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UPGRADED METHODS FOR THE EFFECTIVE COMPUTATION OF MARKED
SCHEMES ON A STRONGLY STABLE IDEAL

CRISTINA BERTONE, FRANCESCA CIOFFI, PAOLO LELLA, AND MARGHERITA ROGGERO

ABSTRACT. Let J C S = Klzo,...,2n] be a monomial strongly stable ideal. The collection M{(J)
of the homogeneous polynomial ideals I, such that the monomials outside J form a K-vector basis
of S/I, is called a J-marked family. It can be endowed with a structure of affine scheme, called
a J-marked scheme. For special ideals J, J-marked schemes provide an open cover of the Hilbert
scheme Hilby,), where p(t) is the Hilbert polynomial of S/J. Those ideals more suitable to this
aim are the m-truncation ideals J,, generated by the monomials of degree > m in a saturated
strongly stable monomial ideal J. Exploiting a characterization of the ideals in Mf(J-, ) in terms
of a Buchberger-like criterion, we compute the equations defining the J. ,, -marked scheme by a new
reduction relation, called superminimal reduction, and obtain an embedd_ing of Mf(J-,,) in an affine
space of low dimension. In this setting, explicit computations are achievable in many non-trivial cases.
Moreover, for every m, we give a closed embedding ¢, : Mf(J,,) — Mf(J-,, 1), characterize those
¢m that are isomorphisms in terms of the monomial basis of J, especially we characterize the minimum
integer mo such that ¢,, is an isomorphism for every m > my.

INTRODUCTION

Let J be a monomial ideal of the polynomial ring S = K|z, ..., z,] in n+1 variables over a field K.
In this paper, we refine and develop the study begun in [7] to characterize the homogeneous polynomial
ideals I C S such that the monomials outside J form a K-vector basis of the K-vector space S/I. If
J is strongly stable, such homogeneous ideals constitute a family Mf(J), that is called a J-marked
family and that can be endowed in a very natural way with a structure of affine scheme, called a
J-marked scheme, which turns out to be homogeneous with respect to a non-standard grading and
flat at J (see [7]). Moreover, J-marked schemes generalize the notion of Grébner strata [15] because
MI(J) contains all the ideals having J as initial ideal with respect to some term order; however in
general Mf(J) contains also ideals which do not belong to a Grébner stratum.

In this paper we focus on a particular class of strongly stable ideals: letting J be a saturated
strongly stable ideal, we will consider the truncations J-,,, for every positive integer m, because in
this setting marked schemes give a theoretical and effective alternative to the study of Hilbert schemes
as subvarieties of a Grassmannian. Theorem 3.3 and Example 3.4 show the reason for the choice of
this special setting. Let ’Hilbz(t) be the Hilbert scheme that parameterizes all subschemes of P with
Hilbert polynomial p(t), r be the Gotzmann number of p(t) and q(t) = |S¢| — p(t) = (":t) — p(t) be
the volume polynomial. By theoretical results in [, 7, 6] we are able to compute first the set By of
all saturated strongly stable ideals J in S, such that p(t) is the Hilbert polynomial of S/J; then, for
every ideal J € B, ), we compute explicit equations of degree < deg(p(t)) + 2 defining Mf(J>,) as an
affine subscheme of AP(M4(")  In particular, every M(f(J~,) can be embedded in Hile(t) as an open
subscheme and moreover, as J varies in B, the J,-marked schemes Mf(J,) form an open cover
of ’Hilbz(t), up to changes of coordinates in P". Observe that this is not true for Mf(J), because in
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general M{(J) is not isomorphic to an open subset of Hilb},) (see Example 6.1 and [21, Section 5]).
Such computational method is effective because the dimension p(r)q(r) of the affine space in which the
J>,-marked schemes Mf(J,) are embedded is significantly lower than the number (L‘Zﬁ)‘) of Pliicker
coordinates. However there is room for further significant improvements.

The present paper is inspired by two questions raised, on the one hand, by similarities of marked
schemes with Grobner strata and, on the other hand, by experimental observations on examples.

First, we observed that we could eliminate a significant number of variables from the equations
defining Mf(J~,,) as an affine subscheme of AP(™40™) computed using the method developed in [7];
in this way we obtain equations of higher degree than the starting ones, but often more convenient to
use (for example, see [7, Appendix]). This feature has already been observed and studied for Grobner
strata in [15]. The bottleneck is that elimination of variables is too time-consuming. From this we
wondered how to obtain this new set of equations using in the computations only necessary variables,
avoiding the elimination process.

Our second observation is that, for a fixed J € B,,), as the integer m grows, the families parameter-
ized by marked schemes Mf(J~,,) become larger, up to a certain value of m bounded by 7. The study
of relations among marked schemes Mf(J-,,) as m varies can improve the efficiency of the computa-
tional methods in [7]: indeed, if Mf(Js,,) and Mf(Js,,) are isomorphic for some integers m’ < m,
then we can choose to compute defining equations that involve a lower number of variables, that is
equations for Mf(J-,,) C APM)a(m) Ty particular, for applications to the study of Hilbert schemes,
we would like to determine a priori the minimum integer mq for which Mf(J >me) 18 isomorphic to an
open subset of Hilb ), that is ME(S > p,) = ME(J5,).

In this paper, considering truncated ideals J-,,, we answer to both questions by a new reduction
algorithm, called superminimal reduction, that uses, for every I € Mf(Js, ), its J~,,-superminimal
basis (see Definition 3.9), a special subset of the .J-,  -marked basis of I. -

For every strongly stable monomial ideal J, the notion of J-marked basis (Definition 1.8) is the
main tool for the study of marked schemes in [7] and also the starting point of the present paper.
Indeed a homogeneous ideal I belongs to Mf(J) if and only if I is generated by a J-marked basis G
(Proposition 1.11). This basis resembles a reduced Grobner basis for I, where J plays the role of the
initial ideal and the strongly stable property plays the role of the term order.

Indeed, similarly to a reduced Grébner basis, G is a system of generators of I that contains a
polynomial f, for every term z® in the monomial basis of J: f, = 2% — T'(f,) where no monomial
appearing in T'( f,) belongs to J. Moreover, G is characterized by a Buchberger-like criterion (Theorem
2.11) and allows to compute the J-reduced form modulo I of every polynomial in S, by a Noetherian
reduction process (Proposition 2.3).

The J-superminimal basis of I introduced in the present paper is a special subset sG of G containing
a polynomial for every term in the monomial basis of the saturated ideal J (for the details, see
Definitions 3.5 and 3.9): the two sets G and sG are equal if and only if J = J. Using only polynomials

in sG and the strongly stable property of J, we define a special process of reduction G, called
superminimal reduction.

In the special case when J is a truncation J,, of a saturated strongly stable ideal J, the J >m~
superminimal basis sG has very interesting properties. First of all in this case (but not in general) the

superminimal reduction —*%* . turns out to be Noetherian (see Theorem 3.14, (i) and Example 3.13).
Moreover, although in general sG is not a system of generators of I, it completely determines the ideal

I because we can solve the ideal-membership problem by the superminimal reduction process _5Gx
(Theorem 3.14, (iv)). This allows to compute equations for Mf(J,,) as a subscheme of an affine
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space of dimension far lower than p(m)qg(m), without any variable elimination process (Theorem 5.4),
answering the first question above.

In this new setting, in Theorem 5.7 we compare the J-,,-marked schemes Mf(J-,,) for a fixed
saturated J as m varies, using superminimal bases. We prove that for every m there is a closed
scheme-theoretical embedding ¢,, : Mf(Js,, 1) — Mf(J~,,). Moreover, we provide an easy criterion
on the monomial basis of J to characterize the integers m for which ¢,, is an isomorphism. Especially,
this criterion allows to determine the minimum integer mg such that ¢, is an isomorphism for every
m > mo, and in particular Mf(J>,,,) is isomorphic to an open subset of Hilb} ) (see [1]).

Our investigation on marked schemes lies in the framework of the methods and results obtained in
the last years by several authors [5, 10, 15, 20, 23, 24] about families of ideals with a fixed monomial
basis for the quotient. Another close framework is the one in [2, 19], where the authors study the
collection of all monomial ideals .J that are initial ideals of a fixed homogeneous ideal I w.r.t. some
term order.

In [1], the results of [7] and the ones of the present paper are applied to study relations among
marked schemes and Hilbert schemes; in particular, in [4] the authors study how marked schemes can
be used to obtain a computable open cover of ’Hilb;‘(t) that has also interesting theoretical features.
We are confident that these results, both theoretical and computational ones, may be helpful in the
solution of some open problems about Hilbert schemes; indeed, they have been already applied in
order to investigate the locus of points of the Hilbert scheme with bounded regularity (see [1]); the
ideas and strategies used by [I1] to study deformations of ACM curves are inspired by the ones in the
present paper; in [16] the authors apply the computational strategy to the Hilbert scheme of locally
CM curves. Other investigations led by these tools are in progress. In the future, we are interested in
deeply comparing marked bases with other kinds of Grébner-like bases, referring to [18].

In Section 1, we introduce notations and basic results and, in Section 2, we recall the Buchber-ger-
like criterion described in [7], with some development that involves the Eliahou and Kervaire syzygies
of a strongly stable ideal (Theorem 2.11, (iii) and Corollary 2.13). Moreover, we compute sets of
generators of the ideal 20y that defines the structure of affine scheme of Mf(.J) (see Corollary 2.17 and
Remark 2.18).

In Section 3, we define the superminimal reduction (Definition 3.11) and investigate its properties.
In Section 4 we describe a new Buchberger-like criterion for J-,,-marked bases (Theorem 4.5) and
some variants of it (Corollary 4.6 and Theorem 4.7). In particular, the second variant leads to a
remarkable improvement of the efficiency of explicit computational procedures.

In Section 5, we focus on the ideal that defines the structure of affine scheme of Mf(J-,,) and
we characterize the integers m,m/, m > m/, such that the schemes Mf(J-,,) and Mf(J-,, ) are
isomorphic (Theorem 5.7). - -

Finally, in Section 6 we provide examples in which we apply the proved results and we compute the
equations defining the affine structure of a J-,,-marked scheme in a “small” affine space, using the
Algorithm that we describe in the Appendix.

1. NOTATIONS AND GENERALITIES

Let K be an algebraically closed field and S := K|z, ..., x| (K]z] for short) the polynomial ring
in n + 1 variables with zo < - -+ < z,,. We will denote by % = z° - - - 20" every monomial in S, where
a = (ap,...,ay) is its multi-index and |« is its degree.

We say that a monomial 27 is divisible by z® (z® | 27 for short) if there exists a monomial 2” such
that 2 - 2% = 27. If such monomial does not exist, we will write 2 { 27. For every monomial z® # 1,
we set min(z®) := min{x; : z; | %} and max(z®) := max{x; : z; | x*}.
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We will denote by >1ex the usual lexicographic order on the monomials of S: in our setting ¢ >pex
2P if the last non-null element of o — /3 is positive.

We consider the standard grading on S = €p,,,c7 Sm, where S, is the additive group of homogeneous
polynomials of degree m; we let S>,,, = ,,/~,, Sm/ and in the same way, for every subset A C S,
we let A, = AN S, and As,, = AN Ss,,. Elements and ideals in S are always supposed to be
homogeneous.

We will say that a monomial z® can be obtained by a monomial z® through an elementary move
if x%; = 2Px; for some variables x; # xj. In particular, if i < j, we say that zP can be obtained

by z® through an increasing elementary move and we write z? = ez'.':j (%), whereas if ¢ > j the move

is said to be decreasing and we write 2° = e (z®). The transitive closure of the relation 2f > 2 if

Z?]
zB = er(a:a) gives a partial order on the set of monomials of a fixed degree, that we will denote by
>p and that is often called Borel partial order:
? >pa® < JaM, ... 2" such that 27 = e;.'(')’jo(xa), el = e;;jt(x%)

for suitable indexes iy, ji. In analogous way, we can define the same relation using decreasing moves:

ds

P >pa® = Ja2%, ... 2% such that 2 :egolo(mﬁ), ,a:o‘:egsls(a:és)

for suitable indexes iy, ji. Note that every term order > is a refinement of the Borel partial order >,
that is ® >p =® implies that zf = z®.

Definition 1.1. An ideal J C K[z] is said to be strongly stable if every monomial 2® such that
28 >p 2z, with 2% € J, belongs to J.

A strongly stable ideal is always Borel fized, that is fixed by the action of the Borel subgroup of
upper triangular matrices of GL(n + 1). If ch(K) = 0, also the vice versa holds (e.g. [3]) and [I3]
guarantees that in generic coordinates the initial ideal of an ideal I, w.r.t. a fixed term order, is a
constant Borel fixed monomial ideal called the generic initial ideal of I.

If J is a monomial ideal in S, By will denote its monomial basis and N'(J) its sous-escalier, that is
the set of monomials not belonging to J.

An homogeneous ideal I is m-regular if the i-th syzygy module of I is generated in degree < m + 1,
for all ¢ > 0. The regularity of I is the smallest integer m for which I is m-regular; we denote it by
reg(I). The saturation of a homogeneous ideal [ is I*** = {f € S| Vj=0,...,n,3r e N:alf € I}.
The ideal I is saturated if I®* = I and is m-saturated if (I°®), = I, for each t > m. The satiety of I
is the smallest integer m for which I is m-saturated; we denote it by sat([).

We recall that if J is strongly stable then reg(J) = max{degz® : z® € By} [3, Proposition 2.9]
and sat(J) = max{degz® : z® € By and z¢ | 2} (for example, see [11, Corollary 2.10]).

Lemma 1.2. Let J be a strongly stable ideal in K[xo,...,zy,]. Then:

xa
) x*e J\ By = —— € J;
(i) z* € J\ By min(z®) €

(i) 2° € N(J) and z;2® € J = either ;2% € By or z; > min(2?).
Proof. Both properties follow from Definition 1.1. O

Definition 1.3. For every monomial z¢ in S we denote by x< the monomial obtained putting x¢ = 1.
Analogously, if J is a monomial ideal in K[z]|, we denote by J the ideal in K [x] generated by {z2 :
x* e B J}.

If J is strongly stable, then J®2* = J (this follows straightforwardly from [I14, Corollary 2.10]); in
particular, the set {z2 : z® € B} of the monomials 22, such that z* = 2% - z{, belongs to B for a
suitable ¢t > 0, contains the monomial basis B,;.
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Many tools we are going to use were introduced in [22] and developed in [7]. For this reason, we
now resume some notations and definitions given in those papers.

Definition 1.4. For any non-zero homogeneous polynomial f € S, the support of f is the set Supp(f)
of monomials that appear in f with a non-zero coefficient.

Definition 1.5 ([22]). A marked polynomial is a polynomial f € S together with a specified monomial
of Supp(f) that will be called head term of f and denoted by Ht(f).

Remark 1.6. Although in this paper we use the word “monomial”, we say “head term” for coherency
with the notation introduced by [22]. Anyway, in this paper there will be no possible ambiguity on
the meaning of “head term of f”, because we will always consider marked polynomials f such that
the coefficient of Ht(f) in f is 1.

Definition 1.7 ([7]). Given a monomial ideal J and an ideal I, a polynomial is J-reduced if its support
is contained in N (J) and a J-reduced form modulo I of a polynomial h is a polynomial hy such that
h — hg € I and Supp(hg) C N(J). If there is a unique J-reduced form modulo I of h, we call it
J-normal form modulo I and denote it by Nf(h).

Note that every polynomial 4 has a unique J-reduced form modulo an ideal I if and only if NV (J)
is a K-basis for the quotient S/I or, equivalently, S = I @ (N(J)) as a K-vector space. If moreover
I is homogeneous, the J-reduced form modulo I of a homogeneous polynomial is supposed to be
homogeneous too. These facts motivate the following definitions.

Definition 1.8. A finite set G of homogeneous marked polynomials fo, = %= coy2?, with Ht(f,) =
x®, is called a J-marked set if the head terms Ht(f,) form the monomial basis B of a monomial ideal
J, are pairwise different and every x7 belongs to N'(J), i.e. |Supp(fa) N J| = 1. We call tail of f,
the polynomial T'(f,) := Ht(fa) — fa, so that Supp(T'(fa)) C N (J). A J-marked set G is a J-marked
basis if N'(J) is a basis of S/(G) as a K-vector space.

Definition 1.9. The collection of all the homogeneous ideals I such that A/(J) is a basis of the
quotient S/I as a K-vector space will be denoted by Mf(J) and called a J-marked family. If J is a
strongly stable ideal, then Mf(.J) can be endowed with a natural structure of scheme (see [7, Section
4]) that we call J-marked scheme.

Remark 1.10.

(i) The ideal (G) generated by a J-marked basis G has the same Hilbert function of .J, hence
dimg J,,, = dimg(G),,, by the definition of J-marked basis itself. Moreover, note that a J-
marked basis is unique for the ideal that it generates, by the uniqueness of the J-normal forms
modulo I of the monomials in Bj.

(ii) Mf(J) contains every homogeneous ideal having J as initial ideal w.r.t. some term order, but it
might also contain other ideals: see [7, Example 3.18].

(iii) When J is a strongly stable ideal, all homogeneous polynomials have J-reduced forms modulo
every ideal generated by a J-marked set G (see [7, Theorem 2.2}).

Proposition 1.11. Let J be a strongly stable ideal, I be a homogeneous ideal generated by a J-marked
set G. The following facts are equivalent:
(i) I € MI(J)
(ii) G is a J-marked basis;
(iii) dimy I; = dimg Jy, for every integer t;
(iv) if h € I and h is J-reduced, then h = 0.
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Proof. For the equivalence among the first three statements, see [7, Corollaries 2.3, 2.4, 2.5]. For
the equivalence among (i) and (iv), observe that if I € Mf(J), then every polynomial has a unique
J-reduced form modulo I; so, the J-reduced form modulo I of a polynomial of I must be null. Vice
versa, it is enough to show that every polynomial f has a unique J-reduced form modulo /. Let f
and f be two J-reduced forms modulo I of f. Then, f—fisa J-reduced polynomial of I because
f— fand f — f belong to I by definition. We are done, because f — f is null by the hypothesis. O

2. BACKGROUND ON BUCHBERGER-LIKE CRITERION FOR J-MARKED BASES AND SOME
DEVELOPMENTS

In this section we recall and develop some results of [7]. Throughout this section, J is a strongly
stable ideal and G is a J-marked set.

Definition 2.1. Let mj := min{t : J; # (0)} be the initial degree of J. For every £ > m; we define
the set

Wi i={2fo | fa€Gand |6+al="1}

that becomes a set of marked polynomials by letting Ht (20 f,) = z°+®. We set W = U,W,. For every
£ > my we also define a special subset of Wy:

Vi i=A{a2’fo € Wy | 2° =1 or max(z®) < min(z®)}.

We let V' = U;Vy. Moreover, (V) denotes the vector space generated by the polynomials in V' and

Ve . . . . .
—% is the reduction relation on homogeneous polynomials of degree ¢ defined in the usual sense of
Grobner basis theory (see also [7, Proposition 3.6]).

The above Definition is equivalent to the Definition 3.2 in [7] due to Remark 3.3 of the same paper.
Note that (G), is generated by W, as a K-vector space.

Lemma 2.2. Let J be a strongly stable ideal. An ideal I generated by a J-marked set G belongs to
MIE(T) if and only if (W) = (V) as K-vector spaces.

Proof. 1t is sufficient to observe that for every £ > m, the number of elements in V; is equal to the
number of monomials in Jy, so dim(V;) < dim J;. On the other hand, dim(W}) = dim I, > dim J; by
[7, Corollary 2.3]. By Proposition 1.11 we get the equivalence of the statements. (]

We have already recalled that, when J is a strongly stable ideal, every homogeneous polynomial
has a J-reduced form modulo an ideal generated by a J-marked set G (Remark 1.10 (iii)). Further, a

. . . \% .
J-reduced form of a homogeneous polynomial can be constructed by the reduction relation —%, as it
is recalled by next Proposition.

Proposition 2.3. [7, Proposition 3.6] With the above notation, every monomial 2B € J; can be
reduced to a J-reduced form modulo (G) in a finite number of reduction steps, using only polynomials

. . Ve . .
of V;. Hence, the reduction relation —= is Noetherian.

The Noetherianity of the reduction relation Ve, provides an algorithm that reduces every homoge-
neous polynomial of degree ¢ to a J-reduced form modulo (G) in a finite number of steps. We note
that on the one hand it is convenient to substitute the polynomials in V, by their J-reduced normal
forms for an efficient implementation of a reduction algorithm, but, on the other hand, in the proofs
it is convenient to use the polynomials of V; as constructed in Definition 2.1.
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2.1. Order on W;. Using the Noetherianity of the reduction relation i), we can recognize when a
J-marked set is a J-marked basis by a Buchberger-like criterion (see [7, Theorem 3.12]). To this aim
we need to set an order on the set W,.

The order that we are going to define on W, in Definition 2.7 is based on the following Definition
and Lemma that are inspired by [9] and [17, Lemma 2.11].

Definition 2.4. Given a strongly stable monomial ideal J in S, with monomial basis By, and a
monomial 7 € J, we define

2V =a%x;2",  withy=a+n, 2% € By and min(z®) > max(z").
This decomposition exists and is unique (see [9, Lemma 1.1]).

Lemma 2.5. Let J be a strongly stable ideal. If x¢ belongs to N (J) and x€ - 2% = 9 belongs to J
for some 3:5, then z€10 = 2% % ; 2 with ©" <pex 2°. Furthermore:

(i) if |8| = |n|, then " <p 2°; and

(ii) 27 <pex 22.
Proof. We can assume that z° and 2" are coprime; indeed, if this is not the case, we can divide
the involved equalities of monomials by gcd(a;5 ,am). If 27 = 1, all the statements are obvious. If
2" # 1, then min(z%)|z® because 2° and z" are coprime, hence min(z?®) > min(z®) > max(z") and
so min(z°) > max(z") because they cannot coincide. This inequality implies both z7 <pex 2 and
21 <pox ¥2. Moreover, if |§| = |n|, this is also sufficient to conclude that 27 <p 2°. O

Remark 2.6. Observe that if gg = 29 f,, belongs to Vp, then 2f = z® % 29,

Definition 2.7. Let > be any order on G and z°f,, % f.s be two elements of W,. We set
$5fa > :Eélfa/ & 10 >lex 2% or 2° = 2% and fa > for.

Lemma 2.8.
(i) For every two elements 20 fo, 2% for of Wy we get
2 fo me @ for = V2" s @ mp @ for,
where ! =10 +1n+ «al.
(11) Every polynomial gz € Vi is the minimum w.r.t. =, of the subset Wz of Wy containing all

polynomials of Wy with = as head term.
(iii) If 2° fo belongs to Wy \ Gy and 2P belongs to Supp(z°T(f)) with g3 € Vi, then 20 fo ¢ g3-

Proof.

(i) This follows by the analogous property of the term order >pex.

(ii) Let g = 2% f.s be the polynomial of V such that zf = 2 x;2% and z° f, be another polynomial
of Wg. We can assume that 2% and 2% are coprime; otherwise, we can divide the involved
inequalities of monomials by gcd(a;5 ,a:‘;l). By Remark 2.6 and Definition 2.4, we have that
max(z®) < min(z®) and max(z’) > min(z®). Then, we get max(z®) > max(z%) because
o fx and z® Tma/. Thus, 2° >1ex 20 .

(iii) If 27 belongs to By we are done. Otherwise, let 27 = 2% x; 29 and note that every monomial
of Supp(z°f,,) is a multiple of %, in particular 2® = 29%7 for some 27 € N'(J). By Lemma 2.5,
we get z¥ <pex 20. O

Remark 2.9. We point out that the order defined in [7, Definition 3.9] does not satisfy the conditions

listed in Lemma 2.8 and in [7, Lemma 3.10]. These conditions have a crucial role in the proof of
[7, Theorem 3.12] and for this reason it has been a mistake to use the order of [7, Definition 3.9] in
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that Theorem. So, here we replace such order by that defined in new Definition 2.7. Aside the order,
the original reduction and Buchberger criterion are the same, as we will state in Theorem 2.11, (i)
and (ii). Also, we give an improvement by Theorem 2.11, (iii) and by Corollary 2.13. Moreover, we
observe that for the same reason the results about syzygies of the ideal I generated by a J-marked
basis proposed in [7, Section 3] hold by using the order on W; of Definition 2.7 and do not hold by
using the order of [7, Definition 3.9)].

2.2. Improved Buchberger-like criterion for J-marked bases.

Definition 2.10. The S-polynomial of two elements f,, fo of a J-marked set G is the polynomial
S(fas far) =27 fo — 2 for, where 27 = 27T = [em(z®, 2®).

Theorem 2.11. (Buchberger-like criterion) Let J be a strongly stable ideal and I the homogeneous
ideal generated by a J-marked set G. With the above notation, TFAE:

(i) I € ME(T);

(7'7’) vfoufa’ S G7 S(faafa’) i) O;
(i5) Vfar for € Gy S(fa, for) = 2V fo — a7 for = > a;x fo,, with T <pey maxpex{z?, 27} and
x fo, € V.

Proof. For the equivalence between (i) and (ii), we refer to the proof of [7, Theorem 3.12] by using
Definition 2.7 instead of [7, Definition 3.9].

Statement (ii) implies (iii) by the definition of the reduction relation Yy and by Lemma 2.8 (iii).
It remains to prove that statement (iii) implies (i).

We want to prove that I = (V) or, equivalently by Lemma 2.2, that (V) = (W). It is sufficient
to prove that " -V C (V), for every monomial z"7. We proceed by induction on the monomials z",
ordered according to Lex. The thesis is obviously true for 7 = 1. We then assume that the thesis
holds for any monomial 2" such that 27 <rex .

If |n| > 1, we can consider any product z7 = z™ - 2™ x™ and 2™ non-constant. Since z <pex
z",4 = 1,2, we immediately obtain by induction

gV =2 (a™ - V) Ca™ (V) C (V).

If |n| = 1, then we need to prove that x; -V C (V). Since 2oV C V, it is then sufficient to prove the
thesis for 27 = z;, assuming that the thesis holds for every 27 <pex ;. We consider g3 = 2f, €V,
where max(z%) < min(z?®). If z;g5 does not belong to V, then max(z;-2%) > min(z®), so z; > min(z®).
In particular, z; > min(z®) > max($5), SO X >Lex 2% by induction, it is now sufficient to prove the
thesis for z; f,.

We consider an S-polynomial S(fa, for) = Zifa — 27 for such that 27 <pex z;. Such S-polynomial
always exists: for instance, we can consider z;2* = 2 %, 2. By the hypothesis ;f, — 2" fo =
> ajx”/J' fa; where 2 for, 2 fa; € Vp and then z; f, belongs to (V). O

For any strongly stable ideal J, with monomial basis By = {z®,..., 2%}, we can consider the set
of syzygies of the following kind

. n 3 . i Q; Qi — Ok n
Tjeq, — x'eq,, with z; > min(z™) and z;x% = 2% x5 2.

This set of syzygies is actually a minimal set of generators for the first module of syzygies of J; this
is due to Eliahou and Kervaire (see [9] and [14, Theorem 1.31]).

Definition 2.12. We call Eliahou-Kervaire couple of the J-marked set G any couple of polynomials
far 3, Ht(fo) = 2%, Ht(fz) = 2”, such that

e B n . in(r%
xja® = a” xy 2" for some x; > min(z®).
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We call Eliahou-Kervaire S-polynomial (EK-polynomial, for short) of G an S-polynomial among an
Eliahou-Kervaire couple of polynomials f, and fz. We denote such S-polynomial by SEK(f,, fa)-
Observe that, thanks to the definition, an EK-polynomial is of kind

SEE(f,, f8) = xjfa — 2" f3, for some x; > min(z®), with ;2% = 2P %y 2",
In the proof of Theorem 2.11, it is sufficient to assume that (iii) holds only for EK-polynomials, as

stated in the following result.

Corollary 2.13. With the same notation of Theorem 2.11,

I € Mf(J) & for every EK-polynomial between elements of G, SFX(f., f3) Ve,

Proof. In the proof of Theorem 2.11 the crucial point is the existence of an S-polynomial of kind
Tifo — 2" fg with 2" <pex x;, and we used exactly an EK-polynomial. O

2.3. The scheme structure of Mf(J). Now, we recall and develop some features of the affine
scheme structure of Mf(J). Let p(t) the Hilbert polynomial of S/J and r its Gotzmann number. In
the following we will denote by G the J-marked set:

(1) G ={Fu=12"= Coa? 1 Ht(F,) = 2° € By, 27 € N(J)jof}

and by J; the ideal generated by G in the ring K[C,z], where C is a compact notation for the set of
new variables C .

For every polynomial H € K|[C,z], we denote by Supp,(H) the set of monomials in the variables
x; that appear in H with non-null coefficients and by Coeff,(H) C K[C] the set of such coefficients,
that we call xz-coefficients.

Let Vy, and W, be the analogous for G of V; and of Wy, respectively, for any J-marked set G. We
will denote by 2 the ideal of K[C] generated by the x-coefficients of the J-reduced forms, obtained

by Ve, , of the S-polynomials S(F,, F,,/) among elements of G. This ideal does not depend on Ve
and defines the subscheme structure of Mf(.J) in the affine space A€l (see [7, Theorem 4.1]). Let AZE
be the ideal of K[C] generated by the z-coefficients of the J-reduced forms of the EK-polynomials of

G obtained by —Xl—> .

It is clear that Ql?K C ;. Anyway, we will prove that Ql?K and 2A; are the same ideal, although
2 7 is defined by a set of generators bigger than the set of generators of Ql? K More precisely, we prove
that the ideal %?K contains the z-coefficients of every J-reduced polynomial in J;.

Lemma 2.14.

(i) For every monomial x® = x% x5 2° € .J, there is a formula of type
P = Zaix”Fai + Hp,

with a; € K[C), 27 F,, €V, 27 <pey 2P and Supp,(Hs) C N'(J).
(ii) For every polynomial x;F,, € W\ V, there is a formula of type

2iFo = a;z" Fy, + Hia,
with aj € K[C], 2 Fy, €V, 2 <pex T, Supp,(Hia) C N (J) and Coeft,(H; o) C Qlf?K.

Proof. Statement (i) follows from the existence of J-reduced forms obtained by Y and by Lemma
2.8, (iii). Statement (ii) follows also from the definition of ALX. O
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Proposition 2.15. For every polynomial 2°F, € W\ V, we have
2) 2 Fy =Y bz Fy + Hsq,
with b; € K[C], 2 Fo, €V, 2 <pex z, Supp, (Hs.o) C N(J) and Coeffy(Hs o) C QL'L?K.

Proof. For |§| = 1 it is enough to use Lemma 2.14 (ii). Assume that |4| > 1 and that the thesis holds
for every 2% <pex 0. Let z; = min(a:‘;) and 29 = ﬁ—j, so that 29 F, belongs to W\ V.

By the inductive hypothesis, we have 2% F, = > b;-xng Fo;+Hy o, with " <rex 2% . So, multiplying
by x;, we obtain 2F, = > b}xixnz' Fo; + x;Hgs o and the thesis holds for every polynomial a:m:"Q Fy,

that belongs to W\ V because :Em"g <rex Tiz? = x9. Then, we replace such polynomials by formulas
of type (2) and obtain

$6Fa = ZbSJEnSFaS + H + $iH6’7a

where the first sum satisfies the conditions of (2) and H’ is J-reduced with Supp,(H’) C N(J) and
Coeff, (H') C AFE.

Note that Coeff,(z;Hy o) = Coeff,(Hy o) C AFE, but we do not know if Supp, (z;Hs o) C N(J).
If 27 € Supp, (Hs o) has z-coefficient b in Hy o and 2P = g2 belongs to .J, then we can use Lemma
2.14 (i) obtaining bz” = > bagz"F,, + bHg. Moreover, if 2P = 2% %y 2, then 7 <pex T¢ <Lex
T; <Lex x5, where the second inequality is due to the fact that e N (J) and to Lemma 2.5, and all
the z-coefficients of Hg belong to Ql?K because they are divisible by b. Replacing all such monomials
2%, we obtain the thesis and Hs . is J-reduced with z-coefficients in %?K , because it is the sum of
J-reduced polynomials with z-coefficients in Ql?K . O

Corollary 2.16. Every polynomial of 3; can be written in a unique way as ) b;jx"i Fy, + H, with
bj € K[C], " Fy; €V and H J-reduced. Moreover, we obtain also that Coeff, (H) C ATE,

Proof. By definition, every polynomial of J; is a linear combination of polynomials of VU(W\ V) with
x-coefficients in K[C] and, by Proposition 2.15, every such polynomial can be written has described
in the statement. Hence, we have only to prove the uniqueness of this writing.

Let > b;x" Fy, + H = 0 be the difference between two writings of the same polynomial of J;, with
bj # 0, 2 F,, €V pairwise different and H J-reduced. Let 2™z the maximum of the monomials
w.r.t. the order for which x7z is lower than "7 x% if 2" <pey " or 2 = z and z% < £, where
< is any order fixed on Bj. By definition of V, the unique polynomial of ¥V with head term x™z*! is
x™ F,, . Moreover, the monomial 7z does not appear with a non-null coefficient in any polynomial
of the sum because every other monomial belongs to N'(J) or is lower than it, by construction. Further,
Mz does not belong to Supp, (H) because Supp, (H) C N(J) and 2™mz* € J. Thus, we obtain a
contradiction to the fact that b; # 0. O

Corollary 2.17. The ideal Q[f?K contains the x-coefficients of every J-reduced polynomial of Jy. In
particular, Ql?K =2Ay.

Proof. Let F' be a J-reduced polynomial of J; and let F' = ) b;x" I, + H as in Corollary 2.16. Since
F itself is J-reduced, also F' = 0 + F' is a formula as described in Corollary 2.16 and we obtain that
F = H, by the uniqueness of this formula. Hence, we have Coeff,(F) = Coeff,(H) C ALK, The last
assertion is due to the definition of 2 ;. O

Remark 2.18. Actually, for every ideal 2; C 2; C K[C] such that condition (ii) of Lemma 2.14 holds,
also Corollary 2.17 holds. We are then allowed to choose different sets of S-polynomials of G in order
to obtain generators of the ideal ;.
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3. SUPERMINIMAL GENERATORS AND REDUCTION

In this section we introduce the notion of m-truncation ideal and a new polynomial reduction
process, that we call superminimal reduction, useful to find a new set of equations to define a marked
scheme. From the next section on, we will focus on J-marked schemes with J a strongly stable m-
truncation. The reason is twofold: on the one hand, strongly stable m-truncation ideals have a good
behavior also from the geometric point of view (Theorem 3.3 and Example 3.4); on the other hand, the
superminimal reduction is Noetherian when we take a strongly stable m-truncation ideal (Theorem
3.14), but it is not if we just consider a strongly stable ideal (Example 3.13).

3.1. Truncation strongly stable ideals.

Definition 3.1. Let J C S be a monomial ideal. We will say that J is an m-truncation if J is the
truncation of J%' in degree m, that is J = (J%%)5,,.

We observe that an m-truncation ideal J is strongly stable if and only if J%' is and that if J is
strongly stable, then J%* = J.

The following Lemma highlights some simple features of m-truncation strongly stable ideals, which
will turn out to be crucial in the proofs of our main results.

Lemma 3.2. Let J be a strongly stable m-truncation. Then:

(1) ByN By = (Bp)>m-

(ii) V2 € B;\ By: aPx " € B,.

(iii) V27 € Sspm, VE €N : 27zh € J & 27 € J.

(1v) N(J)zm = N(L)zm-

(v) ¥V h € Sspm: his J-reduced < h is J-reduced.

(vi) If I belongs to MIE(J), then for every homogeneous polynomial h of degree > m, J-normal forms

modulo I satisfy: Nf(zl - h) = zf - Nf(h).

Proof. Facts (i) and (ii) are straightforward consequences of the definition of m-truncations.

For (iii), we only prove the non trivial part “=”. If 27z} € J, then 27 belongs to J. Since J is an
m-truncation and 7 € S>,,, then 27 € J too.

Statements (iv) and (v) are obviously equivalent to (iii).

For (vi), we recall that the J-reduced form modulo I of any polynomial is unique since I belongs to
M(E(J). By (iii), both Nf(xf - h) and 2§ - Nf(h) are J-reduced forms of zh and then they coincide. [

Theorem 3.3. Let J be a strongly stable m-truncation ideal. Two different ideals a and b of Mf(J)
give rise to different subschemes of P", thus they correspond to different points of the Hilbert scheme
Hilby .y with p(t) the Hilbert polynomial of S/J.

Proof. By the uniqueness of the reduced form, there is a monomial 2% € B such that the correspond-
ing polynomials f¢ and f© of the J-marked bases of a and b, respectively, are different and moreover
such that f@ ¢ b and f° ¢ a. If a and b defined the same projective scheme, we would have a, = b,
for some r > 0. Hence x; " f5 — xg_mfg =z, "(=T(fS) + T(fg)) is a non-zero polynomial that
belongs (for instance) to a. Moreover, due to Lemma 3.2, (iii), =~ " (=T'(f3) + T(fg)) is J-reduced
modulo a: this is impossible because of Proposition 1.11, (iv). O

The following example shows that, if J is a strongly stable ideal but not an m-truncation, different

ideals in Mf(J) may define the same subscheme in P". This is the first reason why we will focus
mainly on strongly stable m-truncations.

Ezample 3.4. In the ring S = K|[zg,z1,x2], let us consider the strongly stable ideal J = (azg,a:%,
r179) and for every ¢ € K the ideal a. = (z2 + cx1,22,2170). An easy computation shows that the
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ideals a. belong to Mf(J) and are pairwise different. However, 22, xox1, z279 belong to a.: indeed
23 = (w3 + cx1)(z2 — cwy) + 222, moxy = (w9 + cx1)71 — cx?, wowg = (w2 + cx1)70 — cx1T0; hence
the saturation of a. is J. Then, the subschemes Proj (S/a.) of P? coincide. We can observe that
the difference between the ideals a. disappears if we only consider their homogeneous components of
degree > 2.

3.2. Superminimals. In the following we will use the notation stated in Definition 1.3.

Definition 3.5. Let J be a strongly stable ideal. The set of superminimal generators of J is
SBJ:{IIZ'B € By ’ xEEBi}.

Remark 3.6. Another special set of monomials for a strongly stable ideal J is the so-called set of Borel
generators (see [12]), namely the smallest subset of B such that J is the minimum strongly stable
ideal containing them. Although there is a clear analogy between the ideas underlying the definition
of superminimal generators and that of Borel generators, however they do not coincide in general.

Ezample 3.7. Consider J := (x3, 2371, 2923, 29) C K[zo, 71,72 and its 5-truncation ideal J := Jo5
The set of superminimal generators of J is sB; = {:E%:E%,ﬂ?%l‘liﬂg,l?g:ﬂ%x%,:ﬂ?}, while the set of Borel
generators of J is {zox3x3, 28}, because zoxx3 € J imposes z3z173 = e, (222%23) € J and 2323 =
+ + 2,2

ey 9 0 €y o(Tax1a) € J.

Ezxample 3.8. Consider J := (x%,xgw%,wgwlxo,wgwg) C Klxg,x1,x2] whose saturation is J = (x3).
The set of superminimal generators of J is sB; = {xexz3}, while the set of Borel generators of J is
{‘T%wx?‘rg}'

Definition 3.9. Let J be a strongly stable ideal. A finite set of marked polynomials fz = =3 cgy7,
with Ht(fg) = 28, is a J-marked superminimal set if the head terms form the set of superminimal
generators sBj of J, they are pairwise different, and 27 € N(J). We call tail of fz the homogeneous
polynomial T'(f3) := - fa.

Every J-marked set G contains a (unique) subset sG of this type, that is called the set of super-
minimals of G; if G is a J-marked basis, sG is called J-superminimal basis.

Remark 3.10. If T' is a J-marked superminimal set, it can always be completed to a (non-unique)
J-marked set G. For instance G =T'U (By \ sBy).

On the other hand, if I € Mf{(J), then its J-superminimal basis is the only J-marked superminimal
set contained in I. In fact, for every z? € sBjy, if f5 belongs to both I and a J-marked superminimal
set, then 2 — f5 has to be a J-reduced form of 2” modulo I, which is the unique normal form Nf(z?)
modulo 1.

Definition 3.11. Consider a strongly stable ideal .J, a J-marked set G and two polynomials A and
hi. We say that h is in sG.-relation with hy if there is a monomial 7 € Supp(h) N J, ¢ = Coeff(z7),
such that 27 is divisible by a superminimal generator z® of J, with 27 = z% x; 2" = 2% - 2° and
hi = h — ¢ - xz¢f,, that is hy is obtained by replacing the monomial 27 in h by z¢ - T(f,). We call
superminimal reduction the transitive closure of the above relation and denote it by _SGx Moreover,
we say that:

- h can be reduced to hy by SCx it h 5 hy

- h is non-reducible w.r.t. —<* if no step of reduction on h by _5G* , can be performed;

- h is strongly reduced if for every ¢, z, - h is non-reducible w.r.t. ECLIN

sG

Remark 3.12.
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(i) We use the notation —*9* , to underline that this reduction also involves the decomposition *;
of Definition 2.4 and it is not the usual polynomial reduction w.r.t. a set of marked polynomials
sG. Indeed even if a polynomial h is non-reducible w.r.t. ﬂ), its support can contain some
monomial which is multiple of a monomial in s B (see Example 3.15); hence h would be reducible
w.r.t. the usual reduction —<-.

(ii) A homogeneous polynomial h is strongly reduced if and only if no monomial in Supp(h) is divisible
by a monomial of By, that is h is J-reduced. In fact, if 27 € Supp(h) NJ then 27 = 2%x; 2" and

there is ¢ such that * = zfz® € B;. Thus z}h can be reduced by G, using the polynomial
fa-
(iii) The polynomials z€f, that we use for the reduction procedure %, have head terms pairwise

different. Moreover, if 20 f,s is used in the _5G* , reduction of 2T (f,) then x8 <i., <.

If we consider a strongly stable ideal J with no further hypothesis, we cannot generalize the prop-

erties of the reduction i) to ﬁ), as shown in the following example.

Ezample 3.13. In the ring S = Klzg, x1,z2] (with zo > x1 > () let us consider the strongly stable
ideal J = (23, 2321, 2927, 320, D271 70, 21, 330, 2323) and its saturation J = (23, x9x1,27). The set
of superminimals of J is sB; = {x%xo, ToX1XLg, x%az%} Let us consider the J-marked superminimal set
$G = {fa22y = 370, fogrrzy = T2T1To — T3, fo2a2 = 2313 — 1223}, The superminimal reduction w.r.t.
sG is not Noetherian. For instance:

3 92 sGx 3 sGx 2 3 92

$1$0—>T(fz§zg) - 21 = 220001 — T (fazera0) - 75 = 2120
However, if we assume that the strongly stable ideal J is also an m-truncation ideal, then the

. G . . . .

reduction ——— turns out to be Noetherian and satisfies several good properties, similar to the ones

of L.
Theorem 3.14. Let J be a strongly stable m-truncation ideal and sG be a J-marked superminimal
set. Then:
(i) —5G* , is Noetherian.
(i) For every homogeneous polynomial h there exist t and a unique polynomial h(t) strongly reduced
such that z - h SLCLAN h(t). If T is the minimum one and h := h(), then h(t) = x5 " - h for every
t > t. There is an effective procedure that computes t and h.
If moreover sG is the superminimal basis of an ideal I of Mf(J), then:
(#ii) _5Gx computes the J-normal forms modulo I. More precisely, for every homogeneous polynomial

h:
h, if deg(h) <m
sG*

Nf(h) =< _° - . -
) {h/xf), if deg(h) > m and zf-h —— h

(iv) 59 solves the ideal-membership problem for I: for every homogeneous polynomial h:

hefﬁdeg(h)zmanda:g'hﬂ)O

(v) There is a one-to-one correspondence between ideals in MfE(J) and J-superminimal bases.
Proof.
(i) Since J is a strongly stable and m-truncation ideal, then N'(J)>p, = N (J)>n (Lemma 3.2, (iv)).

If <" was not Noetherian, by Lemma 2.5 applied to J, we would be able to find infinite
descending chains of monomials w.r.t. <pex.
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(ii) It is sufficient to prove the thesis for monomials 7 in J. Let 27 = 22 x; 2. If 27 = 1, then

% = 2} - 2% is in sBy, f, belongs to sG and zf - 2% LN T(fa), where Supp(T'(fa)) € N (J).

In this case h = T(f,) and £ = t,. If 27 # 1, we can assume that the thesis holds for any

. ! / /
monomial z7 = 22 xy a7, such that 27 <pex x".

We perform a first reduction :Eé“ N I o (fa). I 2" - T(fq) is strongly reduced, we

In|
0

are done. Otherwise, we have 2" # 2. For every monomial 27 € Supp(z” - T(f,)) N J we have

7 = 2P * 7 x”/, with 27 <pex 2" by Lemma 2.5. So, we have also zf - 27 <pex x", for every t.
By the inductive hypothesis we can find a suitable power ¢ of xg such that every monomial in

zl - 2" - T(fs) can be reduced by ELCLINTT strongly reduced polynomial.
It remains to prove the uniqueness of the strongly reduced polynomial h(t). Let us consider

two different strongly reduced 6%, reductions of zhh: their difference is again strongly reduced
and can be written as Xa;z" f,, with a; € K, a; # 0 and 2" f,, pairwise different. Let =™ f,,
be such that for every ¢ > 2, either ™ >, z" or ™ = x and x* >p¢, x%. Then xMz™
should cancel with a monomial in Supp(z"™T'(f,,)) for some ¢, but this is impossible as observed
in Remark 3.12, (iii).

Observe that, though for a fixed 27 = 22 % 2, there are infinitely many monomials z7 =
28 % J 2" such that z <rex X', we use the inductive hypothesis only with respect to the finite
number of them that appear on the support of -2 - T'(f,). For this reason our procedure is
effective.

From now on we consider I € Mf(J); therefore if h is a homogeneous polynomial and h LN hi
with hy strongly reduced, then by uniqueness of J-normal forms modulo I we have h; = Nf(h).

(iii) If degh < m we are done. Otherwise from (ii) we have that zf, - h % 7 and h is a J-reduced
form modulo I. Thus zf - Nf(h) is J-reduced too (Lemma 3.2, (iii)) and we get the desired
equality by uniqueness of J-normal forms modulo 1.

(iv) This is a consequence of (iii) and of Proposition 1.11 (iv).

(v) This is the straightforward consequence of (iv). O

Whenever J is a strongly stable m-truncation ideal and sG is the superminimal basis of an ideal
I € Mf(J), then sG is a subset of the set V' of Definition 2.1. Nevertheless, it is interesting to notice

that not every step of reduction by G s also a step of reduction by l), as shown in the following
example.

Ezxample 3.15. Consider J = (m%, ToT2, T1T2, x%) which is a strongly stable ideal and a 2-truncation of
J = (9,2%) in K[zg,71,72]. Let G be a J-marked set.

e The monomial x5 - 27 is non-reducible w.r.t. sG, because the only monomial of sB; dividing

it is 2%, but z92? = x9 %] x2. On the other hand, x92? = wox1 *; 71, SO Tox? SN x1T(f)
where f € Vo, Ht(f) = xoxy.

e The only way to reduce zg - ¥3 via Y5, Jeads to xo - T(f"), where f’ is the unique polynomial

of V4 such that Ht(f’) = x3. Moreover, o - T(f’) is not further reducible, because all the
monomials of its support belong to A(J). On the other hand, according to Definition 3.11, a

. . . sGx . G .
first step of reduction of the monomial zq - 3 via " is oz ——— x5 - T(f"), where f" is

the polynomial in sG with Ht(f”) = x¢ - x2. Since x2 is a monomial of By, every monomial

appearing in Supp(xs - T'(f”)) belongs to J, and so we will need further steps of reduction via

LN compute a polynomial non-reducible w.r.t. sG.
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4. BUCHBERGER-LIKE CRITERION BY SUPERMINIMAL REDUCTION

In the present and following sections, we assume that J C S is a strongly stable m-truncation ideal,

in order to apply the main results of Section 3, mainly those concerning the new reduction process

LN (Theorem 3.14). We will also use the sets of polynomials V' and W which are defined from a

J-marked set G (see Definition 2.1), and the reduction relation e
In Section 2, we proved that J-marked bases are characterized by a Buchberger-like criterion on the

reduction of S-polynomials between elements of G by Ve, (Theorem 2.11). Afterwards, in Section 3 we
showed that every homogeneous ideal I in Mf(.J) is completely determined by its superminimal basis

sG and that J-normal forms modulo I can be computed using ﬂ), that is again using polynomials
in the subset sG of G (Theorem 3.14).

Therefore, it is natural to ask whether one can obtain a Buchberger-like criterion only considering
S-polynomials among elements in sG. Unfortunately, the answer is negative, as clearly shown by
Example 4.1. However, we can prove a few variants of the Buchberger-like criterion of Theorem 2.11,

in which the set of superminimals sG and the superminimal reduction process SN replace G and
Ve, Using these new criteria in the next section we will be able to obtain sets of equations defining
MI£(J) in a smaller set of variables than those of Subsection 2.3.
Ezample 4.1. We consider the strongly stable 2-truncation ideal

J = (22, x329, 2321, 320, 23) C K20, 21, T2, T3]

whose saturation is J = (x3,23). In this case, sB; contains only two monomials, x37¢ and x3. If G is
any J-marked set, then sG = { fyz,, fx%}. The unique S-polynomial among superminimal elements is

S(f:c:;xm fm%) = x%fﬂcgﬂco - xSxOfxg = 3% - T(fm%) - 1’% : T(f:(::;:cg)

Any monomial appearing in Supp(7T(frsz,)) is in N'(J)2 = K[z, z1,22)2 \ {z3}. Then any monomial

appearing in Supp(z3 - T'(frss,)) is further reduced by fx%, obtaining by W or 29

S(fm3$07fm§) = T3x0 * T(f:p%) - T(fmg) 'T(f:vszvo) = T(fmg) ) fmsro — 0.

Nevertheless, even if the only S-polynomial among superminimal generators reduces to 0, if we consider
sG = {fmsmo,fx%} with frye, = 2370 + 27 and fx% = 3, then for any choice of fxg,fm3m2,fm3m1, the
S-polynomial among fy,,, and f;,,, does not reduce to 0:

S(f:(:3x17 f:(:3:c()) - xOf:C3SL‘1 - xlf:{:3xo = Z aixaixo - I’?
i eN(J)2
The monomials %z are in N'(J)3 and are strongly reduced. Furthermore, 23 does not appear among
monomials z%xq, so it is not canceled, and it is strongly reduced too. Therefore, for any choice of
coefficients in the tail of f,,,,, we have an S-polynomial which is not reducible to 0, and any J-marked
set containing fy.., = x3x0 + x% is not a J-marked basis.

4.1. Buchberger-like criteria via 5% .. first variant. In this subsection we prove that the
Buchberger-like criterion of Theorem 2.11 and Corollary 2.13 can be rephrased in terms of the reduction

process 5G* . The involved S-polynomials will be all those between elements in G (Theorem 4.5),
or only EK-polynomials between elements of G (Corollary 4.6). We will need a few lemmas.

Lemma 4.2. Let J be a strongly stable m-truncation ideal, G be a J-marked set and h be a homoge-
neous polynomial of degree £ > m. Then:

he <Vg> S xg-h € <Vg+1>.
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Proof. If h € (Vy), then x¢ - h € (Vy41) by definition of V.

Vice versa, assume that xo - h € (Vp11). This is equivalent to zq - h L 0. Every monomial in
Supp(zg - h) can be written as zg - z¢; observe that xg - z¢ ¢ By, because deg(xq - ) > m, by Lemma
3.2, (i). Then, if z( - z° belongs to J, we can decompose it as zg - ¢ = % xy 2", * € By and z" # 1.
Since min(z®) > max(z"), we have that = is divisible by . So 27 = z - 2 .

Summing up, in order to reduce the monomial zq -z of Supp(z¢-h) using V', we use the polynomial
zo- 2" - fo € V, Ht(fo) = z®. If the coefficient of xo - 2¢ in xg - h is a, we obtain

:Eo-hﬂxo-(h—a'x”,fa).
At every step of reduction, we obtain a polynomial which is divisible by . In particular,
xg-h € (Vig1) = x9-h=u1x- Zaix"ifai, where xq - 2" fo, € Vii1.
Then we have that h = " a;a™ f,, and 2" f,, € V;, that is h € (V). O

Consider f,, for € G, the S-polynomial S(fu, for) = 27 fo — z for and assume that 2V <pex 7. By
Lemma 2.8, (iii), if S(fa, fL) BN h, then S(fa, fi) — h = > a;a% fz, with 2% fg, € Vy, 2% <pex 27.
Now we show that a similar result holds for the superminimal reduction LN

Lemma 4.3. Let J be a strongly stable m-truncation ideal, G be a J-marked set and f,, fo be two
polynomials belonging to G. Consider the S-polynomial S(fq, for) = 7 fo — & for, with 27 <pex 27.
If 24 - S(fa, fL) BLELIN h, then = - S(fa, fL) — h = Yoajxlifg. with fg. € sG, ¥ <pex 7 and

2 <oy 2.

Proof. Every monomial 2, - 27 - ¢ in Supp(zl - 7 - T(fa)) N J decomposes as zf - 7 - 2¢ = 28 x5 27,
2" <pex whr? and z <pex 22X by Lemma 3.2, (iv) and Lemma 2.5. The same holds for any further
reduction and the same argument applies to monomials appearing in Supp(zf, - 2 T (fo)). O

We point out that Lemma 4.3 does not hold without the hypothesis that .J is an m-truncation ideal,
as shown by the following example.

Ezample 4.4. In S = K|z, z1, 22, x3], consider the strongly stable ideal
J = (23, 2329, 2371) >4 + (¥3)>6,

whose saturation is J = (:17%, Tox3, 173, 73). J is not an m-truncation for any m. Consider a J-marked

set G and f,, f3 € G such that Ht(f,) = x3z9z3 and Ht(f5) = 23z123 and consider 23 € Supp(T'(f3)).

Then S(fa, f3) = ¥1fa — 22f5. If we apply Definition 3.11, we reduce 23 € Supp(S(fa, f5)) by ﬂ),
pre-multiplying by xj. We get that zjz3 belongs to Supp(z3S(fa, f5)) and zdzi = 23 x; xfx3. But

.Z'% >lex L2.
Theorem 4.5. Let J be a strongly stable m-truncation ideal, G be a J-marked set and I be the
homogeneous ideal generated by G. The followings are equivalent:
(i) I € MI(J);
(ii) ¥ fa, for € G, 3t such that b - S(fa, for) =2 0;
(iii) Y fo, for € G, I t such that zb - S(fa, for) = Th(27 fo — m'ylfar) = > a;x" fo, with ¥V <pex
maxgee{z7, 27} and fa,; € 5G.
Proof. If I € Mf(J), we can apply Theorem 3.14, (iv) because any S-polynomial among elements in

G belongs to 1.
If statement (ii) holds, then we get (iii) by Lemma 4.3.
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We now assume that statement (iii) holds and by Lemma 2.2 it is sufficient to prove that (V) = (W)
using an argument analogous to that applied in the proof of Theorem 2.11. It is sufficient to prove
that 2" -V C (V), for every monomial 7. We proceed by induction on the monomials z", ordered
according to >1ex. The thesis is obviously true for 7 = 1. We then assume that the thesis holds for
any monomial 2" such that 2" <rex X'.

If |n| > 1, we can consider any product z7 = z™ - 2™z and 2™ non-constant. Since z" <pex
z",4 = 1,2, we immediately obtain by induction

-V =gM. (™ V) Ca™(V) C (V).

If |n] = 1, then we need to prove that x; - V C (V). Since 2oV C V, it is then sufficient to prove
the thesis for 27 = x;, i« > 1, assuming that the thesis holds for every z <rex Z;. We consider
g5 = 20 fo € V, where max(z°) < min(z®). If 2;g5 does not belong to V, then max(z;-2°) > min(z%),
so z; > min(z®) because max(x?) < min(z®) by construction. In particular, z; > min(z®) > max(z?),
SO T; >Lex 2° and it is sufficient to prove the thesis for z; f,,.

We consider an S-polynomial S(fa, for) = Zifa — 27 for such that 27 <pex z;. Such S-polynomial
always exists: for instance, we can consider x;x® = x % J z".

By hypothesis there is ¢ such that 24S(fa, far) = Th (@i foa — 7 for) = 32 ajx”,j fa; where a:f)x”’,a:"/i
are lower than x; w.r.t. Lex. Then :Ef):r”l fols 2 fa,; belong to (V) by induction and we conclude that
xifo € (V), by Lemma 4.2. O

The previous theorem is the analogous of Theorem 2.11 for the reduction process 50, As stated

in Corollary 2.13 concerning the Buchberger-like criterion for the reduction l), also in Theorem 4.5
it would be sufficient to assume statement (iii) only for EK-polynomials.

Corollary 4.6. With the same notations of Theorem 4.5, the followings are equivalent:
(i) I € MI(J)
(i3) for every EK-polynomial between elements of G, 3t : xiSEE(fo, fur) G0,
(i4i) for every EK-polynomial between elements of G, 3 t such that xf - SFE(fa, for) = (2 fo —
2 for) = Yo a;x’h fo, with 2 <pey x; and fo; € sG.

4.2. Buchberger-like criteria via 6% .. second variant. As before, let J be a strongly stable m-
truncation ideal. By Example 4.1, we have already shown that reductions of S-polynomials between
elements of sG are not sufficient to characterize ideals of Mf(.J); hence some more conditions are
necessary. To this aim, we add some further S-polynomials.

Indeed, Theorem 4.7 uses the set L of some couples of polynomials of sG and the set Ly of some
particular couples of elements of G of minimal degree m to obtain a new characterization of Mf(.J).
Actually the elements of L are not all the possible couples of elements in sG, but a subset of them,
corresponding to a minimal set of generators for the first module of syzygies of the Eliahou-Kervaire
resolution of J.

Theorem 4.7. Consider a strongly stable m-truncation ideal J and G a J-marked set. Let us define
the following sets:

Ll = {(foufa’) ’ foufa’ € sG and mixg: ‘Tgl *ixn}7

Ly := {(fOé7fOc') | fos for € Gy and xixa, = w0z, T; = m>1101{x] F T | xa}} .
J

Then:

[ € MEJ) S Y (fa, far) € L1 U Ly, 3 t such that @l - S(fo, for) =2 0.
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Proof. If I belongs to M{(J), then it is enough to apply Theorem 4.5, (ii).

Vice versa, by Lemma 2.2 it is sufficient to prove that (V) = (W), that is z; - V' C (V) for every
i =0,...,n. We proceed by induction on the variables. By construction we have xo -V C (V). We
now assume that (zo,...,7;,-1)V C (V) and we prove that z; - V C (V). Consider 2°fs € V. The
thesis is that z; -2 f5 is contained in (V). If x;2° f3 does not belong to V, then max(x;-2°) > min(2?),
so z; > min(z?) because max(z?) < min(z?) by construction. In particular, z; > min(z?) > max(z?),
so that it is sufficient to prove the thesis for x;f3, because by induction then we have 2ox; fa e (V).
Consider 2 = 2% % 2.

We have a first case when 7 = 1. Then z? = 22 and fs belongs to sG. We consider x%x; =
22 x5 2. Observe that since x; > min(z2) then z; does not divide 2" and max(z") < x;. Consider
2 = 2. azg‘*', so that we can take the polynomial f, € sG. The pair (fg, for) belongs to Ly, hence,
by the hypothesis and by Lemma 4.3, there is ¢ such that

xés(fﬁyfa’) = ‘Té(xga,xifﬁ - xnlfo/) = Zajxnjfajy

with 2 <pex @; and fo; € sG. Hence we obtain that both z" f,, and 2" f,s belong to (V) by
induction on the variables, and so z; f3 belongs to (V') (by Lemma 4.2).

We have a second case when 27 = zfj, ¢ > 0. Then, || = m and fg belongs to sG. Let z;x? =
22 % J . Iz > min(mgl), then 2 is not divisible by z; and we repeat the argument above.
Otherwise, z; < min(:pgl) and z; does not divide 2, so that z; = min(:pgl) and 27 <pex ;. Then, we
take 2% = % - z; that belongs to B because it has degree m. The pair (f3, f3/) belongs to Ly and
we repeat the same reasoning above.

We now assume the thesis holds for every fg such that P = 22 « J 2" with 27 <pex . By the
base of the induction, we can suppose that z” >1¢ 1; so, fg does not belong to sG and it has degree
m. Let x; := minso{z; : 27| zP}.

Observe that if 2o does not divide 2?, then xj = min(z?); in this case, we have z; > xj because
z; > min(z?). Anyway, first we suppose that z; < xj; x5 > min(z?) and zq divides 2. We consider
2P = % - x;, the pair (fg, fgr) that belongs to Ly and we repeat the argument of the previous case.

We now assume that x; > z; and consider 2P = i—f - Ty = % % J 2. Observe that z" <rex X' as

/

T = ﬁ—j -xo. Therefore the pair (fg, f3) belongs to Lo; by the hypothesis and by Lemma 4.3, there
is an integer t such that

(3) xBS(fB’a fﬁ) = -Z'B(.Z’jfﬁ/ — xOfﬁ) — Z alxﬁlfal

with 2 <pex xj, fo, € sG. We now multiply (3) by ;. We observe that x; f,, belongs to (V), because
fa, € sG and by the first two cases. Also z; fg belongs to (V') because 2" <pex 2" <rex Ti. Moreover,

z;jz; fz belongs to (V) by induction on the variables. Finally z;f3 belongs to (V) thanks to Lemma
4.2. (]

5. EMBEDDING OF Mf(.J) IN AFFINE LINEAR SPACES OF LOW DIMENSION

In this section we continue to consider a strongly stable m-truncation ideal J = J,, and, as in
Subsection 2.3, we work again with J-marked sets G where the coefficients of the monomials in the
tails are considered as parameters.

Definition 5.1. If G is the set of marked polynomials given as in (1) for the ideal J, we will call set
of superminimals, and denote it by sG, the subset of G made up of F,, € G with Ht (F,) € sB;. We
will denote by C the set of variables appearing in the tails of the polynomials in G and by C the set of
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variables appearing in the tails of the polynomials in sG. 2 ; is the ideal defining the affine subscheme
M((J) in the ring K[C].

Observe that the J-marked basis G of every I € Mf(J) is obtained by specializing in a suitable
way the variables C' in G and that the set of superminimals sG of I is obtained in the same way by
sG through the same specialization of the variables C.

5.1. The new embedding of Mf(J). In this subsection we answer to the first question raised in the
Introduction. In Theorem 5.4 we prove that the set of equations in K[C] defining Mf(J) allows the
elimination of a large number of parameters, more precisely those of C'\ C. Furthermore, using results
of previous sections about the superminimal reduction, we are able to determine a set of equations
defining Mf(J) in K[C] avoiding at all the introduction of parameters in C'\ C. This fact combined
with the choice of a small set of S-polynomials (according to Corollary 4.6 or Theorem 4.7) will turn
out to be significantly useful in projecting an effective algorithm for the computation of such equations.
Furthermore, this new sets of equations turns out to be more suitable in order to compare marked
schemes of m-truncation ideals of a strongly stable saturated ideal J as m varies.

Definition 5.2. Let z* € B and ¢ be an integer such that zf - 2 a 9%, € K[C x|, with H,

strongly reduced (the integer ¢ exists by Theorem 3.14). We can write H, = H, + !, - H!/, where no
monomial appearing in HY, is divisible by zf. We will denote by:
¢ B ={Coy— oy : ¥ € Bj\ 5By, 27 € N(J)|q} the set of the x-coefficients of T'(F,) — Hy,
for every z® € By;
e D, C K[C] the set of the z-coefficients of H!, for every 2® € By \ sBy;
e D, the set of the z-coefficients of the strongly reduced polynomials in (sG)K [5 , ).

Remark 5.3. Observe that not only 5 but also B and 4 are well-defined thanks to the uniqueness
of Hy, by Theorem 3.14, (ii).

Theorem 5.4. The J-marked scheme Mf(J) is defined by the ideal Ay = Ay N K[é] as subscheme
of the affine space A‘C‘ where |C| = > wacsn, W ()|l Moreover 2; = (B U D1 UD2)K[C] and
A = (D1 UD)K[C).

Proof. For the first part it is sufficient to prove that 2; contains B and so it contains an element of
the type Coy — qﬁm, for every Co, € C'\ C where ¢oy € K [C] that allows the elimination of the
variables Cpy € C'\ C.

It is clear by the construction in Definition 5.2 that H, belongs to K[C,z] and that both z - T'(F,)
and H, are strongly reduced. Thus their diﬁerence zf - T(F,) — H, is strongly reduced and moreover
it belongs to J;, because zf, - T(F,) — Hy = —xly - Fo + (x} - 2% — H,). Hence, by Corollary 2.17, its
z-coefficients belong to 2; and in particular the coefficient of zf - 27 is of the type Coy — Pay, with
bary € K[C] Then 2; O B and 2 is generated by B U Aj.

To prove the second part, it is sufficient to show that 2; N K[C] = (D, UD2)K[C].

“D” Taking the z-coefficients in zf - T'(F,) — H, of monomials that are not divisible by zf, we see
that 2 contains the z-coefficients of H,. Then 2y N K[C] D D1, because H!, € K[C, z].

Moreover we recall that [y is made by all the x-coefficients in the polynomials of J; that are
strongly reduced. Indeed, 2; is made by all the z-coefficients of the polynomials of J; that are .J-
reduced. Since the degree of the monomials in the variables x of every polynomial in J; is > m,
then “J-reduced” is equivalent to “J-reduced”, that it is strongly reduced, by Lemma 3.2, (iv). Then
Ay N K[C] D Da, because (sG)K[C,x] C ;.
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“C” For every polynomial F' € K[C,z], let us denote by F'¢ the polynomial in K [5’,:17] obtained
substituting every Coy € C'\ C by ¢a; if F'is strongly reduced, then F' ¢ is strongly reduced too.
Observe that for every 2® € By we have F = 2®— H! and moreover f(z* — H")— H!, € (sG)K|[C, ).
In particular :Ef]Ff and xfy(z® — H/) — H], are equal modulo D;.

It remains to prove that every element w € 20; N K[C] can be obtained modulo ©; as a z-coefficient

in some strongly reduced polynomial of the ideal (sG) C K[C]. We know that w is a z-coefficient in
a strongly reduced polynomial D € J;.
If D=> D,F, €3y, then for a suitable t,

xh-D?=> "D (ah- («* - HJ) — H)) mod D,

and the polynomial in the right-hand side of the equality is strongly reduced and it belongs to
(sG)K|[C,x]. Therefore w is still one of the x-coefficients of D? since it does not contain any variable

in C'\ C and it remains unchanged. Then w € (D; U®D,)K|[C]. O

Proposition 5.5. Let A be as in Theorem 5.4 and let 31 be any ideal in K[é] Assume that 81 C 2
and that the following conditions hold:
(i) For every monomial x° € By\sBy, 2’ = xﬂ*iazé € J, there exists t such that we have a formula
of type
ab 2P = Z bz Fy,, + Hag,

with a; € K[é], Fo, € sG, 2" <[ 2, it — g2y *J 2% and Hg = Hé + b - HY, with Hg

strongly reduced, xf does not divide any monomial in Supp(Hé) and Coeffx(Hé) C sl
(i) For every polynomial F, € sG and for every x; > min(x2) there exists t such that we have a
formula of type
.. — T .
xoriFy = Z bjx 1 Fo; + Hio

where b; € K[C], Fo, € sG, 2 <pex wi, Lt — pey * 7 %, H; o strongly reduced and

Coeff,(H; o) C 4L
Then 3 = (D1 UDq) = Ay.
Proof. Thanks to (i), we immediately have that ©®; C $l.
For the inclusion D5 C $, observe that if (i) and (ii) hold for [, then we can use the same arguments

of Proposition 2.15 and obtain that:
for every F,, € sG, for every 20, there exists ¢t such that

(4) whr’Fo =Y bjaiFo, + H

with b; € K[C), Fo, € 8G, 2" <pex 20, 2T = g9y s g1 Supp, (Hs.o) € N (J) and Coeff, (Hj o) C 4.
We can also prove the uniqueness of such a rewriting: thanks to the uniqueness of the decomposition
by 7, the polynomials z" F,,; that can appear in (4) have pairwise different head terms. So an
analogous of Corollary 2.16 holds for this setting.
Thanks to this uniqueness, as in Corollary 2.17, we get the non trivial inclusion of the thesis. [

Proposition 5.5 is very important from the computational point of view. Indeed, its condition (i)
allows to explicitely construct the set of polynomials 8, namely to write a JJ-marked set Gin K [5 ,x),
whose superminimal set is sG. Using such a J-marked set in K[C,z], we can use either Theorem 4.5
or Corollary 4.6 or Theorem 4.7 to obtain a set of generators for 2A J. For instance, the algorithm
presented in the Appendix is based on Theorem 4.7 and the proof of its correctness on Proposition

5.5. In the future, we will investigate which is the best set of polynomials to start from in order to



UPGRADED METHODS FOR MARKED SCHEMES ON A STRONGLY STABLE IDEAL 21

get a performing algorithm for the computation of equations for Mf(J). The correctness of such an
algorithm will be verified by the conditions of Proposition 5.5.

5.2. Relations among Mf(J-,,) as m varies. In this subsection we will compare the marked
schemes constructed from different truncations of a saturated strongly stable ideal J. Let us consider
two integers m/, m, (m’ < m). If I is an ideal in the J-,,,-marked family Mf(J~,, ), then it is not
difficult to show that I>,, belongs to the marked family Mf(J,,), namely that there is a injective
map of sets Mf(Js,./) — Mf(J,,). Aim of the present subsection is a scheme theoretical version of
this fact; indeed we will prove that there is a closed embedding of schemes Mf(J, /) < Mf(Js,,)
that induces the previous one on the sets of closed points. It is sufficient to prove the existence of such
a closed embedding for m’ = m — 1; in this case we denote the embedding map by ¢,,. Furthermore,
we characterize the cases in which ¢,, is a isomorphism.

To this purpose, the main tool we will use is the set gf defining equations for a J-marked scheme
obtained by superminimal reduction, namely the ideal 2(;; moreover we will consider at the Zariski
tangent space of Mf(J~,,) at the origin, denoted by To(Mf(J~,,))-

Remark 5.6. As for any affine variety, if Mf(J) is defined by an ideal il as a subscheme of an affine
space AV, then the Zariski tangent space Ty(Mf(J)) is defined by the linear part of a set generators
of 4l so that it can be identified to a linear subspace of AN. In the special case of marked schemes,
it is quite easy to compute a set of generators for To(Mf(J)), using the properties and techniques of
[15, Definition 3.4 and Proposition 4.3], [24, Proposition 3.4] and [10, Theorem 3.2].

Theorem 5.7 is inspired by an analogous result proved for Grobner Strata in [15, Theorem 4.7].
Given a monomial ideal J, the Grobner Stratum St(J, <) of J w.r.t. a term order < can be isomor-
phically projected in its Zariski tangent space at the origin Ty(St(J, <)) (see [15, Proposition 4.3]).
Furthermore, if the origin is a smooth point, then St(J, <) is isomorphic to this tangent space. Un-
luckily, it is not true that for every strongly stable ideal J there exists a term order < such that
MIE(J) ~ St(J, <), as shown in [7, Appendix], so in general we cannot project isomorphically Mf(J)
into To(MIL(J)).

We introduce some useful notations: once fixed a saturated strongly stable ideal J and a positive
integer m, we denote by

o Glm a g >m-marked set as in (1) and with Fﬁ[m} a marked polynomial belonging to GI™!;

e C™ the set of parameters C([g] appearing in the tails of the marked polynomials in GI";

e sGI™ the set of superminimals of Gl™!;

e C!™ the subset of C'™ containing only the parameters 5&"5} appearing in the tails of marked
polynomials in sG™; -

o 2Al™ is the ideal in K[C™] defining Mf(J >m) as a subscheme in AICT] (defined in Theorem
5.4).

Theorem 5.7. Let J be a saturated strongly stable ideal and let m be any integer. With the previous
notations, the followings hold:

(i) ME(J>p,—1) is a closed subscheme of Mf(J,,) cut out by a suitable linear space. More precisely,

Cm=1 can be identified with a suitable subset of Clml so that the following diagram of schemes
commutes:
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ME o)) <27 ME(],)

| [

A\é[mflu N A|5[m]|

(11) Let Q be the number of monomials x* € B of degree m+1 divisible by 1 and © := |ByNS<pm—_1|;

then,
dim Ty (ME(J ) > dim To(ME(Ls1)) + Q- ©.

(iii) ME(J>,—1) = ME(J>,,) if and only if either J~,, 1 = Js,, or no monomial of degree m +1 in

By is divisible by x1.

In particular:

MI(Lsp 1) = M(J,,). for cverym > p

where p is the mazimal degree of monomials divisible by x1 in By.

Proof.

(i)

Thanks to Theorem 5.4, a J,,-marked scheme is defined by an ideal generated by polynomials

of K [5 [m]] that are constructed using only the superminimals. So, now it is enough to prove that
the set of superminimals sGI™~! corresponds to sGI™ modulo a subset of the variables C (] in
the following sense.

Consider z* € sBy_ . If |a|] > m, then x* belongs to sB;_  and we can identify Fm e

sG™ and F(Lm_l] e sglm—1] (and in particular the variables in their tails: ét[x} = 5([;2_1]).

If |« = m — 1, then we can consider the corresponding superminimal element F’ B[m} e sgml,

[m]

with 2? = zo - z* Then we identify the variable 616?” which is the coefficient of a monomial

in Supp, (F B[m}) of kind 2% = zq - °, with the variable 5&?_1] which is the coefficient of the
monomial 2% in Suppx(Fgém_H).

and we denote by U[m} the subset of C[™
containing the variables non-identified with variables of C [m=1] that is the variables appearing as
coefficients of monomials not divisible by xg in the tails of polynomials in sG [m] \ sG [m—1] Now,

We repeat this identifications for all z® € sBy_ |

every polynomial in sG™ mod (6[m]) either belongs to sGI™~1 or is a polynomials of sGI™~1
multiplied by xzg. Thanks to Theorem 5.4, we have that

Alm 4 (U[m}) ~ gim=11,

This relation among the ideals induces the embeddings of scheme of diagram (5).
We now consider 27 € By, |y| = m + 1, 27 divisible by z1. We define 2° := 27 /x1; observe that
2? € N(J). Furthermore, 2° is not divisible by g, otherwise 27 would be too.

Then, for every 22 € B with |a] < m—1, there is Fo[[m} = :Eﬁzngn_‘g'—T(Fo[ém}) € sG!™ such that
2" € Supp, (T(Fo[ém})) We focus on the coefficient C L’g} of 2% Since # is not divisible by zq, C ([;Z]
cannot be identified with a coefficient appearing in o a:gxgn_lgl_l - T(Fo[ém_l}) € sglm=1l,
So 5(%] belongs to the subset of variables O™ defined in the proof of (i).

We now use the construction of To(Mf(J>,,)) recalled in Remark 5.6. If we think about

syzygies of the ideal J,,, we can see that in a S-polynomial, Fo[ém} is multiplied by a monomial z?
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divisible by x;, i > 0. In particular, z°-2% belongs to J~,,: if z; = x; we are done by construction,
. - ;Y .
otherwise we apply the strongly stable property because z2°2° = “’;—ixlx‘s belongs to J,,. This

means that the coefficient 6’([;;] does not appear in any equation defining 7o(Mf(J>,,))-
Applying this argument to the 2 monomials in B of degree m + 1 which are divisible by z;
and to the © monomials in B of degree < m — 1, we obtain the result.

(iii) If J<,, = J~,,_1, obviously Mf(Js,,) = Mf(Js,, ). We now assume that J,, # J~,,_; and
no monomial of degree m + 1 in the monomial basis of J is divisible by z;; we prove that every
polynomial in sG" either belongs to sGI™~1 or it is the product of zy by the “corresponding”
polynomial in sGm~11,

If x* € sBy_ _, and |a| > m, then F™ € sgim and F/" ™" € sGIm=1 have the same shape

and we can identify them letting C*L",ﬂ = 5&”«}_1], as done in the proof of (i). If |a] = m — 1, then

1

2P =xy 2% € sB 7., and all the monomials in the support of g - F&m_l} appear in the support

of Fﬁ[m} (and we identify their coefficients as above). In the support of Fﬁ[m} there are also some

more monomials that are not divisible by zg. We will prove now that the coefficients of these
last monomials in fact belong to A

Consider the monomial zg - 1 - 2. If we perform its reduction using sGI™, the first step of
reduction will lead to

[m] 4
o+ x1 - 2% BN xlT(Fﬁ[m]).

Let 27 be a monomial of Supp(T(Fﬁ[m})). Ifzy-27 € S5y, then 127 = 2@ %2, with 22 € By
and 2" <pey z1. If 27 = 1, then |&/| = m + 1 and 22 is divisible by x1, against the hypothesis.
Then z"7 = :Eg, with ¢t > 0, and so the monomial x; - 27 € J-,, is actually divisible by zg. If
x1 - 27 € N(Js,,), then this monomial is not further reducible, so that its coefficient belongs to
A, )
Vice versa, by contradiction suppose now that J-,, 1 # J-,, and that there exists 2 € By
divisible by x1, |a] = m + 1. Using (ii), we have that To(Mf(Js,,_1)) 2 To(Mf(Js,,)) because
dim To(Mf£(J 5, 1)) < dim To(MIE(J,,)), and so ME(J,, 1) # ME(J5,,). -
For the last part of the statement, note that if p is the maximal degree of a monomial divisible by
x1 in the monomial basis of J, for every m > p, applying iteratively (iii) we obtain

In the above setting, if p(t) is the Hilbert polynomial of S/J and r is its Gotzmann number, it is
worth considering the r-truncation of J. Indeed, in [1] the authors prove that Mf(Js,) is naturally
isomorphic to an open subset of the Hilbert scheme ’Hilb;f(t). We recall that r is the maximum among
the regularities of ideals that are closed points of ’Hilbz(t); hence, r > reg(J) > p — 1. Then Theorem
5.7 allows us to study such an open subset of ’Hilbg(t) embedded in an affine space of lower dimension

than the expected one. More precisely:

Corollary 5.8. Let J be a saturated strongly stable ideal, and let p be the mazimal degree of monomials
divisible by x1 in By. For everym > p—1, Mf(J,,) can be embedded in an affine space of dimension

(6) = 3" Wl < Byl p(r),

maesBi>p71

where ' = reg(J) and p(t) is the Hilbert polynomial of S/J.
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Proof. The equality of (6) directly follows from Theorem 5.7. For the inequality, we simply need to
observe that the regularity v’ of a strongly stable ideal is simply the maximum of the degrees of its
monomial generators; hence every monomial in sB Js has degree < r’. Furthermore 7’ is greater
than or equal to the regularity of the Hilbert function of S/.J, thus |N'(J)o | < N (JL,/) = p(r').

An equivalent proof follows from the diagram (5) of Theorem 5.7. O

6. EXAMPLES

In the hypothesis that the field K has characteristic 0, the methods of computations developed
in the previous sections can be applied to the study of Hilbert schemes: indeed, for m big enough,
M(f(J~,,) corresponds to an open subset of the Hilbert scheme parameterizing the ideals having the
same Hilbert polynomial as S/.J (see [4]).

Now we give some examples for applications of the obtained results, mainly Theorem 4.5, Theorem
4.7 and Theorem 5.7. We keep on using the notations introduced before Theorem 5.7.

Ezample 6.1. Let J be the saturated strongly stable ideal (x,...,x2,2)) C S = Klxog,...,zy).
Observe that J is a Lex-segment, the Hilbert polynomial of S/J is p(t) = u, the regularity of J is
r" = u, and also p = p. By Corollary 5.8, Mf(J) can be embedded into an affine space of dimension
2n — 2 + p. Using the criterion of Theorem 4.5, we can see that actually Mf(J) ~ A?"=2+# as shown
also in [24]. By Theorem 5.7, (iii), Mf(J~,,) is isomorphic to Mf(J) for every m < u — 2.

It is well-known that Proj (S/J) is the Lex-point of Hilb), and lies on a component of dimension npu
(see [21]). Then Mf(J,,) is not isomorphic to an open subset of Hilbj; for every m < u — 2.

On the other hand, the same reasonings above leads to Mf(J,) ~ A™ so that Mf(J,) is an
open subset of Hilbj,. This is shown also in [24].

Ezxzample 6.2. We consider the strongly stable saturated ideal
J = (23, 2123, 2229, 2%) C K|z0, 21, 22].

It corresponds to a point of ’Hilbg, with Gotzmann number r = 8, the regularity ' of J is 5, and
the same value for p. By Theorem 5.7 we have that Mf(J~,) ~ Mf(J-,). Observe that J-, is not
segment w.r.t. any term order (see [7, Appendix]), hence in this case the results of [15] do not apply.

In [7, Appendix], the authors first consider Mf(J~,) as an affine subscheme of A% and then show
that 45 of the variables can be eliminated, but using a time-consuming process of elimination of
variables. By Corollary 5.8, we can directly embed Mf(J-,) in an affine space of dimension 32, and
we have to eliminate only 13 of the remaining variables.

Ezample 6.3. We take p(t) = 4t, n = 3, ¢(t) = (3?) —p(t) = (3?) — 4t; the Gotzmann number
of p(t) is 7 = 6. The Hilbert scheme Hilb3, can be considered as a subscheme of the Grassmannian
G = G(q(6), K[x]¢) of linear spaces of dimension ¢(6) = 60 in the vector space K[z]s of dimension
(3J§6) = 84 (see [4, Section 1] for some details about this construction). Therefore equations for Hilb3,

involve £ = (23) — 1 ~ 6-10% Pliicker coordinates. We can obtain an open cover of Hilb3, by the
non-vanishing of each Pliicker coordinate of G: we get F open subsets, each of them isomorphic to a
subscheme of A1440,

In [4] the authors consider a different open cover (up to the action of PGL(4)) of Hilb3,, formed by
4 open subsets only, isomorphic to a marked scheme of a suitable truncation of the saturated strongly
stable monomial ideals J;, i = 1,2,3,4 in K[z]. We can choose for every i the truncation m = r = 6,
nevertheless in order to perform computations with a lower number of variables, it is better to choose
the truncations according to Theorem 5.7.

We denote the cardinality of the monomial basis of J, by ;. In the following table we list the
dimensions of the different affine spaces where we can embed the marked schemes, using Theorem 5.7
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and Corollary 5.8.

Monomial basis of J, |reg(J;) | os | pi —1 a,-p(reg(ii)) Clei—1]
gy 23, v379, 73 3 3| -1 36 28
I 23, x379, 1373, 75 4 4 2 64 44
J3 :E%, T3T9, T3T1, T3, 3:‘213:1 5 5 4 100 88
Jy T3, 75, T4T3 6 3 5 72 64

Observe that for J; and J,, the truncation giving an open subset of Hilbit is exactly the saturated

ideal.

J, is the Lex-segment ideal: Mf((J,)>5) is isomorphic to A?3 (see [15, Theorem 7.3]). In this case
we should further eliminate 41 variables. This means that our bounds are not in general “sharp”,
however the computational consequences of Theorem 5.7 are significant and our results allow the
treatment of non-trivial cases that cannot be handled with “classical” techniques.

APPENDIX. A PSEUDOCODE DESCRIPTION OF THE ALGORITHM FOR COMPUTING A J-MARKED

SCHEME

We now describe a prototype of the algorithm for computing J-marked families based on Proposition
5.5 and on the analogous of the set L defined in Theorem 4.7. The ideal J is always supposed to be
a strongly stable m-truncation ideal.

Let us suppose that the following functions are made available.

e GENERATORS(J). It determines the monomial basis of J.
e SUPERMINIMALGENERATORS(J). It determines the superminimal generators of J.
e SUPERMINIMALREDUCTION(H, sG). Given a J-marked superminimal set sG and a polynomial

H, it returns a pair (¢,h) where ¢ is the minimal power of zy such that there is a supermin-
imal reduction of z{H to a strongly reduced polynomial and h is such polynomial, namely

zhH LN (as in Theorem 3.14, (ii)).

QUOTIENTANDREMAINDER(H,t). Given a polynomial H and a non-negative integer ¢, it
returns the pair of polynomials (H', H") such that H = H' + H"x,.

PAIRSL1(sG). Given a J-marked superminimal set sG, it computes the pairs of polynomials
belonging to the set £1 (analogous of the set Lj of Theorem 4.7).

COEFF(H,z®). It returns the coefficient of the monomial x® in the polynomial H (obviously

0 if * ¢ Supp(H)).
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1: MARKEDSCHEME(J)
Input: J C K|xg,...,x,] strongly stable m-truncation ideal.
Output: an ideal defining the marked scheme Mf(.J).
2: Bj < GENERATORS(J);
sBj <= SUPERMINIMALGENERATORS(J);
G+« 0; sG<« 0
for all z¢ € sB; do
Fy %
for all 2° € N (J)|q do
F, < Fo + Cyp?;
end for
10 G+ GU{F,};
11:  sG + sGU{F,};
12: end for
13: equations < (;
14: EJ(—BJ\SBJ;
15: for all 2 € B; do
16:  (t, H) < SUPERMINIMALREDUCTION(z®, sG);
17: (H',H") <~ QUOTIENTANDREMAINDER(H, t);
18:  for all 2" € Supp(H') do
19: equations <— equations U { COEFF(H', z")};
20:  end for
21 G+ GuU{z*—-H"}
22: end for
23: L1 < PAIRSL1(sG);
24: for all (F,,Fy) € L, do
25:  (t, H) <+ SUPERMINIMALREDUCTION(S(Fy, Fy/), 5G);
26:  for all 2" € Supp(H) do

27: equations <— equations U { COEFF(H, z")};
28: end for
29: end for

30: return (equations);

Theorem A.1l. The algorithm MARKEDSCHEME is correct.

Proof. To prove that the algorithm terminates it is sufficient to recall that the superminimal reduction
is Noetherian (Theorem 3.14 (i)).

Now we show that the algorithm MARKEDSCHEME returns a set of generators for the ideal defining
MI(J). The starting point is the J-marked superminimal set sG given in Definition 5.1 , having
parameters in C as coefficients of every monomial in the tails and get a set equations of polynomials
in K[C]. We claim that the ideal 4l generated by equations coincides with the ideal 2; of Theorem
5.4, by Proposition 5.5.

Indeed in the first part (lines 15-22), the algorithm computes the superminimal reduction H of each
monomial z® € B\ sB; and it imposes the conditions required by Proposition 5.5 (i), in other words
the algorithm computes the set ®; C 2A 7 of Definition 5.2. At the same time, the algorithm constructs

the J-marked set G ¢ K[C, z].
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In the second part (lines 23-29), the algorithm considers pairs of superminimal generators (F,, Fy)
such that z;2% = 2 % g 2. Recall that 2" <pex x; by Lemma 2.5. These couples of polynomials in
sG correspond to the couples of the set L in Theorem 4.7.

At line 25 of the algorithm we compute the superminimal reduction of the associated S-polynomial

! !
’ " ’ lem(x®, ¢ Z lem (%, ¢
1L S(F,, F) = xf (mzmg F, — 2"z Fa/) 9 H riwh = lom(2%, 2%) zxl = lom (2%, 2%)

) /

% %

that is applying Lemma 4.3
ah(zhxiFy — ab £ F o) — Z bjxi Fg, = H
with b; € K[é], Fp, € 5G, 2" <pex zixh and 2 <pop x;, so that
:ngiFa =2"F + Z bj$njF5j + H.

The polynomial H is strongly reduced and it belongs to the ideal (sG) C K|[C,z], then its z-coefficients
belong to D9 C 5[].

Then by construction (lines 26-28), 4l is contained in 2 and it satisfies the condition required by
Proposition 5.5 (ii), hence £ = 2. 0

We are convinced that this version can be strongly strengthened drawing inspiration from some of
the improvements studied for the computation of Grobner bases and border bases. In this direction, we
have already developed a first prototype which is giving good and promising results. In the following
table, we report the results of the computation of the marked schemes considered in Example 6.3.
The algorithm has been run on a MacBook Pro with a 2,4 GHz Intel Core 2 Duo processor.

Parameters | Equations Time
MIE(J;) 28 28 0.165568 seconds
MIE(J5) 44 64 0.295802 seconds
ME((J3)>4) 88 228 110050 seconds

The prototype of the algorithm is available at
www.personalweb.unito.it/paolo.lella/ HSC/Documents/MarkedSchemes.m2
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