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Abstract

A weakly complete space is a complex space endowed with a plurisubharmonic
exhaustion function. In this paper, we classify the weakly complete surfaces for
which such exhaustion function can be chosen to be real analytic: they can be
modifications of Stein spaces or proper a non compact complex curve or surfaces
of Grauert type i.e. foliated with real analytic Levi flat hypersurfaces whose Levi
foliation has dense complex leaves. In the last case, we also show that such Levi
flat hypersurfaces are in fact level sets of a global proper pluriharmonic function,
up to passing to a holomorphic double covering. To cite this article: S. Mongodi,
Z. Slodkowski, G. Tomassini C. R. Acad. Sci. Paris, Ser. I 340 (2005).

Résumé

Sur les surfaces faiblement complétes. Un espace complexe est dit faiblement
complet s’il est muni d’une fonction d’exhaustion plurisousharmonique. Dans ce
papier on classifie les surfaces complexes faiblement completes qui admettent une
fonction d’exhaustion plurisousharmonique et analytique réelle. Elles sont des types
suivants : modifications des espaces de Stein, surfaces complexes propres sur des
courbes complexes non compactes, ou bien surfaces complexes de type Grauert
i.e. feuilletées par des hypersurfaces Levi plates dont les feuilles du feuilletage de
Levi sont partout denses. Dans ce dernier cas on montre aussi que, sauf a passer a
un double revétement, les hypersurfaces Levi plates sont en fait les niveaux d’une
fonction pluriharmonique globale. Pour citer cet article : S. Mongodi, Z. Slodkowski,
G. Tomassini C. R. Acad. Sci. Paris, Ser. I 340 (2005).
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Version frangaise abrégée

Un espace complexe (connexe) X est dit faiblement complet s’il est muni
d’une fonction d’exhaustion lisse et plurisousharmonique. Les domains faible-
ment complets d'un espace de Stein sont des espaces de Stein; les espaces
complexes propres sur un espace de Stein (i.e. munis d’une projection holo-
morphe et propre sur un espace de Stein), en particulier les modifications des
espaces de Stein, sont faiblement complets. Des exemples plus intéressants sont
les domaines pseudoconvexes du tore construit par Grauert. Dans le premier
cas O(X) # C; dans le deuxieme on a O(X) = C et il existe une fonction
d’exhaustion pluriharmonique dont les niveaux sont des hypersurfaces Levi
plates feuilletées par des feuilles qui sont partout denses (lelong des quelles la
form de Levi est dégénérée). Dans cette situation on dit que X est un espace
de type Grauert.

Il est naturel de poser la question si pour un espace faiblement complet les
exemples ci-dessus sont les “seuls possibles”. En cette généralité le probleme
semble tres difficile méme pour les surfaces. Dans ce papier on répond a la
question par I'affirmative pour les surfaces faiblement completes qui admettent
une fonction d’exhaustion plurisousharmonique et analytique réelle. A savoir
on démontre le théoreme suivant :

Théoreme principal Toute surface X faiblement compléte, munie d’une
fonction d’exhaustion plurisousharmonique et analytique réelle o, est de ['un
des types suivants :

i) une modification d’un espace de Stein ;
it) une surface propre sur une courbe complex (en général singuliére) ;
ii1) une surface de type Grauert.
De plus, dans le cas iii), si le sous ensemble critique Crt(a) de « est de
dimension < 2, alors
iti-a) l'ensemble Z des points de minimum de « est une courbe complexe
et il existe une fonction pluriharmonique et propre x : X \ Z — R
telle que toute fonction plurisousharmonique sur X \ Z soit de la forme
ToX;
si Crt(«) est de dimension 3, alors
iti-b) il existe a double revétement holomorphe m : X* — X et une fonc-
tion pluriharmonique et propre x* : X* — R telle que toute fonction
plurisousharmonique sur X* soit de la forme v o x*.
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Tomassini).



1 Introduction

A weakly complete space is a connected complex space X endowed with a
smooth plurisubharmonic exhaustion function ¢. Interesting examples of weakly
complete spaces which are not Stein are the pseudoconvex subdomains of a
complex torus constructed by Grauert. In the former, O(X) # C ; in the latter,
O(X) = C and there exists a smooth plurisubharmonic exhaustion function ¢
whose regular level sets are Levi flat hypersurfaces, foliated by dense complex
leaves (along which the Levi form of ¢ degenerates). In such a situation X is
said to be a space of Grauert type.

A question naturally arises: are these two phenomena the only possible for
a weakly complete space? Even if this problem has never been explicitly ad-
dressed, we find some partial results throughout the literature. See for instance

4], [2].

The general problem is already hard for complex surfaces thus, it seems worth-
wile to analyse the special case of surfaces admitting a real analytic plurisub-
harmonic exhaustion function. Observe that Brunella (cfr.[1]) constructed an
example of weakly complete surface which does not admit a real analytic
plurisubharmonic exhaustion function.

Under these hypothesis we obtain the following

Main Theorem Let X be a weakly complete surface, with a real analytic
plurisubharmonic exhaustion function o.. Then one of the following three cases
oceurs:
i) X is a modification of a Stein space of dimension 2,
it) X 1is proper over a (possibly singular) open complex curve,
iii) X is a Grauert type surface.
Moreover, in case iii), either the critical set Crt(a) of a has dimension < 2
and then
iti-a) the absolute minimum set Z of o is a compact complex curve Z C X
and there exists a proper pluriharmonic function x : X \ Z — R such
that every plurisubharmonic function on X \ Z is of the form ~y o x,
or it is of dimension 3 and then
i11-b) there exist a double holomorphic covering map m : X* — X and a
proper pluriharmonic function x* : X* — R such that every plurisub-
harmonic function on X* is of the form v o x*.

The method we adopted to tackle the problem consists of a careful analysis of
the structure of the level sets of & and their behaviour with respect to the min-
imal singular set. This set was introduced in [5] for any weakly complete space;
let us recall its definition. Given any plurisubharmonic exhaustion function ¢



in X, let Z}O be the minimal closed set such that ¢ is strictly plurisubharmonic
on X\ ¥}, and set ¥' = X'(X) = NX.. A plurisubharmonic exhaustion func-
©

tion ¢ is called minimal if X' = E}D. The following crucial properties were
proved in [5] when X is a complex manifold:
a) there exist minimal functions ¢ (cfr. [5, Lemma 3.1]);
b) if ¢ is minimal the nonempty level sets 3! = {¢ = ¢} N X! have the
local maximum property (cfr. [5, Theorem 3.6]);
c¢) if dim. X = 2 and c is a regular value of ¢, then the (nonempty) level
sets X! are compact sets foliated by Riemann surfaces (cfr. [5, Lemma
4.1]).
If we restrict ourselves to the real analytic category, while property a) still
holds, the proofs for b) and c) given in [5] do not apply anymore. However, if
X is a weakly complete surface, it is possible to show that b) and c) hold for
any plurisubharmonic exhaustion function and not just for the minimal ones:
this is an important point for the proof.

2 Levi flat levels

We link ¥! to the Levi flatness of the levels of a by studying the complex
foliation induced by the degeneracy of the Levi form. This allows us to the
following

Theorem 2.1 Let X be a complex surface with a real analytic plurisubhar-
monic exhaustion function o : X — R and Y a connected component of the
reqular level set {a = c} such that Y N X' # &. Assume that Y does not
contain compact complex curves. Then Y s Levi flat, the leaves of the Levi
foliation are dense in'Y and Y S X!

If some regular Levi flat level Y of o contains a compact complex curve C' we
have the folllowing

Theorem 2.2 X is proper over a (possibly singular) complex curve.

— We first prove that there is exist a neighborhood V' of C' and holomor-
phic function G : V' — C such that C' = {G = 0}.

— The family §y = {G = ¢, |(| < €}, for some € > 0, consists of compact
complex curves so, by [3, II1.5.B], §o extends to a family § globally
defined on X by a holomorphic map ® : X — R, where R is an open
Riemann surface. In particular, X admits a non constant holomorphic
function.

— In view of [4], X is holomorphically convex hence proper over a Stein
space.



As a consequence we have the following fundamental corollary

Corollary 2.3 Let X be a complex surface, o a real analytic plurisubhar-
monic exhaustion function, Y a compact connected component of the regqular
level set {a = c}. Assume that Y is Levi flat and contains a non closed leaf.
Then there exist a pluriharmonic function x : V — R on a connected neigh-
bourhood of Y and ey > 0 such that
a) VNn{a=ct=Y, Y={x=0}
b) the set
H={peV:0<x(p) <e} ,
15 relatively compact in V', does not contain a critical point of a or x,
and does not contain any compact complex curve;

c) if 0 < € < €, the Levi flat hypersurface {x = €} is foliated by dense
complex leaves and « is constant on it;

d) 00a A dda =0 and da: A Do A 0o = 0 on the whole of X ;
e) there is a real analytic function p: H — R such that

90a = pda A O and dp Adoa =0 .

3 Proof of the Main Theorem

The above results allows to prove the following theorem, which is the first part
of the Main Theorem:

Theorem 3.1 Let X be a weakly complete surface and o : X — R a real
analytic plurisubharmonic exhaustion function. Then three cases can occur:

1) X is a modification of a Stein space;
2) X is proper over a (possibly singular) complex curve;

3) the connected components of the reqular levels of « are foliated with
dense complex curves, i.e. X is of Grauert type.

Proof. (Sketch.) Let us suppose that there exists a sequence of real numbers
{¢n}nen C R such that ¢, — +o00 and {a = ¢, }NE! = ). Let ¢ be minimal for
X. For every n there is ¢, > 0 small enough such that {a+e,p = ¢, }NE =0 .
Since the function « + €, is minimal as well, X,, = {a + €,¢ < ¢,} is a rela-
tively compact strictly pseudoconvex domain (which we can suppose smoothly
bounded up to some small perturbation of ¢,), hence it is a modification of a
Stein surface. Moreover, X, is Runge in X,,,, therefore X itself is holomor-
phically convex and, possessing a plurisubharmonic function which is strictly
plurisubharmonic at some point, it has to be a modification of a Stein space
as well: this is the case 1).



Assume that there is ¢y € R such that {a = ¢} N X! # @ for every ¢ > ¢.
Suppose that there exists ¢; > ¢y, regular value such that there is a connected
componet Y of {& = ¢;} which does not contain compact complex curves
and such that Y N X! # (; we apply Theorem 2.1, obtaining that Y is Levi
flat and by Corollary 2.3, part d), we get that da A da A 9da = 0 on the
whole of X, hence every regular level of « is Levi flat and every such level
has a neighbourhood where it is given as the zero of a pluriharmonic function.
Therefore, no regular level can contain a compact complex curve, otherwise,
by Theorem 2.2, every level would, so all the regular levels are Levi flat and
containing no complact complex curves, hence by Corollary 2.3 part c), their
connected components are foliated with dense complex leaves. This is case 3)

If every regular level {a = ¢}, for ¢ > ¢y, contains a compact complex curve,
then X contains uncountably many compact complex curves; by [3, Propo-
sition 9 and 7] there exist a neighbourhood V' of one of these curves and
f 'V — C a holomorphic function which induces on V' a foliation in compact
curves. By Theorem 2.2 we conclude that X is proper over a non-compact
(possibly singular) complex curve, which is case 2). O

The proof of parts iii-a), iii-b) of the Main Theorem is rather difficult and
requires a very careful analysis of the geometric structure of the critical set

Crt(a) of a.

References

[1] BRUNELLA, M. On Kéhler surfaces with semipositive Ricci curvature. Riv.
Math. Univ. Parma (N.S.) 1, 2 (2010), 441-450.

[2] GILLIGAN, B., MIEBACH, C., AND OELJEKLAUS, K. Pseudoconvex domains
spread over complex homogeneous manifolds. Manuscripta Math. 142, 1-2 (2013),
35-59.

[3] NisHINO, T. L’existence d’une fonction analytique sur une variété analytique
complexe a deux dimensions. Publ. Res. Inst. Math. Sci. 18, 1 (1982), 387-419.

[4] Ousawa, T. Weakly 1-complete manifold and Levi problem. Publ. Res. Inst.
Math. Sci. 17,1 (1981), 153-164.

[5] SLODKOWSKI, Z., AND TOMASSINI, G. Minimal kernels of weakly complete
spaces. J. Funct. Anal. 210, 1 (2004), 125-147.



