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Modeling and control for rotating pretwisted
thin-walled beams with piezo-composite

Xiao Wang, Marco Morandini, Pierangelo Masarati

Dipartimento di Scienze e Tecnologie Aerospaziali, Politecnico di Milano, Via LaMasa 34,
20156 Milano, Italy

Abstract

In this paper, a rotating thin-walled beam theory incorporating fiber-reinforced
and piezo-composite is developed and used to study the active control for vi-
bration suppression. The structural model accounts for transverse shear strain,
primary and secondary warpings, pretwist and presetting angles. In addition,
the centrifugal stiffening effect, tennis-racket effect, flapping-lagging-transverse
shear and extension-twist couplings are accounted as well. Based on a nega-
tive velocity feedback control algorithm, the effective damping performance is
optimized by studying anisotropic characteristics of piezo-actuators and elas-
tic tailoring of the host structure. Moreover, relations between damping control
authority and design factors, such as rotor speed, presetting and pretwist angles
are investigated in detailed.

Keywords: rotary thin-walled beam, fiber-reinforced, piezocompsoite,

dynamical control

Nomenclature

aij 1-D global stiffness coefficients

Af( piezo-actuator coefficients, see Eq.

b bimomnt of the external force per unit span

bi; inertial coefficients

2b, 2d width and depth of the beam cross-section, see Fig.
By bimoment
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Fy,, a(s)

ki

L

Mg, My, M
My, M,
M,

Nhp, Np, Np
Pz, Py, Pz
P(y)

Qi

Qz, Q-

0,0,

O, 0,0
Q

primary and secondary warping function, respectively

control gains in the velocity feedback control in Egs. [39| and

length of the beam, see Fig.

external moments per unit span, about x—, y— and z—axes, respectively
bending moments about = and z axes, respectively

torque about y axis

numbers of all layers, host layers and piezo-composite layers, respectively
external forces per unit span

distribution function along span for the actuator

reduced elastic coefficients

transverse shear forces in the x— and z—directions

radius of the hub, see Fig.

position vector of a point on the deformed beam, see Eq.

local coordinate system on the cross-section, see Fig.

axial force in the y—direction

displacement components of the cross-section along z,y, z axes, see Fig.
voltage parameters, see Eqs.

rotating axis system located at the blade root, see Fig.

local coordinate system for an arbitrary beam cross-section, see Fig.
inertial reference system attached to the center of hub

pretwist angle, see Eq.

pretwist angle at beam tip and presetting angle at beam root, respectively
mass density of the kth layer in Eq.

nonlinear force related to twist motion

ply-angles of host structure and piezo-actuator

rotations of the cross-section about the z, y and z axes, see Fig.
rotating speed of hub

variation operator

tracers that take the value 1 or 0

0()/0t, 0*()/ot?, 9()/dy, 0*()/0y*



20

25

xXT transpose of the matrix or vector X

4. fOL integral along the cross-section and the span, respectively

1. Introduction

In recent years a large amount of work are devoted to the modeling and
behavior of composite rotor blades [II, 2, Bl 4, 5]. Among there works, Rehfield
et al. [6] discussed the non-classic behavior of a closed cross-section composite
thin-walled beam. Chandra et al. [7] investigated the vibration characteristics
of rotating composite box beams on both experimental and theoretical aspects.
Song et al [8, @] developed a rotating composite thin-walled beam theory feath-
ering lateral bending-vertical bending elastic coupling effect. Oh et al discussed
effects of pretwist and presetting on coupled bending vibrations [I0]. He also
investigated the twist-extension elastic coupling effect on rotary composite struc-
ture [I1].

Rotor blades operate in a unsteady and complex aerodynamic environment.
They are also characterized by a complex structural behavior. For these rea-
sons active control is deemed to te a promising technology for the design of new
high performing blades [12] [13]. Because piezoelectric materials have a series
of desirable characteristics, such as self-sensing, structure embeddability, fast
response and covering a broad range of frequency, they are often proposed for
the design of active blades [14], [I5] [16]. In order to overcome the drawbacks
of the typical piezoceramic actuator, such as the vulnerable ability to damage
and the fact that they can hardly conform to a curved surface, piezo-composite
actuators, e.g., Active Fiber Composite (AFC) [I7] and Macro-Fiber Compos-
ite (MFC) [18] were developed. In the existing literatures, a lot publications on
modeling or studying adaptive thin-walled structure are based on a piezoelectric
bending moment control system [19] 20, 2], 22} 23] 24], but they lack explicit
discussions for transverse shear force and twist moment actuations. Thus a

comprehensive study allowing to get a better insight into the influence of piezo-
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electric extension, transverse shear, twist, bimoment and bending actuations on
rotary thin-walled structures is still interesting.

In this paper, a geometrically nonlinear rotating thin-walled beam theory in-
corporating piezo-composite is developed. In addition, transverse shear strain,
primary and secondary warping inhibitions, three-dimensional strain, centrifu-
gal stiffening and tennis-racket effects [25] are taken into account. The circum-
ferentially uniform stiffness (CUS) [26] lay-up configuration that yields lateral
bending-vertical bending and twist-extension couplings is applied for the rotary
structure [11], 27, 28]. The governing equations and the boundary conditions are
derived via Hamilton’s principle. Numerical studies are based on the Extended
Galerkin’s Method. Based on a negative velocity feedback control methodology,
active control for vibration suppression is optimized via the study of tailoring
technology and anisotropic characteristic of piezo-composite. In addition, the
influences of design parameters, such as rotor speed, presetting and pretwist

angles are investigated, and pertinent conclusions are outlined.

2. Basic assumptions and kinematics

2.1. Basic assumptions

The geometric configuration and the chosen coordinate systems of the rotary
thin-walled beam are shown in Figs[[] and 2]  The inertial reference system
(X,Y, Z) is attached to the center of the hub O (considered to be rigid), while
the rotating axis system (x,y,z) is located at the blade root with an offset
Ry from the rotation axis O, see Fig.[I[] The unit vectors associated with the
frame coordinates (X,Y,Z) and (x,y, z) are defined as (I,J,K) and (i, ], k),
respectively. Besides the rotating coordinate system (z,y, z), a local coordinate
system (aP,y,2P) is also defined, where 2P and 2P are the principal axes of
an arbitrary beam cross-section, see Fig. 2] In addition, a surface coordinate
system (s,y,n) on the mid-line contour of the cross-section is considered in

Fig. [2 Coordinate systems (x,y, z) and (zP,y, zP) are related by the following



Piezoelectric actuators

Figure 1: A schematic description of the blade.
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Figure 2: Geometry of the pretwisted beam with a rectangular cross-section (CUS lay-ups).
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transformation

(s,y) = x(s) cos B(y) + 27 (s) sin f(y),
2(s,y) = —aP(s) sin f(y) + 27(s) cos B(y),

where the linear pretwist angle 3(y) can be assumed as

B(y) =0 + boy/L, (2)

in which v, By and L denote the presetting angle, the pretwist angle of the
cross-section at the beam tip and the length of the beam, respectively.

The rotary thin-walled structure is modeled assuming that the cross-section
is preserved during the deformation. Beside this assumption, already adopted
e.g. in Ref. [29], no other significant assumptions to the kinematic descrip-
tion are introduced; in particular, both the primary and secondary (thickness)
warping effects are included and the transverse shear effect are taken into ac-
count. Note also that the centrifugal stiffening and tennis-racket effects [25] are

accounted for in the present approach.

2.2. Kinematics

It is useful to express the position vector R of an arbitrary point M (x,y, )
belonging to the deformed beam, measured from a fixed origin O (coinciding
with the center of the hub), described in the rotating coordinate system (z, y, 2).
In the sense we have

R=Rgo+r+A, (3)

where Ry, r and A denote the position vector of the beam root point o (hub
periphery), the undeformed position vector of point M (z,y, z), and its displace-

ment vector, respectively. Their expressions are
Ry = Roj, r=xi+yj+zk, A =ui+vi+wk, (4)

where the components u, v and w in the displacement vector A are [29]

dz

e ) =l )+ [+ + nGE s o(0) = [a(6) 0] 1= coss0],

(5a)



dz dx
v(x,y,z,t) =vo(y,t) + [m(s) - nds] 0.(y,t) + [z(s) + ndJ 0. (y,t) (5b)
— [Fu(s) +na(s)] ¢'(y, 1),
o) =unly ) = [of9) = n G | sino(n0) — |+66) 40| 1= cosotan ],
(5¢)

where F,(s) and na(s) play the role of primary and secondary warping func-
tions. wuo(y,t), vo(y,t), woly,t), ¢(y,t), 0.(y,t), 0.(y,t) represent the 1-D dis-
placement measures (see Fig. , and constitute the basic unknowns of the
problem. If we assume that the rotation takes place in the plane (X,Y’) with
the constant angular speed, i.e., 2 = QK = Qk, the velocity and acceleration

vectors of point M(z,y, z) can be given as:

R(Ivya Z) :U(I, Y, Z)i - [RO + Yy + U(xvya Z)]Qi + ’0(1‘7ya Z)j (6)
+ [ +u(z, y, 2)] + ok,

R(.’L‘, Y, Z) :’U,(:C7 Y, Z)l - 2’1)(£C, Y, Z)Ql - [.’IJ + ’U,({I?7 Y, z)]921 + ’U(.’IJ, Y, Z)J ( )
7
+ 2i(z,y, 2)Q — [Ro + y + v(x, y, 2)| Q%) + k.

55 3. Constitutive Relations

The fiber-reinforced composite material (e.g. Graphite-Epoxy) in host struc-
ture and the piezo-composite material (e.g. AFC or MFC) in actuator can both

be modeled using the linear piezoelectric constitutive equation [30} 3T]

o11 Cin Ci2 Ci3 0 0 0 €11 e11
022 Ciz C Co3 0 0 0 €22 €12
033 Cis C3 C3 0 0 0 £33 €13
ml 1o 0 0 cu 0 o0 )w| o B @
- 0 0 0 0 Cs 0] | 0
T12 0 0 0 0 0 Cess Y12 0
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If we assume constant electric filed through the actuator thickness, then E; =
—(V/h), where V and h are the applied voltage and electrode spacing of the
interdigitated electrode for the actuator layer, respectively.

Thus for kth layer, Eq. referred to the surface coordinate system (s, y,n)

in Fig. [2| can be reduced to the plane stress condition ¢, =0 as

Oss C_211 QIZ 0 0 QIG Ess €ss

Tyy Q2 Qa2 0 0 Qo Eyy eyy

Tyn = 0 0 Q44 Q45 0 Yyn - 0 Ey (k)»
Tsn 0 0 Q45 QE)S 0 Vsn 0

s 9 2 0 0 9 sz s

Tsu ) | Qs Qac Qeo | w W52 ) v ) ()

(9)
in which the expressions of reduced elastic coefficients Qu and reduced piezo-
electric stress coefficients egs, €4y, €5y can be found in Refs. [31], p. 575] and [32],
respectively.

Based on the assumption that the stress resultants Ngs and Ny, are negligi-
bly small when compared with the remaining ones [29, 33], the stress resultants

and stress couples reduce to the following expressions

?

Nyy K1 Ko Kiz Ky Ggy vy
Nys _ Koy Koo Ko Koy 725 _ ~sy , (10)
Ly, Ky K Kyz Ky o Lyy
Ly, Ks1 Kso Ks3 Ksg €4y Lgy
and )
N, = <A44 _ i) o (11)

The explicit expressions of the local stiffness coefficients K;; and the associated

strains (€], €y, 79, Yyn) can be found in Ref. [29]. As for the piezo-actuator

induced stress resultant( Ny,, Ny, ) and stress couple (Ly,, L, ), they are defined



as

- m A
Nyy(8,9) =D e | eyy — Ai@ss) By iy (nr2 — 1) Pr(s) Pr(y)

) . A
Noy(s,9) = > e (esy - 141?635> By (nr2 — ng1) Pr(s) Pr(y)

. 1 B

Lyy(s,y) = > gy [Q%y(nkl + ni2) — Ai@ss} By (k) (nk2 — ng1) Pr(s) Pr(y)

) S B

Lsy(s,y) = > s |:2esy(nk1 + ng2) — Aifess] E1 (k) (nr2 — 1) Pr(s) Pr(y),
(12)

where A;; and B;; are the standard local stiffness quantities [30] based on the
total number of constituent layers Ny, = Nj + Np, for the host layers (N},) and
piezo-composite (N,). The actuator distribution function P(-) are given as (see

Fig. [)

Pi(n) = H(n —nk1) — H(n — ng2), (13a)
Pr(s) = H(s — sp1) — H(s — sk2), (13b)
Pe(y) = H(y — yr1) — H(y — yr2), (13c)

in which H(-) denotes Heaviside’s distribution.

4. Formulation of the governing system

The governing equations and the associated boundary conditions are derived
from Hamilton’s principle. This can be stated as (see e.g. Ref. [29])
t1
0J = [6T 4+ 6V — 6W,]dt =0, (14)
to
where ty and t; denote two arbitrary motions of time; W, denotes the virtual
work of the external forces; and the kinetic energy T and strain energy V can

be given as

th

T:;/Ole{Z/nZzp(k)(R~R)dndsdy, (15a)

k=1
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Figure 3: Piezo-actuator location.

1 L
V= 2 / % [Nyys(y]y + Nys’ng + Lyyé?ll!y + Ly’ + Nny'yny] dsdy. (15b)
0 c

After a lengthy variation process and collecting the terms associated with

the same variations, the governing equations can be obtained,

Suo : [(Ty + Ty)up — (M. + M.)¢ sin ¢ + (M, + M,)¢' cos ¢ + (Qx + Q) cos ¢

+ (Qz + Qz) Sin¢]/ +pm - bl [u() - %@yg - Q2’LL0] = 07

(16a)
vo : (Ty +T,) + py — ba[tio + 2Qig — Q*(Ro + y + v0)] = 0, (16b)
Swo : [(Tyy + T,)wh — (M, + M,)¢' cos ¢ — (M, + M,)¢' sin ¢ (160)

16¢

- (Qz + QT) Sin(b + (Qz + Qz) COoSs (rb]/ +p. — biwg = 0,

10



66+ (My + M,) — (B + By)" + (M, + M,.)(uf cos ¢ — wj sin ¢)
— (M + M) (wp cos ¢ + ugsin ) + (T + L))
+ (M + M) (upd sin ¢ + i cos ¢) — (M. + M.)(wog' sin ¢ — upd’ cos ¢)
+ (Qu + Qu) (ug sin ¢ + wj cos ¢) — (Q= + Q) (uf cos ¢ — wf sin @)

+my + b, — (bs + bs)d + 20 [(b4 cos ¢ — bg sin ¢)0,, + (b cos ¢ — by sin (b)éz}

+ Q2 [(by — bs) sin ¢ cos ¢ + bg cos p(cos ¢ — sin @)] + byo (¢ — glgqb”) =0,

(16d)
60£ : (M@ + Mac)/ - (Qz =+ Qz) +mgy — b49x - bﬁéz
. (16e)
— 2Q(by cos ¢ — bgsin @)p + Q*(bs0, + beh,) = 0,
562 : (MZ + Mz)l - (Qz + Qm) + m; — b59z - b69:c
. (16f)
— 2Q(bg cos ¢ — by sin ) + Q% (bsh., + bgh,) = 0,
and the essential boundary conditions at y = 0 are
’U,():’UQ:’U}O:gb:d)/:ew:eZ:O, (17)

the natural boundary conditions at y = L are

Sug : Tyuy — M,¢' sing + M, ¢’ cos ¢ + Q, cos g + Q. sing = Q,, (18a)

dvg + Ty =1, (18b)

Swo : Tywy — M,¢' cosp — My sing — Qusing + Q. cosp = Q,,  (18c)

8¢ — B, + M, + M, (uj cos ¢ — wjsin ¢)
(18d)

— M (wj cos ¢ + ujsin @) + Tpd’ + Ty’ + bio(¢ — Q%Qé/) = M,,

11
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6¢' : By = Bu, (18e)

80, M, = M,, (18f)

50, : M, = M.,. (18g)

In these equations, the terms associated with (1) the centrifugal acceleration,
(2) the Coriolis, (3) the tennis-racket, (4) the centrifugal warping and (5) the
centrifugal-rotatory effects are underscored by (1) a solid line ( ), (2) a

), (3) a dotted line (), (4) a dashed line () and (5)

wavy line (

two superposed solid lines (___) respectively. More details about these high
rotating speed induced effects can be found e.g. in Refs. [31] 25, [8]. The inertial
coefficients b;; are defined in Dz, Dy, P and my, my, m, are the
external forces and moments per unit span, respectively; b, is the external
bimoment of the surface traction. As for the 1-D stress resultants, T}, is the
axial force, ), the transverse shear force in the x—direction, ), the transverse
shear force in the z—direction; M, the bending moment around x—axis, M,
the torque, M, the bending moment around z—axis, B,, the bimoment. The
nonlinear stress couple is I'y. Terms without and with over-tilde (V) identify the
pure mechanical and piezo-actuator contributions, respectively. The terms with
over-bar () are external excitations on the beam tip. Their explicit expressions

will be discussed in the following section.

5. Governing equations for circumferentially uniform stiffness lay-up

configuration

A special structural configuration, viz., circumferentially uniform stiffness
(CUS) configuration was firstly proposed by Rehfield and Atilgan [34] and is
considered here. For the thin-walled beam with rectangular cross-section as

shown in Fig. [2| a CUS configuration implies the ply-angle distribution 6(z) =

12
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Figure 4: Circumferentially uniform stiffness (CUS) configuration

0(—2) of the top and bottom walls and 6(z) = 0(—x) of the left and right walls,
see Fig. [

5.1. Force-displacement relationship

The expressions of pure mechanical stress resultants and stress couples in

Egs. and can be written as [29]:

1 1
1, v+ )+ g (u)?
M, 0, — w(¢' cos ¢ — up@’ sin @
M, 0! + upg’ cos ¢ — whe' sin ¢
Qx 0, + uf cos ¢ — wj sin ¢
~ fay(®) oo 7 (19)
Q- 0, + ugsin ¢ + w( cos @
B, ¢
M, @'
1
I §(¢/)2

in which the global stiffness quantities a;;(y) can be expressed in local stiffness

quantities afj, the details are given in |[Appendix B| For a general anisotropic

13
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material, the stiffness matrix [a;;(y)] is fully populated, implying all motions
(flapping, lagging, twist) are coupled. However, applying circumferentially uni-
form stiffness (CUS) lay-up configuration will yield [a;;(y)] decoupling into two,

viz, extension-twist coupling,

1
T, ain air 0 ag| |vot 5(“6)2 + 5(1”6)2
M a a 0 a !
v _|ar am 78 o 7 (20)
By, 0 0 ag O ol
1
Iy aig arg 0 ass §(¢’)2

and bending-transverse shear coupling,

M, az(y) az2s(y) a2(y) axs(y)| [0, —wod' cosd — uyd sing
M, | |as(y) ass(y) asa(y) ass(y)| )0, +upd' cosg —wyd'sing
Qo a2 anly) aul) )| | 0 +ubcosd— whsing
Q- azs(y)  ass(y) ass(y) ass(y) 02 + ug sin ¢ + wy cos ¢

(21)
Note that, a;; in Eq. are independent of spanwise coordinate, i.e., a;;(y) =
a;;. While in Eq. , abs, ab,, akhs and al;, these four local stiffness quantities

are all zero in the expressions of a;;(y).

5.2. Force-voltage relationship
The relation between stress resultants, couples induced by piezo-actuators

and applied voltages described in the local coordinate system (zP,y, 2P) can be

given as

Tt | AT Af alv Al

Myt | AT A AT AL

Bu(y,t) | [APY APv o APv AP | VA(H)

f t I't It Tt I't Vo (t

o [ A A A A B0 gy
M. (y, 1) A= A= AN AMEL | V()

M, (y,t) A Al M AV VA1)

Qu(y,t) APT AZT APT APT

Q-(:t) ) [AY" AFF AFF A7

14



where P(y) of Eq. (13c) denotes the span location of the piezo-actuator. The
local piezo-actuator coefficients AX (i = 1,2,3,4) are defined in [Appendix C

The voltage parameters V; (i = 1,2, 3,4) are defined as

Vi) = 3 Ve~ Va()], Va(0)= 3 V() + Vo], (23

Vo) = 3 Vel) ~ Va()], Vi) = 5 [Ve)) + Va()],  (23)

in which four voltage parameters Vp, Vg, Vi and Vi denote voltages applied
on actuators located at the top, bottom, left and right plates of the beam,
see Fig. Applying CUS lay-up configuration and described in the rotating
coordinate system (z,y,z), Eq. will be reduced as two actuating groups,

viz., extension-twist actuating coupling

Ty(y,1) A ALY
M, (y, 1) AV AV | Va(t)
U= T T P(y), (24)
Bu(y,t) 0 0 Va(t)
Ti(y,1) Ayt AL
and bending-transverse shear actuating coupling
M.(y,t) AMTsinBy) AL cos B(y)
M, (y,1) A7 cos By)  —AY*sinB(y) | | Vi(t)
i =", o CUPPW). (29)
Qz(y,1) AitcosBly)  Ag7sinp(y) | | Va(t)
Q.(y,t) —APsinB(y)  AS cos Bly)

5.3. Linear governing equations

In view of physically evidence fact that the blade is much stiffer in the
longitudinal direction than in the flapping and lagging ones, the effect of the
axial inertia is much smaller than the others. Thus discarding axial inertial term
b19o and Coriolis effect term 2b1 Q0o (which is negligibly small for this particular
blade orientation [35]), the direct integration of Eq. in conjunction with

boundary condition at the free end, stipulating zero external forces (p, = 0,

15
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T, = 0) yields

L
Ty(y,t) ~ */ {-019%(Ro+y + o)} dy = biQR(y) = Ty(y,t), (26)

where over-hat (%) denotes the force induced by dynamical (centrifugal) stiffening
effect and
R(y) = Bo(L —y) + 3 (I 7). (21)
Note that, for high angular speed €2, this dynamic stiffening effect will be sig-
nificant and should be included in the linear system. In addition, as concerns
Eq. governing the twist-extension motion, I'; which plays the role of a
torsional stiffness induced by the centrifugal force field should also be consid-
ered [§],
Ty = (by + b5)Q*R(y). (28)
Taking Eqs. , 7 and into the governing equations and the
associated boundary conditions (Egs. —) in conjunction with Egs.
and , the system can be linearized in the CUS lay-up configuration. Actually
the linear system can be split into two subsystems, one governs the lateral
bending-vertical bending coupling motion (flap-lag) and the other governs the

twist-extension coupling motion.
BB-subsystem (Lateral Bending-Vertical Bending coupling).

5“0 : [a249/z + CL340’I —+ a44(u6 + 92) —+ a45(w6 =+ 9»5)]/ + Py + blﬂQ[R(y)ua]'

— by [iig — 2Q0g — Q2ug] + 5, P’ (y) [A?”fvl cos 3 + AV sin 5}

+ B'P(y) [—AleVl sin 3 + AP;QZV;), cos 6} =0,
(29a)

Swo : [assbl, + asstl + ass(uf + 02) + ass(wh + 0,)] + b1 QP [R(y)wp]’
~ byio + ps + 6,P'(y) [Ag?zv?, cos B — AQ"V; sin B (29b)

— B'P(y) .A3QZV3 sin 3 + A?“fvl cos ﬂ] =0,

16



69@ : [a239’z + a339; + a34(u6 + 9Z) + (135(11}6 + em)]/ — [a250; + a359;

+ ass(ug + 02) + ass(wy + 0,)] +my — baby — bel, — %i)

(29¢)
+ (048, + b6h.) + 6, P (y) [AL Vi cos B — A V3 sin f]
+ P(y)[(— A"+ ATV sin B — (AF* B’ + AF*) Vs cos B] = 0,
80, : I:CLQQG,Z + a239;. + a24(u6 + 92) + a25(w6 + 9;8)]' — [a249; + a349;
+ a44(u6 + Qz) + a45(w6 + 993)] +m, — b5éz — b6<9$ — W
(29d)
+ Q% (b5, + beb,) + 6, P (y) [AL* V3 cos B+ A"V, sin B]
— P(y)[(AY=B' + AF*)Vysin B — (AM=5' — AL")V; cos ] =0,
the boundary conditions are
at y =0:
U():’wo:ax:ozzo, (30)
and at y = L:
dug : aga(L)0, + aza(L)0, + asa(L)(uf + 0,) + ass(L)(wf + 0.) (318)
3la
+4, [A?Ivl cos B(L) + A% Vs sin 5(L)} = Q..
dwp : a25(L)9; + a35(L)9; + a45(L) (ug + QZ) + a55(L)(w6 + 935) (31b)
+4, [A?ZVE; cos B(L) — A%*V; sin ﬁ(L)} - Q..
80, : azs3(L)0, + ass(L)0, + aza(L)(uh + 0.) + ass (L) (wh + 0,) (310
c
+ 65 [AY*V; cos B(L) — AY#V3sin B(L)] = M,,
00, : a22(L)9/Z + agg(L)H; + a24(L)(u6 + 9z> + a25(L)(w6 + Hm) (3]_d)

+ 85 [AY* V3 cos B(L) + A" Vi sin B(L)] = M.

17



TE-subsystem (Twist-Extension coupling).

vo : anyvg + arrd” + py + 6, P (y)[A3 Ve + A V]
(32a)
— b [io + 20110 — Q*(Ro +y + vo)] =0,

8¢ : airvy + arr¢” — aged'™ +my + b, + 6, P (y) [AY Vs + AV V)

+ Q2[(b4 + b5)R(y) ¢ — b10Q2%¢" =0,

the boundary conditions are
aty=0:
vw=d=¢ =0, (33)

and at y = L:

5’[)0 : (111’[)6 + 0417¢/ + 55 [Agy‘/Q + Azyv;d - Ty, (34&)

8¢ : airvy + arrd’ — algd + bio(¢) — Q%¢)
(34b)
+ 0, [AY YV, 4 6. ANV, = M,

5¢" : aged” = Bu, (34c)

wo In these equations, for the cases (a) the actuator is spread over the entire beam
span (b) the actuator is a single patch, the traces have to be taken as (a) d, =0
and s =1 (b) d, = 1 and §; = 0, respectively. Note that, the two subsystems

are independent when Coriolis effects are discarded.

6. Solution methodology

ws  0.1. The Extend Galerkin’s Method

The Extend Galerkin’s Method (EGM) [36], 87, 33] is applied to discretize the

system for numerical study. The underlying idea of EGM is to select weighting

18
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(or shape) functions that exactly satisfy only the geometric boundary conditions
(y = 0). The terms arising as a result of the non-fulfillment of natural boundary
conditions (y = L) remain as residual terms in the energy functional itself, which
are then minimized in the Galerkin sense [38], thus yielding excellent accuracy

and rapid convergence [37]. Let

uo(y,t) = Ty (y)au(t),  voly,t) = T3 (y)au(t),  woly.t) = Ly (y)au(t),
S,t) = WL (W)as(t), 0:(y,t) =T (W)a(t), 0z(y,t) = L (y)a.(1),
(35)
where the shape functions ®7 (y), ¥ (y), 5 (y), 5 (y), 5 (y) and ¥ (y)
are required to fulfill the geometric boundary conditions. Thus the discretized

forms of the BB- and TE-subsystems follow as

Mg, rd5,7 + Kg/r + CKp/rlasr + A2 Ve/r = Qp)1) (36)

where

T T
ar={al o} o o} . ar={d’ o} . (37)

T T

ve={vi v}, vi={wn w} . (38)

The subscript B and T denote the matrix/vector of BB- and TE-subsystems,
respectively. The expressions for mass matrix Mg 7, stiffness matrix Kp 7, ad-

ditional stiffness matrix K BT, actuating matrix Ag,r and external excitation

vector Qp,r are given in [Appendix D

6.2. Negative velocity feedback control
We assume the sensor can offer the velocity information at the beam span y =
Y, then the actuating voltage vector Vg ,r for the negative velocity feedback

control algorithm [39] B1] can be rewritten as

Vi A
VB = = .
Vs —ks[02(Y5, )]

_ ky [HI.(YS, t)cos 5+ Qz.(YS, t) sin ] P (Yan().
—k3[—0.(Ys, t)sin 8+ 0,(Ys, t) cos 3]

19
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Vs —kodP (Y, t —koop(Ys, t
N T i T B G A T )
Vi —kyP (Y5, 1) —ksp(Ys, 1)

where, k; (i = 1,2,3,4) are defined as feedback control gains. The expressions

of control matrices P, are given in As a result, the closed-loop
dicretized system Eq. becomes

Mg, r857(t) + AprPp/rds/7(t) + [Kp/7 + CKp/rlasr(t) = Qp/r(t).
(41)

7. Model validations

The model validation is implemented on two aspects, viz., frequency and
actuating performance. At first, Table [I] compares the frequency predictions
of an unpretwisted rotating beam with the FEM results in Ref. [40] and the
experimental data in Ref. [7], showing good agreements. The geometry and
material properties of the box beam used in this validation are shown in Table

Table [3] further compares the frequency predictions of a pretwisted and un-

rotating beam. The characteristics of the beam are given as [31], p. 275]

aby =487.9N -m? af, =226 N-m? da}, =aly =3.076 x 10° N . m?
abs = ah, =0, b =0.3447 kg/m, b} =8.57 x 107 kg - m,

W=019x10"*kg-m, b5 =0, L=0.1524m.

The present displayed predictions are in good agreement with the results of
Ref. [10].

Next, a 1/16th scale blade with NACA 0012 airfoil cross-section of Fig. [5|is
used for actuating performance validation. Material properties of E-glass and
AFC layers are shown in Table [d] Fig. [f] plots the tip twist angle varying with
applied voltage, showing a good agreement with Ref. [4T].
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Table 1: Frequencies at 2 = 1002 rpm for CUS lay-up configuration (Hz)

a

[75ls 90/60]3
Mode Exp. [7] FEM [40] Present | Exp. [f] FEM [40] Present
Flap 1 36.49 34.63 36.65 39.54 38.71 39.26
Lag 1  53.73 47.31 55.79 56.42 54.38 56.44
Flap 2 202.2 188.0 202.45 222.3 215.8 220.3
“ v =pPo=0,2=1002rpm, Ry =0
Table 2: Details of thin-walled composite box beam for validation [7]
E1y 1.42 x 10" N/m*>  Density (p ) 1.442 x 10 Kg/m®
By =E33 9.8 x10°N/m>  Width (2b%) 2.268 x 1072 m
Gia =Gz 6.0x10°N/m?>  Depth (2d2) 1.212 x 102 m
Gas 4.83 x 10° N/m®  Number of layers (N;) 6
12 = 13 0.42 Layer thickness 1.270 x 10~* m
123 0.50 Length (L) 0.8446 m

% Inner dimensions of the cross section.

Table 3: Comparison of coupled flapping-lagging frequencies of a pretwisted beam ¢ (Hz).

Mode
Ref. [10]

Present

1BB
62.0
62.1

2BB 3BB
305.1  949.0
305.3 951.3

4BB
1206.1
1209.2

v =0,8=45°Q=0,Ry=0

8. Numerical study and discussion

Although the governing equations are valid for a thin-walled beam with an

arbitrary closed-cross section, for the sake of illustration, the beam with a typical

rectangular cross-section of Fig. [2]is considered here. Material properties and

geometric specifications of the host structure are shown in Table 5] The piezo-

actuator is manufactured by signal crystal MFC, whose material properties are

given in Table [l We assume the piezo-actuators are spread over the entire

beam span and bonded outside the host structure. The lay-up configurations
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Figure 5: NACAOQO012 airfoil cross-section (unit: m)

Table 4: Material properties of E-glass, AFC, and single crystal MFC (S-MFC)

Material property E-Glass [41] AFC [41] S-MFC [42]
By (Gpa) 14.8 30.54 6.23

E5 (Gpa) 13.6 16.11 11.08

G1s (Gpa) 1.9 5.5 2.01

12 0.19 0.36 0.229

dyy (x10712 m/V) N/A 381 1896.5

da (x10712 m/V) N/A -160 -838.2

p (Kg m™?) 1700 4810 5338.3
Thickness (x10~% m) 2.032 1.689 17
Electrode spacing (x10™3 m) N/A 1.143 1.7

for the host structure and the piezo-actuator are listed in Table [f] The sensor

is located at the beam tip, i.e., Yy = L.

8.1. Study of piezo-actuator coefficients

The piezo-actuator coefficients A:X appearing in Egs. and are plot-
s ted as a function of piezo-actuator ply-angle 6, in Figs. El and [8] Note that, the
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Figure 6: Tip deflection for NACA 0012 airfoil

Table 5: Material properties (Graphite-Epoxy) and geometric specifications of the thin-walled

box beam
Material Value Geometric Value
By 206.8 x 10 N/m?  Width (2b%) 0.254 m
Eyy = Fs 5.17 x 10° N/m? Depth (2d%) 0.0681 m
G2 =Gis 2.55 x 10? N/m? Wall thickness (h) 0.0102 m
Gas 3.10 x 10? N/m? Number of layers (Ny) 6
12 = p13 = pog  0.25 Layer thickness 0.0017 m
p 1.528 x 10% Kg/m?® Length (L) 2.032m

% The length is measured on the mid-line contour.

piezo-actuator coefficients appearing in BB- and TE-subsystems are indicated

by solid and dashed lines, respectively. Two distinct trends can be concluded in
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Table 6: CUS lay-up configurations (deg)

Flanges Webs
Layer Material Top Bottom Left Right
CUS (7) Piezo-actuator [0,]  [6,] 0] [6,)
CUS (1-6) Host structure [On]s  [Or]e [Orle  [Onls

¢ 0, and 0}, denote the ply-angles in piezo-actuator and host structure.

the results of Figs. [7| and [8, One including bending coefficients (A=, A=)
and extension coeflicients (Agy, Afy) shows a symmetric dependence centered
around 6, = 90°. The other characterizing transverse shear coefficients (A?m,
A$7) and twist coefficients (A3"Y and A}"Y), instead, presents an anti-symmetric
trend. Moreover, their values equal to zero when 6, = 0°, 90°,180°, and their

maximum absolute values reached for 6, ~ 42, 138°.

"0 30 60 90 120 150 180
Ply angle 9p (deg)

Figure 7: Actuating moment coefficients as a function of piezo-actuator ply-angle 6, in CUS

lay-up configuration.

IThe reason for A{W”” and .Aéwz exhibiting the opposite trends is the reverse definition of

0 in Fig. [}
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Figure 8: Actuating force coefficients as a function of piezo-actuator ply-angle 6, in CUS

lay-up configuration.

8.2. Study of anisotropic characteristic of piezo-composite

8.2.1. BB-subsystem

Considering that the lateral bending-vertical bending elastic coupling has a
significant effect on flapping and lagging motions, the weak and strong elastic
coupling cases should be investigated separately. For an unpretwisted beam,
the elastic coupling is just related to stiffness coefficients as; = a12’5 and asyq =
ak, [33]. Fig. |§| depicts all non-zero stiffness coefficients a}; in BB-subsystem as
a function of host ply-angle 6. It can be seen that aby and af, are negligible
during 0° < 68, < 30° or 150° < 6, < 180°. Thus, 6, = 15° and 6, = 75° are
selected to study the weak and strong elastic coupling cases, respectively.

Figures [10] and [I1] plot damping ratios of the first four modes as a function
of piezo-actuator ply-angle 6, for the weak and strong elastic coupling cases,
respectively. The damping ratios in Figs. and follow the trend of coef-
ficients (AM® AMZ) in Fig. E and (A9", .Ang) in Fig. |8 respectively. This

implies that bending moment actuation and transverse shear force actuation
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Stiffness coefficients

0 30 60 90 120 150 180
Ply angle o, (deg)

Figure 9: Stiffness coefficients af jasa function of host structure ply-angle 8}, in BB-subsystem;

units: a§2 (N - m?), a1275 (N - m), a§3 (N - m?), a§4 (N - m), ai4 (N) and a§5 (N).

play the dominate role in weak and strong elastic coupling cases, respectively.
As a result, the optimum piezo-actuator ply-angle for 6, = 15° and 6, = 75°

cases are ¢, = 90° and 0, = 130°, respectively.

8.2.2. TE-subsystem
Figure [12] depicts damping ratios of the first three twist modes as a function
of 6, for selected two host structure cases, i.e., 0, = 15° and 8, = 75°. It can

been seen that ¢, ~ 135° yields the best twist control authority.

8.3. Study of host structure tailoring
8.3.1. BB-subsystem

Figure plots frequencies of the first four modes of BB-subsystem as a
function of host ply-angle ;. According to the weak and strong elastic coupling
cases, it is reasonable to split the domain of 6}, into ” Decoupling” and ” Couping”
two parts, see Fig. Note that, according to their mode shapes, the first four
modes of BB-subsystem can also be denoted as Flapl, Lagl, Flap2 and Lag?2 for

26



%107

16
RN, ——1BB (Flap1)
R SO [ 2BB (Lag1)
121 ',' ‘. |---3BB (Flap2)| |
, I 4BB (Lag2)
il
©
(@]
£
o
=
©
a

0 30 60 90 120 150 180
Ply-angle in piezo-actuatorep (deg)

Figure 10: Damping ratios of BB-subsystem (6, = 15°) as a function of piezo-actuator ply-
angle 0p; k1 = k3 =100, 2 =0, v0 = o = 0.
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Figure 11: Damping ratios of BB-subsystem (6, = 75°) as a function of piezo-actuator ply-

angle 0p; k1 = k3 =100, 2 =0, v0 = o = 0.
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Figure 12: Damping ratios of TE-subsystem as a function of piezo-actuator ply-angle 6);

ko = k4 =10, Q2 =0, v0 = Bo = 0.

weak elastic coupling cases. However, there will be no pure flapping or lagging
modes for strong elastic coupling cases.

Damping ratios of the first four modes of BB-subsystem are highlighted in
Figs. and for selected two piezo-actuator ply-angle cases, viz., 8, = 90°
(bending moment actuation dominated) and 6, = 130° (transverse shear force
actuation dominated). It can be seen that host ply-angle 0;, has a significant
effect on damping ratios. 6, = 90° and ¢, = 130° would be the better choice

for weak and strong elastic coupling cases, respectively.

8.3.2. TE-subsystem

A typical extension mode cross phenomenon can be seen in Fig. which
depicts frequencies of TE-subsystem as a function of 8. The results of Fig.
show that host ply-angle 8} has a significant effect on damping ratios of the twist
modes. Note that, the damping ratios change suddenly during the mode cross

regions in Fig. and this can be seen more clearly in Fig. [I§| that depicts the

damping ratios for 6, = 90° case. In 8, = 90° case, the direct twist actuations
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Figure 13: Frequencies of BB-subsystem as a function of host structure ply-angle 6; 2 = 0,
Yo = Bo = 0.
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Figure 14: Damping ratios of BB-subsystem as a function of host structure ply-angle 6j;
k1 = ks =100, Q =0, v0 = Bo = 0.
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Figure 15: Damping ratios of BB-subsystem as a function of host structure ply-angle 6j;

k1 = ks =100, Q2 =0, v0 = Bo = 0.

(Aéw Y, .Aiwy) are immaterial. Damping ratios of the twist modes are induced by

the extension actuations (A;Fy, A:‘fy) via the twist-extension elastic coupling.

8.4. Study of rotor speed and presetting angle

8.4.1. BB-subsytem

Figures [I9 plots frequencies of the first three modes of BB-subsystem as a
function of rotating speed §2 for the weak elastic coupling case. Since centrifugal
stiffening effect is more significant in flapping modes than in lagging modes, a
frequency crossing of fundamental lagging and flapping modes can be seen in
Fig. for the un-presetting beam (yp = 0). In addition, both in Figs.
and it can be found that depending on the flapping and lagging modes,
the increase of presetting angle 7, yields either an enhance or weaken effect
on centrifugal stiffening effect, respectively. The results of Fig. 21| present that
with the increase of ), damping ratios of the flapping modes decrease more
significantly than the lagging mode does.

For the strong elastic coupling case, frequencies and damping ratios of the
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Figure 16: Frequencies of TE-subsystem as a function of host structure ply-angle 6;; Q = 0,
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Figure 17: Damping ratios of TE-subsystem as a function of host structure ply-angle 6y;

ko = k4 =10,Q2=0, v0 = Bo = 0.
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Figure 18: Damping ratios of TE-subsystem as a function of host structure ply-angle 6j;

ko = k4 =10, Q2 =0, v0 = Bo = 0.
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Figure 19: Frequencies of BB-subsystem vs. rotating speed €2 for selected presetting angles

Y05 O, = 15°, 0, = 90°, k1 = k3 = 100, Ry = 0.1L.
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Figure 20: Frequencies of BB-subsystem vs. presetting angle vo; 0, = 15°, 6, = 90°, k1 =
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Figure 21: Damping ratios of BB-subsystem vs. rotating speed 2 for selected presetting angles
Yo; 0, = 15°, 0p = 90°, k1 = k3 = 100, Rg = 0.1L.
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first three modes are shown in Figs. and respectively. Since the elastic
coupling will be further enhanced by the centrifugal stiffening effect, in Fig.
there is no typical flapping-lagging frequency crossing phenomenon as shown in
Fig. During the region near Q =~ 500 rad/s, the frequencies of 1BB and 2BB
modes are very close but not cross for the un-presetting beam (7o = 0). And
their damping ratios present sudden changes during this region, see Fig. 23]
The influence of presetting angle 7y on the damping ratios for the strong elastic

coupling case can be seen more clearly in Fig.
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Figure 22: Frequencies of BB-subsystem vs. rotating speed 2 for selected presetting angles
Yo; On, = 75°, 0p = 130°, k1 = k3 = 100, Rop = 0.1L.

8.4.2. TE-subsystem

Figures. 25 and [26] plot frequencies and damping ratios of the first three
twist modes as a function of §2, respectively. The additional torsional stiffness
induced by centrifugal force yields an increase of frequency in Fig. and a
decrease of damping ratio in Fig. [26] Since the increase of presetting angle 7o
will yield an increase of the softening tennis-racket term, the fundamental twist

frequency exhibits a significant decrease in Fig. However this destiffening
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Figure 23: Damping ratios of BB-subsystem vs. rotating speed 2 for selected presetting angles

~o; O, = 75°, 0, = 130°, k1 = ks = 100, Ry = 0.1L.

0.012 ‘
3B
0.01F L 1
© 0.008 " :
= — =200 rad/s
= = ==0=600 rad/s
€ 0.006 - i
% ™ 1BB
0 0.004 | 1
------------- R
0.002 . - 33\ -
ZBB\ _____
0 == _\ - -\ ----- L L L
0 15 30 45 60 75 90

Presetting angle % (deg)

Figure 24: Damping ratios of BB-subsystem vs. presetting angle vo; 0, = 75°, 6, = 130°,
k1 = ks = 100, Rg = 0.1L.
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effect is immaterial for higher twist modes. This conclusion can also be identified
in Fig. which highlights the influence of 7y on the twist damping ratios. In
Fig. 28] with the increase of 7y, damping ratio of the fundamental twist mode

increases until vy = 75°, then slightly decreases.
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Figure 25: Frequencies of TE-subsystem vs. rotating speed €2 for selected presetting angles
Y03 eh = 750, 9p = 13007 kz = k4 = 10, Ro =0.1L.

8.5. Study of pretwist angle

In order to model helicopter and tilt rotor blades, a special case of Eq.

is assumed,
B(y) = Bo — Boy/L. (42)

This will make the pretwist angle at the beam tip equal to zero, i.e., S(L) = 0.

8.5.1. BB-subsystem

For fiber-reinforced blades, pretwist angle will make flapping and lagging
motions coupled strongly, thus we just consider 8, = 75° this case here. Fig.
depicts frequencies of the first three modes of BB-subsystem as a function of

pretwist angle 3y. For the unrotating case, the fundamental frequency (1BB) is
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Figure 26: Damping ratios of TE-subsystem vs. rotating speed 2 for selected presetting angles
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Figure 27: Frequencies of TE-subsystem vs. presetting angle vo; 6, = 75°, 6, = 130°,
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ko = kg =10, Rp = 0.1L.

not sensitive to pretwist angle Sy. However it decreases significantly with the
increase of By for the high speed rotating case (2 = 600 rad/s).

In order to study the relationship between damping ratios and pretwist angle
Bo, two piezo-actuator cases, i.e., 6, = 130° (transverse shear force actuation
dominated) in Fig. [30|and 6, = 90° (bending moment actuation dominated) in
Fig. [31] are considered. According to the previous discussion, we know for the
strong elastic coupling case, transverse shear force actuation is more efficient
than bending moment actuation when the beam is unpretwisted. However for
a pretwisted beam, transverse shear force actuation may lose control for 2BB
mode, and even induce a negative damping ratio for the high speed rotating
case, see Fig. On the other hand, bending moment actuation can guarantee

the balanced positive damping ratios for an arbitrary pretwisted angle 3, see

Fig. B1}
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8.5.2. TE-subsystem

The influence of pretwist angle Sy on frequencies and damping ratios of the
twist modes are illustrated in Figs. and respectively. It can be seen the
influences of 3 are negligible both in Figs. 32 and [33]

9. Conclusions

A fiber-reinforced composite rotary thin-walled beam theory incorporating
piezo-composite actuators is developed. The circumferentially uniform stiffness
(CUS) lay-up configuration is adopted to decouple the system into two inde-
pendent subsystems, viz., flapping-lagging coupled BB-subsystem and twist-
extension coupled TE-subsystem. Based on a simple negative velocity feed-
back control algorithm, the relationships between control authority and piezo-
actuator, host structure elastic tailoring, rotating speed, presetting and pretwist
angles are investigated. As shown in Figs. and piezoelectric transverse

shear force (in dashed lines) and bending moment (in solid lines) have the better
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control authority on strong and weak bending-bending elastic coupling cases,
respectively. Actually for the strong elastic coupling ( 6, = 75°) case, damp-
ing ratios induced by piezoelectric transverse shear force are over twice those
induced by piezoelectric bending moment. The design factors, such as rotating
speed (see Figs. and , presetting angle (see Fig. and pretwist angle
(see Figs. [30] and [B1)), all have significant effects on control authority of BB-
subsystem. However, the results of Figs. and [33] make clear that these

factors influence significantly only the fundamental twist mode of TE-subsystem.
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Appendix A. 1-D inertial coefficients b;;

by =W, b =0,
by = bl cos? B+ bE sin? 3 — 2bE sin 3 cos 3,
bs = bL cos? B 4 b sin? B + 2bE sin 3 cos 3,

be = bE(cos® B —sin? B) + (b — bE) sin 3 cos 3,

in which

th

(bzlja bia b]5)a bzﬁ)a bJIJO) :f(la 227 JJ y L2,y F Z/ P(k)dn ds.

C

s Appendix B. Global stiffness quantities a;;

_ P _ P _ P _ P
ail = @y, Q16 = A1, A17 = A7, Q18 = O3y,

_ 4P _ 4P _ 4P _ 4P
A28 = Qog, A6 = Ugg, A7 = Ag7, A8 = Ugg,

_ P _ P _ P
ary = Q77, Arg = Qpg, Ag8 = (gg-

. P .
ajz = aycos B+ alysin B, a3 = ajzcos B — alysin g,
— P cos P _
ajg = af,cos B+ alssinB, a5 =alycos B —al,sinp,
age = abgcos B+ ahgsin B,  agr = ab; cos B+ ak, sin 3,
ase = ahgcos B — abgsin B, asr = ak, cos B — ab,sin 3,
asg = abgcos B — abgsin B, ass = alig cos B+ akgsin 3,
asr = afj;cos B+ ab,sin B, ass = algcos B+ abgsin g,
ase = abgcos f — algsin B, asy = aky cos B — ali; sin B,

ass = abg cos f — alg sin 3.
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agy = aby cos® B+ abysin® B + 2ab, cos Bsin S,
ag3 = abs(cos® B —sin? B) + (ahs — ab,) cos Bsin 3,
agq = ab, cos® B+ abssin® B + (abs + ab,) cos Bsin B,
ags = aby cos® B — ah, sin? B + (ahs — ab,) cos Bsin f,
asz = aby cos® B+ ab, sin? B — 2ab, cos Bsin
azq = ab, cos® B — abs sin? B + (ahs — ab,) cos Bsin f,
ass = aky cos® B+ ab, sin? B — (ak, + abs) cos Bsin j,
ag4 = ak, cos® B+ alysin® B + 24}, cos Bsin S,
ags = als(cos® B —sin? B) + (aks — ak,) cos Bsin 3,
ass = aly cos® B+ ak, sin® B — 2al; cos Bsin B.

p

Note that, the definitions of local stiffness quantities a’; are given in the Ap-

ij
pendix of Ref. [29].

Appendix C. The piezo-actuator coefficients A;X

The subscript ¢ = 1,2, 3,4 of piezo-actuator coefficients A1X denote the op-

eration

AX:/A)T(ds—/A)des, AX:/A¥ds+/A§ds, (C.1a)
T B T B

A Z/Afds—/ Axds,  Af :/Afder/ AX ds, (C.1b)
L R L R
where T', B, L and R denote top, bottom, left and right wall, respectively. And

AX are given as

Np

A (k2 — ng1)

Ty 12 k2 k1

e (cor= Gizew) BT R (2
Np

ANz 3 {x (eyy _ im ess) Mpk(s)
k=1 " h (C.2b)

dz [1 B Nk2 — 1
~ s Lot +ma) - ] PR,
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Np

AMT = Z {Z <eyy - ji%s) (nmh;nmpk( )

k=1
dzx

By (N2 — ng1)
1, SSs %P )
22 (et +may - B2, | (12 —miad )

N,
“dax Asg (nk2 — Nk1)
.AQI = - <6s - ess) ———P(s),

; ds Y Aqq h k( )

N,
Ldz A (nk2 — nk1)
Qz:§: _ 16 \Pk2 — kL)
A 3 (esy Alless> 3 Py (s),

Np

A1 =57 {u) (e - G0 ) P2 )

k=1
Bwess] (nkgi;nkl)ﬂs( )}

1
+2 |:2esy(nk1 + ng2) — A1

Np

=3 {@ e+ <eyy - jﬁess> wﬂc( )

k=1
1 B Ng2 — N
+ 2ry, [2 Cyy nkl +nk2) Aijess:| %PJQ(S)}
Appendix D. Matrix via the Extended Galerkin’s Method

Mass matrix

by W, WL 0 0 0
L 0 b, ¥T 0 0
MB _ / 1 w w dy,
0 0 0 R R A O 74
0 0 bW, BT bW, BT
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(C.2d)

(C.2¢)

(C.2f)

(C.2g)

(C.2h)

(D.1)



L bl\IlU\I};I; 0
My — / . | dw. (D.2)
0 0 (b4+b5)\1’¢‘I’¢ +b10‘1’/¢\1’/¢

Stifflness matrix

r T ' T ' T ’ T ' T ’ T
FUVR 2 ZRCPOR 0 ZHCHIPIVE 70 JACKREPI, 7 LIPSO 2 NI 2
rat T g T ’ T ' T ’ T
CL55'~I’W'~I’W a35\Ilw\IIm =+ a55\Ilw\Ilw (125‘1’1“‘1’2 + a45\1'w\1'2

KB = fL dy7
0 K55 K56
Symm Koo
(D.3)
with
T T
Kss = ags ¥/ ¥/ " + CL35‘I’;‘I’IT + a3 ¥, P, + ass 0, ¥, ",
Ksg = aps W 0.7 4+ a5, 0 0.7 4 4050, 0.7 4 0450, 0.7 (D.4)
Koo = a0 0.7 + a0 @ 0.7 4 00,0, 0" 40,0, 0.7
L I ray T
a1V, ¥ a7V, ¥
Kr :/ He T e .| dw. (D.5)
0 CL17‘I’/¢‘I’; CL77‘I’;5‘I’/¢ + aGG‘I’g‘I’g
Additional stiffness matrix
blR(y)‘Il;‘I’;T - bl‘I’u‘I’uT 0 0 0
N 0 b R(y)®, w/ " 0 0
Ry — [ 1R(y) ., aw,
0 —by U, —bgW, W,
0 0 —bs @0, b0, W T
(D.6)
. 0@, ¥, 7 0
Kr = OL 1 T rat T rat T dy.
0 *(b4 — b5 — b6)\1’¢‘I’¢ -+ (b4 + b5)R(y)\I’¢\I/¢ — b10‘p¢q’¢
(D.7)
Actuating matrix
AW cos B AZ* W/ sin 3
L —A9"W! sin 3 AZ* W/ cos 3
AB = fO M Qux . M . Q= P(y) dy
AMEW! cos f— A W, sin — AW sin § 4+ A7, cos 8
AMEW! sin B+ AL W, cos . AV cos f + AFW, sin 3
(D.8)
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L .AQTy\II/ Azy\I’/
ATZ/ My 7; My 1: P(y)dy. (D.9)
0 | A \I’¢ Ay 'Il¢
External forces vector
Sy pe®udy + Q¥ (L)
L —
P:¥ydy + Q¥ (L
Qs = fg i () : (D.10)
fo m,W,dy + M, ¥, (L)
S m. . dy + MW (L)
Lo —
Qr=94 _ _ . (D.11)
fo (Q%G +my + by)¥sdy + [My‘I'¢(L) + Bw‘I’;ﬁ(L)]

270 Control matrix

0 0 kycos B(V,)®, " (V,) klsian;)\IlzT(Ys)]
Py = (D.12)
0 0 kssinB(Yy) W, (Y;) —kscosp(Y,)®. ()
_ T
pp |0 TRe¥e (Y (D.13)
0 —kaW,T (V)
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