomial depends only on d and e, we conclude
that χF(n) = χOLd−1

(n− e− 2), for every primitive d-line of type e. �

3. Construction of primitive multiple lines

Define a weight function WT on k[x, y, z] setting as above WT(x) = 1, WT(y) = 2,
WT(z) = 3. We fix an integer d ≥ 5 congruent to 2 modulo 3, and we write d = 3m − 1
with m ≥ 2. Let

g0(x, y, z) = zm + a1(x, y)zm−1 + · · ·+ am−1(x, y)z + am(x, y)

denote a WT-homogeneous polynomial in k[x, y, z] of weight 3m, and assume all monomials
appearing in the coefficients aj(x, y) have standard degree at most 3(m− 1); essentially, we
are considering a WT-homogeneous polynomial of weight 3mmodulo (x, y)d−1 = (x, y)3m−2.
Note that, once we have excluded monomials in (x, y)3m−2, every other monomial of weight
3m has degree at most d−1 = 3m−2, and the only monomial not in (x, y)3m−2 of weight 3m
and maximum degree 3m− 2 is x3(m−1)z. We homogenize g0 with respect to the standard
grading: more precisely, we let

G(X,Y, Z,W ) = W d−1g0(X/W,Y/W,Z/W ) = ZmW 2(m−1) + · · ·

Finally, we dehomogenize G with respect to Z, that is, we define

g∞(x, y, w) = G(x, y, 1, w) = w2(m−1) + p1(x, y)w2m−3 + · · ·+ p2(m−1)(x, y).

Define a grading WT∞ on k[x, y, w] setting WT∞(x) = 2, WT∞(y) = 1 and WT∞(w) =
3. Then g∞ is WT∞-homogeneous of weight 6(m−1) and the coefficients pj(x, y) are WT∞-
homogeneous of weight 3j: this is because every monomial xaybzc of weight WT = a+2b+3c
in g0 gives rise to a monomial xaybw3m−2−(a+b+c) of weight WT∞ = 9m− 6− (a+ 2b+ 3c)
in g∞.

Lemma 3.1. Let g0, G and g∞ be as above. Then for any integer a ≥ 0 there exist
polynomials g1, h, h1 in k[x, y, w] such that for all t ∈ k

(2) (g∞ + th)(x− ty(g1 + th1)) ≡ xg∞ − tywa+d−1 mod (x, y)d.

Proof. We will repeatedly use the following preliminary remark: a monomial in the first two
variables x and y of WT∞ greater or equal than 6m − 5 is in the ideal (x, y)d−1, as the



8 V. BEORCHIA, P. LELLA, AND E. SCHLESINGER

monomial in a(x, y) of maximum weight not in (x, y)d−1 is xd−2 = x3m−3 which has weight
6m− 6.

We begin by constructing a WT∞-homogeneous polynomial g of weight 3m such that
g∞g ≡ wd−1 modulo (x, yd−1). We look for such a g among polynomials of the form

g = wm + q1(x, y)wm−1 + · · ·+ qm(x, y)

where the coefficients qj(x, y) are WT∞-homogeneous of weight 3j. Now, set p0 = q0 = 1,

(3) g∞g = w3m−2 +

m∑
`=1

w3m−2−`

∑̀
j=0

p`−jqj

+

2(m−1)∑
`=1

w2(m−1)−`r`(x, y).

Note that WT∞(r`) = 3m+3`; so, if a monomial in r`(x, y) is not divisible by x, then it must
be y3m+3`, and 3m+3` ≥ 3m+3 = d+4. Thus, if we define inductively q` = −

∑`−1
j=0 p`−jqj

for ` = 1, 2, . . . ,m it follows from (3) that

g∞g − w3m−2 ≡ xk(x, y, w) mod (yd+4)

where k(x, y, w) is a WT∞-homogeneous of weight 9m− 8 of the form

k(x, y, w) =

2m−3∑
j=0

cj(x, y)w2m−3−j .

We compute WT∞(cj(x, y)) = (9m−8)−(6m−9−3j) = 3m+3j+1. Hence, for j ≥ m−2,
the WT∞-homogeneous polynomial cj(x, y) has weight ≥ 6m − 5, so by our initial remark
it belongs to (x, y)d−1. We conclude

k(x, y, w) ≡
m−3∑
j=0

cj(x, y)w2m−3−j mod (x, y)d−1.

Next we look at the polynomial f = −gk: it is WT∞-homogeneous of weight 6m − 2,
and the highest exponent of w appearing in f is at most 3m − 3. Thus we can write f in
the form

f(x, y, w) =

3(m−1)∑
j=0

ej(x, y)w3m−3−j ≡
m−3∑
j=0

ej(x, y)w3m−3−j mod (x, y)d−1.

To derive the last congruence we used the fact that the coefficients ej(x, y) have weight
3m+ 3j + 1 and thus belong to (x, y)d−1 for j ≥ m− 2.

We claim that any WT∞-homogeneous polynomial f ≡
∑m−3

j=0 ej(x, y)w3m−3−j can be
divided by g∞ modulo (x, y)d−1: more precisely, we next construct a WT∞-homogeneous
polynomial k of weight 6m − 2 such that g∞k = f modulo (x, y)d−1. Note that the
highest exponent of w appearing in k will be at most m − 1, so k can be expanded as
k =

∑m−1
i=0 bi(x, y)wm−1−i where the coefficient bi has weight 3m+ 3i+ 1; hence bi belongs

to (x, y)d−1 for i ≥ m− 2, and k ≡
∑m−3

i=0 biw
m−1−i modulo (x, y)d−1. Thus,

g∞k ≡

w2m−2 +

2(m−1)∑
j=1

pjw
2m−2−j

(m−3∑
i=0

biw
m−1−i

)
≡

≡ b0w3m−3 + (b1 + b0p1)w3m−4 + · · ·+ (bm−3 + · · ·+ b0pm−3)w2m mod (x, y)d−1

and we can choose the m − 3 coefficients bi so that g∞k = f modulo (x, y)d−1 for any
f =

∑m−3
j=0 ej(x, y)w3m−3−j .
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Finally, we observe that kk ≡ 0 modulo (x, y)d−1. This is because k(x, y, w) is congruent
to
∑m−3

j=0 cj(x, y)w2m−3−j with WT∞(cj) = 3m+3j+1, and similarly k ≡
∑m−1

i=0 biw
m−1−i

with WT∞(bi) = 3m + 3i + 1. Thus WT∞(bicj) ≥ 6m + 2 for every i, j, hence kk ≡ 0

modulo (x, y)d−1.
Summing up we have constructed polynomials g, k, k such that the following congruences

hold:
g∞g − wd−1 − xk ≡ g∞k + gk ≡ kk ≡ 0 mod (x, y)d−1.

To prove the statement now it is enough to set g1 = wag, h = ywak and h1 = ywak in
equation (2). �

Proposition 3.2. Let G and g∞ be as above. For every integer a ≥ 0 and scalar t ∈ k∗,
consider the line L of equations X = Y = 0 inside the surface S of equation
XGZa − tY W a+d−1 = 0. Let C be the unique locally Cohen-Macaulay d-structure on L

contained in the surface S. Then C is primitive of type e = a + m − 1. Furthermore, the
divisor E associated to the pair (C, S) as in Lemma 2.3 is supported at p∞ = [0 : 0 : 1 : 0]

and has local equation g∞ + th for some polynomial h ∈ k[x, y, w] divisible by y.

Proof. Note that the surface S of equation XGZa − tY W a+d−1 = 0 is smooth along L

except at the point p∞ = [0 : 0 : 1 : 0], hence C is primitive except perhaps at p∞. To see
what happens at p∞, we work in the affine open subset A3 where Z 6= 0 with coordinates
x = X/Z, y = Y/Z and w = W/Z. By Lemma 3.1 the equation f(x, y, w) of S in A3 factors
as

f ≡ (g∞ + th)(x− ty(g1 + th1)) mod (x, y)d.

Now recall that C is constructed by intersecting S with the infinitesimal neighborhood Ld of
L and the removing embedded points. As g∞+ th ≡ w2(m−1) modulo (x, y), the polynomial
g∞ + th maps to a nonzero divisor in OLd

, hence x− ty(g1 + th1) is contained in the ideal
of C at p∞. As the surface x − ty(g1 + th1) = 0 is smooth at p∞, we conclude that C
is primitive, that the image of x − ty(g1 + th1) in IC,Ld

is a local generator, and that the
divisor E has local equation g∞+ th at p∞. Furthermore, since S is smooth along L except
at p∞, the divisor E is supported at p∞.

To compute the type of C, we observe that the multiplicity 2 substructure C2 of C is
contained in the surface of equationXZa+mW 2m−2−tY W a+3m−2 = 0 because d−1 = 3m−2

and G ≡ ZmW 2m−2 modulo (X,Y )2. Hence C2 is contained in the surface of equation
XZa+m − tY W a+m = 0; as this surface is smooth along L and has degree a + m + 1, the
type of C is a+m− 1. �

4. Reduction to the zero dimensional case

As in the previous section, consider the weight function WT on k[x, y, z] defined by
WT(x) = 1, WT(y) = 2, WT(z) = 3. We fix an integer d ≥ 5 congruent to 2 modulo 3, and
we write d = 3m− 1 with m ≥ 2. Let

g0(x, y, z) = zm + a1(x, y)zm−1 + · · ·+ am−1(x, y)z + am(x, y)

denote a WT-homogeneous polynomial in k[x, y, z] of weight 3m, monic in zm.

Proposition 4.1. Let D be the effective Cartier divisor on Ld−1 supported at the point
p0 = [0 : 0 : 0 : 1] with local equation g0. Consider as in Proposition 3.2 the line L of
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equation X = Y = 0 and the primitive d-structure Ct on L contained in the surface of
equation XGZa − tY W a+d−1 = 0. If H0(ID,P3(d − 2)) = 0, then for general t the sheaf
F(Ct) = ICt

/IdL has natural cohomology, that is,

H0
(
ICt

(n)
)

= H0
(
IdL(n)

)
for all n ≤ a+ d− 1.

Proof. By Proposition 2.5

χF(n) =

(
n− e− 1

3
(2d− 1)

)(
d

2

)
hence χF(n0) = 0 for

n0 = e+
1

3
(2d− 1) = a+ d− 1.

Thus what we have to show is the vanishing H0(F(a + d − 1)) = 0. By Lemma 2.3 the
sheaf F(a + d) is isomorphic to OLd−1

(E), and by semicontinuity, it is enough to prove
H0(OLd−1

(E∞ − H)) = 0 where E∞ is the divisor on Ld−1 supported at p∞ with local
equation g∞. Next we note that the polynomial G defines a Cartier divisor B on Ld−1

linearly equivalent to (d− 1)H, where H denotes the divisor class of the plane section. The
divisor B is supported at p∞, where it has local equation g∞, and at p0 = [0 : 0 : 0 : 1]

where it has local equation g0. So let D = B − E∞ the divisor supported at p0 with local
equation g0. Then

H0
(
OLd−1

(E∞ −H)
)

= H0
(
OLd−1

((d− 2)H −D)
)

= H0
(
ID,Ld−1

(d− 2)
)

= 0. �

Finally, we note

Lemma 4.2. Let D ⊆ P3 be a zero dimensional subscheme supported at p0 = [0 : 0 : 0 : 1]

of length equal to H0(OP3(d − 2)). Suppose I is the ideal of D in A3 = P3 \ {W = 0} ∼=
Spec(k[x, y, z]). Then D does not lie on a surface of degree d− 2 if, and only if, I contains
no nonzero polynomial of degree d− 2 or less. If we fix a term order < on the monomials of
k[x, y, z] that refines the total degree partial order, then D does not lie in a surface of degree
d− 2 if and only if the initial ideal of I with respect to < is (x, y, z)d−1.

Proof. Suppose that S is a surface of minimal degree among those containing D, and let
F = 0 be its equation, so that F ∈ k[X,Y, Z,W ] is a homogeneous polynomial, and we let
s = deg(F ). Since D is supported at the origin of A3, no component of D is contained in
the plane at infinity W = 0, so that F is not divisible by W by minimality of its degree.
Let f = F (x, y, z, 1): then f = 0 is the affine equation of S ∩ A3 in A3, and f has degree
s because F is not divisible by W . The initial term of f is a form of degree s because <
refines the total degree partial order. We conclude that D does not lie in a surface of degree
d − 2 if and only if the initial ideal of I does not contain a form of degree s < d − 1; since
the length of D is

H0(OP3(d− 2)) = dim k[x, y, z]/(x, y, z)d−1,

the latter condition is equivalent to the initial ideal being precisely (x, y, z)d−1. �

The proof of the main Theorem 1.2 is now in place: statement (i) is proven by Proposition
3.2, statement (ii) follows Proposition 4.1, Lemma 4.2.
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5. The polynomial g

In this section we rephrase Lemma 4.2 in terms of the polynomial g0 and we explain how
one can check the validity of Conjecture B for a given m by computing the determinant of a
(very large) matrix of linear forms. For m = 2 and m = 3, one can easily write such matrix
for any polynomial g of weight 3m, while for bigger m we consider a random polynomial
and we verify Conjecture B with the aid of Macaulay2 [9].

We will use the following notation. A Z-graded k-vector spaceN is a vector space together
with a decomposition N =

⊕
n∈ZNn where each Nn is a k-vector subspace. We will say

the elements of Ni are homogeneous of weight n. For every integer q, the Z-graded k-vector
space N [q] it is just N with weights shifted as follows N [q]n = Nq+n.

Fixed an integer m ≥ 2, we set ` = 3m − 2 (so ` = d − 1 if d = 3m − 1 as in the
previous section). We denote by R the k-algebra k[x, y, z]/(x, y)` and, by abuse of notation,
we denote the class of the monomial xiyjzk in R still as xiyjzk. A k-basis of R consists
of the monomial classes by xiyjzk for which i + j < `. We will consider R as a Z-graded
vector space setting Rn to denote the set of linear combinations of monomials of weight n,
where the weight function is defined by WT(x) = 1, WT(y) = 2 and WT(z) = 3. We let M
denote the Z-graded k-vector space obtained as the quotient of R by the Z-graded k-vector
subspace generated by monomials of standard degree < `. We denote by [h(x, y, z)] the
image of the polynomial h in M . Thus a k-basis of M is given by the classes [xaybzc] that
satisfy a+ b < ` and a+ b+ c ≥ `. Note that such monomials have weight at least 3m, and
only one of them, namely [x`−1z], has weight exactly 3m. It turns out that M can be given
the structure of a weighted R-module that makes it isomorphic to R with generator [x`−1z] if
one defines x[x`−1z] = [x−1yx`−1z], y[x`−1z] = [x−1zx`−1z] and z[x`−1z] = [zx`−1z]. More
precisely, we define a k-linear map ψ : R[−3m]→M by the formula

ψ(xiyjzk) = [x`−i−j−1yiz1+j+k] (i+ j < `).

The map ψ is well defined as the class in R of the monomial xiyjzk is non zero if and only if
i+j < `; it is WT-homogeneous of weight 3m, that is, WT(ψ(xiyjzk)) = WT(xiyjzk)+3m,
and it is bijective, its inverse being

ψ−1([xaybzc]) = xby`−1−a−bza+b+c−` (a+ b < ` and a+ b+ c ≥ `).
Thus M ∼= R[−3m] as Z-graded k-vector spaces.

Proposition 5.1. Fix an integer m ≥ 2 and define ` = 3m− 2. Let

g(x, y, z) = zm + a1(x, y)zm−1 + · · ·+ am−1(x, y)z + am(x, y)

be a WT-homogeneous polynomial in k[x, y, z] of weight 3m, monic in zm. Consider in
k[x, y, z] the WT-homogeneous ideals I = (x, y)` + (g) and J = (x, y, z)`. Then k[x, y, z]/I

and k[x, y, z]/J are isomorphic as Z-graded k-vector spaces.

Proof. Let S = k[x, y, z]/I and T = k[x, y, z]/J . We need to show dimSn = dimTn for
every n. For this is enough to show there are monomial bases of S and T with the same
number of elements of weight n for every n. Now a monomial basis B(S) of S is given by
the classes of the monomials xaybzc that satisfy a + b < ` and c < m, while a monomial
basis B(T ) of T is given by the classes of the monomials xiyjzk that satisfy i+ j + k < `.

Consider the map φzm : R[−3m] → M defined by multiplication by zm followed by the
k-linear projection from R to M that kills all monomials of standard degree < `:

φzm(h) = [zmh].

Let K and Q the kernel and the cokernel of φzm : these are Z-graded k-vector spaces, and as
such they are isomorphic because R[−3m] ∼= M and φzm is homogeneous. A monomial basis
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of the cokernel Q consists of those monomials [xaybzc] that satisfy c < m besides a+ b < `

and a + b + c ≥ `; these are the monomials of the basis B(S) that are not in B(T ). On
the other hand, a monomial basis of the kernel K, consists of those monomials xiyjzk that
satisfy i + j + k + m < `; multiplying these monomials by zm we obtain the monomials of
the basis B(T ) that are not in B(S). Hence B(S) has the same number of elements of weight
n as B(T ), for every n. �

In the following proposition we sum up the equivalent conditions we need on the polyno-
mial g for the curves constructed in Section 4 with g0 = g to have good cohomology.

Proposition 5.2. Fix an integer m ≥ 2 and let ` = 3m− 2. Let g be a WT-homogeneous
polynomial in k[x, y, z] of weight 3m. The following conditions are equivalent:

(i) The ideal I = (x, y)` + (g) contains no polynomial of standard degree `− 1.
(ii) If < is a term order on the monomials of k[x, y, z] that refines the standard degree

partial order, the initial ideal of I = (x, y)` + (g) with respect to < is (x, y, z)`.
(iii) The WT-homogeneous k-linear map φg : R[−3m]→M defined by multiplication by g

followed by the k-linear projection from R to M :

φg(h) = [gh]

is an isomorphism.

Proof. By Lemma 4.2, the first two conditions are equivalent. It is clear that φg is an
isomorphism if, and only if, the ideal I = (x, y)` + (g) contains no polynomial of standard
degree `− 1. �

Remark 5.3. Assume zm appears in g with nonzero coefficient. In order to show φg :

R[−3m]→M is an isomorphism, it is enough to show that

(φg)n : R[−3m]n →Mn

is an isomorphism for 3m ≤ n ≤ 9(m−1). Indeed, every monomial of weight n = a+2b+3c >

9(m − 1) with a + b < ` = 3m − 2 satisfies c ≥ m, hence is in the image of φzm . In other
terms, writing as above J = (x, y, z)` and I = (x, y)` + (g), the isomorphic Z-graded vector
spaces k[x, y, z]/I and k[x, y, z]/J have no element weight > 9(m− 1). In particular, every
polynomial of weight> 9(m−1) is a multiple of g modulo (x, y)`, therefore (φg)n is surjective,
hence an isomorphism, for every n > 9(m− 1).

Example 5.4. Consider m = 2 and let ` = 3m− 2 = 4. A polynomial g of weight 3m = 6

in k[x, y, z] has the form

g(x, y, z) = a0z
2 + a1x

3z + a2xyz + a3y
3 (a0, a1, a2, a3 ∈ k).

We want to prove Conjecture B by describing explicitly for which values ai, the ideal I =

(x, y)` +(g) contains no polynomial of standard degree `−1. Using the equivalent condition
(iii) of Theorem 5.2 and taking into account Remark 5.3, we consider the morphism (φg)n
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for 6 ≤ n ≤ 9:

(φg)6 : R[−6]6 = 〈1〉
[ a1 ]
−−−−→M6 = 〈x3z〉,

(φg)7 : R[−6]7 = 〈x〉
[ a2 ]
−−−−→M7 = 〈x2yz〉,

(φg)8 : R[−6]8 = 〈x2, y〉

[
a0 0

0 a2

]
−−−−−−−−→M8 = 〈x2z2, xy2z〉,

(φg)9 : R[−6]9 = 〈z, x3, xy〉

 a1 a2 a3

a0 0 0

0 a0 0


−−−−−−−−−−−−→M9 = 〈z2x3, z2xy, zy3〉.

Therefore φg is an isomorphism provided that all coefficients of g are non zero.
The calculation becomes much longer for m = 3. In this case the polynomial g has weight

9 and the form

g(x, y, z) = b0z
3 + b1x

3z2 + b2xyz
2 + b3x

6z + b4x
4yz + b5x

2y2z + b6y
3z + b7x

3y3 + b8xy
4.

One needs to check that (φg)n is an isomorphism for 9 ≤ n ≤ 18. We spare the reader
the details (but the interested reader can find all details in the ancillary Macaulay2 file
MaximumGenusProblem.m2 available at the webpage www.paololella.it/EN/Publications.
html). In this case, b0, b1, b3, b4 and b6 are required to be non zero, and there are other 5
non-vanishing conditions of degree 2, 3, and 4 among the coefficients bi describing g. For
instance, the condition (φg)17 is an isomorphism is b60(2b2b6 − b0b8) 6= 0. Similarly for every
9 ≤ n ≤ 18 the set of g for which (φg)n is not an isomorphism is a hypersurface in A8. Thus
φg is an isomorphism if g is general.

For larger m, it is more convenient to prove Conjecture B directly, i.e. by exhibiting a
polynomial g satisfying condition (i) of Theorem 5.2. Indeed, if a special polynomial satisfies
Theorem 5.2(i), then also the general g does. We use condition (ii) of Theorem 5.2 and we
proceed as follows. With the aid of Macaulay2, we construct a WT-homogeneous polynomial
g with randomly chosen coefficients and we compute the initial ideal of (x, y)` + (g) with
respect to the graded lexicographic ordering. In order to speed up the computation, we
consider polynomials with coefficients in a finite field Z/pZ, so that conjectures turn out
to be proved for fields with sufficiently large characteristic (and surely for characteristic 0).
In a reasonable computing time, it is possible to verify Conjecture B for m ≤ 40, that is
Conjecture A for d ≤ 120. The interested reader can find the code in the aforementioned
Macaulay2 file MaximumGenusProblem.m2.

6. Sharpness of P (d, s)

In this section we show how to deduce sharpness of the bound P (d, s) for d ≥ 2s − 1
if one knows P (s−1, s−1) is sharp. We also briefly speculate on the intermediate range
s+ 1 ≤ d ≤ 2s− 2.

Proposition 6.1. If P (s−1, s−1) = Pmax(s−1, s−1), then P (d, s) = Pmax(d, s) for every
d ≥ 2s− 1.

Proof. We prove the statement by biliaison: since P (s−1, s−1) is sharp, we can find a curve
Y of degree s−1, not lying on a surface of degree s−2, of maximum genus g(Y ) = P (s−1, s−1).
If d ≥ 2s−1 and we set t = d− s+ 1, then t ≥ s and therefore the curve Y lies in a surface

www.paololella.it/EN/Publications.html
www.paololella.it/EN/Publications.html
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S of degree t. Let C any curve linearly equivalent to Y + H on S. Then the genus of C is
[20, p. 66]

g(C) = g(Y ) + 1/2(t− 1)(t− 2) + deg(Y )− 1

which coincides with P (d, s) provided d ≥ 2s − 1; furthermore, C does not lie on a surface
of degree s−1 because t ≥ s. �

Remark 6.2. To study sharpness of P (d, s) in the range s+ 1 ≤ 2s− 2 one needs something
different. The following remark might help. Recall that, if a curve C is the union of two
curves X and Y that meet in a zero dimensional scheme X � Y of length `, then

pa(C) = pa(X) + pa(Y ) + `− 1.

Therefore:

a) suppose s < d ≤ 2s and D is a curve of degree d − 1 and arithmetic genus pa(D) =

P (d − 1, s). Then, if L is a line that meets D in a scheme of length s, then the curve
C = D ∪ L has degree d and arithmetic genus P (d, s).

b) Suppose s < d ≤ 2s and Y is a curve of degree s and arithmetic genus pa(Y ) = P (s, s).
Then, if X is a plane curve of degree k = d− s that meets Y in a scheme of length

` = s+ (s− 1) + · · ·+ (s− k + 1) = ks− 1

2
k(k − 1),

the curve C = X ∪ Y has degree d and arithmetic genus P (d, s).
c) Suppose d = s+k with 3 ≤ k ≤ s−2. Let Y denote a curve of degree s−1 and arithmetic

genus pa(Y ) = P (s−1, s−1), and let P be a plane curve of degree k+1. Then C = P ∪Y
has arithmetic genus pa(C) = P (d, s) provided

P � Y = (s− 1)− 1

2
(k − s)(k − s+ 1).

The trouble in b) is that we don’t know how to construct such an X if k ≥ 3, while c) can
be useful only for k close to s.

As an application we can prove

Corollary 6.3. Bound (?) is sharp for s = 5, namely, P (d, 5) = Pmax(d, 5) holds for every
d ≥ 5.

Proof. By our previous results P (d, 5) = Pmax(d, 5) if d = 5 or if d ≥ 9. It remains to check
d = 6, 7, 8. We have seen how to construct a primitive 5 line C of genus P (5, 5) = −14 that
does not lie on a surface of degree 4; C lies on a quintic surface that has an equation of
the form XG − YW 4 = 0. The surface S contains, besides the line that supports C, the
two lines L′ and L′′ of equations respectively Y = Z = 0 and X = W = 0. The planes
Y = 0 and X = 0 are tangent to C. We let D′ = V (Y,Z2) and D′′ = V (X,W 2). Then
one can check that L′ and L′′ cut C in a scheme of length 5, while D′ and D′′ cut C in a
scheme of length 9. Hence the curves C6 = C ∪ L′, C7 = C ∪D′, C8 = C ∪D′ ∪ L′′ satisfy
pa(Cd) = P (d, 5) for d = 6, 7, 8. �
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