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We are interested in stochastic control problems coming from mathe-
matical finance and, in particular, related to model uncertainty, where the un-
certainty affects both volatility and intensity. This kind of stochastic control
problem is associated to a fully nonlinear integro-partial differential equation,
which has the peculiarity that the measure (A(a, -)), characterizing the jump
part is not fixed but depends on a parameter a which lives in a compact set A
of some Euclidean space R?. We do not assume that the family (A(a, -))4 is
dominated. Moreover, the diffusive part can be degenerate. Our aim is to give
a BSDE representation, known as a nonlinear Feynman—Kac formula, for the
value function associated with these control problems. For this reason, we in-
troduce a class of backward stochastic differential equations with jumps and
a partially constrained diffusive part. We look for the minimal solution to this
family of BSDEs, for which we prove uniqueness and existence by means of a
penalization argument. We then show that the minimal solution to our BSDE
provides the unique viscosity solution to our fully nonlinear integro-partial
differential equation.

1. Introduction. Recently, Kharroubi and Pham [27] introduced a new class
of backward stochastic differential equations (BSDEs) with nonpositive jumps
in order to provide a probabilistic representation formula, known as a nonlinear
Feynman—Kac formula, for fully nonlinear integro-partial differential equations
(IPDEs) of the following type (we use the notation x.y to denote the scalar prod-
uct in RY):
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where A is a compact subset of R?, E is a Borelian subset of RF \ {0}, and X is a
nonnegative o -finite measure on (E, B(E)) satisfying the integrability condition
[ A le|*)A(de) < oo. Notice that the case f = f(x,a) is particularly relevant,
as (1.1) turns out to be the Hamilton—Jacobi—Bellman equation of a stochastic
control problem where the state process is a jump-diffusion with drift b, diffu-
sion coefficient o (possibly degenerate), and jump size 8, which are all controlled;
a special case is the Hamilton—Jacobi—Bellman equation associated to the uncer-
tain volatility model in mathematical finance, which takes the following form:

5
(12) a—:+G(D§u):o on[0,7) xRY,  w(T,x)=g(x), xeRY

where G(M) = % sup.cclcM] and C is a set of symmetric nonnegative matrices of
order d. As described in [30], the unique viscosity solution to (1.2) is represented
in terms of the so-called G-Brownian motion B under the nonlinear expectation
E(-) as follows:

v(t,x) =E(g(x + Br — By)).

It is, however, not clear how to simulate G-Brownian motion. On the other hand,
when C can be identified with a compact subset A of a Euclidean space R?, we
have the probabilistic representation formula presented in [27], which can be im-
plemented numerically as shown in [24] and [25]. We recall that the results pre-
sented in [27] were generalized to the case of controller-and-stopper games in [6]
and to non-Markovian stochastic control problems in [15].

In the present paper, our aim is to generalize the results presented in [27], pro-
viding a probabilistic representation formula for the unique viscosity solution to
the following fully nonlinear integro-PDE of Hamilton—Jacobi—Bellman type:

d 1
8—: + sup[b(x, a).Dyv + 3 tl‘(O’O’T(x, a)D)zcv) + f(x,a,v, o (x, a)Dyv)
acA

+ _/;E(v(t,x + B(x,a,e)) —v(t,x) — B(x,a,e).Dyv(t, x))A(a, de)]

(1.3)
=0 on[0,7T) x RY,

(T, x)=gx), xeR?,

where A is a transition kernel from (A, B(A)) into (E, B(E)); namely, A(a, -) is a
nonnegative measure on (E, B(E)) forevery a € A, and A(-, E') is a Borel measur-
able function for every E’ € B(E). We do not assume that the family of measures
(Ma, -))aea 1s dominated. Moreover, the diffusion coefficient o can be degenerate.

Our motivation to study of equation (1.3) comes from mathematical finance
and, in particular, from model uncertainty, when uncertainty affects both volatility
and intensity. This topic was studied by means of second order BSDEs with jumps
(2BSDEJs) in [22] and [23], to which we refer for the wellposedness of these kinds
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of backward equations; see also [34]; however, notice that with respect to [23], we
are able to treat PDEs with degenerate diffusion coefficient; moreover, as in [27],
the advantage of our probabilistic representation might be the development of an
efficient numerical scheme for equation (1.3), as in [24] and [25] for equation (1.1)
starting from the representation derived in [27]. Model uncertainty is also strictly
related to the theory of G-Lévy processes and, more generally, of nonlinear Lévy
processes; see [16] and [28]. In this case, the associated fully nonlinear integro-
PDE, which naturally generalizes equation (1.2), takes the following form:

1
— 4+ sup |:b.va + ~tr(cD?v)
M (bc,F)e® 2

+ /E(v(t,x +2z)—v(t,x)— va(t,x).z1{|251})F(dz):|

(1.4)
=0 on[0,T) xRY,

o(T,x)=g(x), xeR’

where © denotes a set of Lévy triplets (b, ¢, F); here b is a vector in RY, cisa
symmetric nonnegative matrix of order d and F is a Lévy measure on (R4, B(R?Y).
From [16] and [28], we know that the unique viscosity solution to equation (1.4) is
represented in terms of the so-called nonlinear Lévy process X under the nonlinear
expectation £(-) as follows:

v(t,x) =E(g(x + Xr — Xp)).

If we are able to describe the set ® by means of a parameter a which lives in a
compact set A of an Euclidean space R?, then (1.4) can be written in the form (1.3).
Therefore, v is also given by our probabilistic representation formula, in which the
forward process is possibly easier to simulate than a nonlinear Lévy process.
More generally, we expect that the viscosity solution v to equation (1.3), when
f = f(x,a), should represent the value function of a stochastic control problem
where, roughly speaking, the state process X is a jump-diffusion process, which
has the peculiarity that we may control the dynamics of X changing its jump in-
tensity, other than acting on the coefficients b, o and 8 of the SDE solved by X.
We refer to this problem as a stochastic optimal control problem with (nondom-
inated) controlled intensity. Unfortunately, we did not find any reference in the
literature for this kind of stochastic control problem. For this reason, and also be-
cause it will be useful to understand the general idea behind the derivation of our
nonlinear Feynman-Kac formula, we describe it here, even if only formally. Let
(Q, F, P) be a complete probability space satisfying the usual conditions on which
a d-dimensional Brownian motion W = (W,)tzo is defined. Let F = (}_',),20 de-
note the usual completion of the natural filtration generated by W and A the class
of control processes «, that is, of I_F—predictable processes valued in A. Let also
Q' be the canonical space of the marked point process on Ry x E (see Section 2
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below for a deﬁnition) with canonical right-continuous filtration " and canonical
random measure 7’. Then consider (Q, F,F=(F)i=0), defined as 2 := QxQ,
F=F® F., and F; = Ny=: Fs ® F;. Moreover, we set W(w) := W (),
T(w,) :=7'(e, "), and A= {a:a(w) = @(®), Yo € Q, for some @ € A}. Sup-
pose that for every o € A we are able to construct a measure P* on (€2, F) such
that W is a Brownian motion, and 7 is an integer-valued random measure with
compensator 1y 7. A (e, de)dt on (2, F,F,P*), where Ty, denotes the supre-
mum of the jump times of the marked point process associated to 7. Then, con-
sider the stochastic control problem with value function given by (E“ denotes the
expectation with respect to P%)

T
(1.5) v(t,x) = SupE“[/ f(Xé’xa )a’s+g( txa)]’
acA t

where X’*% has the controlled dynamics on (2, F, F, P%)
dX¢ =b(X{,05)ds + o (X, a5)dWs +/;5'3(ng’ o, e)T(ds, de),

starting from x at time ¢, with 7 (dt,de) = n(dt,de) — 1 <1, yA(0, de) dt the
compensated martingale measure of 7. As mentioned above, even if we do not ad-
dress this problem here, we expect that the above partial differential equation (1.3)
turns out to be the dynamic programming equation of the stochastic control prob-
lem with value function formally given by (1.5). Having this in mind, we can now
begin to describe the intuition, inspired by [26] and [27], behind the derivation of
our Feynman—Kac representation formula for the HIB equation (1.3) in terms of a
forward backward stochastic differential equation (FBSDE).

The fundamental idea concerns the randomization of the control, which is
achieved by introducing on (€2, F,P) a g-dimensional Brownian motion B =
(B,),>o, independent of W. Now F denotes the usual completion of the natural
filtration generated by W and B. We also set B(w) := B(®), for all w € Q, so
that B is defined on 2. Since the control lives in the compact set A C R?, we can
not directly use B to randomize the control, but we need to map B on A. More
precisely, we shall assume the existence of a continuous surjection #:R? — A.
Then, for every (¢, x,a) € [0, T] x R? x R?, we consider the forward stochastic
differential equation in RY x R4,

S S
XS=x+/ b(Xr,Ir)dr-i-/ o(X,, 1,)dW,
(1.6) ! f
+ [ [ pxe .t 0iar. do),
t JE
(1.7) Iy =h(a+ Bs — By),

forall t <s < T, where m(ds,de) =n(ds,de) — 1{s<1,.}A(Is,de)ds is the com-
pensated martingale measure of &, which is an integer-valued random measure
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with compensator 1{;.7,)A ([, de) ds. Unlike Kharroubi and Pham [27], we use
a Brownian motion B to randomize the control, instead of a Poisson random mea-
sure 4 on R4 x A. On one hand, the Poisson random measure turns out to be more
convenient when dealing with a general compact set A, since u is already sup-
ported by R4 x A, so that we do not have to impose the existence of a continuous
surjection & from the entire space R? onto A, as we did here. On the other hand,
the choice of a Brownian motion B is more convenient when deriving a martingale
representation theorem for our model. Indeed, in contrast with [27], the intensity
of the measure 7w depends on the process /. Therefore it is natural to expect a de-
pendence between 7 and the noise used to randomize the control. The advantage
of B with respect to  is given by the fact that B is orthogonal to m, since B is a
continuous process; see the bottom of page 183 in [21] for a definition of orthog-
onality between a martingale and a random measure. Thanks to this orthogonality
we are able to derive a martingale representation theorem in our context, which is
essential for the derivation of our nonlinear Feynman—Kac representation formula.

Let us focus on the form of the stochastic differential equation (1.6)—(1.7). We
observe that the jump part of the driving factors in (1.6) is not given, but depends on
the solution via its intensity. This makes the SDE (1.6)—(1.7) nonstandard. These
kinds of equations were first studied in [20] and have also been used in the finan-
cial literature; see, for example, [4, 9-11, 13]. Notice that in [4, 9] and [10], A is
absolutely continuous with respect to a given deterministic measure on (E, B(E)),
which allows one to solve (1.6)—(1.7), bringing it back to a standard SDE, via a
change of intensity “a la Girsanov.” On the other hand, in the present paper, we
shall tackle the above SDE solving first equation (2.2) for any (¢, a) € [0, T] x RY,
then constructing a probability measure P @ on (2, F) such that the random mea-
sure 7 (ds, de) admits A(I*?, de) ds as compensator, and finally addressing (2.1).
In the Appendix, we also prove additional properties of 7 and (X, /). More pre-
cisely, we present a characterization of 7 in terms of Fourier and Laplace function-
als, which shows that 7 is a conditionally Poisson random measure (also known
as doubly stochastic Poisson random measure or Cox random measure) relative to
o (114, s > 0). Moreover, we study the Markov properties of the pair (X, I).

Regarding the backward stochastic differential equation, as expected, it is driven
by the Brownian motions W and B, and by the random measure 7; namely, it
is a BSDE with jumps with terminal condition the g(X ?x’a) and the generator
f(X,”x’&, I,”‘N’, ¥, z), as is natural from the expression of the HIB equation (1.3).
The backward equation is also characterized by a constraint on the diffusive part
relative to B, which turns out to be crucial and entails the presence of an increas-
ing process in the BSDE. In conclusion, for any (¢, x,a) € [0, T] x RY x RY, the
backward stochastic differential equation has the following form:

. T B _ T
Y, = g(X;x’“) +/ FXERA I8y, Z, ) dr + K1 — K —/ Z,dW,
§ s
(1.8) ; , N
—/ V,.dB, —/ / U,(e)z(dr,de), t<s<T,PM¥as.
K s JE
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and
(1.9) |Vi| =0, ds @ dP"? ae.

We refer to (1.8)—(1.9) as backward stochastic differential equation with jumps and
partially constrained diffusive part. Notice that we could omit the term fsT V.dB,
in equation (1.8) [together with constraint (1.9)], since V is required to be zero;
however, we keep it to recall that the solution to (1.8)—(1.9) has to be adapted
to the filtration generated by W, 7 and also B. We also observe that the pres-
ence of the increasing process K in the backward equation does not guarantee the
uniqueness of the solution. For this reason, we look only for the minimal solu-
tion (Y, Z, V, U, K) to the above BSDE, in the sense that for any other solution
(17, Z, V.U, K ), we must have Y < Y. The existence of the minimal solution is
based on a penalization approach, as in [27]. We can now write the following non-
linear Feynman—Kac formula:

v(t,x,a) =Y (t,x,a) [0, T] x RY x RY.

Observe that the function v should not depend on a, but only on (¢, x). The
function v turns out to be independent of the variable a as a consequence of
constraint (1.9). Indeed, if v (and also &) were regular enough, then, for any
(t,x,d) € [0, T] x R? x RY, we would have

VESa = ppu(s, X904 1M Dh(a+ By — B) =0,  ds @dP" ae.

This would imply (see Section 4.2 below) that v does not depend on its last argu-
ment. However, we do not know in general if the function v is so regular in order to
justify the previous passages. Therefore, the rigorous proof relies on viscosity so-
lutions arguments. In the end, we prove that the function v does not depend on the
variable a. Moreover, v is a viscosity solution to (1.3). Actually, v is the unique
viscosity solution to (1.3), as it follows from the comparison theorem proved in
the Appendix. Notice that, due to the presence of the nondominated family of
measures (A(a, -))qea, We did not find in the literature a comparison theorem for
a viscosity solution to our equation (1.3). For this reason, we prove it in the Ap-
pendix, even though the main ideas are already contained in [3], in particular, the
remarkable Jensen—Ishii lemma for integro-partial differential equations.

The rest of the paper is organized as follows. In Section 2, we introduce some
notation and study the construction of the solution to the forward equation (1.6)—
(1.7). In Section 3, we give a detailed formulation of the BSDE with jumps and
a partially constrained diffusive part. In particular, Section 3.1 is devoted to the
existence of the minimal solution to our BSDE by a penalization approach. In
Section 4, we make the connection between the minimal solution to our BSDE and
equation (1.3). In the Appendix, we prove a martingale representation theorem for
our model, collect some properties of the random measure 7 and the pair (X, /)
and prove a comparison theorem for equation (1.3).
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2. Notation and preliminaries. Let (Q, F,P) be a complete probability
space satisfying the usual conditions on which are defined a d-dimensional Brow-
nian motion W =( Wt)t>o and an independent g-dimensional Brownian motion

(B,),>0 We will always assume that F = (.7-",)t>0 is the usual completion
of the natural filtration generated by W and B. Let us introduce some additional
notation:

(i) €' is the set of sequences @’ = (1, €)nen C (0, 00] x Ea, where Ex =
E U{A} and A is an external point of E. Moreover t, < co if and only if ¢, € E,
and when t,, < 00, then 1,, < t,,41. ' is equipped with the canonical marked point
process (T, )neN, With associated canonical random measure 77/, defined as

@)=t &) =e

and

w dt, de Z 1{T’(a)’)<oo}8(Tn/(w’),a,/1(w/))(dt’de)v
neN

where 8, denotes the Dirac measure at point x. Set T/, := lim, 7,,. Finally, define
= (F))i>0 as F} =(\y=; Gi, Where G’ = (G));>0 is the canonical filtration, given
by Gi=o('(-, F): F € B([0,t]) ® B(E)). _

(ii) (R, F,F = (F)i>0) is such that Q := Q x Q', F:=F ® F,, and F; :=
ﬂs>, ® F.. Moreover, we set W(w) := W(®), B(w) := B(w) and 7(w, ) =
7' (o, ) Finally, we set also T, (w) := T,)(®'), ay(®) := a, (') and Too(w) :=
T (o).

Let P, denote the o-field of F-predictable subsets of R x €2. We recall that
a random measure w on R, x E is a transition kernel from (2, F) into (R4 x
E,BR;) ® B(E)), satisfying 7(w, {0} x E) =0 for all w € ©; moreover, an
integer-valued random measure 7 on R4 x E is an optional and Py ® B(E)-
o -finite, N U {+o00}-valued random measure such that 7 (w, {t} x E) <1 for all
(t,w) € [0, T] x 2; see [21], Chapter II, Definition 1.13.

Let A be a compact subset of some Euclidean space R?. We are given some
measurable functions b: RY x A — RY, 5 :RY x A — R9*d and 8 RIXAXE —>
R?, where E is a Borelian subset of R¥ \ {0}, equipped with its Borel o-field B(E).
Moreover, let A be a transition kernel from (A, B(A)) into (E, B(E)); namely,
A(a, ) is a nonnegative measure on (E, B(E)) for every a € A, and A(-, E') is
a Borel measurable function for every E’ € B(E). Furthermore, we assume that
there exists a continuous surjection 4 : R¢ — A.

REMARK 2.1. (i) The existence of such a function / is guaranteed whenever
A is connected and locally connected. This is indeed a consequence of the Hahn—
Mazurkiewicz theorem; see, for example, Theorem 6.8 in [33].

(i1) In the sequel we use the notation a (resp. a) to denote a generic element in
the domain R? (image A) of A.
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For any ¢t € [0, T] and (x,a) € R? x R4, we consider the following forward
stochastic differential equation in R? x RY:

S )
stx—i—/ b(X,,Ir)dr+/ o(X,, I,)dW,
2.1) ’ !
+// B(X,-,1,,e)n(dr,de),
t JE

(22) Is = h(a + Bs - Bt)a

forallt <s < T, where 7 (ds,de) = n(ds,de) — A(I;, de) ds is the compensated
martingale measure of w, which is an integer-valued random measure with com-
pensator A(Ig,de)ds.

As noted in the introduction, the above SDE (2.1)—(2.2) is nonstandard, in the
sense that the jump part of the driving factors in (2.1) is not given, but depends
on the solution via its intensity. When the intensity A is absolutely continuous
with respect to a given deterministic measure on (E, B(E)), as in [4], [9] and
[10], we can obtain (2.1)—(2.2), starting from a standard SDE via a change of
intensity “a la Girsanov.” On the other hand, in the present paper, we shall tackle
the above SDE solving first equation (2.2), then constructing the random measure
7 (ds,de) and finally addressing (2.1). The nontrivial part is the construction of
7, which is essentially based on Theorem 3.6 in [17], and also on similar results
in [13], Theorem 5.1, and [11], Theorem A.4. Let us first introduce the following
assumptions on the forward coefficients:

(HFC) (i) there exists a constant C such that

|b(x,a) —b(x',a")|+|o(x,a) —o(x,a)| <C(]x —x'|+|a—d

).

forall x,x’ € R? and a,d’ € A;
(i1) there exists a constant C such that

|B(x,a,e)] < C(1+Ix])(1 Alel),
|B(x,a,e) —B(x',d,e)| < C(|x —x'|+]a—d'|)(1 Alel),
forall x,x’ €eR%, a,a’ €c Aand e € E;

(iii) the following integrability condition holds:

sup [ (1A le*)A(a, de) < oo.

acA

Inspired by Jacod and Protter [20], we give the definition of weak solution to
equation (2.1)—(2.2).

DEFINITION 2.2. A weak solution to equation (2.1)—(2.2) with initial condi-
tion (¢t,x,a) € [0, T] x RY x RY is a probability measure [P on (€2, F) satisfying:
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() P(dw) =P(dd) @ P (o, dw'), for some transition kernel P’ from (2, F)
into (', F..);

(ii) under P, 7 is an integer-valued random measure on Ry x E with [F-
compensator given by 1,7, jA ([, de)ds and compensated martingale measure
given by 7 (ds,de) = (ds,de) — 1s<1,,)A (I, de) ds;

(iii)) we have

N S N

Xo=xt [ b dr+ [ oGt yaw,+ [ [ pox 1 omrde.
t t 1 E

Is=h(a+Bs_Bt),

for all r <s < T, IP almost surely. Moreover, (X;, I5) = (x, h(a)) for s < ¢, and
(X, Iy) =X, Iy) fors > T.

Consider a probability measure P on (€2, F) satisfying condition (i) of Defini-
tion 2.2. For every (z,a) € [0, T] x R? let us denote by "% = {Isf*&, s > 0} the
unique process on (€2, F, F, P) satisfying I;ﬁ =h(a + B; — B;) on [t, T], with
1'% = h(a) for s < t and 1'% = %% for s > T. We notice that the notation /" can
be misleading, since @ is not the initial point of "¢ at time 7, indeed Itt’ﬁ = h(a).
Now we proceed to the construction of a probability measure on (€2, F) for which
conditions (i) and (ii) of Definition 2.2 are satisfied. This result is based on Theo-

rem 3.6 in [17], and we borrow also some ideas from [13], Theorem 5.1, and [11],
Theorem A 4.

LEMMA 2.3.  Under assumption (HFC), for every (t,a) € [0, T] x R? there
exists a unique probability measure on (2, F), denoted by P"-9, satisfying condi-
tions (i) and (ii) of Definition 2.2, and also condition (ii)" given by

(i) lig<T)A(I5%, de) ds is the (F ® FL)s>0-compensator of 7.

PROOF. The proof is essentially based on Theorem 3.6 in [17], after a re-
formulatlon of our problem in the setting of [17], which we now detail. Let
(.7-' )s>0 where ]-"Y =F® F;. Notice that in ]-"s we take F instead of F;.
Indeed in [17] the o-field F represents the past information and is fixed through-
out (we come back to this point later). Take (¢, a) € [0, T'] x R?, and consider the
process 194 = (Ist’&)szo- Set

v(w, F) :/F s <Too n M (1% (@), de) ds

for any w € Q and any F € B(Ry) ® B(E). Now we show that v satisfies the
properties required in order to apply Theorem 3.6 in [17]. In particular, since A is
a transition kernel, we see that v is a transition kernel from (€2, F) into (R4 x
E,BRy) ® B(E)); moreover, v(w, {0} x E) =0 for all w € 2, and therefore v
is a random measure on Ry x E. Furthermore, for every E’ € B(E), the process
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v((0,-] x E") = (v((0, 5] X E"))s>0 is I@‘—predictable; hence v is an I@‘—predictable
random measure. In addition, v({s} x E) <1, indeed v is absolutely continuous
with respect to the Lebesgue measure ds and therefore v({s} x E) = 0. Finally,
we see by definition that v([Ts, 00) X E) = 0. In conclusion, it follows from
Theorem 3.6 in [17] that there exists a unique probability measure on (2, F),
denoted by P"-¢, satisfying condition (i) of Definition 2.2, and for which v is the

I@‘—compensator of m; that is, the process

(2.3) (v((0,s AT, 1 x E") —7((0,s AT, ] x E'))

s>0

isa (P4, I@‘)-martingale, for any E’ € B(E) and any n € N. Therefore condition
(i)’ is also satisfied.

To conclude, we need to prove that v is also the F-compensator of x. Since v
is an F-predictable random measure, it follows from (2.6) in [17] that it remains
to prove that process (2.3) is a (P"4, F)-martingale. We solve this problem by
reasoning as in [13], Theorem 5.1, point (iv). Basically, for every T € Ry we
repeat the above construction with Fr in place of F, changing what in [17] is
called the past information. More precisely, let 7 € R, and define T = (f'sT) $>05

where FT := Fr @ F/. Let

V(@ F) = [ Toerlseraon (11(@). de) ds

Proceeding as before, we conclude that there exists a unique probability measure
on (2, Fr ® F..), denoted by P" aT  whose restriction to (€2, ]-"T) coincides

with the restriction of P to this measurable space, and for which v7 is the [+7 -
compensator of ; that is,

W (0, s AT, ] x E') =7 ((0, s AT,] x E'))

s>0

isa (P"@T FT)-martingale, for any E’ € B(E) and any n € N. This implies that
vI((0, T AT, X E")—7((0, T AT,] X E) is FTT—measurable, and therefore Fr-
measurable. Notice that

v (0, s ATy 1 x E') =v((0,s AT AT,] x E');
hence v((0, T AT,] x E') — 7 ((0, T A T,] x E’) is Fr-measurable. As T € R
is arbitrary, we see that the process (2.3) is F-adapted. Since (2.3) is a (P"?, F)-

martingale, with F; C ]:"S, then it is also a (P a F)-martingale. In other words,
v is the F-compensator of 7. [J

REMARK 2.4. Notice that, under assumption (HFC) and if, in addition,

A satisfies the integrability condition [which implies the integrability condition
(HFC)(iii)]

24 sup [ A(a,de) < oo,
acAJE
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then T»o = 00, P"% a.s., and the compensator v is given by
v(w, F) =/ k(l;’&(a)), de)ds
F

for any F € B(R;) ® B(E) and for I’ @ almost every w € Q. Indeed, for any
T > 0, we have (we denote by E"*¢ the expectation with respect to %)

E!4 [’% 1{THST}} = [/OT/E n(ds, de)] =4 UOT/E v(ds, de)]

Therefore

. r T i
B [Z I{TnST}:| =E" |:/0 /1"5 I{S<TOO})L(I§’”, de) ds]

neN
<Tsup | Aa,de) < o0,
acAJE
where we use condition (2.4). Hence P4 as.,
Z ly1,<1) < 00 vT > 0.
neN

From the arbitrariness of T, this implies that To, = 00, P' @ almost surely.

LEMMA 2.5. Under assumption (HFC), for every (¢, x, a) €[0,T] x Rd X
RY there exists a unique (up to indistinguishability) process X" = (X154 s >
0} on (2, F,F, }P’”a), solution to (2.1) on [t, T], with Xg’x’& =x for s <t and
Xﬁ’x’& = X;x’ﬁ for s > T. Moreover, for any (t,x,a) € [0,T] x RY x RY there
exists a positive constant C such that
(2.5) EI’Z’[ sup |X§’x’&|2] <C(1+x%),

t<s<T

where C depends only on T, |b(0,0)], |6(0,0)|, sup,calal, sup,ecq [5(1 A
le|®)A(a, de) and the Lipschitz constants of b, o .

PROOF. Since hypotheses (14.15) and (14.22) in [19] are satisfied under
(HFC), the claim follows from Theorem 14.23 in [19]. Concerning estimate (2.5),
taking the square in (2.1) (using the standard inequality (x; + --- + x4)? <

4(x% R xf), for any x1, ..., x4 € R) and then the supremum, we find
. " ] ) 5
sup |X;’x’a|2 = 4|x|2 +4 sup / b(Xi’x’“, Irt,a) dr
FZu=s t<u<sl|Jt
u B B 2
e o |[ 5.5,
t<u<sl|Jt
u ~ . 2
+4 sup /fﬂ(Xi’—x’a,I,l’a,e)ﬁ(dr,de) .
t<u<slJt JE
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Notice that, from the Cauchy—Schwarz inequality we have

u - - 2 ~ s ~ ~
/t b(XL%4 10%) dr ]fTE”“[/t \b(Xﬁ’x’”,I,”“)|2dr].

Moreover, from the Burkholder-Davis-Gundy inequality there exists a positive
constant C such that
]

- ~ s ~ ~
< CR' [ /t tr(oo T (X004, [44)) dr]

(2.7) Efﬁ[ sup

I<u<s

E”&[ sup

I<u<s

u ~ ~
/ o (X5, 168) qW,
t
2.8)

Similarly, since the local martingale M, = ft“fE,B(X;’_x’&, I,t*&, e)rn(dr,de), t <

u < s, is such that [M], = [" fE|ﬁ(in‘f‘,I,Iﬁ,e)|2n(dr,de), from the
Burkholder—Davis—Gundy inequality, we obtain
]

(2.9) <CE' [//m X’”"E’,If’&,e)}zn(dr,de)}

CE f‘[//m X”x’a,Iﬁ’&,e)|2k(lf"7,de)dr}.

In conclusipn, taking the expectation in (2.6) and using (2.7)-(2.9), we find (de-
noting by C a generic positive constant depending only on 7', |6(0, 0)], |o (0, 0)],
Sup,ea lal, sup,eq [g(1 A le|?)A(a, de) and the Lipschitz constants of b, o)

’E’|: sup

1<u<s

/ / B(X54 114, )7 (dr, de)

~ ~ ~ s ~ ~
E"[ sup [xf47] §4|x|2+C(1 +/ E"| sup |XL’x’a|2]dr>.
t

I<u=s t<u<r

Then applying Gronwall’s lemma to the map r — E/¢ [sup,<, <, 1 X};* 4121, we end
up with estimate (2.5). [J

3. BSDE with jumps and partially constrained diffusive part. Our aim is
to derive a probabilistic representation formula, also called a nonlinear Feynman—
Kac formula, for the following nonlinear IPDE of HJB type:

—a—(t x) — sup(Lu(t, x) + f(x,a,u, 0 (x,a)Dyu))

acA
=0, (t,x) €[0,T) x R?,
(3.2) u(T, x) = g(x), x e RY,

(3.1
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where

Lu(t,x) =b(x,a).Du(t,x)+ %tr(ooT(x, a)D?u(t, x))

+/ (u(t,x + B(x,a,e)) —u(t,x) — B(x,a,e).Deu(t, x))r(a, de),
E

forall (¢, x,a) €[0,T] x R4 x A. Let us first introduce some additional notation.
Fix a finite time horizon T < oo, and set Pr the o-field of F-predictable subsets
of [0, T'] x Q. For any (¢, a) € [0, T] x RY, we denote by:

° Lf :(Fs), p=1,5 >0, the set of F;-measurable random variables X such that
EM4[1X|P] < oo;
° Szza’ the set of real-valued cadlag adapted processes ¥ = (¥Ys);<s<7 such that

1V1G =B sup Y] < oo

t<s<T

° Lf’ ;& T), p>1,the set of real-valued adapted processes (¢s);<s<r such that

- T
1817y o py =B [ 1n17ds| < oo

° Lf ;(W), p > 1, the set of R4-valued Pr-measurable processes Z = (Zg)r<s<T

such that
p t,a T 2 P2
1210y =B ([ 12Pa5) ] <

° Lf :(B), p > 1, the set of RY-valued Pr-measurable processes V = (Vs)r<s<1

such that
p t,a r 2 r/
VI gy =B ([ 1P as) | <o
t,a

° Lf&(fr), p > 1, the set of Pr @ B(E)-measurable maps U : [t, T] x Q x E — R
such that

p t,a T 2 t.a p/2
Uy o) = [(/ /E}Us(e)| A ,de)ds) ]<oo;

° Kt2 ;- the set of nondecreasing predictable processes K = (Ks);<s<71 € Stz& with
K; =0, so that

IKllg =E"“[IKrI]

REMARK 3.1. Egquivalence relation in Lf’&(ﬁ). When U!,U? Lf’a(fr),
with U' = U2, we mean |U' — U?||p» ;) =0, thatis, U' = U? ds ® dP'* ®
t,a
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)»(I;’&, de) a.e.on [t,T] x Q x E, where ds ® dP"% @ )\(I;’&, de) is the measure
on([t,T]x Q2 x E,B(t,T)® F Q B(E)) given by

. . . T .
ds @ dP"4 @ (11, de)(F) = B [/ / 1r(s, , )A(I" (w), de) ds],
t JE
forall F € B(t,T) ® F ® B(E). See also the beginning of Section 3 in [8].

The probabilistic representation formula is given in terms of the following
BSDE with jumps and a partially constrained diffusive part, for any (¢, x,a) €
[0,T] x R? x RY, P14 g.5.:

. T . . T
Y, = g(X759) +/ FXL54 14 Y, Z, ) dr + K1 — K —/ Z.dW,
(3.3) ’ ’

T T
—f VrdBr—/ / U,(e)n(dr,de), t<s<T
K s JE

and

(3.4) Vi =0, ds ® dP"? a.e.

We look for the minimal solution (Y, Z, V, U, K) € S? . x L? (W) x L? -(B) x
Ltzé(ﬁ) X Kzza to (3.3)—(3.4), in the sense that for any other solution Y,Z,V,
U,K)eS?. xL2.(W) x L?-(B) x L? .(#) x K? . to0 (3.3)~(3.4), we must have

Y < Y. We impose the following assumptions on the terminal condition g : R¢ —
R and on the generator f:R? x A x R x R — R:

(HBC) There exists some continuity modulus p (viz., p:[0, o0) — [0, 00) is
continuous, nondecreasing, subadditive, and p (0) = 0) and a constant C such that

|f(x,a,y,2) = f(x'.a', ¥y, 2)| +[g(x) — g(x')]
<p(lx =x'[+]a=d|)+C(ly =y +|z =)
forall (x,a,y,z),(x,d’,y,z) e R x A x R x R?.

PROPOSITION 3.2.  Let assumptions (HFC) and (HBC) hold. For any (1, x,
a) € [0, T1x R4 x RY, there exists at most one minimal solution on (2, F, F, Pt:4)
to the BSDE (3.3)-(3.4).

PROOF. Let (Y,Z,V,U, K) and (17, Z, \7, U, I%) be two minimal solutions
to (3.3)—(3.4). The uniqueness of the Y component is clear by definition. Regarding
the other components, taking the difference between the two backward equations,
we obtain

* a a 7 1 =~ ~
0= / (f (X L Y, Z0) = f (G 10 Y, Zp)) dr + K — K
t

_ /ts(z, —Z)dW, — /ts(Vr ~V,)dB, — /tst(Ur(e) — U, (e))7 (dr, de),
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forall r <s < T, P4 almost surely. Identifying the Brownian and finite variation
parts and recalling that W and B are independent, we deduce Z=Z and V = V.
Therefore, we obtain the identity

s 7 _ s T t,a T
/t-/E(Ur(e)—Ur(e))n(dr,de)—/t/E(Ur(e) Ur(e)A(I4, de)dr + Ks — K,

where the right-hand side is a predictable process, and therefore it has no totally in-
accessible jumps; see, for example, [21], Chapter I, Proposition 2.24. On the other
hand, the left-hand side is a pure-jump process with totally inaccessible jumps,
unless U = U. As a consequence, we must have U = U , from which it follows
that K =K. O

To guarantee the existence of the minimal solution to (3.3)—(3.4) we shall need
the following result.

LEMMA 3.3. Let assumptions (HFC) and (HBC) hold. Then, for any initial
condition (t,x,a) € [0, T] x R x RY, there exists a solution {(fs’*x’ﬁ, Zé’x’&,
yixd gixd gLeay <5 < T)on (Q, F,F, P9 to the BSDE (3.3)~(3.4), with
I?St’x*& = v(s, Xg’x’d)for some deterministic function v on [0, T x R?, satisfying
the linear growth condition

v, )|

(t.x)ef0,T]xrd 1+ 1x]

PROOF. The proof is similar to the proof of Lemma 5.1 in [27], but for the fact
that here we look for a function v satisfying a linear growth condition, rather than
a more general polynomial growth condition. For this reason, we consider the mol-
lifier n(x) = cexp(1/(Jx|> — 1)) I{jx|<1}, Where & > 0 is such that [ps n(x)dx = 1,
and we introduce the smooth function

(t, x) = éeﬂ”‘”(l + fd n(x — y>|y|dy> V(t,x) €[0,T] x RY x RY,
R

for some positive constants C and p. We can now proceed as in Lemma 5.1 in [27]
to conclude that, for C and p large enough, the function v is a classical supersolu-
tion to (3.1)-(3.2). O

3.1. Existence of the minimal solution by penalization. In this section we
prove the existence of the minimal solution to (3.3)—(3.4). We use a penaliza-
tion approach and introduce the indexed sequence of BSDEs with jumps, for any
(t,x,a) €[0,T] x R? x RY, P4 as.,

- T . . T
Ve =g (X )+ [ POt vz dr + Ky - K2 = [ Ziaw,
N N
(3.5 . r
—f V'dB, —/ f U (e)7t(dr,de), t<s<T,
K s JE
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for n € N, where K" is the nondecreasing continuous process defined by

N
K?:n/ \V!|dr, t<s<T.
t

PROPOSITION 3.4.  Under assumptions (HFC) and (HBC), for every (t, x,
a e [Q, T] x RNd x RY qnd every n € N, there exists a unique solution (Y4
zmtxa ymtxd gnixdy e §2 - x L2 (W) x L2.(B) x L?.(7) on (Q,F,
F, P"%), satisfying the BSDE with jumps (3.5).

PROOF. As usual, the proof is based on a fixed point argument. More
precisely, let us consider the function QD:Ltzj(t, T) x Ltzyé(W) X Ltzﬁ(B) X
L7, () = L7 (1, T) x L7 ;(W) x L} 2(B) x L} ; (), mapping (Y', Z', V', U")
to .z, v, U) defined by ’

- T
(Xffx’“)+/ fu(XEXa phay! 7! V) dr—/ Z.dW,
S
T T
—/ VrdBr—f /EUr(e)ﬁ(dr,de),
) )

fl’l(xyaa yv Z7 U) = f(xva? yvz)—i_nlvl

(3.6)
where

More precisely, the quadruple (Y, Z, V, U) is constructed as follows: we con-
sider the martingale My = E"4[g(X3") + [T f(XL54 184y 7! V) dr|F],
which is square integrable under the assumptions on g and f. From the mar-
tingale representation Theorem A.1, we deduce the existence and uniqueness of
(Z,V,U) e Lj ;(W) x L} ;(B) x L} () such that

) ) S
(3.7) M =Mt+f Z,dW,+/ VrdBr+f/ U,(e)r(dr,de).
t t t JE
We then define the process Y by
Y, _Eta[ txa +/ fa Xt’x’&,lrt’&»Y;f,Z;,Vr/)d’"’-rs}

= M, —/ fa(XEXA 1Ny 7! V) dr.
t

By using representation (3.7) of M in the previous relation, and noting that Y7 =
g(X %X’a), we see that Y satisfies (3.6). Using the conditions on g and f, we deduce
that Y lies in Lt2 5, T), and also in St2 ;- Hence, @ is a well-defined map. We

then see that (Y’-1*-@ zmtx.a ymtx.a pntx.dy s g solution to the penalized
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BSDE (3.5) if and only if it is a fixed point of ®. To this end, for any « > 0 let us
introduce the equivalent norm on lea (t,T) x Lzza (W) x Lzza (B) x Lt2 (),

[v.z,v. )],

- T -
- EW[ i ezO““)(um2 FIZ P+ VP + /E |Us<e)|2x(1;’“,de)>ds].
t

It can be shown, proceeding along the same lines as in the classical case (for which
we refer, e.g., to Theorem 6.2.1 in [31]), that there exists @ > O such that ® is a
contraction on Ltz’a (t,T) x Ltz’ (W) x LIZ’& (B) x Lzz,a () endowed with the equiv-
alent norm || - ||z. Then the claim follows from the Banach—Caccioppoli fixed-point
theorem. [

We can now prove our main result of this section. First, we need the following
two lemmas.

LEMMA 3.5. Suppose that assumptions (HFC) and (HBC) hold. Then, for
every (t,x,a) € [0, T] x RY x RY, we have, for alln € N,

st,t,x,& < Y:z+l,t,x,§ < i}st,x,&

forall0<s <T, P4 as., where (Y154 zt-x.a ytx.a gtx.a ghx.ay ¢ S%& X

LIZ&(W) X Ltzé(B) X Ltz&(fr) X Ktzé on (2, F,F, P”a) is a generic solution to
tfze BSDE (3.3)~(3.4). In particular, the sequence (Y™"* ’&)n is upper bounded by
Y&%a introduced in Lemma 3.3.

PROOF. Fix (¢,x,d) € [0, T] x R? x R? and n € N, and observe that

fn(xsa7 Y.z, U) =< fl’H—l(xva’ Y.z, U),

for all (x,a,y,z,v) € RY x A x R x R? x RY. Then the inequality Ys"”’x’g‘ <
YS"“”’X’&, forall 0 <s < T, P"? as., follows from the comparison Theorem A.1
in [27]. We should notice that Theorem A.1 in [27] is designed for BSDE with
jumps driven by a Wiener process and a Poisson random measure, while in our
case we have a general random measure 7. Nevertheless, Theorem A.l in [27]
can be proved proceeding along the same lines as in [27] to encompass this more
general case.

Similarly, since [}’ |\7[’x*&| dr = 0, it follows that (Y/-¥d, zt.x.d ytx.a jr.xa,
K 1.X.4y golves the BSDE (3.3) with generator f,, for any n € N, other than with
generator f. Therefore, we can again apply the (generalized version, with the ran-
dom measure 7 in place of the Poisson random measure, of the) comparison The-
orem A.1 in [27], from which we deduce the claim. [
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LEMMA 3.6. Under assumptions (HFC) and (HBC), there exists a positive
constant C such that, for all (t,x,a) € [0, T] x RY x RY and n € N,

. |2 a2
” yntx.d ”Sié + H Zn.1.X.a ”L?’d(W) + “ ynt.x.a ||Lt2ﬁ(B)

aj2 aj2
L )
(3.8) ’ ’

- ~ rrT - ~
= (B lls (e P e [ 1, 0.0) s
t

— ay |12
6D ),

where v is the function introduced in Lemma 3.3.

PROOF. The proof is very similar to the proof of Lemma 3.3 in [27], so it
is not reported. We simply recall that the claim follows applying It6’s formula to
|Y1:%.4|2 between ¢ and T, and exploiting Gronwall’s lemma and the Burkholder—
Davis—Gundy inequality in an usual way. [J

THEOREM 3.7. Under assumptions (HFC) and (HBC), for every (t,x,a) €
[0, T] x RY x RY there exists a unique minimal solution (Y”x’&, zhxa ytx.a,
Ut Ky e 87 x LY (W) x L7 2 (B) x L] 4 (71) x K7 4 on (2, F,F,Ph%) 0
the BSDE with jumps and partially constrained diffusive part (3.3)—(3.4), where:

() Y4 is the increasing limit of (Y"1*@),:
(ii) (ZH54, Vixa yhray s the weak limit of (Z™'*@, yhxd gnhx.dy i
L7 (W) x L} .(B) x L7 ;();
(iii) Ké’x’& is the weak limit of (Ks"’t’x'é)n in le’a(}"s),for anyt <s<T.

PROOF. Let (t,x,a)€[0,T] x R4 x R? be fixed. From Lemma 3.5 it follows
that (Y"-"%@),, converges increasingly to some adapted process Y@, We see that
Y% satisfies the integrability condition E"#[sup, ;. |Y!*%|*] < co as a con-
sequence of the uniform estimate for (Y™’ X.4) in Lemma 3.6 and Fatou’s lemma.
Moreover, by Lebesgue’s dominated convergence theorem, the convergence also
holds in Lf’a(t, T). Next, by the uniform estimates in Lemma 3.6, the sequence
(zmtxa ymtxa ntx.ay s pounded in the Hilbert space Lfﬁ(W) X Ltz’&(B) X
Ltz’ ;(7). Then we can extract a subsequence which weakly converges to some
(Ztx-a ytxa rx.dyip LIZ’&(W) X Lfﬁ(B) X Lfﬁ(ﬁ). Thanks to the martingale
representation Theorem A.1, for every stopping time ¢ < v < T, the following
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weak convergences hold in Lt2 ;(Fr), as n — oo:

T - T ~
f z;?’f’x*adwséf ZLo dwg,
t t
T _ T -
/ Vsn,l,x,a dBS A/ Vsl,x,a st,
t t

T - . )
[ [ vri@nas.ae ~ [*[ vitieas. e,
t JE t JE
Since

- T
nt,x,a _ yhtx,a __ yntx,a _ t,x,a gyt,a n,t,x,a n,t,x,da
K: =Y, Y, /t‘ f(Xs AN Y 2 )ds

T - T _ T B
+/ Z;t,t,x,a de +f Vsn,t,x,u st +/ / U;’l,t,x,a(e)ﬁ(ds,de)’
t t t JE
we also have the following weak convergence in Lt2 :(Fr),asn— oo:
Kn,t,x,[z N Kt,x,&
T T

- - T - - . .
. yltx,a t,x,a t,x,a gyt,a t,x,a t,x,a
=y —y! /; f(xixa qha ytxd zixaygg

T - T . T 5
+/ ZL5 d W +/ Vi d By +f / Ub*%(e)it(ds, de).
t t t E

Since the process (K S"’t’x’&)zgng is nondecreasing and predictable and
Kb 8 — 0, the limit process K**-¢ remains nondecreasing and predictable with
E”&[lK;x’aP] < 00 and K;’x’& = 0. Moreover, by Lemma 2.2 in [29], K**¢ and
Y'*@ are cadlag, therefore Y14 e Stz’ ;and K* a e Kt2 ;- In conclusion, we have

- - T - - - - ~ ~
Ytt,x,a =g(X;lx,a) _i_/t. f(Xg,x,a’ Ist,a’ Yst,x,a’ Z;,x,a)ds + K;,x,a o Ktt,x,u

T N T . T B
—/ Zy AWy —/ V4 d B —/ f Ul%(e)(ds, de).
t t t JE

It remains to show that diffusion constraint (3.4) is satisfied. To this end, we con-
sider the functional F : lea(B) — R given by

N T
F(V) ::Ef’“[f |Vs|a’s} VV e L?-(B).
t :

Notice that F(V1-%4) = E’ﬁ[K;’z’x’a]/n, for any n € N. From estimate (3.8), we
see that F(V™"!*4) — 0 as n — oo. Since F is convex and strongly continuous
in the strong topology of Ltzd(B), then F is lower semicontinuous in the weak

topology of LIZ&(B); see, for example, Corollary 3.9 in [5]. Therefore, we find
F(V'*9) < liminf F(V""*4) =0,
n—o0
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which implies the validity of the diffusion constraint (3.4). Hence, (Y~ A gtx.d
yiLoa yhxa ghe.dy i g solution to the BSDE with jumps and a partially con-
strained diffusive part (3.3)—(3.4). From Lemma 3.5, we also see that y'xa —
lim Y"/-*-@ is the minimal solution to (3.3)—(3.4). Finally, the uniqueness of the
solution (Y!*-@, zHhx.d yhx.d jtxa gtx.ay follows from Proposition 3.2. [

4. Nonlinear Feynman-Kac formula. We know from Theorem 3.7 that un-
der (HFC) and (HBC), there exists a unique minimal solution (Y?-*-4 Z!.xa
ytxa gtx.a gtx.ay on (Q, F,F,P-%) to (3.3)-(3. 4). As we shall see below
this minimal solution admits the representation Y-*" a = y(s, XL a S ‘@) where
v:[0, 7] x R? x A — R is the deterministic functlon defined as

(4.1) (t,x, h(@) ==Y/, (t,x,4) €[0,T] x R x R,

Our aim is to prove that the function v given by (4.1) does not depend on its last
argument and that it is related to the fully nonlinear partial differential equation of
HIJB type (3.1)—(3.2). Notice that we do not know a priori whether the function v
is continuous. Therefore, we shall adopt the definition of discontinuous viscosity
solution to (3.1)—(3.2). First, we impose the following conditions on 4 and A:

(HA) There exists a compact set A, C R? such that h(Aj) = A. Moreover, the
interior set Ah of Ay 1s connected and Ay, = Cl(Ah) the closure of its interior.
Furthermore, h(Ah) =

We also impose some conditions on A, which will imply the validity of a com-
parison theorem for viscosity sub and supersolutions to the fully nonlinear IPDE
of HJB type (3.1)-(3.2) and also for penalized IPDE (4.5)—(4.6). To this end, let
us define, for every § > 0 and (¢, x,a) € [0, T] x R x A,

1M, x, )
= [ (plex B0 ) — o) — flxa,0).Dagt 1)) ra de),
EN{le| <5}
for any ¢ € C12([0, T] x R?), and

Iaz"s(t, X,q,u) =/ (u(t,x + B(x,a,e)) —u(t,x) — B(x,a,e).q)r(a,de),

EN{le|>6}

for any ¢ € R? and any locally bounded function u. Let us impose the following
conditions on 7! and 12:

(Hx) (i) For any (z, x) € [0, T] x R?, we have

sup/ (1 A le[*)A(a, de) =0 0.
EN{le|<é}

acA
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(ii) Let ¢ € C12([0, T] x RY). If the sequence {(fx, xx, ax)}x C [0, TTx R? x A
converges to (t*, x*, a*) as k goes to infinity, then

. 1,
kli)ngolal,;a(lk,xk,w)=la* (1", x*, ¢),

for any § > 0.

(iii) Let u: [0, T] x R? — R be u.s.c. (resp. Ls.c.) and locally bounded. If the
sequence {(fx, X, gk, ax)}x C [0, T1 x R? x R? x A converges to (t*, x*, ¢*, a*)
and u(ty, xx) = u(t™, x*), as k goes to infinity, then

limsup 12:° (1., Xk, qi 1) < 132°(t%, 5%, g™, u)

k— 00
(resp. liminflfk"s(tk,xk, qr,u) > Iaz,;’s(t*,x*, q", u))
k—o00
for any § > 0.

REMARK 4.1. Assumption (HA) is required for the proof of the comparison
Theorem C.4 [as well as for the comparison theorem to equation (4.5)—(4.6)].
Notice that conditions (i)—(iii) are inspired by the fourth and fifth Assumptions
(NLT) in [3]. We also observe that whenever 1!*% and 12% do not depend on a,
then (HA)(i)—(ii) are consequences of Lebesgue’s dominated convergence theo-
rem, while (HA)(iii) follows from Fatou’s lemma.

For a locally bounded function u on [0, T') x R¥, we define its lower semicon-
tinuous (L.s.c. for short) envelope u,, and upper semicontinuous (u.s.c. for short)
envelope u™ by

uy(t,€) = liminf u(s,&) and wu*(t,€)= limsup u(s, &)
(s,m)—(.8) (s,m)—(.8)

s<T s<T

for all (r, &) € [0, T] x RX.

DEFINITION 4.2 [Viscosity solution to (3.1)—(3.2)].

(i) An ls.c. (resp. u.s.c.) function u on [0, T'] x R is called a viscosity super-
solution (resp. viscosity subsolution) to (3.1)—(3.2) if

u(T,x) = (resp. <) g(x)
for any x € R, and

_%_f(l,x) —sup(L(t,x) + f (x,a,u(t,x),0 " (x,a) Dxg(t, x)))

acA
> (resp. <) 0
for any (¢,x) € [0, T) x R4 and any ¢ € CL2([0, T x R?) such that

(u—@)(t,x)= min (u—¢) (resp. max (4 — gp)).
[0,T]xRRd [0, T]xRd
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(i1) A locally bounded function u on [0, T') x R is called a viscosity solution
to (3.1)—(3.2) if u, is a viscosity supersolution, and u* is a viscosity subsolution
to (3.1)—(3.2).

We can now state the main result of this paper.

THEOREM 4.3. Assume that conditions (HFC), (HBC), (HA) and (HA) hold.
Then the function v in (4.1) does not depend on the variable a on [0, T) x RY x A:

v(t, x,a) =v(t,x,a’) Va,a’efi,

forall (t,x) € [0, T) x RY. Let us then define by misuse of notation the function v
on [0,T) x R by

v(t,x) =v(t, x,a), (t,x)€[0,T) x R?,

forany a € A.Then v is a viscosity solution to (3.1)—(3.2).
The rest of the paper is devoted to the proof of Theorem 4.3.

4.1. Viscosity property of the penalized BSDE. For every n € N, let us intro-
duce the deterministic function v, defined on [0, T] x RY x A by

4.2) va(t, %, h(@) ==Y (t,x,a)€[0,T] x RY x RY,

where (Y™H%.d zmtx.a yntx.a gmtx.ay s the unique solution to the BSDE
with jumps (3.5); see Proposition 3.4. As we shall see in Proposition 4.5, the iden-
tification Y!"! Xd — g (s, Xj,’x’a, I;’a) holds. Therefore, sending n to infinity, it
follows from the convergence results of the penalized BSDE, Theorem 3.7, that
the minimal solution to the BSDE with jumps and a partially constrained diffusive
part (3.3)—(3.4) can be written as YS”“’C’a = (s, X154, IS”‘E), t <s <T, where v is
the deterministic function defined in (4.1).

Now notice that from the uniform estimate (3.8), the linear growth conditions
of g, f and v, estimate (2.5) and the compactness of A, it follows that v,,, and thus
also v by passing to the limit, satisfies the following linear growth condition: there
exists some positive constant Cy, such that, for all n € N,

4.3) |on(t.x.@)| + vt x.a)| <Co(1+x])  Y(t.x.a) €[0,T] x R? x A.

As expected, for every n € N, the function v, in (4.2) is related to a parabolic semi-
linear penalized IPDE. More precisely, let us introduce the function vﬁ 1[0, T] x
R? x R? — R given by

44) Ve x,a) =v,(t,x, k@),  (t,x,a) €[0,T] x RY x RY.
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Then the function v’ is related to the semi-linear penalized IPDE
vl ;
— S @) = £, x.d)

— f(x, h(@), v, x,@), 0 T (x, (@) Dyv" (1, x, @))

(4.5) |
= Etr(ngfl’(t,x, @)) — n|Davl (1, x, @)
=0 on[0,7)xRY x RY,
(4.6) v,lf(T, L)=g on RY x RY.

Let us provide the definition of the discontinuous viscosity solution to equation
(4.5)—(4.6):
DEFINITION 4.4 [Viscosity solution to (4.5)—(4.6)].

(i) A Ls.c. (resp. u.s.c.) function u on [0, T] x R¢ x RY is called a viscosity
supersolution (resp. viscosity subsolution) to (4.5)—(4.6) if

u(T,x,a) > (resp. <) g(x)
for any (x,a) € R? x RY, and

o

o (t,x,d) — L'"D(t,x,a) — f(x, h(@), u(t, x,a), 0" (x, h(@)Dp(t, x,@))

1
—Etr(ngo(t,x,Zl))—n|D&go(t,x,El)| >0  (resp. <0)

for any (¢,x,a) € [0, T) x R? x RY and any ¢ € C12([0, T1 x (R? x RY)) such
that

@47 w—¢)t,x,d)= min (u—g) (resp. max (u—(p)).
[0,T]xR4 xRY [0,T]xR4 x R4

(i) A locally bounded function u on [0, T) x R? x RY is called a viscosity
solution to (4.5)—(4.6) if u, is a viscosity supersolution, and u™* is a viscosity sub-
solution to (4.5)—(4.6).

Then we have the following result, which states that the penalized BSDE with
jumps (3.5) provides a viscosity solution to the penalized IPDE (4.5)—(4.6).

PROPOSITION 4.5. Let assumptions (HFC), (HBC), (HA) and (HA) hold.
Then the function v,’ll in (4.4) is a viscosity solution to (4.5)—(4.6). Moreover, vZ
is continuous on [0, T] x RY x RY.

PROOF. We divide the proof into three steps.
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Step 1. Identification Y™'*4 = v, (s, X154, [1@) =yl (s, X!:%4 G+ B, — By).
Inspired by the proof of Theorem 4.1 in [12], we shall prove the identification
yrRtrd =y, (s, XH54, 1) using the Ma{kovian property 9f X, studied in
Appendix B and the construction of (Y"/:*:4 zm0.x.d ymLx.a [jnl.x.ay haged on
Proposition 3.4. More precisely, for any (¢, x, @) € [0, T] x R? x R4, from Propo-
sition 3.4 we know that there exists a sequence (Y™k55d znktx.a ynktx.a
U"’k”’i"“) € Ltz’ﬁ(z, T) x L7 (W) x L7 2(B) x L} (), converging to (Y™"*4,
zmtxd yndxd gntxdyin L2 (1, T) x L2 (W) x L2 .(B) x L? (), such that
(Yn,O,t,x,[z Zn,O,t,x,Zz Vn,O,t,x,[l 7Un,O,t,)c,[l) = (0 0.0 O)’and '

- T
n,k+1,t,x,a __ t,x,a t,x,a gyt,a n,k,t,x,a n,k,t,x,a
Ys _g(XT )+/ f(Xr ’Ir ’Yr ’Zr )dr
5
T k a T k+1 a
+n/ |Vrn, ,t,x,a‘dr _f Z;l, +1,t,x,a dWr
K s

T . T -
_/ Vrn,k+1,t,x,a dBr _/ / U;’l,k-i—l,l,x,a(e)ﬁ_(dr, de),
s s JE

for all t <s < T, P almost surely. Let us define v, t(t, x,a) := Y,"’k’t’x’&. We
begin by noting that for k = 0, we have

- - ~ T - -
Yxn,l,t,x,a — Et,u |:g(XtT,x,a) +£ f(Xﬁ’x’a, I’f,a’ O, 0) di"fs].

Then we see from Proposition B.3 that Y1154 =y, | (s, X4 114 dP"4 Q@ ds
almost everywhere. Proceeding as in Lemma 4.1 of [12] (in particular, relying
on Theorem 6.27 in [7]), we also deduce that there exist Borel measurable func-
tions Z,1 and ©, such that, respectively, Z/»1/%4 =z, (s, Xi’_x’a, /%) and
Vs”’l’t’x’a = Up.1 (s, X;Lx’a, Is”‘i), dP"? ® ds almost everywhere. Since Z™ 1154 ¢
Ltzﬁ(W) and V10xa ¢ Ltzﬁ(B), we notice that

- T - _
E"4 [/t |Zn1 (s, X;Lx’a, IS”“)|2ds} < 00,
(4.8)

N

T
7 ~ i 71,a\|2
Ew[ /t T2 (s, X750, 718 ds} < 0.
Let us now prove the inductive step: consider k > 1, and suppose that Ys”’k"’x a—
i r1,a 7 = 1,X.4 yt,a 7 ~
Un,k(S, Xg,x,aa I;’a)a Z;l,k,f,x,a = Zn,k(s» X * a’ Ist’a) and Vsn,k,t,x,a = vn,k(sa

5=

X054 1), dPYE @ ds ace., such that V4L [T |2, (s, X5, 159) 2 ds] < oo and
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EALST [Tk (s, X209, 1502 ds] < 0o. Then we have

st,k-i—l,t,x,&
=Et,€l [g(X;X’&)
T a a t,x,a ay ~ t,x,d a
+/ FXEO I v i (r, X2 10, Z e (r, X054, 109)) dr
s

T o
+ n/ Ok (r, X154, 107 dr‘]-}:|.
N

Using again Proposition B.3 [notice that, by a monotone class argument, we can
extend Proposition B.3 to Borel measurable functions verifying an integrability
condition of the type in (4.8)], we see that Y/-ATL08d — g 0y (s, X154, [14),
dP% @ ds almost everywhere. Now, we notice that it can be shown that
E[sup, o, | Y5054  yn5d|] 5 0, as k tends to infinity (e.g., proceeding as
in Remark (b) after Proposition 2.1 in [12]). Therefore, v, (¢, x, a) — v, (¢, x, a)
as k tends to infinity, for all (¢, x,a) € [0, T'] x Rf’ x R4, from which follows the
validity of the identification Y@ = v, (s, X%, 5@y =yl (s, X154 G 4+ By —
B;), dP"% ® ds almost everywhere.
Step 2. Viscosity property of vf?’. We shall divide the proof into two substeps.
Step 2a. vg is a viscosity solution to (4.5). We now prove the viscosity su-
persolution property of vfi‘ to (4.5). A similar argument would show that vz‘ it
is a viscosity subsolution to (4.5). Let (7,x,a) € [0,T) x R? x R? and ¢ €
Ch2([0, T] x (R? x R?)) such that
(4.9) 0=((), —p)@. 50y =~ min (7). —¢).
Let us proceed by contradiction, assuming that

—i%f(f% ) — L'Dp(i, %,d) — [(%.h(@), o7, %,a),0 " (¥, h(@)Dyo(i, %, )

1 o o
— 5tr(Dgga(t,)z, @)) — n|Dzp(f, %,a)| =: —2¢ <.
Using the continuity of b, o, 8, f and h, we find § > 0 such that

dp
ot

(4.10) — f(x,h(@), p(t,x,a), GT(x, h(a))Dyy(t, x, a))

(t,x,a) — L"Dg(t, x, @)

P ) _
— Etr(Dacp(t, x,a)) —n|Dzp(t, x,a)| < —¢,

for any (¢, x,a) € [0, T] x RY x R? with |t — 1|, |x — |, lad—al <§. We know that
there exists a sequence (#, xk, ax)x € [0, T) x RY x RY converging to (7, X, a) such
that v (1, xk, dx) — (WM« (, %, a) as k — oo and |tx — 1], |xx — %[, |ax —a| < 8 for
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all k € N. We also notice that, using the continuity of ¢, we have vz‘ (tg, X, dg) —
@(tr, Xk, ax) — 0 as k — 0o. Fix §’ € (0, §), and define, for every k € N,

T = inf{r > g2 | X%%% _ x4 | > 8, |B, — By | > 8’V A (e +8) AT,

Since X ¥t jg cadlag, it is in particular right-continuous at time fx. There-
fore, tx > fx, P % almost surely. Then an application of It6’s formula to

o(r, Xﬁk’x"’a", ax + B, — By ) between t; and %, using also (4.10), yields

(T, X%k G + B, — By, )

Tk

Tk ~
> @(t, Xk, dk) — n/ |Dag(r, X%*0% a + B, — By,)| dr
173

Tk -
+ | Dap(r, X% a4+ B, — B, )dB,
173

Tk ~ ~ ~
—/ f(X Mokl e o (p, X %5 g 4 B, — B,),0 Dyp)dr
Tk

(4.11)
+ e(te — 1)
Tk ~ ~ -
+ | (Deg(r, X%¥0% G+ B, — By)) o (X500 | [10k) g W,
173

Tk -
+ fE(w(r, Xkt 1 B G + By — By)
k

— o(r, X% Gy 4 B, — By))7(dr, de).

From (3.5) and the identification ¥, — vl (r, XXk G4 B, — By), we
find

h 1k, Xg,d
v (T, X%, g + By, — By)

Tk B
— Ufll(tk,xk,glk) —n/ |Vrn,tk,xk,ak|dr

Ik
4.12) - -
_ U, X,k Ttk YLt Xk Gk 77t Xk, Ok 1Lt , X, Gk
/ f(Xr N S \ Z, )dr—l— Z, aw,
t 173
Tk - Tk ~

+ Vrn,tk,xk,ak dBr _|_/ / Urﬂ,tk,Xk,ak (e)rr(dr, de).

tr tr JE

Plugging (4.12) into (4.11), we obtain

XAk 7 h Xk,d
@ (T, X0k ay + By, — By) — vy, (te, X%0% @y + By, — By,)
~ h ~
> @(tk, X, ax) — vy, (tg, Xk, a) + &(Tx — 1)

L N
(4.13) - n/ |Dag(r, X%*0% g + B, — By,)|dr
Ik
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Tk ~ ~ -
—/ f(X Xk Jledi o X200 a4 B — B, ), 0 Dyg)dr
Ik
Tk

th, Xk ,a t,a, n,tk,Xg,a n, 1, Xk, a,
+ f(er k k,Irk k,Yr k> Xk k’Zr k>Xk k)dr
Ik

Tk -
+ n/ |Vttt dr
Tk

Tk ~ a a
[ Deotr X5 4 B, = ) o (X, 55 aw,
k
Tk - Tk ~
_ / ZPe % qW, 4+ | Dag(r, X% ay + B, — By, ) d B,
Ik Tk
Tk - Tk -
_ (M yrwsagp, / / UMk (0)7 (dr, de)
tr ik JE

Tk ~
+ /E(w(r, Xtk B G + By — By)
k

— (r, X% Gy 4+ B, — By))7(dr, de).

Let us introduce the predictable processes o[, TIx Q = R, ,Bk e, T] X 2 —
R?, and y* : [1;, T] x Q — RY given by

Tk Xk, Gk ik, 0k T T XksG 7lks0k LTk Xksae T
k_f(Xr, A 9,0 Do) — (X2 AT YD ,o0 Dyp)

o — -
r g Xk, Ak ~ 1, Xk,
o, X" ar+ By — By) — Y2

x 1 i
oy okt

U XA plksGk Lt Xesax T U Xk, pli, Gk Rt Xk, Ak Rt Xk, Ok
_ f(Xr* ,Ir, aer ’O- Dx(/))_f(Xr— 71’-7 7Yr7 7Zr )

‘Bk

e, Xk Ak~ 1,1, Xk, d
lo T Dyg(r, X% Gy + B, — By) — Z 0%

T Tk, Xk, Ak ~ e, Xk Gl
% o Dx(p(r»er aak+Br_Btk)_Zr

i, XAk ~ 1,1t Xk, D Zn,lk,xk,[zk .
lo T Dyg(r, X} % Gy + B, — By) — Z' | (07 Dep#2; )

Xk g i, Xk,
k I’l|D&§0(r’ er*Xk ak’ak"i_Br _Btk)| - |Vrn otk ak'

|Dag(r, X%, ay + By — By) — Vi

D o Xk Ak~ 1,1, Xk Gk

ap(r, X,” sag+ B, — By) =V, ' _
e Xk, Ak~ N, , Xk, Ak D V""k""kv“k ’

|Dao(r, X% Gy + B, — By) — V/ | (Dae#V, }

for all # <r < T. Notice that ak, ,Bk and yk are bounded. Consider now the

probability measure Pk equivalent to P%*-% on (€2, Fr), with Radon-Nikodym
density given by

dPtk-k
APtk | -

r

=& ([ phaw.+ [ vias.)
174 179
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for all f <r < T, where £(-) is the Doléans—Dade exponential. Notice that
the stochastic integrals with respect to 7 in (4.13) remain martingales with re-
spect to P'&9%  while the effect of the measure P*-% is to render the processes
W.—Wy— [, BXdu and B.— B, — i, ¥X du Brownian moti?ns. As a consequence,
applying It6’s formula to exp(ftz ok du)(p — v (r, X% @ + B, — By,) be-
tween f; and tx, using (4.13) and taking the expectation ek with respect to
P'k-2 we end up with [recalling that vz' > (UZ)*]

A ~ Tk k ~

B e 4= (o), (e X+ By = By

n

> [t [l @4 (g — o) (g, XEHW Gy 4 By — B)]

A, =~ Tk r ok
> (¢ — o) (1, X, ax) + % [f et dr]
1

k

Since T, > f;, P®& as. it follows that 7, > fr, P*@ as. therefore
| ftzk eJi o du dr] > 0, using also the boundedness of ¥, uniform with respect
to k € N. Recalling in addition that (¢ — vZ)(tk, Xk, ar) — 0 as k — oo, we see
that there exists F € F such that (¢ — (v})) (t¢, X" Gy + By — By)1Fp > 0
and [Pk ak (F) > 0. This is a contradiction to (4.9).

Step 2b. v,ﬁ’ is a viscosity solution to (4.6). As in step 2a, we shall only prove
the viscosity supersolution property of vfl’ to (4.6), since the viscosity subsolution

of vfl’ to (4.6) can be proved similarly. Let (x, a) € RY x R4. Our aim is to show
that

(4.14) (V1) (T,%,a) > g(¥).

Notice that there exists (f, X, dx)x C [0, T) x R x R4 such that

~ ~ k - _ = - _ =
(th, Xk, i, o) (1, xk, @) = (7, %, @, (V1) (7, %, @)).

1tk Xpe, G
Y,k

Recall that v,ﬁ’(tk, Xk, dg) = and

Ytz’tk»xk,&k — Rk [g (XtTk,Xk,flk)]

T - - - - -
(4'15) + , Etk,ak [f(ng»Xkaak, ];k,ak’ stsfk»xkaak’ Z;’lsfkakaflk)]ds
k

T - -
+ / Etk,ak anfkvxk,ﬂk ds.
A VI

Now we observe that from classical convergence results of diffusion processes
with jumps (see, e.g., [21], Chapter IX, Theorem 4.8), we have that the law of
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(x"'x"a' p1"a"y weakly converges to the law of (X**4, ["-@). As a consequence,
we obtain

kA [ (X @) ] 2S o (5),

Moreover, from estimates (2.5) and (3.8), it follows by Lebesgue’s dominated con-
vergence theorem that the two integrals in time in (4.15) go to zero as kK — oo.
In conclusion, letting k — oo in (4.15), we deduce that (v,ﬁ’)*(T, x,a) = gx),
and therefore (4.14) holds. Notice that from this proof, we also have that for any
(x,d) e RY x RY, (', x',a@') — v/(T,x,a) = g(x), as (t',x",ad) — (T, x,a),
with ¢/ < T. In other words, v/ is continuous at 7.

Step 3. Continuity of vﬂ on [0, T] x R? x R4, The continuity of vf{ at T was
proved in step 2b. On the other hand, the continuity of vfll on [0, T) x RY x RY fol-
lows from the comparison theorem for viscosity solutions to equation (4.5)—(4.6).
We notice, however, that a comparison theorem for equation (4.5)—(4.6) does not
seem to be available in the literature. Indeed, Theorem 3.5 in [2] applies to semi-
linear PDEs in which a Lévy measure appears; instead, in our case A depends on a.
We can not even apply our comparison Theorem C.4, designed for equation (3.1)—
(3.2), since in Theorem C.4 the variable a is a parameter while in equation (4.5)
is a state variable. Nevertheless, we observe that under assumption (HA), we can
easily extend Theorem 3.5 in [2] to our case, and since the proof is very similar to
that of Theorem 3.5 in [2], we do not prove it here to alleviate the presentation.

g

4.2. The nondependence of the function v on the variable a. In the present
subsection, our aim is to prove that the function v does not depend on the vari-
able a. This is indeed a consequence of constraint (3.4) on the component V
of equation (3.3). If v and also & were smooth enough, then, for any (¢, x,a) €
[0, 7] x RY x RY, we could express the process Vixa as follows [we use the
notation i (a) = (hj(a))i=1,...q, Dzh(a) = (D&jhi(é)),-,jzl ¢ and finally Djv to
denote the gradient of v with respect to its last argument]:

.....

VEra = Dyu(s, XP4 1P Dah(@ + By — B),  t<s<T.

Therefore, from constraint (3.4) we find

t+4 ~ ~
E"4 U |Dpv(s, X554 107 Dah(a + By — Bt)|ds] =0,
t
for any § > 0. By sending ¢ to zero in the above equality divided by 8, we obtain
|Dypv(t, x, h(a))Dzh(a)| = 0.
Let us consider the function v : [0, T] x R? x R? — R given by

4.16)  V'(1,x,a) :=v(t,x, k@),  (t,x,a) €[0,T] x RY x R,
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Then |D;v"| = 0, so that the function v” is constant with respect to a. Since
h(R?) = A, we have that v does not depend on the variable a on A.

Unfortunately, we do not know if v is regular enough in order to justify the
above passages. Therefore, we shall rely on viscosity solutions techniques to de-
rive the nondependence of v on the variable a. To this end, let us introduce the
following first-order PDE:

4.17) —|Dav"(r, x,@)| =0, (t,x,a) €[0,T) x R? x RY.

LEMMA 4.6. Let assumptions (HFC), (HBC), (HA) and (HA) hold. The
function v in (4.16) is a viscosity supersolution to (4.17): for any (t,x,a) €
[0,7) x RY x RY and any function ¢ € ch2([0, T] x (Rd x R?)) such that

h ~ . h
V=), x,a) = min vt —0),
(" =), x,a) [o,T]dequ( 9)

we have

—|Dagp(t, x,a)| > 0.

PROOF. We know that v" is the pointwise limit of the nondecreasing sequence
of functions (vf;)n. By continuity of v,i’, the function v” is lower semicontinuous,
and we have (see, e.g., page 91 in [1])

vt x,a@) =" (1, x, @) = liminf " (7, x, @),
n—0o0

forall (r,x,a) € [0, T) x RY x RY, where

liminf, v (r,x,a)=  liminf  "(¢',x",@),  (t,x,a) €[0,T)xRY xRY.
n—oQ n—0o0

',x',a")—(t,x,a)
t'<T

Let (t,x,a) € [0, T) x R x R? and ¢ € C12([0, T] x (R? x R?)) such that

h ~ . h
V=), x,a) = min v — ).
(v" =), x,a) [o,r]dexw( ¢)

We may assume, without loss of generality, that this minimum is strict. Up to
a suitable negative perturbation of ¢ for large values of x and a, we can as-
sume, without loss of generality, that there exists a bounded sequence (7, x,,, @,) €
[0, T] x R x RY such that

h ~ . h
v — o) (ty,, x,, = min v — ).
(v = @)t Xn: ) [O,T]dex]Rq( n9)

Then it follows that up to a subsequence,

4.18)  (tn, xp, an, v,i’(tn,xn,&n)) — (t,x,a, vh(t,x,fl)) asn — o0o.
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Now, from the viscosity supersolution property of vfl’ at (t,, x5, a,) with the test
function ¢, we have

]
_a_g:(tn’ Xn, Ap) — f(xn, h(ay), vy}:(tn’ Xn, Qn), UT(xn’ h(an))Dxﬁa(tn’ Xns gln))

. B 1 B B
— LM (1, x, ) — 5 tr(D2¢(tn, Xn, @n)) — 1| Dag(tn, Xn, a@n)| >0,

which implies

|D&(p(tn’ Xn, Zln)|

1 1 ~ i ~
< —(_gan,xn, an) — L") (1, 3, )

n
- f(xna h(an), U,}:(tn» Xp, Qn), UT(xn» h(&n))Dx(P(tn» Xn, &n))

| )
— 5 (D20, 3, an>)).

Sending 7 to infinity, we get from (4.18) and the continuity of b, o, 8, f and h,
|D5<p(t, X, c"z)| =0,

from which the claim follows. [
We can now state the main result of this subsection.

PROPOSITION 4.7. Let assumptions (HFC), (HBC), (HA) and (HX) hold.
Then the function v in (4.1) does not depend on its last argument on [0, T) X

RY x A,
v(t, x,a) =v(t, x,a’), a,a €A,

forany (t,x) €[0,T) x R4,

PROOF. From Lemma 4.6, we have that v is a viscosity supersolution to the
first-order PDE
—|Dav"(t,x,@)| =0,  (t,x,a)€[0,T) x R x Ay,

where Aj, was introduced in assumption (HA). Then from Proposition 5.2 in [27],
we conclude that v” does not depend on the variable @ in Ay,

Vi x,a)=1"(t,x.d),  (t.x)€[0,T) xR%, a,d € Ay.

Since, from assumption (HA) we have h(fih) = f(\), we deduce the claim. [
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4.3. Viscosity properties of the function v. From Proposition 4.7, by misuse
of notation, we can define the function v on [0, T) x R4 by

v(t, x) =v(t,x,a),  (t,x)€[0,T) xRY,
for some a € A. Since h(jh) = /(\), we also have
v(t, x) =v"(t,x,4),  (t,x,a) €[0,T) x RY,

for some a € zih. Moreover, from estimate (4.3) we deduce the following linear
growth condition for v:

lu(, x)|

4.19)
(t.x)ef0,T)xRd 1+ x|

The present subsection is devoted to the remaining part of the proof of Theo-
rem 4.3, namely that v is a viscosity solution to (3.1)—(3.2).

PROOF OF THE VISCOSITY SUPERSOLUTION PROPERTY TO (3.1). We know
that v is the pointwise limit of the nondecreasing sequence of functions (vf,’)n, SO
that v is lower semicontinuous, and we have

(4.20) v(t, x) = vy (t, x) = I}lrgg%f*vfl‘(t,x, a),

forall (¢, x,a) € [0, T) x RY x Ap. Let (,x) € [0, T) x R? and ¢ € C12([0, T] x
R?) such that

(v—@)(t,x)= min (v—g).
[0, T]1xR

,T1xR4
From the linear growth condition (4.19) on v, we can assume, without loss of
generality, that ¢ satisfies sup; )cj0.77xrd |9, X)|/(1 + |x]) < 0o. Fix some a €

fih, and define for any ¢ > 0, the test function
o (. x. @) =t x) = ([t — 1) + |x' = x|* +|@' —a|]?).

for all (¢/,x’,a’) € [0, T] x R? x RY. Notice that ¢° < ¢ with equality if and
only if (¢/,x’,a’) = (¢, x, a). Therefore v — ¢® has a strict global minimum at
(t, x,a). From the linear growth condition on the continuous functions vfl' and @,
there exists a bounded sequence (¢, X, d,), (We omit the dependence in &) in
[0, T) x RY x RY such that

(on =t ) = o (n =)

By standard arguments, we obtain that up to a subsequence,

(tn, X Gy V" (00, X, @n)) —> (2, %, @, v(t, X)) as n — 0o.
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Now, from the viscosity supersolution property of vfl’ at (t,, x5, a,) with the test
function ¢,, we have

d¢° . . - ~ .
_?(tn, Xp,dp) — f(xna h(ay), v,}ql(tn, Xp,dn), O'T(xm h(an))Dx(pg(tn» Xns an))
_ phGn) e N P g S e N
©° (tn, Xn, apn) 2tr(D&(p (tn, Xns an)) — 1| Da@® (ty, Xn, dn)| > 0.
Therefore

&

0 - - - - -
_a—got(tn’ Xp, Qn) — f(xna h(ay), vr}:(tn’ Xn, Qn), UT(xn» h(an))Dx(pg(tn» Xn, an))

N . 1 ~
— M@ GE (1 ) — 5tr(D§<p£(tn, Xn, p)) = 0.

Sending n to infinity in the above inequality, we obtain, from the definition of ¢?,
ap® .
(‘;’; (t,x,d) — LMD (1, x, @)
— f(x, (@), v(t, x), 0" (x, h(@)) Dx¢® (t, x,a)) + & > 0.

Sending ¢ to zero and recalling that ¢° (¢, x, a) = ¢(¢, x), we find

—Z—‘f(z, x) = LMD (1, x) — £(x, h(@), v(t, x), 0 " (x, (@) Dyp(t, x)) > 0.

Since a € Ay, and h(Ap) = A, the above equation can be rewritten in an equivalent
way as follows:

_%(I,x) — L9%(t,x) — f(x,a,v(t,x),0 " (x,a)Dyp(t, x)) >0,

where a is arbitrarily chosen in A. Asa consequence, using assumption (HA) and
the continuity of the coefficients b, o, 8 and f in the variable a, we end up with

_E;_(f(t, x) — sup[L(t, x) + f(x,a,v(t,x), 0 " (x,a)Dyo(t, x))] > 0,

acA

which is the viscosity supersolution property. [

PROOF OF THE VISCOSITY SUBSOLUTION PROPERTY TO (3.1). Since v
is the pointwise limit of the nondecreasing sequence (v,]f )n, we have (see, e.g.,
page 91 in [1])

4.21) vE(t, x) = limsup*vi’(t, x,d),
n—oo
forall (r,x,a) € [0,T) x R4 x /ih, where
limsup,v'(t,x,a)= limsup v'(t',x',d), (t,x,a) €0, T) x RY x RY.
n—oo n—oo

(t',x',a")—(t,x,a)

o
t'<T,a' €Ay
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Let (£, x) € [0, T) x R? and ¢ € C12([0, T] x R?) such that

V¥ — ), x)= max (v*—o).
=)= man (=)

We may assume, without loss of generality, that this maximum is strict and that
¢ satisfies a linear growth condition sup; )efo.77xrd |9, X)|/(1 + |x[) < co. Fix

ae fih, and consider a sequence (t,, X, dn), in [0, T) X RY x /ih such that
(tn, Xny G, Oy (ty, X, Gn)) —> (2, x,d, v*(t, x)) as n — oo.
Let us define for n > 1 the function ¢, € C12([0, T] x (R? x R?)) by
on(t',x',a")=o(t',x") +n(t' — t,,|2 + |x" — x”|2),

for all (+/,x’,a’) € [0,T] x R x R?. From the linear growth condition on v
and ¢, we can find a sequence (f,,, X,,, ay), in [0, T) x R4 x A, such that

h
n

h o= h
i 1 s s e ma. — .
(v = @n) (T, X, @n) [O,T]XR)‘%XAh(vn n)

By standard arguments, we obtain that up to a subsequence,

n(lin — ta]? + 150 — xa1?) "=370.

As a consequence, up to a subsequence, we have
- - ~ n—oQ ~
(tn, Xn, an) — (¢, x,a),

for some a € Aj,. Now, from the viscosity subsolution property of vz‘ at (&, X, czzn)
with the test function ¢,,, we have

on - _ = — = - _ = _ = - _ =
- 8: (tn, Xp, an) — f(xn, h(ay), Ufl,(tn, Xn,dn), O'T(xn, h(an))Dx‘/)n(tn, Xn, an))
Wy, 7oz 2y Loz o = _ oz
- L On(tn, Xn, an) — 5 tr(D[}(pn(tn’ Xns an)) - n}D&(pn(tm Xn» an)| <0.
Therefore, using the definition of ¢,,,

8(0 - _ =z > - _ =
_8—:(tn7 Xn, Qn) — ﬁh(a")(/)n(l‘n, Xn, Qn)

- f()zn» h(C:ln)a v,}:, UTDx‘Pn(fn» Xn, 5n)) <0.

Sending n to infinity in the above inequality, we obtain
d = - _
— 2030 = LD (1, ) = f(x,h(@. v (00,0 (x.h(@) Dyg(t.3) < 0.

Setting a’ = h(a), the above equation can be rewritten in an equivalent way as
follows:

9 /
—a—‘f(z, )= L%t x) — f(x,d' o (x,a)Dyp(t, x)) <O0.
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As a consequence, we have

_%_(f(t, x) —sup[L%(t,x) + f(x,a,0 " (x,a)Dyp(t, x))] <0,

acA
which is the viscosity subsolution property. [

PROOF OF THE VISCOSITY SUPERSOLUTION PROPERTY TO (3.2). Let
x € R?. From (4.20), we can find a sequence (f,, X, dy ), valued in [0, T) x RY x
R4 such that

(tn, Xn. an, vfl’(t,,,xn, an)) — (T, x,a, vi(T, x)) asn — oo,
for some a € Aj,. Since the sequence (vfl‘)n is nondecreasing and vﬁ(T, ) =g,

we have

U*(T,X)ani)ngov?(tnaxn’ an) = g(x). O

PROOF OF THE VISCOSITY SUBSOLUTION PROPERTY TO (3.2). Letx € R?.
From (4.21), for every ¢ > 0 and a € A, there exist N € N and § > 0 such that

(4.22) i, X', @) —v¥ (T, x)| <e,
foralln>Nand |t/ —T|,|x' —x|,|a’ —a| <8, witht' < T and a’ € fih. Now

we recall that vfl’(T, X, a) = g(x). Therefore, from the continuity of v,lf, for every
n € N, there exists §,, > 0 such that

(4.23) Wit ¥ d) —gx)| <e,
forall |/ — T, |x' — x|, @ —a| < 8,, witha' € Ap. Combining (4.22) with (4.23),
we end up with

v(T, x) < g(x) + 2e.

From the arbitrariness of ¢, we get the claim. [J

APPENDIX A: MARTINGALE REPRESENTATION THEOREM

We present here a martingale representation theorem, which is one of the funda-
mental results used to derive our nonlinear Feynman—Kac representation formula.
It is indeed a direct consequence of Theorem 4.29, Chapter 111, in [21], which is,
however, designed for local (instead of square integrable) martingales.

THEOREM A.l. Let (t,a) € [0,T] x R? and M = (M;);<s<T be a cadlag
square integrable F-martingale, with M; constant. Then, there exist Z € Ltza(W),

Ve LIZ&(B) and U € Ltzé(f[) such that

S N S
MS=M,+/ zrdwr+/ vrdBr+//Ur<e>ﬁ(dr,de),
t t t E

forallt <s <T,P! @ almost surely.
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PROOF. Since M is a local martingale, we know from Theorem 4.29, Chap-
ter III, in [21], that

S ) )
MS:M,—i-f z,dW,+/ V,dB,+// U, ()7 (dr. de),
t t t E

for some predictable processes (Z;);<s<7, (Vs)i<s<r and (Us);<s<T, satisfying

- T/\‘L'nZ N TArnV
E’ﬂ[/ |ZS|2ds] < 00, E”“[f |VS|2ds] <00
t t
- T/\r,f] 5 1/2
Et’“[</ / |Us (o) n(ds,de)) :| < 00,
t E

for all n € N, where (th)nGN, (tnv),,eN and (t,f] )neN are nondecreasing sequences

of F-stopping times valued in [z, T], converging pointwise P a.s. to T. It re-
mains to show that Z e L2 (W), Ve L2 ;(B)and U € L2 (JT) This is indeed a
consequence of Theorem 4 1 din [18]. D

APPENDIX B: CHARACTERIZATION OF 7 AND MARKOV
PROPERTY OF (X, I)

In the following lemma, inspired by the results concerning Poisson random
measures (see, e.g., [32], Chapter XII, Proposition 1.12), we present a charac-
terization of 7 in terms of Fourier and Laplace functionals. This shows that  is a
conditionally Poisson random measure (also known as doubly stochastic Poisson
random measure or Cox random measure) relative to o (I;; z > 0).

PROPOSITION B.1 (Fourier and Laplace functionals of ). Assume that
(HFC) holds, and fix (t,a) € [0, T] xR?. Let £ : Ry x E — R bea B(R;)  B(E)-
measurable function such that [5° [ 1€, (e)|A(IL%, de) du < oo, P% a.s. Then for
every s < 00,

E4[e! JoJe eu(e)n(du,de)w(lzt,&; 2>0)]= efost(ffM”(e)—l))u(lzﬁ’&,de)du’ P g
If £ is nonnegative, then the following equality holds:
Et,& [e—fng Ly (e)m(du,de) |G(1Zt,&; 7> 0)]
= o JoSp =T WU deydu, P g

In particular, if (Fx)1<k<n, withn € N\ {0}, is aﬁmte sequence of pairwise disjoint
Borel measurable sets from Ry x E, with ka A4 de)du < oo, P": @ g.s., then

n i a -
B4 [ef Do O F |6 (147 2 > 0)] = [ | R @R DML deydu  pra
k=1
forall 01,...,0, € R. In other words, w(Fy), ..., w(F,) are conditionally inde-

pendent relative to o (I1%; z > 0).
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PROOF. Let Js = [y [ Cu(e)w(du,de), for any s > 0, and define

¢(s) =E" e |o (I 2>0)]  Vs=>0.

Applying It’s formula to the process e¢'’s, we find
. s .
el =14 / / e (@ — 1)1t (du, de).
0JE

Taking the conditional expectation with respect to o (1 Ii*é; u > 0), we get

E"4[e! o (119; 2 > 0)]
- s . . ~ 5
=1 +IE”‘[ / / e () — DALy de)dulo (1) 2 = 0)}
0JE

s ~ . ~ . ~
=1 [ [ B o (1% 2 2 0)]( O — )2 (147, de) du.
0JE
In terms of ¢, this reads

_ s — t,d
o(s)=1 —i—/o ¢ )Y (u)du, P"? as.,
where

V() = f (@%@ _)A(I'4 de), P as.
E

Notice that ¥ belongs to L' (R,), as a consequence of the integrability condition
on f. We see then that ¢ is continuous, so that

P (s) = elo Vdu, PHa as.,

which yields the first formula of the lemma. The second formula is proved simi-
larly. OJ

We shall now study the Markov properties of the pair (X, /) in the following
two propositions.

PROPOSITION B.2. Under assumption (HFC), for every (t,x,a) € [0, T] x
R? x RY the stochastic process (Xi’x*&, Ist*é)szo on (Q,F,F,P"%) is Markov
with respect to F: for every r,s € Ry, r <s and for every Borel measurable and
bounded function h : RY x RY — R, we have

E- (X5 10| F ] =B (XS4, 1Y) o (X024, 109)], P as.

PROOE. Fix (r,x,a) € [0, T] x R? x R4. Notice that it is enough to show
the Markov property for t <r <s < T. Therefore, let r € [¢, T], and consider on
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(Q, F,F,P"9), the following equation for X:

- - S - - S - -
Xy = X5 +f b(Xu, 1)) du +f o(Xy, 11" dw,
(B.1) ; " ) ) d
—i—// B(X,-, 1%, e)w(du, de),
r JE

forall s € [r, T, P"? a.s., where 7 (du, de) = n(du, de) — 1{u<Too})\(1L[/a’ de)du.
Under assumption (HFC), it is known (see, e.g., [19], Theorem 14.23) that there
exists a unique solution to equation (B.1), which is clearly given by the process
(X% serr.m)- We recall that this solution is constructed using an iterative proce-

dure, which relies on a recursively defined sequence of processes (X™),; see, for
example, [19], Lemma 14.20. More precisely, we set X 0) = 0, and then we define

X@+D from X® as follows:

- - N - - N - -
xXth = xlxa +/r b(x{M Ifﬂ)du+/r o (XM, 1)) dW,

u >-u u >-u

s 5 -
—i—/ f /S(X;’E),I;f’,e)ﬁ(du,de),
r JE

for all s € [r, T], P4 as., for every n € N. It can be shown that X™ con-
verges uniformly toward the solution X’**-¢ of (B.1) on [r, T], P"“ a.s., namely

SUPse[r.T) X — X154 — 0 as n tends to infinity, P"*¢ almost surely. This shows
that X-*-¢ [and also (X4, I1**)] is F-adapted, where F = (F)se[r. 1] is the aug-
mentation of the filtration G = (G;)s¢[r, 7] given by

Gy =0 (Xb54, 1Y FV v FE GV FE
where ]-"[‘ffs] =W, — Wur <u<ys), J—"[If,s] =o0(B, — B;r <u<ys) and
]-'[’;s] =o(@(F); F € B([r,s]) ® B(E)). Since .7:[‘;‘;] and ]-"[If’s] are independent
with respect to JF;, it is enough to prove that ]-'[’;S] and F, are conditionally in-

dependent relative to J(Xﬁ’x’a, I[’d). To prove this, take C € 7, and a B(R}+) ®
B(E)-measurable function ¢:Ri x E — R such that [5° [ [€,(e)|A (111,
de) du < oo, P"»% almost surely. Then the claim follows if we prove that

Etﬁ[ei9l1C+i92frst€u(e)7T(du,d€)|G(Xt,x,€z It’&)]
ro o dr
(B.2) =Et’5[ei911C|o(X£,x,ﬁ, Irt,[z)]

« Et,ﬁ[eiéz IF g tu(e)m(du,de) |O_(Xt,x,[1 Iz,[z)] Pt,& o
r s Ly ) Doy
for all 61, 6, € R. First, let us prove that 1¢ and [ [ £, (e)7(du, de) are condi-

tionally independent relative to o (1 zt 4.z >r), that is,

E e+ } g @ (dde) g (113 7 > )]
(B.3) - a
=E"i[e/%IC|o (119 7 > r)]el? fe @ 2 DA deydu P as,
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Proceeding as in Proposition B.1, let Js = [’ [ £, (e)7(du, de) and
d)(s):E”a[ei9‘10+iezjs|o(IZ”‘~’;z >r)] Vs > r.
Applying Itd’s formula to the process ¢'’s, we find
El‘,ﬁ [ei91 lc+i6r Jg IU(I;’El; 7> I")]
= E”E’[eigl le |(7(Izt’5; z>r)]
T IS . ) . N ;
L ghé [f / POICHO = (@0 15 (114 ) du‘o(lzl’“; 2> 0)}
r JE
= ]Et’[’[eiellc |O’(1Zt’&; z>7r)]
s . . . . ~
—I—/ /;Et’“[elellcﬂezju‘ lo(1% 2> r)](e’g"(e)e2 —DA(14, de) du.
p
In terms of ¢ this reads

¢(s)=l+/s¢(u_)lﬁ(u)du, Pha as.,
where

¥ (u) = / (@ _ DA(11% de), P as.
E

Notice that ¥ belongs to L' (R, ), as a consequence of the integrability condition
on f. We see then that ¢ is continuous, so that
P (s) =4[ 1CIU(IZ”E’; z> r)]efrs V@du P4 as.,
which yields (B.3). Let us come back to (B.2). We have, using (B.3),
El‘,&[eiel 1C+l€2 erfE Zu(e)n'(du,de) IO,(X:‘,X,&’ I;,Zl)] — Et,& [Y] Yzla(Xi,X,&’ I,f’gl)],

where

Y = Et’&[eiellc |U(IZI’&; z2>r)V O’(X,t,’x’&, I,”[’)],

Y2 — Et,& [ei02 erfE Ly (e)m(du,de) |a(IZ”5’; 7> I") v O’(Xi’x’&, I:,&)]
Since (Izt'&)zzo is Markov with respect to I, we have that 7, and o(lzfﬁ; 7>7)
are independent relative to o (I} ’5’). Therefore, Y| can be written as

Yl — Et,&[eiéllc lo(Xi,x,ﬁ, Irt,ﬁ)]'

It follows that Y7 is o (X V"), I “@)_measurable, so that

Et,fz [eiel le+i6s [7 [ tu(e)m (du,de) |O_(Xt,x,d It,&)]
r s tr

=V E [ Yalo (X154 104)], P,
which proves (B.2). U
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PROPOSITION B.3. Under assumption (HFC), the family (2, F, (X”X’E‘,
159, Pt’a)t,x,& is Markovian with respect to F and satisfies, for every (t,x,a) €
[0, T] x RY x RY, r,s € Ry with r < s, and for every Borel measurable and
bounded function h:R? x R — R,

ETh (X" 19| F)
(B.4)

. /o~ t,x,a gt,a Iy t,a
= RdXth(x,a)p(r, (X054 1), s, dx"da’), P a.s.,

where p is the Markovian transition function given by
plr (@), 5, T) = PO ((XPH0 107) €T,

foreveryr,s eRy,r <s, (x',a’) € R? x RY and every Borelian set T C R¢ x RY.

REMARK B.4. For the proof of Proposition B.3 we shall need to consider si-
multaneously two distinct solutions, {(Xﬁ,’xﬁ, I;’E’), s > 0} and {(ng’xﬁﬁ’, I;/’E’, ,
s > 0}, for (¢t,x,a), (', x',a") €[0,T] x R¢ x R?. According to Lemma 2.5,
(XL [68) 5 > 0} is defined on (2, F,F,P-%) and (X! ¥4, 114, s >
0} on (2, F,T, ]P”/’é/), respectively. However, we can construct a single prob-
ability space supporting both solutions. More precisely, we can construct a
single probability space supporting both the random measure with compen-
sator given by 1{S<Too})\’(lst a de)ds and the random measure with compensator
1{S<TOO}A(I§/’5,, de) ds, proceeding as follows.

Let Q" be a copy of @', with corresponding canonical marked point pro-
cess denoted by (7)), a)),, canonical random measure 7", T2 :=lim, 7,/ and
filtration F” = (F);=0. Define (2, F, = (F;);=0) with Q := Q x ", F :=
F ® FJ, and F o= Ns=: Fs ® F, . Moreover, set W(@) := W(w), B®) :=
B(w), #'(®,) :=7(w,-) and 7" (@, ) := 7" (", -). Set also f"éo(c?)) = Too(w)
and fgg(&)) = T (o). Let Par.d pe the probability measure on Q, F)
given by P44 (dp) = P(do) @ P*'4(d, do’) @ P4 (&, dw'). Finally, let
us define (X4, [14) (@) := (X%, ") (@, ') and (X4 ["4) (@) =
(x!'xa ptady @ @), Then (X594, [@) solves (2.1)~(2.2) on [z, T] starting
from (x, @) at 7, and (X"*-@, ["-") solves (2.1)~(2.2) on [¢', T] starting from
(x',a’) at time ¢t’.

PROOF OF PROPOSITION B.3. We begin noting that from Proposition B.2, the
left-hand side of (B.4) is equal to E"“[A(XL*4, I14)|o (X154, I59)], P! almost
surely. Let us now divide the proof into two steps:

Step 1. (X4, [%) is a discrete random variable. Suppose that

(Xi’x’&’ Irt’&) = Z(X;‘, ai)lri’

i>1
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for some (x;,d;) € R? x RY and a Borel partition (I';);>1 of RY x RY satisfying
P(I";) > 0, for any i > 1. In this case, (B.4) becomes
B[R (X, 1o (X1, 119)]
= Z lpiE”ai [h(Xg’x"’g"‘, Is”af)], PHa as.

i>1

(B.5)

Now notice that the process ()Afé’x’f’lpi)szr satisfies on (fZ, f" I@‘, P”&*’*ai) (using
the same notation as in Remark B.4)

A ~ s A ~ A, = s A ~ AL~ A
ngx’“1pi=x,-1ri+/ bi(X;’x’“lri,I;’“lpi)dr—i—f oi (XL, 1) 1r,) d Wy
r r

N ~ ~ = ~
—i—ff/B(X;’f’“lri,I;’fllri,e)ﬁi(du,de),
r JE

with b; = blr,, 0; =olr,, and 7; is the compensated martingale measure associ-
ated to the random measure 77;, which has lpik(fstLa Ir;,de)ds, s > r, as compen-

sator. Similarly, the process (X5 % 1r,),=, satisfies on (2, F, [, pranaiy
v Xi\di
X IFi

s ~ ~ ~ = $ N ~ P A
:xill",- —I—/ b,‘(X;’xi’ailri, I;’ailri)dr —{-/ ()‘,‘(X;’xi’ailr‘i, I:;’ailr‘i)qu
r r

S A A Ap T ~
+ / /E B(X2%1r,, I 1y, e)7t{ (du, de),
r

where 7:11-’ is the compensated martingale measure associated to the random mea-
sure ﬁlf , which has lrik(f;;&i Ir,,de)ds, s > r, as compensator. Since the two pro-
cesses (fs”alr,-)szr and (IAsr’E” Ir,)s>, have the same law, we see that (}A(é’x’alrl.)szr
and ()A( A odi Ir,)s>r solve the same equation, and, from uniqueness, they have the

same law, as well. This implies (denoting ' @ndi the expectation with respect to
Pt,a,r,ai)

1] = B [ (S E )
Notice that

and
(i, 1, 7]
t,a,r,d; [Et,d,r,&[ [h(ﬁg,xi,&i’ fbf’ai)Ifr]IFi]
[ [ (

=
N
S
S
=
>
“ >
=
™
'n’i)
S
N—
e
p—
L]
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In other words, we have
EN[R(X550, 1)1, ] = B O[B4 (X5, 10%)]1r ],
from which (B.5) follows. o
Step 2. General case. From estimate (2.5), we see that (X*4, [*?) is square
integrable, so that there exists a sequence (X% JL-4M) of square inte-
grable discrete random variables converging to (XL I!-?) pointwise P'“
a.s. and in L%(Q, F,P"4; R4 x RY). The sequence (X", I%™"), can be
chosen in such a way that (X!*d@n ! Jr.an+1) js a better approximation of
(XLxa 1@y than (XL54" [54"), in other words such that o (XL*@" [1-4") C
o (X!xantl phantly Tet us denote by (Xi*-@" Ji-d:1) the solution to (2.1)-
(2.2) starting at time r from (X.*%" [l¢") Notice that, from classical con-
vergence results of diffusion processes with jumps (see, e.g., [21], Chapter IX,
Theorem 4.8), it follows that (X% [[-¢") converges weakly to (X%*¢, 11¢).
From step 1, for any n we have
Et,é[h(va,x,é,n’ Ist,&,n)|U(X£,x,é,n’ Irt,[z,n)]
(B.6) 5 5 N
= p(r, (XLOO" 159 s, h), P9 ass.,
where
plr. (&), s, h) =BT [p(Xpe-an )],

for every r,s € Ry, r <s, (x/,a’) € R? x R? and every Borel measurable and
bounded function 4 : R? x R? — R. Let us suppose that / is bounded and continu-
ous. Since the sequence (E4[h(XL5@n  [LAm)|g(XL5an [6Em)]) s uniformly
bounded in L2(~S2, F,P4), there exists a subsequence (E-[h(Xy ", 79"
o (XpHO™M 1My ]), which converges weakly to some Z € L2(Q2, F, P"%). For
any N € N and 'y € o (XN [1.4N) we have, by definition of conditional
expectation,

El,&[Etﬁ [,’l(X;’X’&’nk, I;,&,nk) |J(X£’x’5’”’<, I’f,d,nk)]er]
= BN [h(X00 0, 1051,
for all ny > N. Letting k — oo, we deduce
E"4[Z1py,]=E"[h(X"%4, 1M1, ].
Since o (X154, [1:4) = \/, o (XL5@n [ it follows that
Z =FE"4[n(X050 [0 (X054, [19)],  PMYas.

Notice that every convergent subsequence of (I Alh(X é’x’&’”, I! ’&*”)|0(X ﬁ’x’&’”,
I1*™M]), has to converge to EN[a (X4, IT%)|o (XLX4, IT)], so that the whole
sequence converges. On the other hand, when % is bounded and continuous, it
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follows again from classical convergence results of diffusion processes with jumps
(see, e.g., [21], Chapter IX, Theorem 4.8) that p = p(r, (x/, a) s, h) 1s continuous
in (x',@’). Since (X1*-4", 141 converges pointwise P'% a.s. to (X/54, [1:4

letting n — oo in (B.6), we obtaln
B (X, 100) o (X104, 119)]
(B.7) S B}
= p(r, (X5 10,5, h), Ph4 as.

for any i bounded and continuous. Using a monotone class argument, we conclude
that (B.7) remains true for any /4 bounded and Borel measurable. [

APPENDIX C: COMPARISON THEOREM FOR EQUATIONS (3.1)-(3.2)

We shall prove a comparison theorem for viscosity sub and supersolutions to the
fully nonlinear IPDE of HJB type (3.1)—(3.2). Inspired by Definition 2 in [3], we
begin recalling the following result concerning an equivalent definition of viscosity
super and subsolution to (3.1)—(3.2), whose standard proof is not reported.

LEMMA C.1. Let assumptions (HFC), (HBC) and (HA) hold. A locally
bounded and Ls.c. (resp. u.s.c.) function u on [0, T] x R? is a viscosity super-
solution (resp. viscosity subsolution) to (3.1)—(3.2) if and only if

u(T,x) = (resp. <) g(x)
for any x € R?, and, for any § > 0,

—a—(t x) — sup[b(x a).Dyp(t, x) + %tr(aoT(x a)D @(t,x))

acA
+ 10, %, 9) + 170 (1, x, Dagp(t, x), u)
+ f(-x’ Cl, u(ts X), UT(x’ a)Dx(P(tv x))i|
> (resp. <) 0,
forany (t,x) €[0,T) x R? and any ¢ € CL2([0, T1 x RY) such that
(u—@)(t,x)= min (u—¢) (resp. max (u — (p)).
[0,T]xRd [0,T]xRd
As in [3] (see Definition 4), for the proof of the comparison theorem it is useful

to adopt another equivalent definition of viscosity solution to equations (3.1)—(3.2)

(see Lemma C.3 below), where we mix test functions and sub/superjets. We first
recall the definition of sub and superjets.

DEFINITION C.2. Letu:[0,7] x R - R be al.s.c. (resp. u.s.c.) function.
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(i) We denote by P>~ u(t, x) [resp. P>t u(t, x)] the parabolic subjet (resp.
parabolic superjet) of u at (t,x) € [0, T) x R¥, as the set of triples (p, g, M) €
R x R? x S¢ (we denote by S? the set of d x d symmetric matrices) satisfying

u(s,y) > (resp. <) u(t,x)+p(s—1)+q.(y—x)+ %()’ —x).M(y —x)
+o(ls —t|+ 1y —x[?) as (s, y) — (¢, x).

(i) We denote by 752’_u(t, x) [resp. 752’+u(t, x)] the parabolic limiting subjet
(resp. parabolic limiting superjet) of u at (¢, x) € [0, T) x R¥, as the set of triples
(p,q, M) e R x R? x S? such that

(p,q, M) = lim (pn,qn, My)
with (pn, gn, M) € P2 u(ty, xp) [resp. P2Fu(t,, x,)], where

(t’x’ u(tvx)) = nli)rgo(tn’xl’lv u(tn»xn))-

LEMMA C.3. Let assumptions (HFC), (HBC) and (HA) hold. A locally
bounded and Ls.c. (resp. u.s.c.) function u on [0, T] x R? is a viscosity super-
solution (resp. viscosity subsolution) to (3.1)—(3.2) if and only if

u(T,x) = (resp. <) g(x)
for any x € R?, an, for any § > 0,
1
—p— sup|:b(x,a).q + Etr(aoT(x, a)M) + Ial"s(t, X, Q)

acA
+I}‘S(I,x,q,u)+f(x,a,u(t,x),ch(x,a)q)} > (resp. <) 0,

forany (t,x) €[0,T) x R4, (p,g, M) e 752’_au(t,x) [resp. (p,q, M) € 752’+u(t,
x)] and any ¢ € C12([0,T] x RY), with $2(t,x) = p, Dyop(t,x) = q, and
D%(p(t,x) < M [resp. D)%go(t,x) > M], such that

u—9@)(t,x)= min (u— @) [resp. max (u — (p)].
[0,T]xRR4 [0,T]xRd

PROOF. The proof can be completed along the lines of the proof of Proposi-
tion 1in [3]. O

We can now state the main result of this appendix.

THEOREM C.4. Assume that (HFC), (HBC) and (H)L) hold. Let u be a u.s.c.
viscosity subsolution to (3.1)—(3.2) and w a l.s.c. viscosity supersolution to (3.1)—
(3.2), satisfying a linear growth condition

t, t,
.1 sup lu(t, x)| + [w(z, x)|
(1.x)€[0,T]xRd 1+ x|

Ifu(T,x) <w(T,x) forall x € RY, then u < w on [0, T] x R,
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PROOF. We shall argue by contradiction, assuming that

(C.2) sup (u—w)>0.
[0,T]xR4

Step 1. For some p > 0 to be chosen later, set
at,x) =e"u,x), w(r, x) = e’ w(t, x), (t,x) €0, T] x R,

Then we see that & (resp. w) is a viscosity subsolution (resp. supersolution) to the
following equation:

0 ~
(C3) pd— a—’; —sup(L9%+ f(a. 5,07 (La)Dxd)) =0  on[0,T) x RY,

acA
(C.4) 3(T,x)=gkx), xeRY,
where

ft,x,a,y,2)=e” f(x,a,e Py, e "'z), gx)=eTg),
forall (r,x,a,y,z) €[0, T] x R x A x R x R?.

Step 2. Denote, for all (¢, s, x, y) € [0, T1? x R? and for any n € N\ {0} and
y >0,

t—s>  x—y?
—n
2 2
By the linear growth assumption on u and w, for each n and y, there ex-
i8ts (Zn,y» Sn,y> Xn,y» Yn,y) € [0, T1> x R attaining the maximum of &, , on
[0, T1? x R??. Using standard techniques from the theory of viscosity solutions,
we see that for each y, there exists (7, x,) € [0, T'] x R4 such that

Dy (1,5, x,y) =ii(t,x) — W(s,y) —n —y (x> +1y1%).

— 00
(C.5) (tn,yasn,y’ Xn,y» yn,y) =3 (t)/at)/v Xy xy),
o0
(C.6)  nlxny —xyl*+nlyn, — vy P =50,
~ ~ o0 ~ ~
(C.7) ii(tn,ys Xny) — W(Snys Yny) —> iilty, x,) — W(ty, Xy).

We also notice, proceeding by contradiction, that we can prove that if y is small
enough, thent, < T,sothatt, ,,s,, <T,uptoasubsequence. Finally, we derive
a useful inequality. More precisely, for any &, &’ € R, from the maximum property

ch,y(tn,y» Sn,y»Xn,y + d, Yn,y + d) < cDn,y(tn,y’ Sn,y»> Xn,y» Yn,y), we get
ﬁ(tn,y, Xn,y +d) — ’Z(tn,y»xn,y) —nd.(Xp,y — Yn.y)
(C.8) =< ﬂ)(sn,yv Yn,y + d,) - UN)(Sn,yv )’n,y) - nd’-(xn,y - yn,y)
ld —d'|?
n— —

5 Ty (b +dP = 1y P [y +d[* =y ).
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Step 3. We shall apply the nonlocal Jensen—Ishii lemma; see [3], Lemma 1. To
this end, let y € (0, y*], and define

(pn(t,S,x,y)

s> lx—yP
=n B +n ) +V(|x|2+|y|2) _q’n,y(tn,)uSn,yaxn,y,yn,y),

for all (r,s,x,y) € R¥?? and for any n € N\ {0}. Then (1, sp, Xn, Yn) :=
(Tn,y s Sn,ysXn,y» Yn,y) 1s a zero global maximum point for u(z,x) — w(s,y) —
on(t,s,x,y) on [0, T]?> x R%4. Set

%
(Pnsqn) = ( 3l‘n (tns Sns Xn, Yn)s Dx@n(ty, Sn, Xn, yn)),
’ N . on
(_Pn, —qn) = 3s (tns Sns Xns Yn), Dy(pn(tn» SnsXn, Yn) |-

Then, for any 7 > 0, it follows from the nonlocal Jensen—Ishii lemma that there
exists @(#) > 0 such that, for any 0 < o < &(¥), we have that there exist se-
quences (for simplicity, we omit the dependence on o) (ty k, Sn.k> Xn.k> Yn.k) =
(tns Sns Xn, Yn)s (tn,k» Sn,ks Xn,ks yn,k) € [0, T)2 X RZda (pn,k’ p;z,ka dn.k» qy/,,k) -
(Pn» P> qn. q,,), matrices Ny i, N,’l’k e 4, with (N, x, N,’l,k) converging to some
(My.«, M,’W), and a sequence of functions ¢, i € CL2([0, T1?* x R*) such that:

(1) (tn.ks Sn.ks Xn.k»> Yn.k) 1 a global maximum point of & — W — @y «;
(i) u(tyk,Xn k) = U(ty, x,) and W(Sp k, Yn.k) = W(Sp, yn), as k tends to in-
finity;
(i) (Pnk:Gnis Nuk) € PPtk Xak)s (P @ s Nj ) € P27 (81,
Yn.k) and

0
(pn,k’ Qn,k) = (

“n

ot

k
(tn,k’ Sn,ks Xn,ks yn,k)» Dx(pn,k(tn,ka Sn,ks Xn ks )’n,k)>,

O¢n k
/ / n,
(_pn7k7 _Qn’k) = (?(tn,k, Sn,ks Xn,k» yn,k)» Dy(pn,k(tn,k’ Sn.,ks Xn,k» )’n,k)>,

(iv) the following inequalities hold [we denote by [ the 2d x 2d identity matrix
and by D(Zx’ 0 ¥n.k the Hessian matrix of ¢, x with respect to (x, y)]:

1 Ny« 0
C.9 ——I< ’

(V) @n.x converges uniformly in R2t24 and in CZ(B;(I,Z, Sn» Xn, Yn)) [Where
B;(tn, Su, Xn, yn) is the ball in R2t2¢ of radius 7 and centered at (f,,, Sy, Xn, yn)]
tOWard wn,a = Ra [‘Pn](a (pl’h p;/qa Qn’ CI,;))’ Where’ for any S € R2+2d’

2 .
) < D(x,y)(pn,k(tn,ka Sn,ks Xn ks yn,k),

I 2
RO[gn)(z,6) = sup {(pn(z’)—é.(z/—z)—%} vz e RH.
|Z/—z|=1
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Then from Lemma C.3 and the viscosity subsolution property to (C.3)—(C.4) of i,
we have

pﬁ(tn,k, xn,k) — Pn,k

1
- Sup[b(xn,k» a).qnk + > tr(0o " Xk, @) N k)
acA

1,8 2,8 ~
+ Iav (t}’l,kv Xn,k» @n,k('» Sn,ks s yn,k)) + Ia’ (tn,k’ Xn,k>Yn.ks i)

; ~ T
+ f(tn ks Xn ks @, Wty ks Xn k), 0 (X i, a)qn,k)] <0.

On the other hand, from the viscosity supersolution property to (C.3)—(C.4) of w,
we have

PW(Sn ks Ynk) = Ppx

1
— sup |:b(yn,k, a)-q;/q,k + 5 tr(GGT(yn,k’ a)Ny/,,k)

acA

1,8 2,8 ~
+ Ia (sn,k, Yn,ks _‘Pn,k(tn,k» 5 Xn,ks )) + Ia (sn,k, Yn,k» qr/L]p w)

+ F (ks Yk @ WS s Yn)s 0 ' Yk a)q,/,,k)}
> 0.

For every k € N\ {0}, consider a; € A such that
~ 1
PU(ty ks Xn k) — Pk — bk, ar) qn ik — > tr(oo " (Xn.k, ax) Nok)
(Clo) - Ialk,a(tn,ka x}’l,ka (pn,k('a S}’l,ka Yy yn,k)) - Iazlza(tn,ka xl’l,ka Qn,k, ﬁ)

) ) 1
- f(tn,k7 Xn,ks Ak s u(tn,k, xn,k)s UT(xn,k, ak)CIn,k) =< %

From the compactness of A, we can suppose that ay — acc € A, up to a subse-
quence. Moreover, for every a € A we have

P (s ks k) = Pk = DO -y = 5 (00 T Qs Ny, 1)
(C'll) - Ig}’s(sn,lﬁ Yn.ks _(pn,k(tn,ka Y Xn,ks )) - Ij’s(sn,kv Yn.k> q,{l,ka II])

- f(sn,k’ yn,k, av Ii)(sl’l,k’ yn,k)7 O-T(yl’l,kv a)%/q,k) Z O

Set r* 1= 28up 4 eyeax (En(le|<s) |1BX™, a, &)l V |B(y*, a, e)]), where from (C.5)
we define (x*, y*) :=1im,_, 5o (x,,, yn), and o™ := a(r*). Notice that Vn € N\ {0},
and we have sup(a’e)eAX(Em“dss})(|;3(xn, a,e)| VvV |B(yn,a,e)|) <r*, upto asub-
sequence. Therefore, sending k to infinity, we get ¢, x — ¥n.«, as k tends to in-
finity, uniformly in CZ(B,* (tn, Sn, Xn, yn)) for any 0 < o < a*. Moreover, from
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assumption (HA)(iii) we have

lim suP/ (@ (tn ks Xn k + Bxn k> Ak, €))
EN{le|>6}

k— 00

- ﬁ(t}’l,k’ xl’l,k) - ﬂ('xn,kv ak7 3)-Qn,k))‘(ak’ de)
S/ (ﬁ(fn,xn+ﬂ(xnsaoo’e))
EN{le|>6}

— 0t (tn, Xn) — B(Xn, doo, €).qn)A(doo, de).
Therefore, from (C.10) we obtain

pu(ty, Xp) — pn — b(xn, doo).qn — %tr(GUT(xna aoo)Mn,a)
- Ialo’f(tn, Xn, Wn,a(‘, Sns s )’n)) - Iazo’f(tna Xnsqn, 1)
- ];(tn, Xp, oo, U(ty, Xp), UT(xna aoo)Qn) <0.
A fortiori, if we take the supremum over a € A we conclude

pu(ty, Xn) — Pn

1 T
— sup| b(xp, a).qgn + =tr(co ' (xy, @) My o)
acA 2

(C.12) g
+1,; (tn’ Xns Yo (s Sns s yn))

+ Ig’a(tna Xn, Gn, i) + f(tna X, @, U(ty, Xn), O'T(xna a)Qn)i| <0,
for any 0 < o < «*. On the other hand, letting & to infinity in (C.11) for every fixed

a € A, and then taking the supremum, we end up with

PW(Sns Yn) — P

1
— sup[b(yn, a).q, + > tr(oo " (yn, )M, )

acA
(C.13) s
+ Ia’ (Sn, yn’ _l//n,a(tn» "xnv ))

+ Ifﬁs(sn, Vi, qul’ II)) + f(Sna Yn,a, w(sp, V), O'T(yna a)‘]r/z)] >0,

for any 0 < o < a*. Moreover, from (C.9) we have
1 M, 0
(C.14) _El = ( Sﬂ M > =< D(zx,y)Wn,a(tns Sns Xns Yn)
n,a
and by direct calculation

D(zx,y)l/fn,a(ln» Sn>Xns Yn)
(C.15)

:D(Zx’y)go,,(tn,sn,xn,yn)+0(1) asa — 0T,
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Step 4. From (C.12), for any n, consider a, € A such that
~ 1 T
pu(ty, Xn) — pn — b(xp, an).qn — 5 tr(ao (Xn, an)Mn,ot)
(C16) = L2 (tw, Xn Yrna G Sps - V)

— 122t X Qs i) = f (tns X @, (g X0), 0 (s @) ) < %
On the other hand, from (C.13) we deduce that

PW(Sns Yn) = Py = b an)-dy — 3 w00 s an) M, o)
(C.17) — 1,2 (Sns s =V (s 2 X0 ) = 122°(Sns Yo G, D)

- f(sna Vs ns W(Sy, Yn), UT(Yna an)q;,) > 0.
By subtracting (C.17) from (C.16), we obtain

i — U <1 —p 4+ AF,+ AIM + AT
p(u(tnaxn) w(sy, yn)) = +pn—p,+ n+ nt n
(C.18) + b(xn, an)-qn —b(yn,an).q,/l

1
+ 3 tr(ooT(xn, an)My o — o6 (yn, an)M;;,a)’

where
AFy = f(tw, Xn, an, ii(tn, Xn), 0" (Xn, @n)qn)
— F(Sns Yns s WSy Yn)s 0 s Gn)q))s
ALY = 1136, X Yo Co S ) = L8 (5y s =Vt =, X ),
AIZY = 122 (1, X, G, @) — 122° (50, Y, s D).

We have

% d¢
Pn — P;, = a—tn(tn’ Sn>Xn, Yn) + a—:(tn7 Sn> Xn, Yn) =0.

By the uniform Lipschitz property of b with respect to x, and (C.6), we see that

(bt an)-gn — b(n. an).qy)

lim
n—00
= nl_i)ngo(b(xn, an).Dy@n(tn, Xn, Yn) + b(yn, an)-Dy(pn (tn, Xn, yn)) =0.

Regarding the trace term in (C.18), by the uniform Lipschitz property of o with
respect to x, (C.14), (C.15) and (C.6), we obtain

limsuplimsuptr(co ' (X, @) Mp.o — 00 " (Yn, an) M), «) <0.
n—00 g0+ ’
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Moreover, from assumption (HBC) and (C.6)—(C.7), we find
lim |AF,|=0.
n—oo
Concerning the integral term AI,}"S, we have, for some ¥/, %" € (0, 1),
AI;’}’S :/ [D)%l//n,a(tn’ Snaxn+19/,3(xn,ana€)’ yn)
EN{le|<é}
X B(Xn, an, €).B(xn, an, €)
+ ngfn,a(tnv Sns Xn, Yn + 17//,3()% ap, 6))

X :B(xna ana e)'ﬁ(-xlﬂ al’l? e)])\'(ana de)

Therefore, using (C.15) we see that there exists a positive constant C,,, depending
only on (xp, yn), the Lipschitz constant of 8 and on supy 4rco.1 |D§<pn (tn, Sn,

Xn 4+ ' Bns ans €), Yu)| V1 D3@n (tns Su, Xns Y + 8" B (Y, an, €)1, such that

limsup|A 1| < c,;/ (1 A le*)A(ap, de).
EN{le|<3)

a—0t

Finally, it remains to consider the integral term AI,%"S. Integrating inequality (C.8),
with d = B(x,, a,, e) and d’ = B(y,, an, €), we find

2,8 ~
Ian (ZI’L’ xnv Qn» u)

May, de)

5 |B(Xn, an, €) — B, an, )|
SI‘%’;a(s"’y"’q’;’w)JrnfEm{leb(S} ”" 2 —

V/ (|0 + Bt an. )* = 20> A (an, de)
EN{le|>6}

y/ (3n + BGus ans O = 1y (an. de).
EN{le|>6}

Then it follows from assumption (HFC) that there exists a positive constant C”,
such that
- . 0 = yal?
Iclz’;a(tn’ x}’la Qn» I/[) S Ig,;a(sn, yn, C[,/,, w) + ncl/%
In conclusion, taking the limsup,_, ., limsup;s_, o+ limsup,_ o+ on both sides
of (C.18), we see that the we get the required contradiction for y small enough.
O

+yC”.
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