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Modeling effects of membrane tension on dynamic stall for thin membrane wings

Mattia Alioli1, Pierangelo Masarati2, Marco Morandini3,∗

Politecnico di Milano, Dipartimento di Scienze e Tecnologie Aerospaziali, via La Masa 34, 20156, Milano, Italy

Roberto Albertani4,∗, Trenton Carpenter5,∗

Oregon State University, Mechanical Engineering, 204 Rogers Hall Corvallis, 97330 OR

Abstract

An approach for predicting time varying aerodynamic loads on a pitching membrane wing due to rotational pitching
and steady airflow is presented. The proposed model utilizes potential flow theory for a thin cambered airfoil with
finite span, combined with a linearized representation of the membrane physics to predict lift under static conditions.
Quasi-steady rotational effects and added mass effects are considered in a classic potential flow approach, modified for
a membrane airfoil. A high-fidelity numerical model has been developed as well, coupling a viscous fluid solver and
a non-linear membrane structural model, to predict the configuration of the system under static and unsteady loads.
Moving Least Squares are used to map the structural and fluid interface kinematics and loads during the fluid-structure
co-simulation. The static and dynamic lift predictions of the two models are compared to wind tunnel data, and show
reasonable accuracy over a wide range of flow conditions, reduced frequency, and membrane pretension.
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Nomenclature

α Angle of attack ( ◦)
αo Zero lift angle of attack ( ◦)
ÆR Wing aspect ratio
c Normalized chord length
ǫ Strain of the membrane
ε Oswald efficiency
Kp Potential flow lift constant
Ki Induced drag constant
P Pressure (N)
E Modulus of elasticity (Pa)
ν Membrane Poisson ratio
h Membrane thickness (m)
λ Membrane stretch ratio due to deformation
λo Membrane stretch ratio due to pretension
ρ Membrane material density (kg/m3)
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Re Reynolds Number
U∞ Free stream flow velocity (m/s)
k Reduced frequency
Xst Degree of trailing edge separation, static
X(t) Degree of trailing edge separation, dynamic
CL,st,dat Coefficient of lift, static, wind tunnel data
CL,d,dat Coefficient of lift, dynamic, wind tunnel data
CL,p Coefficient of lift, static attached potential flow
CL,v Coefficient of lift, due to leading edge separation
CL,mem Coefficient of lift, due to membrane displacement
CL,att Coefficient of lift, total static attached flow
CL,sep Coefficient of lift, static separated flow
CL,st Coefficient of lift, static conditions
CL,qs Coefficient of lift, quasi-steady dynamic conditions
CL,d Coefficient of lift, dynamic conditions
CL,fsi Coefficient of lift, fluid-structure simulation

1. Introduction

Artificial micro flyers such as micro air vehicles (MAV)
require highly agile maneuverability while maintaining be-
nign flying characteristics in the entire flight envelope to
prevent expanding the pilot or the autonomous flight con-
trol system beyond its capability. A significant body of
early work on theoretical predictive models and experi-
mental validation, including the fluid- structure interac-
tions characterization, have elucidated the superior aero-
dynamic characteristics of flexible-wing MAVs, demonstrat-
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ing the benign effects of a flexible wing with respect to a
rigid configuration [1, 2, 3, 4] in steady flight conditions. A
massive amount of work on flexible wings in unsteady con-
ditions was performed by several authors on flapping wings
in insects, birds and artificial wings in the last twenty
years. A general view of aeroelastic implications on the
aerodynamics of flapping wings was presented [5], as well
as specific studies on effects of membrane wings on animal
flight [6, 7] with specific applications on bats. Aeroelas-
tic features on fixed wing configurations of flexible and
membrane-wings in unsteady conditions have been pre-
sented including experimental studies [8, 9] and theoret-
ical models [10]. Further research on fixed-wings MAV
with membrane flexible wings was recently performed in
unsteady conditions correlating membrane pretension lev-
els, dynamic variation of wing pitching and angle of attack
with the rotary-damping coefficients [11]. Specific research
on wing membrane dynamics was also performed includ-
ing vibrations [12, 13] and membrane pressrun a tailoring
effects of wing performance [14, 15].

Dynamic stall of pitching airfoils includes a series of
complex phenomena due to the delayed transient response
of the fluid flow around the airfoil, cfr. [16, 17, 18, 19,
20, 21]. Rigid wings were experimentally investigated in
wind tunnel tests used for validation of semi-empirical nu-
merical models for transient post-stall aerodynamics for
perching-flight mechanics studies [22]. Membrane-wings
aerodynamics during dynamic stall conditions experimen-
tal results were performed presenting results on the cor-
relation between membrane pretension, wing-pitch kine-
matics, Reynolds number and membrane shape at various
reduced frequencies values [23]. In this work, a predictive
lift model is presented for the dynamic stall phenomena of
a dynamically pitching, perimeter reinforced, membrane
wing. A combined analytic and empirical model is pre-
sented which utilizes existing and novel formulations of the
dynamic aeroelastic phenomena surrounding the problem.

A membrane finite element formulation, implemented
in a multibody formulation, cfr. [24], is used in co-simulation
with a fluid dynamics solver to predict the configuration
of the system under static and unsteady loads, as shown
in [25, 26].

The experimental setup used in this work can accu-
rately measure the full-field three-dimensional displace-
ment and strain over a membrane wing in wind tunnel test-
ing conditions. Digital Image Correlation (DIC) is used to
measure strains and, in conjunction with a load cell, to
estimate stresses and measure aerodynamic forces exerted
on the membrane wing during wind tunnel testing. DIC
measurements were used to generate virtual strain sensors
on the surface of the membrane [27].

Analytical and numerical results, along with experi-
mental measurements of actual membrane wing artifacts
subjected to a variety of steady and unsteady flow condi-
tions, are used to validate the proposed formulation.

2. Analytical Methods

The dynamic stall model presented in this work ac-
counts for variation of lift due to a combination of leading
edge separation, membrane deformation, and quasi-steady
and transient delayed lifting effects from dynamic pitch-
ing. This model utilizes a state-space representation of the
time varying, delayed stall effects due to dynamic motion
[28]. For static angles of attack (AOA), loads generated by
leading edge separation are modeled using a leading edge
suction analogy for thin airfoils [29]. Moreover, the posi-
tion of the trailing edge separation is estimated using wind
tunnel test data to tune an empirical trailing edge separa-
tion model. The static contribution of lift from membrane
deformation is modeled by applying several assumptions
to the physics of the membrane. This method is detailed
in Carpenter [30]; in the following section, a summary of
this approach is discussed.

2.1. Static Lift Model

The static lifting curve, which is used as the “back-
bone” of the dynamic stall prediction, is generated by first
defining two lift curves (under static AOA conditions); the
first for fully attached flow, and the second for fully sep-
arated flow. Transition between these two states due to
stall is determined using wind tunnel test data.

In this approach, the main contributions to lift of a thin
membrane wing, for static AOA, are assumed to be from
potential flow, leading edge separation, and cambering due
to membrane displacement. The total lift under attached
flow conditions6 can thus be expressed, cfr. [30], as

CL,att = CL,p + CL,v + CL,mem. (1)

In Eq. (1), CL,p is the lift coefficient for a finite length
wing due to potential flow, i.e., CL,p = Kp(α+αo), where
α is the angle of attack (AOA), αo is the AOA at zero
lift (CL,p = 0), and Kp = 2π

(

1+
2π

πεÆR

) is the potential flow

constant, see e.g. [31]7. Assuming that the flow reattaches
past the leading edge separation bubble, the contribution
to lift due to leading edge separation, CL,v, for a rectangu-
lar wing can be written as CL,v = (Kp−K2

pKi) cos(α) sin
2(α),

where Ki = 1
πεÆR

is the induced drag constant [32]. Fi-
nally, CL,mem is the value of lift due to membrane dis-
placement. To come to an expression for CL,mem, it was
assumed that the membrane displacement can be mod-
eled as a circular arc, and the load applied to the mem-
brane was an evenly distributed pressure. The membrane

6 The term “attached” flow refers here to a flow which reattaches
beyond the leading edge separation bubble and remains attached
until the trailing edge.

7The contribution of lift due to unstable membrane displacement
at zero AOA is accounted for in CL,p, as shown in [30]. This model
assumes the direction of unstable displacement to be in the direction
of positive lift, thus generating a positive lift contribution, and does
not consider the bifurcating effect which would occur if the wing was
to sweep from a positive AOA to a large negative AOA.
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α̂s and ˙̂αs are the known initial static AOA and pitch
rate, Eq. 10 can be solved for Xd(t) using a numeric ordi-
nary differential equation solver and an initial condition of
Xd(t)|t=0 = Xst(α̂s−τ2 ˙̂αs). Xd(t) represents the dynamic
separation point of the cambered airfoil due to a time vary-
ing pitching motion. With quasi-steady separation effects
and transient separation effects modeled, a complete dy-
namic stall model is defined for a given pitching motion
as,

CL,d = CL,att(αqs)Xd(t) + CL,sep(αqs)(1−Xd(t)) (11)

3. Coupled Fluid-Structure Simulation

The overall approach adopted here was to use two dif-
ferent codes, i.e., a flow solver and a structural solver,
and to exchange configuration and loads data between the
two. This was achieved by adopting a tightly coupled fluid-
structure co-simulation, in which the structural problem is
solved using the free general-purpose multibody dynamics
solver MBDyn8, developed at Politecnico di Milano [34],
and the fluid problem is solved using a dedicated solver
based on FEniCS9 [35, pp. 171-222]. With few high-level
Python statements, FEniCS supports the definition of the
discretized weak form of complex systems of Partial Differ-
ential Equations (PDEs), and can drive the solution of the
ensuing nonlinear problem. The FEniCS Form Compiler
(FFC) automatically generates the low-level C++ code
that efficiently computes the residual vector and its Jaco-
bian matrix for the problem at hand. A tight coupling,
i.e. the exchange between the viscous flow and the struc-
tural solver of configuration and loads data at each iter-
ation until mutual convergence was found necessary, due
to the strong interaction of the fluid and the membrane
structure in this problem. The computational analyses
are assessed with experimental results. Specifically, we
highlight our ongoing efforts geared towards developing
an integrated computational and experimental approach
to perform aeroelastic analyses of membrane wings within
various configurations.

Structural Solver. A four-node isoparametric membrane
element, based on second Piola-Kirchhoff type membranal
resultants, is implemented in MBDyn for the analyses in
this work [24]. The membranal stresses are computed as
functions of their work-conjugated Green-Lagrange strains.
The classical Enhanced Assumed Strains (EAS) method [36]
is exploited to improve the response of the element; seven
additional variables for each membrane element are added
to the strain vector [37].

Fluid Solver. The fluid dynamics code is based on a stabi-
lized finite element approximation of the unsteady Navier-
Stokes equations, often referred to in the literature as Gen-
eral Galerkin, or G2, method [38]. The so-called ALE

8http://www.mbdyn.org/.
9http://fenicsproject.org/.

cG(1)cG(1) formulation, with friction boundary conditions
[38, 39], was chosen. In short, G2 is a weighted least-
squares stabilized Galerkin finite element method in space-
time. The stabilization of G2 acts as an automatic tur-
bulence model in the form of a generalized artificial vis-
cosity model acting selectively on the smallest scales of
the mesh [40]. In particular, the stabilized cG(1)cG(1)
method is a type of G2 method with continuous piecewise
linear trial functions both in time and space, for both ve-
locity and pressure, and continuous piecewise linear test

functions in space and piecewise constant test functions in
time.

Aeroelastic Coupling. The coupling of viscous flow and
structural solvers used in this work requires the definition
of a common interface. In particular, the multibody solver
is coupled with the external fluid dynamics code by means
of a general-purpose, meshless boundary interfacing ap-
proach based on Moving Least Squares with Radial Basis
Function [41]. This is accomplished by precomputing a lin-
ear interpolation operator, H, that computes the interface
aerodynamic nodes displacement xa from the structural
nodes displacements: xa = Hxs. To guarantee the con-
servation of the (virtual) work done in the two domains,
the linear operator that computes the aerodynamic forces
applied to the structural nodes, fas , is the transpose of the
interpolation matrix H, viz.: fas = H⊤faa. The computer
implementation of the ALE technique requires the formu-
lation of a mesh-update procedure that assigns mesh-node
velocities and displacements at each time step. The mesh
deformation process moves the fluid mesh nodes according
to a linear elastic “fictitious” problem, where the elastic
modulus of each element is proportional to the inverse of
its volume. If the volume of an element becomes nega-
tive as a consequence of the displacement of the interface
nodes, the elastic modulus of such an element is increased
and the linear elastic problem is solved again.

4. Modeling

Aerodynamic tests were performed in a low speed wind
tunnel. Lift and membrane displacement for a wing pitch-
ing with static and dynamic AOA were measured. Mea-
sured data were compared with predictions from the two
previously discussed methods. Tests were conducted on
wing models with varying membrane pretension, subject
to various flow conditions and pitching rates. The test ma-
trix was built by varying the membrane pretension (λo),
the flow velocity (U∞), the pitch rate (α̇), the reduced
frequency (k), and the starting pitch angle (αst). The
pitching amplitude (αamp) was held constant at 10◦ peak-
to-peak, and the pitching axis was held constant at 25%
chord position throughout the tests.

4.1. Wind Tunnel Testing

The test article used in the wind tunnel is a 2:1 aspect
ratio, rectangular, perimeter reinforced membrane wing.
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The wing, which has a span of 280 mm and chord of
140 mm, is made with two shaped steel frames (E = 210
GPa, ν = 0.3, ρ = 7800 kg/m3, with a frame width and
thickness of 5 mm and 1 mm, respectively). A rubber latex
membrane (E = 1.14 MPa, ν = 0.4 and ρ = 960 kg/m3),
held at a prescribed in-plane pretension, was sandwiched
between the two steel frames. Images of the actual test
article can be seen in Fig. 2, and a schematic of the test
set-up is illustrated in Fig. 3.

(a) Top View (b) Bottom View

Figure 2: 2:1 membrane wing, with steel perimeter and speckled
rubber latex membrane.

Figure 3: Wind tunnel pitching fixture and membrane wing with
frame geometry.

A range of flow conditions with Reynolds number be-
tween 50k–100k were tested. Reduced frequency values
of k = {0, 0.05, 0.1} were used while operating within the
pitching motor’s operational envelope. Three target cam-
bers were selected using Waldman’s membrane displace-

ment approach [42], resulting in three membrane wings
with corresponding stretch ratio of λ = {1.02, 1.058, 1.085}.
In addition to these stretch ratios, a relatively high value
of λ was also tested in order to see the influence of the
frame on the aerodynamics of the wing, compared to the
frame plus a compliant airfoil. The test matrix is sum-
marized in Fig. 4. In that figure, each line represents a

Figure 4: Predictions of membrane camber for different test condi-
tions.

membrane wing model with different pretension (PS), each
point represents a test condition (with a label correspond-
ing to each unique test condition), and the points circled
with a dotted line represent conditions of unstable mem-
brane displacement at zero AOA. In addition to testing the
four membrane configurations (λ = {1.02, 1.058, 1.085}
and λ → ∞), a 2:1 flat plate was also tested to serve as
a basis of comparison to a well known aerodynamic pro-
file. The geometry of this 2:1 flat plate wing conformed to
the leading edge, trailing edge and thickness dimensions
defined by Mueller [43]. This flat plate (“Mueller” from
now on) was tested for static AOA conditions and all dy-
namic AOA conditions. For each condition in Fig. 4, data
were collected at static AOA, for α = −2◦ to 30◦, at 2◦

increments. For all wing configurations, dynamic sweeps
were performed using αst = {0◦, 5◦, 10◦}, αamp = 10◦, and
k = {0.05, 0.1}. Finally, a commonly accepted Oswald ef-
ficiency factor for rectangular wings of ε = 0.9 [44] for all
wings within the study is applied.

The low-speed closed loop wind tunnel is capable of
speeds from 1 to 18 m/s and has a 1.3 × 1.5 m test sec-
tion. Aerodynamic loads from the wing were measured by
a six degree-of-freedom sting balance fixed directly at the
trailing edge. The system was capable of simultaneously
pitching, measuring aerodynamic loads and performing
non-intrusive displacement measurements via DIC. Load
and angle channels were recorded at 500 Hz, and DIC im-
ages were taken at 500 frames per second10. Time varying
data from the load cell were averaged to identify a mea-
surement of the steady state coefficient of lift and drag for
each test condition.

10DIC measurements were averaged over the 500 snapshots which
were taken at 500 Hz for a duration of 1 second.
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4.2. Numerical Modeling

The structural grid, implemented within the multibody
simulation environment provided by MBDyn, consists of
8×16 four-node membrane elements, involving 153 struc-
tural nodes. To model the steel frame surrounding the
membrane wing, 24 three-node beam elements were added
to the structural model. The mass lumped in each node
is computed from the latex rubber sheet portion associ-
ated with the node, which is uniformly distributed, and in
addition, for the boundary nodes, from the portion of the
steel frame associated with the node [26].

(a) CFD simulation domain. (b) Meshed membrane wing.

Figure 5: CFD domain.

The fluid simulation volume, shown in Fig. 5, con-
sists of approximately 270k nodes and 1.4 million tetra-
hedrons with a cell width of 0.2 mm in the near wake
region, and cells growing up to 10 mm near the simula-
tion boundaries. At the domain inlet the velocity magni-
tude and direction are set as boundary conditions, while at
the outlet a constant pressure is specified. The other four
boundary walls are characterized by a slip wall boundary
condition. A “skin friction model” was used to simulate
slip with (linear) friction and penetration with resistance
boundary conditions on the wing surface [38, 39]. This
choice does not allow to completely resolve the bound-
ary layer; it brings, however, substantial computational
savings without completely compromising the simulation
accuracy. The leading and trailing edge are modeled as
flexible, aerodynamically shaped supports, as shown in
Fig. 5(b).

5. Results

To evaluate the ability of the proposed approaches of
estimating dynamic lift due to pitching, experimental wind
tunnel loads and membrane displacements are compared
to the proposed models under varying conditions of flow
velocity, pretension, pitching frequency, and AOA pitching
ranges. In Section 5.1, the contributions to the static lift
curve resulting from the analytical model (i.e., CL,p, CL,v,
CL,mem, CL,att, CL,sep, and Xst), are compared with time
averaged, static test data, CL,st,dat, and with the results
from the coupled fluid-structure analysis, CL,fsi. In Sec-
tion 5.2, dynamic (analytical) lift predictions, CL,qs, and
CL,d, are compared with dynamic test data as functions
of α and time for varying dynamic pitching conditions.

5.1. Non-Pitching Case

Fig. 6(a) shows the coefficient of lift with respect to
AOA for the 2:1 “Mueller” flat plate, with a thickness of
3.2 mm. Thus, for this wing, the leading edge separation
is minimal, i.e., CL,v(α) = 0. Since the wing is stiff, we
assume CL,mem ≈ 0. Thus, CL,p = CL,att, meaning the
calculation of potential flow should adequately model the
flat plate for pre-stall AOA. Observing Fig. 6(a), it is no-

(a) 2:1 “Mueller” flat plate. (b) Wing with “rigid” mem-
brane.

Figure 6: Static lift model and wind tunnel data. (a) 2:1 “Mueller”
flat plate, (b) membrane wing with “rigid” membrane.

ticed that for α < 12◦, the potential flow component of
lift accurately predicts measured lift. For high AOA, wind
tunnel data approaches CL,sep asymptotically as expected.
Using data, CL,att, and CL,sep, a regression fit is used to
generate Xst, from which CL,st can be calculated.

The error bars in Fig. 6(a) represent 95% confidence in-
tervals; in most cases they are smaller in magnitude than
the square points representing the measurement in the fig-
ure. To reduce figure complexity, confidence intervals will
not be presented on further graphs.

Fig. 6(b) shows the results obtained with the perime-
ter reinforced membrane wing, where the membrane is
replaced with a thin “rigid” plate of comparable thick-
ness. For this wing, leading edge separation is expected
so that CL,v(α) 6= 0, while CL,mem is still driven to zero,
thus CL,att > CL,p. As previously noted, CL,att accurately
models lift for low angles of attack, and the data appears
to converge toward CL,sep for large AOA, although slower
than in the previous case. The lift coefficient predicted by
the coupled fluid-structure analysis, CL,fsi, is also shown
in Fig. 6(b). It should be noted that for these rigid wings,
CL,st are invariant to changes in flow velocity within the
ranges of this study (Re = 50k−84k).

The analytical and numerical models show good agree-
ment with the experiments, for lift over the rigid wing prior
to stall. In general, results from Fig. 6 confirm that both
models have the capability to accurately predict lift over a
large range of static AOA, for the 2:1 rigid flat plate and
for the 2:1 membrane wing with a rigid membrane, expe-
riencing leading edge separation. Compliant membranes
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are considered next.
The predicted max camber, z(α), is compared with

DIC measurements. Fig. 7 represents the (average) maxi-
mum measured and predicted static camber, zdic and zst
respectively, for a flow velocity of U∞ = 8 m/s (Re = 66k),
and prestretch λo = 1.058 (or 5.8% average prestrain).
The max camber, computed by the coupled fluid-structure
simulation, zfsi, is also reported for comparison.

Figure 7: DIC and predicted displacement.

The analytical predicted maximum camber fairly accu-
rately models measured displacements up to about α =
8◦. Given the linearizing assumptions built into the pre-
diction model for membrane displacements and loads, the
resulting analytical model represents the physics of the
system for small AOA. The abrupt change in the exper-
imental displacement at α = 8◦ indicates that there is
an interaction mode that is not captured in the analytical
model. Given the analytical results of the membrane cam-
ber predictions presented above, it is expected that the
estimated coefficient of lift will be slightly underpredicted
for intermediate AOA, α = 8◦ to 18◦. The numerical pre-
dicted max camber zfsi, instead, better reproduces mea-
sured displacements from α = 10 deg. For α below this
value, the numerical prediction is slightly over-estimated.
Correlation between both models and experiments is nev-
ertheless deemed acceptable, with the numerical model
slightly over-predicting the local membrane inflation for
small AoAs.

Fig. 8(a) shows lift coefficient versus AOA for test con-
dition “3” in Fig. 4, λo = 1.058, U∞ = 6 m/s (Re = 50k),
while Fig. 8(b) depicts test condition “4” in Fig. 4, λo =
1.058, U∞ = 8 m/s (Re = 66k). Attached lift slope and
peak lift are greater for the higher velocity case. This is
due to the increased contribution of CL,mem and to the dif-
ference in dynamic pressure, as illustrated in Fig. 8. Both
test conditions show a stable membrane at zero AOA, i.e.,
zero camber and thus zero lift at zero AOA, both for the
experiment and the numerical simulations. The static lift
curve CL,fsi as given by the coupled fluid-structure anal-
ysis is also shown in Fig. 8(b) for comparison.

(a) 5.8% prestrain, Re = 50k. (b) 5.8% prestrain, Re = 66k.

Figure 8: Static lift model, perimeter reinforced membrane wing.

5.1.1. Effect on Flexible Wing

The lift and drag coefficients were computed, both for
the experimental wind tunnel test and the fluid-structure
simulation, by averaging their values over time. However,
in some conditions the actual response is not stationary.
Fig. 9 reports the time evolution of the numerical (high-
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(a) α = 8 deg.
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(b) α = 12 deg.

Figure 9: Flexible membrane at 5.8% prestrain, Re = 66k. Mid-
membrane point displacement and global CL–CD histories.

fidelity) aeroelastic system for two different values of AoA,
α = 8 and 12 deg, respectively, starting at non-dimensional
time t∗ = tV

c
= 4 to t∗ = 20. Similar non stationary

behavior of the wing membrane out of plane displace-
ment and modal characteristics have been observed and
reported in previous theoretical [45, 46] and experimen-
tal [47, 48, 49, 50, 9] research work. The evolution of the
normalized aerodynamic coefficients CL and CD, and the
membrane maximum amplitude, w, is shown. The values
are normalized with respect to their maximum value.

As depicted in Fig. 9, the maximum value of defor-
mation came after about t∗ ≈ 5, and reaches a “steady”
value after about t∗ = 20 chords for the membrane at
α = 8 deg, while for α = 12 deg the oscillation continue
beyond t∗ = 20.

Fig. 10 shows the deformation contour at different times
t∗, for the membrane at 5.8% prestrain, U∞ = 8 m/s and
α = 8 deg.

The primary wing deformation mode is an inflation
that increases the local camber. A Proper Orthogonal De-
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(a) t∗ = 4. (b) t∗ = 10.

(c) t∗ = 16. (d) t∗ = 20.

Figure 10: Deformation contours for U∞ = 8 m/s, α = 8 deg, mem-
brane at 5.8% prestrain.

composition (POD) of the membrane deformation, for the
problem with U∞ = 8 m/s, α = 8 deg, with the membrane
at 5.8% prestrain, shows that the main modes excited are
the first four. They comprised about 85% of the original
system energy, see Fig. 11(a) and Fig. 11(b).
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Figure 11: POD results for the flexible membrane at 5.8% prestrain,
U∞ = 8 m/s, α = 8 deg.

The first four Proper Orthogonal Modes (POMs) are
shown in Fig. 12.

In order to limit the amount of data that has to be post-
processed for model reduction and allow a preliminary as-
sessment of the potentials of the POD for the aeroelastic
problem of flexible membrane wings, only the structural
degrees of freedom were considered in the POD. The co-
ordinates of all the membrane points at every time step
of the numerical simulation are used to build the snap-
shot matrix, S, whose columns contain the values of the
system variables at each time step. Afterwards, S is used
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(d) POM 4.

Figure 12: First four POMs, U∞ = 8 m/s, α = 8 deg, membrane at
5.8% prestrain.

for the calculation of the correlation matrix, C = S⊤S.
The eigenvectors of C define the basis of the projection
matrix that can be used to project the time history of the
state variables and obtain the time evolution of the am-
plitude of each base considered [51]. The amplitudes are
the new variables of the reduced-order system; their num-
ber depends on the number of retained eigenvectors of C.
Fig. 11(c) compares the displacement history of the cen-
tral point of the membrane from the high-fidelity simula-
tion and the POD reconstruction of the same time history
with the 4 selected modes, and shows that the first four
basis functions capture the displacement history well.

5.1.2. Effect on Flow Structure

Having established sufficient confidence in the aeroe-
lastic membrane wing model, attention is now turned to
the computed flow structures. No experimental validation
is available for this work. Fig. 13 shows the predicted pres-
sure contours by the coupled fluid-structure simulation on
the upper and the lower wing surface. The pressure dis-

(a) Rigid wing.

(b) Membrane at 5.8% prestrain.

Figure 13: Pressure contours on the wing surface (Left: top, Right:
bottom), U∞ = 8 m/s, α = 8 deg, t∗ = 50.

tributions at 8 deg angle of attack, U∞ = 8 m/s, for the
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upper surface of the rigid and flexible wing at 5.8% pre-
strain, are given in Fig. 13 (left). For the rigid wing, a
high pressure region is located close to the leading edge,
corresponding to flow stagnation. This is followed by pres-
sure recovery (minimum pressure), and by a mild adverse
pressure gradient, which is strong enough to cause the flow
to separate. For the flexible membrane wing, the inflated
membrane shape pushes the bulk of the flow separation
closer to the leading edge. On the underside of the rigid
wing, Fig. 13 (right), the pressure gradient is largely fa-
vorable, smoothly accelerating the flow from leading to
trailing edge. Load alleviation on the lower surface of
the flexible membrane wing is evident by a decrease in
the high-pressure regions associated with camber, and a
growth of the suction region at the trailing edge, presum-
ably due to a decrease in the local incidence.

The pressure difference between the lower, high-pressure
zone and the upper, low-pressure zone induces a spanwise
flow that bends the streamlines towards the wingtips and
accelerates the flow near the tips. The tip vortex can be

(a) Rigid wing. (b) Membrane at 5.8% prestrain.

Figure 14: Pressure contours and streamlines in the wake behind the
wing, U∞ = 8 m/s, α = 8 deg, t∗ = 50; the cross-section planes are
0.5 c and 1.5 c behind the trailing edge.

easily observed from the streamline structure. In Fig. 14
the pressure contours behind the rigid and the membrane
wing at 5.8% prestrain are plotted, for Re = 66k, at
t∗ = 50. The low-pressure zone observed in the planes
perpendicular to the flight direction characterizes the vor-
tex core.

The effect of camber on flow structure is shown by the
vorticity contours of Fig. 15, plotted at t∗ = 50. The

(a) Rigid wing. (b) Membrane at 5.8% prestrain.

Figure 15: Isosurface of vorticity, U∞ = 8 m/s, α = 8 deg, t∗ = 50.

strongest wake vortices are located near the wing tips,
showing that the circulation gradient is largest there. Flow
visualization suggests that the wing deformation contributes
to stronger wing tip vortices.

5.2. Pitching Case

As demonstrated in previous results, both the unsteady
numerical and the analytical static lift model adequately
represent the lift behavior for the rigid and membrane
wings within the study. This is important, since the (an-
alytical) dynamic stall model is based on the static one,
adding terms that account for pitch rates and time variant
separation. Wings were tested under different flow veloc-
ities, U∞ = {6, 8, 10} m/s (i.e., Re = {50k, 66k, 84k}),
two reduced frequencies, k = {0.05, 0.1}, and three AOA
ranges, α̂ = {0◦ to 10◦, 5◦ to 10◦, 10◦ to 20◦}. The em-

Figure 16: Dynamic lift model for rigid membrane, pitching at k =
0.05 for αs = 0◦ and αamp = 10◦, flow velocity of 8 m/s (Re = 66k).

pirical time constant τ∗2 was tuned using dynamic wind
tunnel data, cfr. [30], under low AOA pitching maneu-
vers11. Considering a single sinusoidal oscillation α̂ =
{0◦ to 10◦}, at a reduced frequency of k = 0.05, with a
flow velocity of U∞ = 8 m/s (Re = 66k), a value of τ∗2 = 4
was found to produced accurate dynamic lift predictions,
as a function of α, as shown in Fig. 16. All subsequent
results were computed with the same value of τ∗2 .

Next, τ1 was tuned using data from a high AOA sweep.
Fig. 17 shows the same wing, with same flow conditions
and pitch rate, but for a motion where α̂ = {10◦ to 20◦}.
In this case, a value of τ1 = 8.5, produced accurate pre-
dictions with respect to AOA. This value of τ1 was used
for all the other predictions.

With the established values for τ1 and τ∗2 , all mem-
brane wings subjected to all testing conditions could be
modeled and compared to measured values. Dynamic stall
prediction for various membrane pretensions and flow ve-
locities are reported in Fig. 18, 19, and 20. The results
produced by this predictive model appear to be fairly ro-
bust to changes in flow velocity, pitching frequency, AOA
ranges, and membrane tensions.

11For pitching maneuvers at low AOA, or where Xst(α) = 1, the
rate of trailing edge separation Ẋst = 0, i.e., there is no separa-
tion at low AOA. Thus, results are time invariant and are directly
proportional to ˙̂α, and CL,d is invariant to changes made to τ1.
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Figure 17: Dynamic lift model for rigid membrane, pitching at k =
0.05 for αs = 10◦ and αamp = 10◦, flow velocity of 8 m/s (Re = 66k).

Figure 18: Dynamic lift model for a membrane at 8.5% prestrain,
pitching at k = 0.05 for αs = 10◦ and αamp = 10◦, flow velocity of
10 m/s (Re = 84k).

6. Summary & Conclusion

A dynamic stall model is presented in this paper utiliz-
ing potential flow estimations of lift for static conditions
to generate a static AOA lift model for attached and sep-
arated flow. Test data was used to predict the location of
trailing edge separation for a given test scenario in order
to produce an accurate static lift model for low to high
AOA. This model incorporates a prediction of lift due to
static leading edge flow separation and membrane cam-
bering. The stability criteria for membrane cambering at
zero AOA was identified, and the magnitude of unstable
cambering was predicted with acceptable accuracy for the
conditions tested. With a complete static lift model, dy-
namic variations of lift were included due to instantaneous
flow recirculation effects, added mass effects, and transient
flow separation. A first order, state space representation
was used to model the time varying delayed separation ef-
fect experienced at high AOA. Over a wide variety of flow
conditions, pitching rates, AOA ranges, and membrane
pretensions, the proposed analytical model produced ac-
ceptably accurate results.

A four-node membrane element was implemented in a

Figure 19: Dynamic lift model for a membrane at 5.8% prestrain,
pitching at k = 0.05 for αs = 10◦ and αamp = 10◦, flow velocity of
8 m/s (Re = 66k).

Figure 20: Dynamic lift model for a membrane at 2.0% prestrain,
pitching at k = 0.05 for αs = 10◦ and αamp = 10◦, flow velocity of
6 m/s (Re = 50k).

multibody-based co-simulation analysis for the direct sim-
ulation of coupled fluid-structure problems. As shown in
the results, the numerical model accurately predicts at-
tached flow conditions and trailing edge separation. Thus,
it adequately represents the lift behavior for the membrane
wings within this study. A methodology was also intro-
duced for the reduced order modeling of the membrane
wing based on proper orthogonal decomposition. POD
projection allowed the definition of a very low order model
that can capture the main features of the system, demon-
strating the suitability of a reduction approach based only
on structural information for the reduced-order modeling
of this class of aeroelastic systems.

This approach favorably correlated to data and could
be well suited for real-time load estimation, given known
airspeed and AOA. The concept of “feeling flight” is a
simple one, yet the practical implementation and analytic
formulation of this is not quite as straight forward. All
told, this body of work has covered an array of load esti-
mation approaches intended to further the understanding
of the aerodynamics of membrane wings.
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Abstract

An approach for predicting time varying aerodynamic loads on a pitching membrane wing due to rotational pitching and
steady airflow is presented. The proposed model utilizes potential flow theory for a thin cambered airfoil with finite span,
combined with a linearized representation of the membrane physics to predict lift under static conditions. Quasi–steady

✿✿✿✿✿✿✿✿✿✿✿

Quasi-steady
✿

rotational effects and added mass effects are considered in a classic potential flow approach, modified for
a membrane airfoil. A high–fidelity

✿✿✿✿✿✿✿✿✿✿✿

high-fidelity numerical model has been developed as well, coupling a viscous fluid
solver and a non–linear

✿✿✿✿✿✿✿✿✿

non-linear
✿

membrane structural model, to predict the configuration of the system under static
and unsteady loads. Moving Least Squares are used to map the structural and fluid interface kinematics and loads
during the fluid–structure co–simulation. Comparisons of the

✿✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿✿✿✿✿✿✿✿✿✿✿✿✿

co-simulation.
✿✿✿✿

The
✿

static and dynamic lift
predictions of the two models are made

✿✿✿✿✿✿✿✿

compared
✿

to wind tunnel data, and show reasonable accuracy over a wide range
of flow conditions(Re = 50k−84k), reduced frequency(k = 0, 0.05, 0.1), and membrane pre–tenstions (λo = 1.02, 1.058,
1.085 and ∞).

✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿✿✿✿✿

pretension.
✿

Keywords: dynamic stall; fluid–structure
✿✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure interaction; MAV; membrane wings;

Nomenclature

α Angle of attack ( ◦)
αo Zero lift angle of attack ( ◦)
ÆR Wing aspect ratio
c Normalized chord length
ǫ Strain of the membrane
ε Ozwald

✿✿✿✿✿✿

Oswald
✿

efficiency
Kp Potential flow lift constant
Ki Induced drag constant
P Pressure (N)
E Modulus of elasticity (Pa)
ν Membrane Poisson ratio
h Membrane thickness (m)
λ = 1 + ǫ, Membrane stretch ratio due to deformation
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λo Membrane stretch ratio due to pretension
ρ Membrane material density (kg/m3)
Re Reynolds Number
U∞ Free stream flow velocity (m/s)
k Reduced frequency
Xst Degree of trailing edge separation, static
X(t) Degree of trailing edge separation, dynamic
CL,dat

✿✿✿✿✿✿✿

CL,st,dat
✿

Coefficient of lift,
✿✿✿✿✿

static,
✿

wind tunnel data

✿✿✿✿✿✿✿

CL,d,dat Coefficient of lift, dynamic, wind tunnel data
CL,p Coefficient of lift, static attached potential flow
CL,v Coefficient of lift, due to leading edge separation
CL,mem Coefficient of lift, due to membrane displacement
CL,att Coefficient of lift, total static attached flow
CL,sep Coefficient of lift, static separated flow
CL,st Coefficient of lift, static conditions
CL,qs Coefficient of lift, quasi-steady dynamic conditions
CL,d Coefficient of lift, dynamic conditions
CL,fsi Coefficient of lift, fluid–structure

✿✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure sim

1. Introduction

✿✿✿✿✿✿✿✿

Artificial
✿✿✿✿✿

micro
✿✿✿✿✿

flyers
✿✿✿✿✿

such
✿✿

as
✿✿✿✿✿✿

micro
✿✿

air
✿✿✿✿✿✿✿✿

vehicles
✿✿✿✿✿✿

(MAV)

✿✿✿✿✿✿

require
✿✿✿✿✿✿

highly
✿✿✿✿

agile
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

maneuverability
✿✿✿✿✿

while
✿✿✿✿✿✿✿✿✿✿✿

maintaining
✿✿✿✿✿✿

benign

✿✿✿✿✿

flying
✿✿✿✿✿✿✿✿✿✿✿✿✿

characteristics
✿✿

in
✿✿✿

the
✿✿✿✿✿

entire
✿✿✿✿✿

flight
✿✿✿✿✿✿✿✿

envelope
✿✿

to
✿✿✿✿✿✿✿

prevent

✿✿✿✿✿✿✿✿✿

expanding
✿✿✿

the
✿✿✿✿✿

pilot
✿✿

or
✿✿✿

the
✿✿✿✿✿✿✿✿✿✿✿

autonomous
✿✿✿✿✿

flight
✿✿✿✿✿✿✿

control
✿✿✿✿✿✿

system

✿✿✿✿✿✿

beyond
✿✿✿

its
✿✿✿✿✿✿✿✿✿✿

capability.
✿✿

A
✿✿✿✿✿✿✿✿✿✿

significant
✿✿✿✿✿

body
✿✿

of
✿✿✿✿✿

early
✿✿✿✿✿

work
✿✿

on
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✿✿✿✿✿✿✿✿✿

theoretical
✿✿✿✿✿✿✿✿✿

predictive
✿✿✿✿✿✿✿

models
✿✿✿✿

and
✿✿✿✿✿✿✿✿✿✿✿✿

experimental
✿✿✿✿✿✿✿✿✿

validation,

✿✿✿✿✿✿✿✿

including
✿✿✿

the
✿✿✿✿✿

fluid-
✿✿✿✿✿✿✿✿✿

structure
✿✿✿✿✿✿✿✿✿✿

interactions
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

characterization,

✿✿✿✿

have
✿✿✿✿✿✿✿✿✿✿

elucidated
✿✿✿

the
✿✿✿✿✿✿✿✿

superior
✿✿✿✿✿✿✿✿✿✿✿✿

aerodynamic
✿✿✿✿✿✿✿✿✿✿✿✿✿

characteristics

✿✿

of
✿✿✿✿✿✿✿✿✿✿✿

flexible-wing
✿✿✿✿✿✿✿

MAVs,
✿✿✿✿✿✿✿✿✿✿✿✿✿

demonstrating
✿✿✿

the
✿✿✿✿✿✿

benign
✿✿✿✿✿✿

effects
✿✿

of

✿

a
✿✿✿✿✿✿✿

flexible
✿✿✿✿

wing
✿✿✿✿✿

with
✿✿✿✿✿✿

respect
✿✿

to
✿✿

a
✿✿✿✿

rigid
✿✿✿✿✿✿✿✿✿✿✿✿

configuration
✿✿✿✿✿✿✿✿✿✿✿✿

[1, 2, 3, 4] in

✿✿✿✿✿✿

steady
✿✿✿✿✿

flight
✿✿✿✿✿✿✿✿✿✿

conditions.
✿✿✿✿

A
✿✿✿✿✿✿✿

massive
✿✿✿✿✿✿✿✿

amount
✿✿

of
✿✿✿✿✿

work
✿✿✿

on

✿✿✿✿✿✿

flexible
✿✿✿✿✿✿

wings
✿✿✿

in
✿✿✿✿✿✿✿✿

unsteady
✿✿✿✿✿✿✿✿✿✿

conditions
✿✿✿✿

was
✿✿✿✿✿✿✿✿✿✿

performed
✿✿✿

by

✿✿✿✿✿✿

several
✿✿✿✿✿✿✿✿

authors
✿✿✿

on
✿✿✿✿✿✿✿✿

flapping
✿✿✿✿✿✿

wings
✿✿

in
✿✿✿✿✿✿✿✿

insects,
✿✿✿✿✿

birds
✿✿✿✿

and

✿✿✿✿✿✿✿

artificial
✿✿✿✿✿✿

wings
✿✿

in
✿✿✿✿

the
✿✿✿✿

last
✿✿✿✿✿✿✿

twenty
✿✿✿✿✿✿

years.
✿✿✿

A
✿✿✿✿✿✿✿

general
✿✿✿✿

view

✿✿

of
✿✿✿✿✿✿✿✿✿

aeroelastic
✿✿✿✿✿✿✿✿✿✿✿

implications
✿✿✿

on
✿✿✿

the
✿✿✿✿✿✿✿✿✿✿✿✿✿

aerodynamics
✿✿

of
✿✿✿✿✿✿✿

flapping

✿✿✿✿✿

wings
✿✿✿✿

was
✿✿✿✿✿✿✿✿

presented
✿✿✿

[5],
✿✿✿

as
✿✿✿✿

well
✿✿

as
✿✿✿✿✿✿✿

specific
✿✿✿✿✿✿

studies
✿✿✿

on
✿✿✿✿✿

effects

✿✿

of
✿✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿

wings
✿✿✿

on
✿✿✿✿✿✿✿

animal
✿✿✿✿✿

flight
✿✿✿✿✿✿✿✿✿✿

[6, 7] with
✿✿✿✿✿✿✿

specific

✿✿✿✿✿✿✿✿✿✿

applications
✿✿✿

on
✿✿✿✿✿✿

bats.
✿✿✿✿✿✿✿✿✿✿✿

Aeroelastic
✿✿✿✿✿✿✿

features
✿✿✿

on
✿✿✿✿✿

fixed
✿✿✿✿✿

wing

✿✿✿✿✿✿✿✿✿✿✿✿

configurations
✿✿

of
✿✿✿✿✿✿✿

flexible
✿✿✿✿

and
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

membrane-wings
✿✿

in
✿✿✿✿✿✿✿✿

unsteady

✿✿✿✿✿✿✿✿✿

conditions
✿✿✿✿

have
✿✿✿✿✿

been
✿✿✿✿✿✿✿✿✿

presented
✿✿✿✿✿✿✿✿

including
✿✿✿✿✿✿✿✿✿✿✿✿

experimental
✿✿✿✿✿✿

studies
✿✿✿✿✿✿✿✿✿

[8, 9] and

✿✿✿✿✿✿✿✿✿

theoretical
✿✿✿✿✿✿✿

models
✿✿✿✿✿

[10].
✿✿✿✿✿✿✿✿

Further
✿✿✿✿✿✿✿✿

research
✿✿✿

on
✿✿✿✿✿✿✿✿✿✿

fixed-wings

✿✿✿✿✿

MAV
✿✿✿✿

with
✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿

flexible
✿✿✿✿✿

wings
✿✿✿✿

was
✿✿✿✿✿✿✿

recently
✿✿✿✿✿✿✿✿✿✿

performed

✿✿

in
✿✿✿✿✿✿✿✿

unsteady
✿✿✿✿✿✿✿✿✿✿

conditions
✿✿✿✿✿✿✿✿✿✿

correlating
✿✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿✿✿✿

pretension

✿✿✿✿✿

levels,
✿✿✿✿✿✿✿✿✿

dynamic
✿✿✿✿✿✿✿✿

variation
✿✿✿

of
✿✿✿✿✿

wing
✿✿✿✿✿✿✿✿

pitching
✿✿✿✿

and
✿✿✿✿✿✿

angle
✿✿

of

✿✿✿✿✿

attack
✿✿✿✿✿

with
✿✿✿✿

the
✿✿✿✿✿✿✿✿✿✿✿✿✿✿

rotary-damping
✿✿✿✿✿✿✿✿✿✿

coefficients
✿✿✿✿✿

[11].
✿✿✿✿✿✿✿

Specific

✿✿✿✿✿✿✿

research
✿✿✿

on
✿✿✿✿✿

wing
✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿✿✿

dynamics
✿✿✿✿

was
✿✿✿✿

also
✿✿✿✿✿✿✿✿✿

performed

✿✿✿✿✿✿✿✿

including
✿✿✿✿✿✿✿✿✿

vibrations
✿✿✿✿✿✿✿✿✿✿✿

[12, 13] and
✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿✿

pressrun
✿✿

a
✿✿✿✿✿✿✿

tailoring

✿✿✿✿✿

effects
✿✿✿

of
✿✿✿✿

wing
✿✿✿✿✿✿✿✿✿✿✿✿

performance
✿✿✿✿✿✿✿

[14, 15].
✿

Dynamic stall of pitching airfoils is a
✿✿✿✿✿✿✿

includes
✿

a
✿✿✿✿✿

series
✿✿

of
complex phenomena due to the delayed transient response
of the fluid flow around the airfoil, cfr.[16, 17, 18, 19, 20, 21].

✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

[16, 22, 17, 18, 23, 24].
✿✿✿✿✿

Rigid
✿✿✿✿✿✿

wings
✿✿✿✿✿

were
✿✿✿✿✿✿✿✿✿✿✿✿✿

experimentally

✿✿✿✿✿✿✿✿✿✿

investigated
✿✿✿

in
✿✿✿✿✿

wind
✿✿✿✿✿✿✿

tunnel
✿✿✿✿✿

tests
✿✿✿✿✿

used
✿✿✿

for
✿✿✿✿✿✿✿✿✿✿

validation
✿✿

of

✿✿✿✿✿✿✿✿✿✿✿✿✿

semi-empirical
✿✿✿✿✿✿✿✿✿

numerical
✿✿✿✿✿✿✿

models
✿✿✿✿

for
✿✿✿✿✿✿✿✿

transient
✿✿✿✿✿✿✿✿✿

post-stall

✿✿✿✿✿✿✿✿✿✿✿✿

aerodynamics
✿✿✿

for
✿✿✿✿✿✿✿✿✿✿✿✿✿✿

perching-flight
✿✿✿✿✿✿✿✿✿✿

mechanics
✿✿✿✿✿✿✿

studies
✿✿✿✿

[25].

✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

Membrane-wings
✿✿✿✿✿✿✿✿✿✿✿✿

aerodynamics
✿✿✿✿✿✿

during
✿✿✿✿✿✿✿✿

dynamic
✿✿✿✿

stall
✿✿✿✿✿✿✿✿✿✿

conditions

✿✿✿✿✿✿✿✿✿✿✿

experimental
✿✿✿✿✿✿✿

results
✿✿✿✿

were
✿✿✿✿✿✿✿✿✿✿

performed
✿✿✿✿✿✿✿✿✿

presenting
✿✿✿✿✿✿✿

results
✿✿

on

✿✿✿

the
✿✿✿✿✿✿✿✿✿✿

correlation
✿✿✿✿✿✿✿✿

between
✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿✿✿✿✿

pretension,
✿✿✿✿✿✿✿✿✿

wing-pitch

✿✿✿✿✿✿✿✿✿✿

kinematics,
✿✿✿✿✿✿✿✿

Reynolds
✿✿✿✿✿✿✿

number
✿✿✿✿

and
✿✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿

shape
✿✿

at
✿✿✿✿✿✿✿

various

✿✿✿✿✿✿✿

reduced
✿✿✿✿✿✿✿✿✿✿

frequencies
✿✿✿✿✿✿

values
✿✿✿✿

[26].
✿

In this work, a predictive
lift model is presented for the dynamic stall phenomena of
a dynamically pitching, perimeter reinforced, membrane
wing. A combined analytic and empirical model is pre-
sented which utilizes existing and novel formulations of the
dynamic aero–elastic

✿✿✿✿✿✿✿✿✿

aeroelastic
✿

phenomena surrounding
the problem.

A membrane finite element formulation, implemented
in a multibody formulation, cfr. [27], is used in co–simulation

✿✿✿✿✿✿✿✿✿✿✿✿

co-simulation with a fluid dynamics solver to predict the
configuration of the system under static and unsteady loads,
as shown in [28, 29]

✿✿

in
✿✿✿✿✿✿✿

[30, 29].
The experimental setup used in this work allows to

✿✿✿

can
✿

accurately measure the full–field three–dimensional

✿✿✿✿✿✿✿

full-field
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

three-dimensional
✿

displacement and strain over a
memebrane

✿✿✿✿✿✿✿✿✿

membrane wing in wind tunnel testing condi-
tions. Digital Image Correlation (DIC)

✿✿

is
✿✿✿✿

used
✿✿✿

to
✿✿✿✿✿✿✿

measure

✿✿✿✿✿✿

strains
✿✿✿✿

and, in conjunction with a load cell, is used to
measure stresses , strains, and

✿

to
✿✿✿✿✿✿✿✿✿

estimate
✿✿✿✿✿✿✿

stresses
✿✿✿✿

and

✿✿✿✿✿✿✿

measure
✿

aerodynamic forces exerted on the membrane wing
during wind tunnel testing. DIC measurements were used
to generate virtual strain sensors on the surface of the
membrane [31].

Analytical and numerical results, along with experi-
mental measurements of actual membrane wing artifacts
subjected to a variety of steady and unsteady flow condi-
tions

✿

, are used to validate the proposed formulation.

2. Analitycal
✿✿✿✿✿✿✿✿✿✿

Analytical
✿

Methods

The dynamic stall model presented in this work ac-
counts for variation of lift due to a combination of lead-
ing edge separation, membrane deformation, quasi–steady
and

✿✿✿

and
✿✿✿✿✿✿✿✿✿✿✿✿

quasi-steady
✿✿✿✿

and transient delayed lifting effects
from dynamic pitching. This model utilizes a state–space

✿✿✿✿✿✿✿✿✿✿

state-space
✿

representation of the time varying, delayed
stall effects due to dynamic motion [20]. For static angles
of attack (AOA), loads generated by leading edge separa-
tion are modeled using a leading edge suction analogy for
thin airfoils [32]. The position of

✿✿✿✿✿✿✿✿

Moreover,
✿✿✿✿

the
✿✿✿✿✿✿✿

position
✿✿

of

✿✿✿

the trailing edge separation , for static AOA, is estimated
using wind tunnel test data to tune an empirical trailing
edge separation model. The static contribution of lift from
membrane deformation is modeled by applying several as-
sumptions to the physics of the membrane. This method
is detailed in Carpenter [33],

✿

;
✿

in the following section, a
summary of this approach is discussed.

2.1. Static Lift Model

The static lifting curve, which is used as the “back-
bone” of the dynamic stall prediction, is generated by first
defining two different lift curves (under static AOA condi-
tions); the first for fully attached flow, and the second for
fully separated flow. Transition between these two states
due to stall , is determined using wind tunnel test data.

In this approach, the main contributions of lift on
✿

to

✿✿✿

lift
✿✿

of a thin membrane wing, for static AOA, are assumed
to be from potential flow, leading edge separation, and
cambering due to membrane displacement. The total lift
under attached flow conditions6 can thus be expressed,
cfr. [33], as

CL,att = CL,p + CL,v + CL,mem. (1)

In Eq. (1), CL,p is the lift coefficient for a finite length
wing due to potential flow, i.e., CL,p = Kp(α+αo), where
α is the angle of attack (AOA), αo is the AOA at zero
lift (CL,p = 0), and Kp = 2π

(

1+
2π

πεÆR

) is the potential flow

constantas defined in Carpenter [33],
✿✿✿✿

see
✿✿✿

e.g.
✿✿✿✿

[34]7. Assum-
ing that the flow reattaches past the leading edge separa-
tion bubble, the component of

✿✿✿✿✿✿✿✿✿✿

contribution
✿✿✿

to
✿

lift due to

6 With
✿✿✿

The
✿✿✿✿

term
✿

“attached” flow we mean
✿✿✿✿

refers
✿

here
✿

to
✿

a flow
which reattaches beyond the leading edge separation bubble and re-
mains attached until the trailing edge.

7The contribution of lift due to unstable membrane displacement
at zero AOA is accounted for in CL,p, as shown in [33]. This model
assumes the direction of unstable displacement to be in the direction
of positive lift, thus generating a positive lift contribution, and does
not consider the bifurcating effect which would occur if the wing was
to sweep from a positive AOA to a large negative AOA.
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✿✿✿✿✿✿✿✿✿✿✿

quasi-steady dynamic lift is obtained as follows,

CL,qs = CL,att(αqs)Xst(αqs) + CL,sep(αqs)(1−Xst(αqs))
(9)

A first order differential equation, which describes the
transient/relaxation behavior of the separation point, is
used to account for the delay (with respect to time) of
the separation point in its progression along the airfoil, as
AOA increases into stall regime, viz.

τ1Ẋd +Xd = Xst(α− τ2α̇) (10)

where τ1 is a dynamic separation point relaxation time
constant. Coefficient τ2 is a quasi–steady

✿✿✿✿✿✿✿✿✿✿

quasi-steady
✿

sep-
aration point time scaling constant, τ2 = τ∗2

c
2U∞

, where
τ∗2 is a tuning parameter. Assuming a known kinematic
pitching motion of the airfoil about the quarter chord po-
sition, where α̂s and ˙̂αs are the known initial static AOA
and pitch rate, Eq. 10 can be solved for Xd(t) using a nu-
meric ordinary differential equation solver and an initial
condition of Xd(t)|t=0 = Xst(α̂s − τ2 ˙̂αs). Xd(t) repre-
sents the dynamic separation point of the cambered airfoil
due to a time varying pitching motion. With quasi–steady

✿✿✿✿✿✿✿✿✿✿✿

quasi-steady separation effects and transient separation ef-
fects modeled, a complete dynamic stall model is defined
for a given pitching motion as,

CL,d = CL,att(αqs)Xd(t) + CL,sep(αqs)(1−Xd(t)) (11)

3. Coupled Fluid–Structure
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

Fluid-Structure
✿

Sim-

ulation

The overall approach adopted here was to use two dif-
ferent codes, i.e., a flow solver and a structural solver,
and to exchange

✿✿✿✿✿✿✿✿✿✿✿

configuration
✿✿✿✿

and
✿✿✿✿✿

loads
✿

data between the
two. This was achieved by adopting a tightly coupled
fluid–structure co–simulation

✿✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿✿✿✿✿✿✿✿✿✿✿✿

co-simulation,
in which the structural problem is solved using the free
general–purpose

✿✿✿✿✿✿✿✿✿✿✿✿✿

general-purpose
✿

multibody dynamics solver
MBDyn8, developed at Politecnico di Milano [37], and the
fluid problem is solved using a dedicated solver based on
FEniCS9 [38, pp. 171-222]. FEniCS allows to define

✿✿✿✿

With

✿✿✿

few
✿✿✿✿✿✿✿✿✿

high-level
✿✿✿✿✿✿✿✿

Python
✿✿✿✿✿✿✿✿✿✿

statements,
✿✿✿✿✿✿✿✿

FEniCS
✿✿✿✿✿✿✿✿✿

supports
✿✿✿

the

✿✿✿✿✿✿✿✿

definition
✿✿✿

of
✿✿✿✿

the
✿✿✿✿✿✿✿✿✿✿

discretized
✿✿✿✿✿

weak
✿✿✿✿✿

form
✿✿✿

of
✿✿✿✿✿✿✿✿

complex
✿

sys-
tems of Partial Differential Equations (PDE

✿✿✿✿✿

PDEs), and
corresponding discretization and iteration strategies, in
terms of a few high–level Python statements which inherit
the mathematical structure of the problem, and from which
low level code is automatically generated [28, 29]

✿✿✿

can
✿✿✿✿✿

drive

✿✿✿

the
✿✿✿✿✿✿✿

solution
✿✿

of
✿✿✿

the
✿✿✿✿✿✿✿

ensuing
✿✿✿✿✿✿✿✿✿

nonlinear
✿✿✿✿✿✿✿✿

problem.
✿✿✿✿

The
✿✿✿✿✿✿✿✿

FEniCS

✿✿✿✿✿

Form
✿✿✿✿✿✿✿✿

Compiler
✿✿✿✿✿✿

(FFC)
✿✿✿✿✿✿✿✿✿✿✿✿

automatically
✿✿✿✿✿✿✿✿✿

generates
✿✿✿

the
✿✿✿✿✿✿✿✿

low-level

✿✿✿✿✿

C++
✿✿✿✿

code
✿✿✿✿✿

that
✿✿✿✿✿✿✿✿✿

efficiently
✿✿✿✿✿✿✿✿✿✿

computes
✿✿✿

the
✿✿✿✿✿✿✿✿

residual
✿✿✿✿✿✿

vector

✿✿✿

and
✿✿✿

its
✿✿✿✿✿✿✿✿

Jacobian
✿✿✿✿✿✿✿

matrix
✿✿✿

for
✿✿✿

the
✿✿✿✿✿✿✿✿

problem
✿✿✿

at
✿✿✿✿✿

hand. A tight
coupling

✿

,
✿✿✿

i.e.
✿✿✿✿

the
✿✿✿✿✿✿✿✿✿

exchange between the viscous flow and

8http://www.mbdyn.org/.
9http://fenicsproject.org/.

the structural solver
✿✿

of
✿✿✿✿✿✿✿✿✿✿✿✿

configuration
✿✿✿✿

and
✿✿✿✿✿✿

loads
✿✿✿✿✿

data
✿✿

at

✿✿✿✿

each
✿✿✿✿✿✿✿✿

iteration
✿✿✿✿✿

until
✿✿✿✿✿✿✿

mutual
✿✿✿✿✿✿✿✿✿✿✿

convergence
✿

was found neces-
sary, due to the strong interaction of the fluid and the
membrane structure in this problem. The computational
analyses are assessed with experimental results. Specifi-
cally, we highlight our ongoing efforts geared towards de-
veloping an integrated computational and experimental
approach to perform aeroelastic analyses of membrane wings
within various configurations.

Structural Solver. The membrane element
✿✿

A
✿✿✿✿✿✿✿✿✿

four-node
✿✿✿✿✿✿✿✿✿✿✿✿

isoparametric

✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿✿

element,
✿✿✿✿✿✿

based
✿✿

on
✿✿✿✿✿✿✿

second
✿✿✿✿✿✿✿✿✿✿✿✿✿✿

Piola-Kirchhoff
✿✿✿✿

type

✿✿✿✿✿✿✿✿✿✿

membranal
✿✿✿✿✿✿✿✿✿✿

resultants,
✿✿

is implemented in MBDyn for the
analyses in this workis a four–node isoparametric element,
based on second Piola–Kirchhoff type membranal resultants [27].
The membranal stresses are computed as functions of their
work–conjugated Green–Lagrange

✿✿✿✿✿✿✿✿✿✿✿✿✿✿

work-conjugated
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

Green-Lagrange
strains. The classical Enhanced Assumed Strains (EAS)
method [39] is exploited to improve the response of the
element:

✿

;
✿

seven additional variables for each membrane
element are added to the strain vector [40].

Fluid Solver. The fluid dynamics code is based on a stabi-
lized finite element approximation of the unsteady Navier–Stokes

✿✿✿✿✿✿✿✿✿✿✿✿

Navier-Stokes
✿

equations, often referred to in the literature
as General Galerkin, or G2, method [41]. The so–called

✿✿✿✿✿✿✿

so-called
✿

ALE cG(1)cG(1) formulation, with friction bound-
ary conditions [41, 42]

✿✿✿✿✿✿

[41, 43], was chosen. For
✿✿

In short,
G2 is a weighted least–squares

✿✿✿✿✿✿✿✿✿✿✿

least-squares
✿

stabilized Galerkin
finite element method in space–time

✿✿✿✿✿✿✿✿✿

space-time.
✿✿✿✿

The
✿✿✿✿✿✿✿✿✿✿✿

stabilization

✿✿

of
✿✿✿

G2
✿✿✿✿

acts
✿✿

as
✿✿✿

an
✿✿✿✿✿✿✿✿✿

automatic
✿✿✿✿✿✿✿✿✿✿

turbulence
✿✿✿✿✿

model
✿✿

in
✿✿✿✿

the
✿✿✿✿

form
✿✿

of

✿

a
✿✿✿✿✿✿✿✿✿✿

generalized
✿✿✿✿✿✿✿✿

artificial
✿✿✿✿✿✿✿✿

viscosity
✿✿✿✿✿✿

model
✿✿✿✿✿

acting
✿✿✿✿✿✿✿✿✿✿

selectively
✿✿

on

✿✿✿

the
✿✿✿✿✿✿✿

smallest
✿✿✿✿✿✿

scales
✿✿

of
✿✿✿

the
✿✿✿✿✿✿

mesh
✿✿✿✿

[44].
✿

In particular, the sta-
bilized cG(1)cG(1) method is a type of G2 method with
continuous piecewise linear trial functions both in time
and space, for both velocity and pressure, and continu-
ous piecewise linear test functions in space and piecewise
constant test functions in time.

Aeroelastic Coupling. The coupling of viscous flow and
structural solvers used in this work requires the definition
of a common interface. In particular, the multibody solver
is coupled with the external fluid dynamics code by means
of a general–purpose

✿✿✿✿✿✿✿✿✿✿✿✿✿✿

general-purpose, meshless boundary
interfacing approach based on Moving Least Squares with
Radial Basis Function [45]. The mapping produces

✿✿✿

This
✿✿

is

✿✿✿✿✿✿✿✿✿✿✿✿

accomplished
✿✿

by
✿✿✿✿✿✿✿✿✿✿✿✿✿

precomputing
✿

a linear interpolation op-
erator, H, that allows to compute

✿✿✿✿✿✿✿✿

computes the interface
aerodynamic nodes displacement xa from the structural
nodes displacementsxs, namely: xa = Hxs. To guaran-
tee the conservation of the (virtual) work done in the two
domains, the linear operator that computes the aerody-
namic forces applied to the structural nodes, fas , is the
transpose of the interpolation matrix H, viz.: fas = H⊤faa.
The computer implementation of the ALE technique re-
quires the formulation of a mesh–update

✿✿✿✿✿✿✿✿✿✿✿

mesh-update
✿

pro-
cedure that assigns mesh–node

✿✿✿✿✿✿✿✿✿✿

mesh-node velocities and
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displacements at each time step. The mesh deformation
process moves the fluid mesh nodes according to a linear
elastic “fictitiuos” problem [28]

✿✿✿✿✿✿✿✿

fictitious”
✿✿✿✿✿✿✿✿

problem, where
the elastic modulus of each element is proportional to the
inverse of its volume. If the volume of an element becomes
negative as a consequence of the displacement of the in-
terface nodes, the elastic modulus of such an element is
increased and the linear elastic problem is solved again.

4. Modeling

Aerodynamic tests were performed in a low speed wind
tunnel. Lift and membrane displacement for a wing pitch-
ing with static and dynamic AOA were measured. Mea-
sured data were compared with the predicitons

✿✿✿✿✿✿✿✿✿

predictions
from the two previously discussed methods. Tests were
conducted on wing models with varying membrane preten-
sion, subject to various flow conditions and pitching rates.
The test matrix was built by varying the membrane pre-
tension (λo), the flow velocity (U∞), the pitch rate (α̇), the
reduced frequency (k), and the starting pitch angle (αst).
The pitching amplitude (αamp) was held constant at 10◦

peak–to–peak
✿✿✿✿✿✿✿✿✿✿✿

peak-to-peak, and the pitching axis was held
constant at 25% chord position throughout the tests.

4.1. Wind Tunnel Testing

The test article used in the wind tunnel is a 2:1 aspect
ratio, rectangular, perimeter reinforced membrane wing.
The wing, which has a span of 280 mm and chord of
140 mm, is made with two shaped steel frames (E = 210
GPa, ν = 0.3, ρ = 7800 kg/m3, with a frame width and
thickness of 5 mm and 1 mm, respectively). A rubber
latex membrane (E = 1.14 MPa, ν = 0.4 and ρ = 960
kg/m3), held at a prescribed in–plane pre–tension

✿✿✿✿✿✿✿

in-plane

✿✿✿✿✿✿✿✿✿

pretension, was sandwiched between the two steel frames.
Images of the actual test article can be seen in Fig. 2, and
a schematic of the test set–up

✿✿✿✿✿

set-up
✿

is illustrated in Fig.
3.

(a) Top View (b) Bottom View

Figure 2: 2:1 membrane wing, with steel perimeter and speckled
rubber latex membrane.

A range of flow conditions with Reynolds number be-
tween 50k–100k were tested. Reduced frequency values
of k = {0, 0.05, 0.1} were used while operating withing

✿✿✿✿✿✿

within the pitching motor’s operational envelope. Three
target cambers were selected using Waldman’s membrane
displacement approach [46], resulting in three membrane

Figure 3: Wind tunnel pitching fixture and membrane wing with
frame geometry.

wings with corresponding stretch ratio of λ = {1.02, 1.058, 1.085}.
In addition to these stretch ratios, a relatively high value
of λ was also tested in order to see the influence of the
frame on the aerodynamics of the wing, compared to the
frame plus a compliant airfoil. The test matrix is sum-
marized in Fig. 4, where Ae = Eh

1

2
ρU2

∞
c
= Eh

qc
. In Fig. 4

✿✿✿

that

Figure 4: Predictions of membrane camber for different test condi-
tions.

✿✿✿✿✿

figure, each line represents a membrane wing model with
different pre–tension

✿✿✿✿✿✿✿✿✿

pretension
✿✿✿✿

(PS), each point represents
a test condition (with a label corresponding to each unique
test condition), and the points circled with a dotted line
representing

✿✿✿✿✿✿✿✿

represent
✿

conditions of unstable membrane
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displacement at zero AOA. In addition to testing the four
membrane configurations (λ = {1.02, 1.058, 1.085} and λ →
∞), a 2:1 flat plate was also tested to serve as a basis of
comparison to a well known aerodynamic profile. The ge-
ometry of this 2:1 flat plate wing conformed to the lead-
ing edge, trailing edge and thickness dimensions defined
by Mueller [47]

✿✿✿✿

[48]. This flat plate (“Mueller” from now
on) was tested for static AOA conditions and all dynamic
AOA conditions. For each condition in Fig. 4, data was

✿✿✿✿

were
✿

collected at static AOA, for α = −2◦ to 30◦, at 2◦

increments. For all wing configurations, dynamic sweeps
were performed using αst = {0◦, 5◦, 10◦}, αamp = 10◦, and
k = {0.05, 0.1}. Finally, a commonly accepted Ozwald

✿✿✿✿✿✿

Oswald
✿

efficiency factor for rectangular wings of ε = 0.9
[49]

✿✿✿✿

[50] for all wings within the study is applied.
The low–speed

✿✿✿✿✿✿✿✿✿

low-speed closed loop wind tunnel is ca-
pable of speeds from 1 to 18 m/s and has a 1.3 x

✿✿

×
✿

1.5 m
test section. Aerodynamic loads from the wing were mea-
sured by a six degree–of–freedom

✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

degree-of-freedom
✿

sting
balance fixed directly at the trailing edge. The system
was capable of simultaneously pitching, measuring aero-
dynamic loads and performing non–intrusive

✿✿✿✿✿✿✿✿✿✿✿

non-intrusive
displacement measurements via DIC. Load and angle chan-
nels were recorded at 500 Hz, and DIC images were taken
at 500 frames per second10. Time varying data from the
load cell were averaged to identify a measurement of the
steady state coefficient of lift and drag for each test con-
dition.

4.2. Numerical Modeling

The structural grid, implemented within the multibody
simulation environment provided by MBDyn, consists of
8×16 four–node

✿✿✿✿✿✿✿✿

four-node
✿

membrane elements, involving
153 structural nodes. To model the steel frame surround-
ing the membrane wing, 24 three–nodes beams

✿✿✿✿✿✿✿✿✿

three-node

✿✿✿✿✿

beam
✿✿✿✿✿✿✿✿

elements
✿

were added to the structural model. The
mass lumped in each node is computed from the latex
rubber sheet portion associated with the node, which is
uniformly distributed, and

✿✿

in
✿✿✿✿✿✿✿✿

addition, for the boundary
nodes, from the portion of the steel frame associated with
the node [29].

(a) CFD simulation domain. (b) Meshed membrane wing.

Figure 5: CFD domain.

10DIC measurements were averaged over the 500 snapshots which
were taken at 500 Hz for a duration of 1 second.

The fluid simulation volume, shown in Fig. 5, consists
of approximately 270k nodes and 1.4 millions

✿✿✿✿✿✿

million
✿

tetra-
hedrons with a cell width of 0.2 mm in the near wake
region, and cells growing up to 10 mm near the simula-
tion boundaries. At the domain inlet the velocity magni-
tude and direction are set as boundary conditions, while
at the outlet a constant pressure is specified. The other
four boundary walls are characterised

✿✿✿✿✿✿✿✿✿✿✿✿

characterized by a
slip wall boundary condition. A “skin friction model” was
used to simulate slip with (linear) friction and penetra-
tion with resistance boundary conditions on the wing sur-
face [28, 41, 42].

✿✿✿✿✿✿✿

[41, 43].
✿✿✿✿✿

This
✿✿✿✿✿✿

choice
✿✿✿✿✿

does
✿✿✿

not
✿✿✿✿✿✿

allow
✿✿

to

✿✿✿✿✿✿✿✿✿

completely
✿✿✿✿✿✿✿

resolve
✿✿✿

the
✿✿✿✿✿✿✿✿✿

boundary
✿✿✿✿✿✿

layer;
✿✿

it
✿✿✿✿✿✿

brings,
✿✿✿✿✿✿✿✿

however,

✿✿✿✿✿✿✿✿✿✿

substantial
✿✿✿✿✿✿✿✿✿✿✿✿✿

computational
✿✿✿✿✿✿

savings
✿✿✿✿✿✿✿

without
✿✿✿✿✿✿✿✿✿✿

completely
✿✿✿✿✿✿✿✿✿✿✿✿✿

compromising

✿✿✿

the
✿✿✿✿✿✿✿✿✿

simulation
✿✿✿✿✿✿✿✿✿

accuracy.
✿

The leading and the trailing edge
are modelled

✿✿✿✿✿✿✿

modeled
✿

as flexible, aerodynamically shaped
supports, as shown in Fig. 5(b).

5. Results

To evaluate the validity
✿✿✿✿✿

ability
✿

of the proposed approach

✿✿✿✿✿✿✿✿✿✿

approaches of estimating dynamic lift due to pitching, ex-
perimental wind tunnel loads and membrane displacements
are compared to the proposed model

✿✿✿✿✿✿

models under varying
conditions of flow velocity, pretension, pitching frequency,
and AOA pitching ranges. In Section 5.1, the components
composing

✿✿✿✿✿✿✿✿✿✿✿

contributions
✿✿✿

to
✿

the static lift curve resulting
from the analytical model (i.e., CL,p, CL,v, CL,mem, CL,att,
CL,sep, and Xst), are compared with time averaged, static
test data, CL,st,dat, and with the results from the coupled
fluid–structure

✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿

analysis, CL,fsi. In Sec-
tion 5.2, dynamic (analytical) lift predictions, CL,qs, and
CL,d, are compared with dynamic test data as a function

✿✿✿✿✿✿✿✿

functions
✿

of α and time for varying dynamic pitching con-
ditions.

5.1. Non–Pitching
✿✿✿✿✿✿✿✿✿✿✿

Non-Pitching
✿

Case

Fig. 6(a) shows the coefficient of lift with respect to
AOA for the 2:1 “Mueller” flat plate, with a thickness of
3.2 mm. Thus, for this wing, the leading edge separation
is minimal, i.e., CL,v(α) = 0. Since the wing is stiff, we
assume CL,mem ≈ 0. Thus

✿

,
✿

CL,p = CL,att, meaning the
calculation of potential flow should adequately model the
flat plate for pre–stall

✿✿✿✿✿✿✿✿

pre-stall AOA. Observing Fig. 6(a),
it can be

✿

is
✿

noticed that for α < 12◦, the potential flow
component of lift accurately predicts measured lift. For
high AOA, wind tunnel data approaches CL,sep asymp-
totically as expected. Using data, CL,att, and CL,sep, a
regression fit is used to generate Xst, from which CL,st

can be calculated.
The error bars in Fig. 6(a) represent 95% confidence in-

tervals; in most cases they are smaller in magnitude than
the square points representing the measurement in the fig-
ure. To reduce figure complexity, confidence intervals will
not be presented on further graphs.

Fig. 6(b) shows the results obtained with the perime-
ter reinforced membrane wing, where the membrane is

6



(a) 2:1 “Mueller” flat plate. (b) Wing with “rigid” mem-
brane.

Figure 6: Static lift model and wind tunnel data. (a) 2:1 “Mueller”
flat plate, (b) membrane wing with “rigid” membrane.

replaced with a thin “rigid” plate of comparable thick-
ness. For this wing, leading edge separation is expected
so that CL,v(α) 6= 0, while CL,mem is still driven to zero,
thus CL,att > CL,p. As previously noted, CL,att accurately
models lift for low angles of attack, and the data appears
to converge toward CL,sep for large AOA, although slower
than in the previous case. The lift coefficient predicted by
the coupled fluid–structure

✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿

analysis, CL,fsi,
is also shown in Fig. 6(b). It should be noted that for these
rigid wings, CL,st are invariant to changes in flow velocity
within the ranges of this study (Re = 50k−84k).

The analytical and numerical model
✿✿✿✿✿✿

models show good
agreement with the experiments, for lift over the rigid wing
prior to stall. In general, results from Fig. 6 confirms

✿✿✿✿✿✿✿

confirm that both models have the capability to accurately
predict lift over a large range of static AOA, for the 2:1
rigid flat plate and for the 2:1 membrane wing with a rigid
membrane, experiencing leading edge separation. Compli-
ant membranes are considered next.

The predicted max camber, z(α), is compared with
DIC measurements. Fig. 7 represents the (average) maxi-
mum measured and predicted static camber, zdic and zst
respectively, for a flow velocity of U∞ = 8 m/s (Re = 66k),
and prestretch λo = 1.058 (or 5.8% average prestrain).
The max camber, computed by the coupled fluid–structure

✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿

simulation, zfsi, is also reported for com-
parison.

The analytical predicted maximum camber fairly accu-
rately models measured displacements up to about α =
8◦. Given the linearizing assumptions built into the pre-
diction model for membrane displacements and loads, the
resulting analytical model represents the physics of the
system for small AOA. The abrupt change in the exper-
imental displacement at α = 8◦ indicates that there is
an interaction mode that is not captured in the analytical
model. Given the analytical results of the membrane cam-
ber predictions presented above, it is expected that the
estimated coefficient of lift will be slightly under predicted

Figure 7: DIC and predicted displacement.

✿✿✿✿✿✿✿✿✿✿✿✿✿

underpredicted
✿

for intermediate AOA, α = 8◦ to 18◦.
The numerical predicted max camber zfsi, instead, bet-
ter reproduces measured displacements from α = 10 deg.
For α below this value, the numerical prediction is slightly
over–estimated

✿✿✿✿✿✿✿✿✿✿✿✿✿

over-estimated. Correlation between both
models and experiments is nevertheless deemed accept-
able, with the numerical model slightly over–predicting

✿✿✿✿✿✿✿✿✿✿✿✿✿

over-predicting
✿

the local membrane inflation for small AoAs.

(a) 5.8% prestrain, Re = 50k. (b) 5.8% prestrain, Re = 66k.

Figure 8: Static lift model, perimeter reinforced membrane wing.

Fig. 8(a) shows lift coefficient verus
✿✿✿✿✿✿

versus
✿

AOA for
test condition “3” in Fig. 4, λo = 1.058, U∞ = 6 m/s
(Re = 50k), while Fig. 8(b) depicts test condition “4”
in Fig. 4, λo = 1.058, U∞ = 8 m/s (Re = 66k). At-
tached lift slope and peak lift are greater for the higher
velocity case. This is due to the increased contribution
of CL,mem and to the difference in dynamic pressure, as
illustrated in Fig. 8. Both test conditions show a stable
membrane at zero AOA, i.e., zero camber and thus zero
lift at zero AOA, both for the experiment and the numer-
ical simualtions

✿✿✿✿✿✿✿✿✿✿

simulations. The static lift curve CL,fsi as
given by the coupled fluid–structure

✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿

analy-
sis is also shown in Fig. 8(b) for comparison.

5.1.1. Effect on Flexible Wing

The lift and drag coefficients were computed, both for
the experimental wind tunnel test and the fluid–structure
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✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿

simulation, by averaging their values over
time. However, in some conditions the actual response
is not stationary. Fig. 9 reports the time evolution of

4 6 8 10 12 14 16 18 20

t∗ ()

0.2

0.4

0.6

0.8

1.0

1.2

CL/CLmax

CD/CDmax

w/wmax

(a) α = 8 deg.

4 6 8 10 12 14 16 18 20

t∗ ()

0.2

0.4

0.6

0.8

1.0

1.2

CL/CLmax

CD/CDmax

w/wmax

(b) α = 12 deg.

Figure 9: Flexible membrane at 5.8% prestrain, Re = 66k. Mid-
membrane point displacement and global CL–CD histories.

the numerical (high–fidelity
✿✿✿✿✿✿✿✿✿✿

high-fidelity) aeroelastic sys-
tem for two different values of AoA, α = 8 and 12 deg,
respectively, starting at non-dimensional time t∗ = tV

c
= 5

✿✿✿✿✿✿✿✿✿✿

t∗ = tV
c
= 4

✿

to t∗ = 20.
✿✿✿✿✿✿

Similar
✿✿✿✿

non
✿✿✿✿✿✿✿✿✿

stationary
✿✿✿✿✿✿✿✿

behavior
✿✿

of

✿✿✿

the
✿✿✿✿✿

wing
✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿

out
✿✿

of
✿✿✿✿✿

plane
✿✿✿✿✿✿✿✿✿✿✿✿

displacement
✿✿✿✿

and
✿✿✿✿✿✿

modal

✿✿✿✿✿✿✿✿✿✿✿✿

characteristics
✿✿✿✿✿

have
✿✿✿✿

been
✿✿✿✿✿✿✿✿

observed
✿✿✿✿

and
✿✿✿✿✿✿✿✿

reported
✿✿

in
✿✿✿✿✿✿✿✿

previous

✿✿✿✿✿✿✿✿✿

theoretical
✿✿✿✿✿✿✿✿✿✿✿

[51, 52] and
✿✿✿✿✿✿✿✿✿✿✿✿

experimental
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

[53, 54, 55, 56, 9] research

✿✿✿✿✿

work.
✿

The evolution of the normalised
✿✿✿✿✿✿✿✿✿

normalized
✿

aerody-
namic coefficients CL and CD, and the membrane maxi-
mum amplitude, w, is shown. The values are normalised

✿✿✿✿✿✿✿✿✿✿

normalized with respect to their maximum value.
As depicted in Fig. 9, the maximum value of deforma-

tion came after about t∗ = tV
c
≈ 5

✿✿✿✿✿

t∗ ≈ 5, and reaches a
“steady” value after about t∗ = 20 chords for the mem-
brane at α = 8 deg, while for α = 12 deg the oscillation
continue beyond t∗ = 20.

To analyze the effects of aeroelastic deformation on the
flow structure, Fig. 10 shows the deformation contour at
different times t∗ = tV

c ✿✿

t∗, for the membrane at 5.8% pre-
strain, V = 8

✿✿✿✿✿✿

U∞ = 8 m/s and α = 8 deg.

(a) t∗ = 4. (b) t∗ = 10.

(c) t∗ = 16. (d) t∗ = 20.

Figure 10: Deformation contours for V = 8
✿✿✿✿✿✿

U∞ = 8 m/s, α = 8 deg,
membrane at 5.8% prestrain.

The primary wing deformation mode is an inflation

that increases the local camber. A Proper Orthogonal De-
composition (POD) of the membrane deformation, for the
problem with V = 8

✿✿✿✿✿✿✿

U∞ = 8 m/s, α = 8 deg, with the
membrane at 5.8% prestrain, shows that the main modes
excited are the first four. They comprised about 85% of
the original system energy, see Fig.

✿✿✿✿✿

11(a)
✿✿✿✿

and
✿✿✿✿

Fig. 11(b).
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Figure 11: POD results for the flexible membrane at 5.8% prestrain,
V = 8

✿✿✿✿✿✿

U∞ = 8 m/s, α = 8 deg.

The first four Proper Orthogonal Modes (POMs) are
shown in Fig. 12.
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(a) POM 1.
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(b) POM 2.
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(c) POM 3.
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(d) POM 4.

Figure 12: First four POMs, V = 8
✿✿✿✿✿✿

U∞ = 8 m/s, α = 8 deg, mem-
brane at 5.8% prestrain.

In order to limit the number
✿✿✿✿✿✿✿

amount of data that has
to be post–processed

✿✿✿✿✿✿✿✿✿✿✿✿✿

post-processed
✿

for model reduction
and allow to a preliminary assessment of the potentials of
the POD for the aeroelastic problem of flexible membrane
wings, only the structural degrees of freedom were con-
sidered in the POD. The coordinates of all the membrane
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points at every time step
✿

of
✿✿✿✿

the
✿✿✿✿✿✿✿✿✿

numerical
✿✿✿✿✿✿✿✿✿✿

simulation
✿

are
used to build the snapshot matrix, S, whose columns con-
tain the values of the system variables at each time step.
Afterwards, S is used for the calculation of the correlation
matrix, C = S⊤S. The eigenvectors of C define the ba-
sis of the projection matrix that can be used to project
the time history of the state variables and obtain the time
evolution of the amplitude of each base considered [57].
The amplitudes are the new variables of the reduced–order

✿✿✿✿✿✿✿✿✿✿✿✿

reduced-order
✿

system; their number depends on the num-
ber of retained eigenvectors of C. Fig. 11(c) compares
the displacement history of the central point of the mem-
brane from the high–fidelity

✿✿✿✿✿✿✿✿✿✿

high-fidelity
✿

simulation and
the POD reconstruction

✿✿

of
✿✿✿

the
✿✿✿✿✿

same
✿✿✿✿✿

time
✿✿✿✿✿✿✿

history with the
4 modes selected

✿✿✿✿✿✿✿

selected
✿✿✿✿✿✿

modes, and shows that the first
four basis functions capture the displacement history well.

5.1.2. Effect on Flow Structure

Having established sufficient confidence in the aeroelas-
tic membrane wing model, attention is now turned to the
computed flow structures. No experimental validation is
available for this work. Fig. 13 shows a low–pressure zone
near wing tips, where the predicted pressure contours by
the coupled fluid–structure

✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿

simulation on
the upper and the lower wing surfaceare plotted. The pres-

(a) Rigid wing.

(b) Membrane at 5.8% prestrain.

Figure 13: Pressure contours on the wing surface (Left: top, Right:
bottom), V = 8

✿✿✿✿✿

U∞ = 8 m/s, α = 8 deg, t∗ = 50.

sure distributions at 8 deg angle of attack, V = 8
✿✿✿✿✿✿✿

U∞ = 8 m/s,
for the upper surface of the rigid and flexible wing at 5.8%
prestrain, are given in Fig. 13 (left). For the rigid wing,
a high pressure region is located close to the leading edge,
corresponding to flow stagnation. This is followed by pres-
sure recovery (minimum pressure), and by a mild adverse
pressure gradient, which is strong enough to cause the flow
to separate. For the flexible membrane wing, the inflated
membrane shape pushes the bulk of the flow separation
closer to the leading edge. On the underside of the rigid
wing, Fig. 13 (right), the pressure gradient is largely fa-
vorable, smoothly accelerating the flow from leading to
trailing edge. Load alleviation on the lower surface of the
flexible membrane wing is evident by a decrease in the
high–pressure

✿✿✿✿✿✿✿✿✿✿✿

high-pressure
✿

regions associated with cam-
ber, and a growth of the suction region at the trailing edge,

presumably due to a decrease in the local incidence.
The pressure difference between the lower, high–pressure

✿✿✿✿✿✿✿✿✿✿✿✿

high-pressure zone and the upper, low–pressure
✿✿✿✿✿✿✿✿✿✿✿

low-pressure
zone induces a spanwise flow that bends the streamlines
towards the wingtips and accelerates the flow near the tips.
The tip vortex can be easily observed from the streamline

(a) Rigid wing. (b) Membrane at 5.8% prestrain.

Figure 14: Pressure contours and streamlines in the wake behind
the wing, V = 8

✿✿✿✿✿✿

U∞ = 8 m/s, α = 8 deg, t∗ = 50;
✿✿✿

the
✿✿✿✿✿✿✿✿✿✿

cross-section

✿✿✿✿✿

planes
✿✿

are
✿✿✿

0.5
✿✿

c
✿✿✿

and
✿✿✿

1.5
✿

c
✿✿✿✿✿

behind
✿✿✿

the
✿✿✿✿✿✿

trailing
✿✿✿✿

edge.

structure. In Fig. 14 the pressure contours behind the rigid
and the membrane wing at 5.8% prestrain are plotted, for
Re = 66k, at t∗ = tV

c
= 50. The low–pressure

✿✿✿✿✿✿

t∗ = 50.

✿✿✿

The
✿✿✿✿✿✿✿✿✿✿✿✿

low-pressure zone observed in the planes perpendicu-
lar to the flight direction characterizes the vortex core.

The effect of camber on flow structure is shown by the
vorticity contours of Fig. 15, plotted at t∗ = tV

c
= 50

✿✿✿✿✿✿

t∗ = 50.
The strongest wake vortices are located near the wing

(a) Rigid wing. (b) Membrane at 5.8% prestrain.

Figure 15: Isosurface of vorticity, V = 8
✿✿✿✿✿✿

U∞ = 8 m/s, α = 8 deg,
t∗ = 50.

tips, showing that the circulation gradient is largest there.
Flow visualization suggests that the wing deformation con-
tributes to stronger wing tip vortices.

5.2. Pitching Case

As demonstrated in previous results, both the
✿✿✿✿✿✿✿

unsteady
numerical and the analytical static lift model adequately
represent the lift behavior for the rigid and membrane
wings within the study. This is important, since the (an-
alytical) dynamic stall model is based on the static one,
adding terms that account for pitch rates and time variant
separation. Wings were tested under different flow veloc-
ities, U∞ = {6, 8, 10} m/s (i.e., Re = {50k, 66k, 84k}),
two reduced frequencies, k = {0.05, 0.1}, and three AOA
ranges, α̂ = {0◦ to 10◦, 5◦ to 10◦, 10◦ to 20◦}. The em-
pirical time constant τ∗2 was tuned using dynamic wind
tunnel data, cfr. [33], under low AOA pitching maneu-
vers11. Considering a single sinusoidal oscillation α̂ =

11For pitching maneuvers at low AOA, or where Xst(α) = 1, the
rate of trailing edge separation Ẋst = 0, i.e., there is no separa-

9



Figure 16: Dynamic lift model for rigid membrane, pitching at k =
0.05 for αs = 0◦ and αamp = 10◦, flow velocity of 8 m/s (Re = 66k).

{0◦ to 10◦}, at a reduced frequency of k = 0.05, with a
flow velocity of U∞ = 8 m/s (Re = 66k), a value of τ∗2 = 4
was found to produced accurate dynamic lift predictions,
both as a function of αand time, ,

✿

as shown in Fig. ?? and
??, repectively.

✿✿✿

16.
✿

All subsequent results were computed
with the same value of τ∗2 .

Figure 17: Dynamic lift model for rigid membrane, pitching at k =
0.05 for αs = 10◦ and αamp = 10◦, flow velocity of 8 m/s (Re = 66k).

Next, τ1 was tuned using data from a high AOA sweep.
Fig. 17 shows the same wing, with same flow conditions
and pitch rate, but for a motion where α̂ = {10◦ to 20◦}.
In this case, a value of τ1 = 8.5, produced accurate predic-
tions with respect to AOAand time. This value of τ1 was
used for all the other predicitons.

✿✿✿✿✿✿✿✿✿✿

predictions.
✿

With the established values for τ1 and τ∗2 , all mem-
brane wings subjected to all testing conditions could be
modeled and compared to measured values. For example,
Fig. 19 shows the dynamic stall prediciton for a membrane
at 5.8% prestrain, with a flow velocity of 8 m/s

✿✿✿✿✿✿✿

Dynamic

✿✿✿✿

stall
✿✿✿✿✿✿✿✿✿

prediction
✿✿✿

for
✿✿✿✿✿✿✿

various
✿✿✿✿✿✿✿✿✿

membrane
✿✿✿✿✿✿✿✿✿✿✿

pretensions
✿✿✿

and
✿✿✿✿

flow

✿✿✿✿✿✿✿✿

velocities
✿✿✿

are
✿✿✿✿✿✿✿✿

reported
✿✿✿

in
✿✿✿✿

Fig.
✿✿✿

18,
✿✿✿

19,
✿✿✿✿

and
✿✿✿

20. The results

tion at low AOA. Thus, results are time invariant and are directly
proportional to ˙̂α, and CL,d is invariant to changes made to τ1.

Figure 18:
✿✿✿✿✿✿

Dynamic
✿✿✿

lift
✿✿✿✿✿

model
✿✿✿

for
✿✿

a
✿✿✿✿✿✿✿✿

membrane
✿✿

at
✿✿✿✿✿

8.5%
✿✿✿✿✿✿✿

prestrain,

✿✿✿✿✿✿

pitching
✿✿

at
✿✿✿✿✿✿✿

k = 0.05
✿✿✿

for
✿✿✿✿✿✿✿

αs = 10◦
✿✿✿

and
✿✿✿✿✿✿✿✿✿✿

αamp = 10◦,
✿✿✿✿

flow
✿✿✿✿✿✿

velocity
✿✿

of

✿✿

10
✿✿✿

m/s
✿✿✿✿✿✿✿✿✿✿

(Re = 84k).

Figure 19: Dynamic lift model for a membrane at 5.8% prestrain,
pitching at k = 0.05 for αs = 10◦ and αamp = 10◦, flow velocity of
8 m/s (Re = 66k).

produced by this predictive model appear to be fairly ro-
bust to changes in flow velocity, pitching frequency, AOA
ranges, and membrane tensions.

6. Summary & Conclusion

A dynamic stall model is presented in this paper utiliz-
ing potential flow estimations of lift for static conditions
to generate a static AOA lift model for attached and sep-
arated flow. Test data was used to predict the location of
trailing edge separation for a given test scenario in order
to produce an accurate static lift model for low to high
AOA. This model incorporates a prediction of lift due to
static leading edge flow separation and membrane cam-
bering. The stability criteria for membrane cambering at
zero AOA was identified, and the magnitude of unstable
cambering was predicted with acceptable accuracy for the
conditions tested. With a complete static lift model, dy-
namic variations of lift were included due to instantaneous
flow recirculation effects, added mass effects, and transient
flow separation. A fist

✿✿✿✿

first
✿

order, state space representa-
tion was used to model the time varying delayed separation
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Figure 20:
✿✿✿✿✿✿

Dynamic
✿✿✿

lift
✿✿✿✿✿

model
✿✿✿

for
✿✿

a
✿✿✿✿✿✿✿✿

membrane
✿✿

at
✿✿✿✿✿

2.0%
✿✿✿✿✿✿✿

prestrain,

✿✿✿✿✿✿

pitching
✿✿

at
✿✿✿✿✿✿✿

k = 0.05
✿✿✿

for
✿✿✿✿✿✿✿

αs = 10◦
✿✿✿

and
✿✿✿✿✿✿✿✿✿✿

αamp = 10◦,
✿✿✿✿

flow
✿✿✿✿✿✿

velocity
✿✿

of

✿

6
✿✿✿✿

m/s
✿✿✿✿✿✿✿✿✿

(Re = 50k).
✿

effect experienced at high AOA. Over a wide variety of flow
conditions, pitching rates, AOA ranges, and membrane
pretensions, the proposed analytical model produced ac-
ceptably accurate results.

A four–node
✿✿✿✿✿✿✿✿

four-node
✿

membrane element was imple-
mented in a multibody–based co–simulation

✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

multibody-based

✿✿✿✿✿✿✿✿✿✿✿✿

co-simulation
✿

analysis for the direct simulation of cou-
pled fluid–structure

✿✿✿✿✿✿✿✿✿✿✿✿✿

fluid-structure
✿

problems. As shown
in the results, the numerical model accurately predicts at-
tached flow conditions and trailing edge separation. Thus,
it adequately represents the lift behavior for the mem-
brane wings within this study. A methodology was also
introduced for the reduced order modeling of the mem-
brane wing based on proper orthogonal decomposition.
POD projection allowed the definition of a very low or-
der model that can capture the main features of the sys-
tem, demonstrating the suitability of a reduction approach
based only on structural information for the reduced–order

✿✿✿✿✿✿✿✿✿✿✿✿

reduced-order
✿

modeling of this class of aeroelastic systems.
This approach favorably correlated to data and could

be well suited for real-time load estimation, given known
airspeed and AOA. The concept of “feeling flight” is a
simple one, yet the practical implementation and analytic
formulation of this is not quite as straight forward. All
told, this body of work has covered an array of load esti-
mation approaches intended to further the understanding
of the aerodynamics of membrane wings.
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