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Abstract. We study a class of backward stochastic differential equations (BSDEs) driven by
a random measure or, equivalently, by a marked point process. Under appropriate assumptions
we prove well-posedness and continuous dependence of the solution on the data. We next address
optimal control problems for point processes of general non-Markovian type and show that BSDEs
can be used to prove existence of an optimal control and to represent the value function. Finally we
introduce a Hamilton–Jacobi–Bellman equation, also stochastic and of backward type, for this class
of control problems: when the state space is finite or countable we show that it admits a unique
solution which identifies the (random) value function and can be represented by means of the BSDEs
introduced above.
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1. Introduction. The purpose of this paper is to study a class of backward
stochastic differential equations (BSDEs) and apply these results to solve optimal
control problems for marked point processes. Under appropriate assumptions, an
associated Hamilton–Jacobi–Bellman (HJB) equation of stochastic type is also intro-
duced and solved in this non-Markovian framework.

General nonlinear BSDEs driven by the Wiener process were first solved in [23].
Since then, many generalizations have been considered where the Wiener process
was replaced by more general processes. Among the earliest results we mention in
particular [16], [17], by which some of our results are inspired, and we refer, e.g., to
[8] and [11] for recent result and for indications on the existing bibliography.

We address a class of BSDEs driven by a random measure, naturally associated
with a marked point process. There exists a large literature on this class of processes,
and in particular on the corresponding optimal control problems: we only mention
the classical treatise [7] and the recent book [6] as general references. In spite of that
literature, there are relatively few results about their connections with BSDEs. In the
general formulation of a BSDE driven by a random measure, one of the unknonwn
processes (the one associated with the martingale part, or Z-process) is in fact a ran-
dom field. This kind of equation has been introduced in [27] and was later considered
in [3], [26] in the Markovian case, where the associated (nonlocal) partial differential
equation and related nonlinear expectations were studied.

In these papers the BSDE contains a diffusive part and a jump part, but the
latter is only considered in the case of a Poisson random measure. In order to give a
probabilistic representation of solutions to quasi-variational inequalities in the theory
of stochastic impulse control, in [21] a more difficult problem also involving constraints
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on the jump part is formulated and solved, but still in the Poisson case and in a
Markovian framework.

To our knowledge, the only general result of BSDEs driven by a random measure
beyond the Poisson case is the paper [29] (but see also [11] for a different formulation).
In that paper, under conditions of Lipschitz type on the coefficients and assuming the
validity of appropriate martingale representation theorems, a general BSDE driven by
a diffusive and a jump part is considered and well-posedness results and a comparison
theorem are proved. However, it seems that in that paper the formulation of the
BSDE was not chosen in view of applications to optimal control problems. Indeed,
in contrast to [27] or [3], the generator of the BSDE depends on the Z-process in
a specific way (namely, as an integral of a Nemytskii operator) that is generally not
valid for the Hamiltonian function of optimal control problems (compare, for instance,
formula (1.3) below) and therefore prevents direct applications to these problems.

In our paper we consider a BSDE driven by a random measure, without diffusion
part, on a finite time interval, of the following form:

(1.1) Yt +

∫ T

t

∫
K

Zs(y) q(ds dy) = ξ +

∫ T

t

fs(Ys, Zs(·)) dAs, t ∈ [0, T ],

where the generator f and the final condition ξ are given.
Here the basic probabilistic datum is a marked point process (Tn, ξn), where (Tn)

is an increasing sequence of random times and (ξn) a sequence of random variables
in the state (or mark) space K. The corresponding random counting measure is
p(dt dy) =

∑
n δ(Tn,ξn), where δ denotes the Dirac measure. We denote (At) the

compensator of the counting process (p([0, t] ×K)) and by φt(dy) dAt the (random)
compensator of p. Finally, the compensated measure q(dt dy) = p(dt dy)−φt(dy) dAt

occurs in (1.1). The unknown process is a pair (Yt, Zt(·)), where Y is a real progressive
process and {Zt(y), t ∈ [0, T ], y ∈ K} is a predictable random field.

The random measure p is fairly general, the only restriction being nonexplosion
(i.e., Tn → ∞) and the requirement that (At) has continuous trajectories. We allow
the space K to be of general type, for instance, a Lusin space. Therefore our results
can also be directly applied to marked point processes with discrete state space. We
mention at this point that the specific case of finite or countable Markov chains has
been studied in [9], [10]; see also [11] for generalizations.

The basic hypothesis on the generator f is a Lipschitz condition requiring that
for some constants L ≥ 0, L′ ≥ 0,

|ft(ω, r, z(·))− ft(ω, r
′, z′(·))| ≤ L′|r − r′|+ L

(∫
K

|z(y)− z′(y)|2φt(ω, dy)

)1/2

for all (ω, t), for r, r′ ∈ R, and z, z′ in appropriate function spaces (depending on
(ω, t)); see below for precise statements. We note that the generator of the BSDE
can depend on the unknown Z-process in a general functional way: this is required
in the applications to optimal control problems that follow, and it is shown that our
assumptions can be effectively verified in a number of cases. In order to solve the
equation, beside measurability assumptions, we require the summability condition

E

∫ T

0

eβAt |ft(0, 0)|2dAt + E [eβAT |ξ|2] < ∞

to hold for some β > L2 + 2L′. Note that in the Poisson case mentioned above we
have a deterministic compensator φt(dy) dAt = π(dy) dt for some fixed measure π on
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3594 FULVIA CONFORTOLA AND MARCO FUHRMAN

K and the summability condition reduces to a simpler form, not involving exponen-
tials of stochastic processes. We prove existence, uniqueness, a priori estimates, and
continuous dependence upon the data for the solution to the BSDE.

The results described so far are presented in section 3, after an introductory
section devoted to notation and preliminaries.

In section 4 we formulate a class of optimal control problems for marked point
processes, following a classical approach exposed, for instance, in [7]. For every fixed
(t, x) ∈ [0, T ]×K, the cost to be minimized and the corresponding value function are

Jt(x, u(·)) = E
Ft
u

[∫ T

t

ls(X
t,x
s , us) dAs + g(Xt,x

T )

]
, v(t, x) = ess inf

u(·)∈A
Jt(x, u(·)),

where E
Ft
u denotes the conditional expectation with respect to a new probability Pu,

depending on a control process (ut) and defined by means of an absolutely continuous
change of measure: the choice of the control process modifies the compensator of
the random measure under Pu, making it equal to rt(y, ut)φt(dy) dAt for some given
function r. To this control problem we associate the BSDE

(1.2)

Y t,x
s +

∫ T

s

∫
K

Zt,x
r (y) q(dr dy) = g(Xt,x

T ) +

∫ T

s

f(r,Xt,x
r , Zt,x

r (·)) dAr , s ∈ [t, T ].

where (Xt,x
r ) is a family of marked point processes, each starting from x at time t,

and the generator contains the Hamiltonian function

(1.3) f(ω, t, x, z(·)) = inf
u∈U

{
lt(ω, x, u) +

∫
K

z(y) (rt(ω, y, u)− 1)φt(ω, dy)

}
.

Assuming that the infimum is in fact a minimum, admitting a suitable selector,
together with a summability condition of the form

E exp (βAT ) + E[|g(Xt,x
T )|2eβAT ] < ∞

for a sufficiently large value of β, we prove that the optimal control problem has a
solution and that the value function and the optimal control can be represented by
means of the solution to the BSDE.

We note that optimal control of point processes is a classical topic in stochastic
analysis, and the first main contributions date back several decades: we refer the
reader, for instance, to the corresponding chapters of the treatises [7] and [18]. The
Markovian case has been further investigated in depth, even for more general classes
of processes; see, e.g., [15]. The results we present in this paper are an attempt toward
an alternative systematic approach, based on BSDEs. We hope this may lead to useful
results in the future, for instance, in connection with computational issues and a better
understanding of the non-Markovian situation. Although this approach is analogous
to the diffusive case, it seems that it is pursued here for the first time in the case of
marked point processes. In particular it differs from the control-theoretic applications
addressed in [27], devoted to a version of the stochastic maximum principle. We
also include in this section a simple example where it is possible to find an explicit
solution of the BSDE (1.2) and to obtain a closed form solution of an optimal control
problem.
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Finally, in section 5, we introduce the following HJB equation associated to the
optimal control problem described above:

(1.4)

v(t, x) +

∫ T

t

∫
K

V (s, x, y) q(ds dy)

= g(x) +

∫ T

t

∫
K

(
v(s, y)− v(s, x) + V (s, y, y)− V (s, x, y)

)
φs(dy) dAs

+

∫ T

t

f
(
s, x, v(s, ·)− v(s, x) + V (s, ·, ·)

)
dAs, t ∈ [0, T ], x ∈ K,

where f is the Hamiltonian function defined in (1.3). The solution is a pair of random
fields {v(t, x), V (t, x, y) : t ∈ [0, T ], x, y ∈ K}, and in this non-Markovian framework
the HJB equation is stochastic and of backward type, driven by the same random
measure as before. Thus, the previous results are applied to prove its well-posedness.
For technical reasons, however, we limit ourselves to the case where the state space
K is at most countable: although this is a considerable restriction with respect to
the previous results, it allows us to treat important classes of control problems, for
instance, those related to queuing systems. Under appropriate assumptions, similar
to those outlined above, we prove that the HJB equation is well-posed and that v(t, x)
coincide with the (stochastic) value function of the optimal control problem and it
can be represented by means of the associated BSDE.

A backward stochastic HJB equation was first introduced in [24] in the diffusive
case, where the corresponding theory is still not complete due to greater technical
difficulties. It is an interesting fact that the parallel case of jump processes can be
treated using BSDEs and fairly complete results can be given, at least under the
restriction mentioned above; this is perhaps due to the different nature of the control
problem. (Here the laws of the controlled processes are obtained via an absolutely
continuous change of measure, in contrast to [24].) We borrow some ideas from [24],
in particular the use of a formula of Itô–Kunita type proved below, that suggested
the unusual form of (1.4). We are not aware of any previous result on backward HJB
equations in a nondiffusive context.

The results of this paper admit several variants and generalizations: some of
them are not included here for reasons of brevity and some are in preparation. For
instance, the BSDE approach to optimal control of Markov jump processes deserves
a specific treatment; moreover, BSDEs driven by random measures can be studied
without Lipschitz assumptions on the generator, along the lines of the many results
available in the diffusive case, or extensions to the case of vector-valued process Y or
of random time interval can be considered.

2. Notation, preliminaries, and basic assumptions. In this section we re-
call basic notions on marked point processes, random measures, and corresponding
stochastic integrals, that will be used in the rest of the paper. We also formulate
several assumptions that will remain in force throughout.

2.1. Marked point processes. Let (Ω,F ,P) be a complete probability space
and (K,K) a measurable space. Assume we have a sequence (Tn, ξn)n≥1 of random
variables, Tn taking values in [0,∞] and ξn in K. We set T0 = 0 and we assume,
P-a.s.,

Tn < ∞ =⇒ Tn < Tn+1, n ≥ 0.

We call (Tn) a point process and (Tn, ξn) a marked point process. K is called the
mark space, or state space.
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3596 FULVIA CONFORTOLA AND MARCO FUHRMAN

In this paper we will always assume that (Tn) is nonexplosive, i.e., Tn → ∞ P-a.s.
For every B ∈ K we define the counting processes

Nt(B) =
∑
n≥1

1Tn≤t1ξn∈B, t ≥ 0,

and we set Nt = Nt(K). We define the filtration generated by the counting processes
by first introducing the σ-algebras

F0
t = σ(Ns(B) : s ∈ [0, t], B ∈ K), t ≥ 0,

and setting

Ft = σ(F0
t ,N ), t ≥ 0,

where N denotes the family of P-null sets in F . It turns out that (Ft)t≥0 is right-
continuous and therefore satisfies the usual conditions. In the following all measurabil-
ity concepts for stochastic processes (e.g., adaptedness, predictability) will refer to the
filtration (Ft)t≥0. The predictable σ-algebra (respectively, the progressive σ-algebra)
on Ω × [0,∞) will be denoted by P (respectively, by Prog). The same symbols will
also denote the restriction to Ω× [0, T ] for some T > 0.

It is known that there exists an increasing, right-continuous predictable process
A satisfying A0 = 0 and

E

∫ ∞

0

Ht dNt = E

∫ ∞

0

Ht dAt

for every nonnegative predictable process H . The above stochastic integrals are de-
fined for P-almost every ω as ordinary (Stieltjes) integrals. A is called the compen-
sator, or the dual predictable projection, of N . In the following we will always make
the basic assumption that P-a.s.

(2.1) A has continuous trajectories

which are in particular finite-valued.
We finally fix ξ0 ∈ K (deterministic) and we define

(2.2) Xt =
∑
n≥0

ξn 1[Tn,Tn+1)(t), t ≥ 0.

We do not assume that P(ξn �= ξn+1) = 1. Therefore in general trajectories of
(Tn, ξn)n≥0 cannot be reconstructed from trajectories of (Xt)t≥0 and the filtration
(Ft)t≥0 is not the natural completed filtration of (Xt)t≥0.

2.2. Random measures and their compensators. For ω ∈ Ω we define a
measure on ((0,∞)×K,B((0,∞))⊗K) setting

p(ω,C) =
∑
n≥1

1(Tn(ω),ξn(ω))∈C , C ∈ B((0,∞))⊗K,

where B(Λ) denotes the Borel σ-algebra of any topological space Λ. p is called a
random measure since ω 
→ p(ω,C) is F -measurable for fixed C. We also use the
notation p(ω, dt dy) or p(dt dy). Notice that p((0, t]×B) = Nt(B) for t > 0, B ∈ K.
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Under mild assumptions on K it can be proved that there exists a function
φt(ω,B) such that

1. for every ω ∈ Ω, t ∈ [0,∞), the mapping B 
→ φt(ω,B) is a probability
measure on (K,K);

2. for every B ∈ K, the process (ω, t) 
→ φt(ω,B) is predictable;
3. for every nonnegative Ht(ω, y), P ⊗K-measurable, we have

E

∫ ∞

0

∫
K

Ht(y) p(dt dy) = E

∫ ∞

0

∫
K

Ht(y) φt(dy) dAt.

For instance, this holds if (K,K) is a Lusin space with its Borel σ-algebra (see [20,
section 2]), but since the Lusin property will not play any further role below, in the
following we will simply assume the existence of φt(dy) satisfying 1, 2, and 3 above.

The randommeasure φt(ω, dy) dAt(ω) will be denoted p̃(ω, dt dy), or simply p̃(dt dy),
and will be called the compensator, or the dual predictable projection, of p.

2.3. Stochastic integrals. Fix T > 0, and let Ht(ω, y) be a P ⊗K-measurable
real function satisfying∫ T

0

∫
K

|Ht(y)| φt(dy) dAt < ∞, P-a.s.

Then the stochastic integral

(2.3)∫ t

0

∫
K

Hs(y) q(ds dy) :=

∫ t

0

∫
K

Hs(y) p(ds dy)−
∫ t

0

∫
K

Hs(y) φs(dy) dAs, t ∈ [0, T ],

can be defined as the difference of ordinary integrals with respect to p and p̃. Here

and in the following the symbol
∫ b

a
is to be understood as an integral over the interval

(a, b]. We shorten this identity by writing q(dt dy) = p(dt dy)− p̃(dt dy) = p(dt dy)−
φt(dy) dAt. Note that∫ t

0

∫
K

Hs(y) p(ds dy) =
∑

n≥1,Tn≤t

HTn(ξn)

is always well defined since we are assuming that Tn → ∞ P-a.s.
For r ≥ 1 we define Lr,0(p) as the space of P ⊗ K-measurable real functions

Ht(ω, y) such that

E

∫ T

0

∫
K

|Ht(y)|r p(dt dy) = E

∫ T

0

∫
K

|Ht(y)|r φt(dy) dAt < ∞.

(The equality of the integrals follows from the definition of φt(dy).) Given an element
H of L1,0(p), the stochastic integral (2.3) turns out to be a finite variation martingale.

The key result used in the construction of a solution to the BSDE (3.1) is the
integral representation theorem of marked point process martingales (see, e.g., [14],
[15]), which is a counterpart of the well-known representation result for Brownian
martingales (see, e.g., [25, Chapter V.3] or [18, Theorem 12.33]). Recall that (Ft) is
the filtration generated by the jump process, augmented in the usual way.

Theorem 2.1. Let M be a càdlàg (Ft)-martingale on [0, T ]. Then we have

Mt = M0 +

∫ t

0

∫
K

Hs(y) q(ds dy), t ∈ [0, T ],

for some process H ∈ L1,0(p).
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3598 FULVIA CONFORTOLA AND MARCO FUHRMAN

2.4. A family of marked point processes. In the following, in order to use
dynamic programming arguments, it will be useful to introduce a family of processes
instead of the single process X , each starting at a different time from different points.

Let (Tn, ξn) be the marked point process introduced in section 2.1. We fix t ≥ 0
and we introduce counting processes relative to the time interval [t,∞) setting

N t
s(A) =

∑
n≥1

1t<Tn≤s1ξn∈A, s ∈ [t,∞), A ∈ K,

and N t
s = N t

s(K). Then N t
s(A) = pt((t, s] × A) for s > t,A ∈ K, where the random

measure pt is the restriction of p to (t,∞) × K. With these definitions it is easily
verified that the compensator of pt (respectively, N t) is the restriction of φs(dy) dAs

(respectively, A) to [t,∞)×K (respectively, [t,∞)).
Now we fix t ≥ 0 and x ∈ K. Noting that Nt is the number of jump times Tn in

the interval [0, t], so that TNt ≤ t < TNt+1, we define

Xt,x
s = x 1[t,TNt+1)(s) +

∑
n≥Nt+1

ξn 1[Tn,Tn+1)(s), s ∈ [t,∞).

In particular, recalling the definition of the process X , previously defined by formula
(2.2) and starting at point ξ0 ∈ K, we observe that X = X0,ξ0 .

For arbitrary t, x we also have Xt,x
s = Xs for s ≥ TNt+1 and, finally, for 0 ≤ u ≤

t ≤ s and x ∈ K the identity X
t,Xu,x

t
s = Xu,x

s is easy to verify.

3. The backward equation. From now on, we fix a deterministic terminal
time T > 0.

For given ω ∈ Ω and t ∈ [0, T ], we denote Lr(K,K, φt(ω, dy)) the usual space of
K-measurable maps z : K → R such that

∫
K
|z(y)|rφt(ω, dy) < ∞. (Below we will

only use r = 0 or 1.)
Next we introduce several classes of stochastic processes, depending on a param-

eter β > 0.
• L2,β

Prog(Ω× [0, T ]) denotes the set of real progressive processes Y such that

|Y |2β := E

∫ T

0

eβAt |Yt|2dAt < ∞.

• L2,β(p) denotes the set of mappings Z : Ω× [0, T ]×K → R which are P ⊗K-
measurable and such that

‖Z‖2β := E

∫ T

0

∫
K

eβAt |Zt(y)|2φt(dy)dAt < ∞.

We say that Y, Y ′ ∈ L2,β
Prog(Ω × [0, T ]) (respectively, Z,Z ′ ∈ L2,β(p)) are equiv-

alent if they coincide almost everywhere with respect to the measure dAt(ω)P(dω)
(respectively, the measure φt(ω, dy)dAt(ω)P(dω)) and this happens if and only if

|Y − Y ′|β = 0 (respectively, ‖Z − Z ′‖β = 0). We denote L2,β
Prog(Ω × [0, T ]) (respec-

tively, L2,β(p)) the corresponding set of equivalence classes, endowed with the norm

| · |β (respectively, ‖ · ‖β). L2,β
Prog(Ω × [0, T ]) and L2,β(p) are Hilbert spaces, iso-

morphic to L2,β(Ω× [0, T ], P rog, eβAt(ω) dAt(ω)P(dω)), and L2,β(Ω× [0, T ]×K,P ⊗
K, eβAt(ω) φt(ω, dy) dAt(ω)P(dω)), respectively.
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BSDEs AND CONTROL OF MARKED POINT PROCESSES 3599

Finally we introduce the Hilbert space Kβ = L2,β
Prog(Ω× [0, T ])×L2,β(p), endowed

with the norm ||(Y, Z)||2β := |Y |2β + ||Z||2β.
In the following we will consider the backward stochastic differential equation:

P-a.s.,

(3.1) Yt +

∫ T

t

∫
K

Zs(y) q(ds dy) = ξ +

∫ T

t

fs(Ys, Zs(·)) dAs, t ∈ [0, T ],

where the generator f and the final condition ξ are given and we look for unknown
processes (Y, Z) ∈ K

β .
Let us consider the following assumptions on the data f and ξ.
Hypothesis 3.1.

1. The final condition ξ : Ω → R is FT -measurable and E eβAT |ξ|2 < ∞.
2. For every ω ∈ Ω, t ∈ [0, T ], r ∈ R, a mapping ft(ω, r, ·) : L2(K,K, φt(ω, dy))→

R is given, satisfying the following assumptions:
(i) for every Z ∈ L2,β(p) the mapping

(3.2) (ω, t, r) 
→ ft(ω, r, Zt(ω, ·))
is Prog ⊗ B(R)-measurable;

(ii) there exists L ≥ 0, L′ ≥ 0 such that for every ω ∈ Ω, t ∈ [0, T ], r, r′ ∈ R,
z, z′ ∈ L2(K,K, φt(ω, dy)) we have

|ft(ω, r, z(·))− ft(ω, r
′, z′(·))|(3.3)

≤ L′|r − r′|+ L

(∫
K

|z(y)− z′(y)|2φt(ω, dy)

)1/2

;

(iii) we have

(3.4) E

∫ T

0

eβAt |ft(0, 0)|2dAt < ∞.

Remark 3.2.

1. The slightly involved measurability condition on the generator seems un-
avoidable, since the mapping ft(ω, r, ·) has a domain which depends on (ω, t).
However, in the following section, we will see how it can be effectively verified
in connection with optimal control problems.
Note that if Z ∈ L2,β(p), then Zt(ω, ·) belongs to L2(K,K, φt(ω, dy)) except
possibly on a predictable set of points (ω, t) of measure zero with respect to
dAt(ω)P(dω), so that the requirement on the measurability of the map (3.2)
is meaningful.

2. We note the inclusion

(3.5) L2,β(p) ⊂ L1,0(p) ∀β > 0.

Indeed if Z ∈ L2,β(p), then the inequality

∫ T

0

∫
K

|Zt(y)| φt(dy) dAt ≤
(∫ T

0

∫
K

|Zt(y)|2 φt(dy) e
βAtdAt

)1/2

×
(∫ T

0

e−βAtdAt

)1/2

and the fact that
∫ T

0
e−βAtdAt = β−1(1 − e−βAT ) ≤ β−1 imply that Z ∈

L1,0(p).
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3600 FULVIA CONFORTOLA AND MARCO FUHRMAN

It follows from (3.5) that the martingale Mt =
∫ t

0

∫
K
Zs(y) q(ds dy) is well

defined for Z ∈ L2,β(p) and has càdlàg trajectories P-a.s. It is easily checked
that M only depends on the equivalence class of Z as defined above.

Lemma 3.3. Suppose that f : Ω × [0, T ] → R is progressive, ξ : Ω → R is
FT -measurable, and

E eβAT |ξ|2 + E

∫ T

0

eβAs |fs|2dAs < ∞

for some β > 0. Then there exists a unique pair (Y, Z) in K
β which solves to the

BSDE

(3.6) Yt +

∫ T

t

∫
K

Zs(y) q(ds dy) = ξ +

∫ T

t

fs dAs.

Moreover the following identity holds:

(3.7)
E eβAt |Yt|2 + β E

∫ T

t

eβAs |Ys|2dAs + E

∫ T

t

∫
K

eβAs |Zs(y)|2φs(dy)dAs

= E eβAT |ξ|2 + 2E

∫ T

t

eβAsYs fsdAs, t ∈ [0, T ],

and there exist two constants c1(β) = 4(1 + 1
β ) and c2(β) =

8
β (1 +

1
β ) such that

E

∫ T

0

eβAs |Ys|2dAs + E

∫ T

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs(3.8)

≤ c1(β)E eβAT |ξ|2 + c2(β)

∫ T

0

eβAs |fs|2 dAs.

Proof. Uniqueness follows immediately using the linearity of (3.6) and taking the
conditional expectation given Ft.

Assuming that (Y, Z) ∈ K
β is a solution, we now prove the identity (3.7). From

the Itô formula applied to eβAt |Yt|2 it follows that

d(eβAt |Yt|2) = βeβAt |Yt|2dAt + 2eβAtYt−dYt + eβAt |ΔYt|2.
So integrating on [t, T ] and recalling that A is continuous,

eβAt |Yt|2 = −
∫ T

t

βeβAs |Ys|2dAs − 2

∫ T

t

eβAsYs−
∫
K

Zs(y)q(ds dy)(3.9)

−
∑

t<s≤T

eβAs |ΔYs|2 + eβAT |ξ|2 + 2

∫ T

t

eβAsYs fs dAs.

The integral process
∫ t

0
eβAsYs−

∫
K
Zs(y)q(ds dy) is a martingale, because the inte-

grand process eβAsYs−Zs(y) is in L1,0(p); in fact, from the Young inequality we get

E

∫ T

0

∫
K

eβAs |Ys−||Zs(y)|φs(dy)dAs

≤ 1

2
E

∫ T

0

eβAs |Ys−|2dAs +
1

2
E

∫ T

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs < +∞.
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BSDEs AND CONTROL OF MARKED POINT PROCESSES 3601

Moreover we have

∑
0<s≤t

eβAs |ΔYs|2 =

∫ t

0

∫
K

eβAs |Zs(y)|2p(ds dy)

=

∫ t

0

∫
K

eβAs |Zs(y)|2q(ds dy) +
∫ t

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs,

where the stochastic integral with respect to q is a martingale. Taking the expectation
in (3.9) we obtain (3.7).

We now pass to the proof of existence of the required solution. We start from the
inequality

∫ T

t

|fs| dAs =

∫ T

t

e−
β
2 Ase

β
2 As |fs| dAs ≤

(∫ T

t

e−βAsdAs

)1/2(∫ T

t

eβAs |fs|2dAs

)1/2

.

Since β
∫ T

t e−βAsdAs = e−βAt − e−βAT ≤ e−βAt we arrive at

(3.10)

(∫ T

t

|fs| dAs

)2

≤ e−βAt

β

∫ T

t

eβAs |fs|2dAs.

This implies in particular that
∫ T

0
|fs| dAs is square summable. The solution (Y, Z)

is defined by considering a càdlàg version of the martingale Mt = E
Ft [ξ+

∫ T

0
fs dAs].

By the martingale representation Theorem 2.1, there exists a process Z ∈ L1,0(p)
such that

Mt = M0 +

∫ t

0

∫
K

Zs(y) q(dy ds), t ∈ [0, T ].

Define the process Y by

Yt = Mt −
∫ t

0

fs dAs, t ∈ [0, T ].

Noting that YT = ξ, we easily deduce that (3.6) is satisfied.
It remains to show that (Y, Z) ∈ K

β . Taking the conditional expectation, it

follows from (3.6) that Yt = E
Ft [ξ +

∫ T

t
fs dAs] so that, using (3.10), we obtain

eβAt |Yt|2 ≤ 2eβAt|EFtξ|2 + 2eβAt

∣∣∣∣∣EFt

∫ T

t

fs dAs

∣∣∣∣∣
2

≤ 2EFt

[
eβAT |ξ|2 + 1

β

∫ T

0

eβAs |fs|2 dAs

]
.(3.11)

Denoting by mt the right-hand side of (3.11), we see that m is a martingale by the
assumptions of the lemma. In particular, for every stopping time S with values in
[0, T ], we have

(3.12) E eβAS |YS |2 ≤ EmS = EmT < ∞
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3602 FULVIA CONFORTOLA AND MARCO FUHRMAN

by the optional stopping theorem. Next we define the increasing sequence of stopping
times

Sn = inf

{
t ∈ [0, T ] :

∫ t

0

eβAs |Ys|2dAs +

∫ t

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs > n

}

with the convention inf ∅ = T . Computing the Itô differential d(eβAt |Yt|2) on the
interval [0, Sn] and proceeding as before we deduce

β E

∫ Sn

0

eβAs |Ys|2dAs + E

∫ Sn

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs

≤ E eβASn |YSn |2 + 2E

∫ Sn

0

eβAsYsfs dAs.

Using the inequalities 2Ysfs ≤ (β/2)|Ys|2 + (2/β)|fs|2 and (3.12) (with S = Sn) we
find the estimates

E

∫ Sn

0

eβAs |Ys|2dAs ≤ 4

β
EeβAT |ξ|2 + 8

β2
E

∫ T

0

eβAs |fs|2 dAs,

E

∫ Sn

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs ≤ 4EeβAT |ξ|2 + 8

β
E

∫ T

0

eβAs |fs|2 dAs,

from which we deduce

(3.13)
E

∫ Sn

0

eβAs |Ys|2dAs + E

∫ Sn

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs

≤ c1(β)Ee
βAT |ξ|2 + c2(β)

∫ T

0

eβAs |fs|2 dAs,

where c1(β) = 4(1 + 1
β ) and c2(β) =

8
β (1 +

1
β ).

Setting S = limn Sn we deduce

∫ S

0

eβAs |Ys|2dAs +

∫ S

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs < ∞, P-a.s.,

which implies S = T , P-a.s., by the definition of Sn. Letting n → ∞ in (3.13) we
conclude that (3.8) holds, so that (Y, Z) ∈ K

β.

Theorem 3.4. Suppose that Hypothesis 3.1 holds with β > L2 + 2L′.
Then there exists a unique pair (Y, Z) in K

β which solves the BSDE (3.1).

Proof. We use a fixed point theorem for the mapping Γ : Kβ → K
β defined setting

(Y, Z) = Γ(U, V ) if (Y, Z) is the pair satisfying

(3.14) Yt +

∫ T

t

∫
K

Zs(y) q(ds dy) = ξ +

∫ T

t

fs(Us, Vs) dAs.

Let us remark that from the assumptions on f it follows that

E
∫ T

0
eβAs |fs(Us, Vs)|2dAs < ∞, so by Lemma 3.3 there exists a unique (Y, Z) ∈ K

β

satisfying (3.14) and Γ is a well-defined map.
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BSDEs AND CONTROL OF MARKED POINT PROCESSES 3603

Let (U i, V i), i = 1, 2, be elements of Kβ and let (Y i, Zi) = Γ(U i, V i). Denote
Y = Y 1−Y 2, Z = Z1−Z2, U = U1−U2, V = V 1−V 2, f s = fs(U

1
s , V

1
s )−fs(U

2
s , V

2
s ).

Lemma 3.3 applies to Y , Z, f and (3.7) yields, noting that Y T = 0,

EeβAt |Y t|2 + β E

∫ T

t

eβAs |Y s|2dAs + E

∫ T

t

∫
K

eβAs |Zs(y)|2φs(dy)dAs

= 2E

∫ T

t

eβAsY s fsdAs, t ∈ [0, T ].

From the Lipschitz conditions of f and elementary inequalities it follows that

β E

∫ T

0

eβAs |Y s|2dAs + E

∫ T

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs

≤ 2LE

∫ T

t

eβAs |Y s|
(∫

K

|V s(y)|2φs(dy)

)1/2

dAs + 2L′
E

∫ T

t

eβAs |Y s| |Us| dAs

≤ αE

∫ T

0

∫
K

eβAs |V s(y)|2φs(dy) dAs +
L2

α
E

∫ T

0

eβAs |Y s|2 dAs

+ γL′
E

∫ T

0

eβAs |Y s|2 dAs +
L′

γ
E

∫ T

0

eβAs |Us|2 dAs

for every α > 0, γ > 0. This can be written(
β − L2

α
− γL′

)
|Y |2β + ‖Z‖2β ≤ α‖V ‖2β +

L′

γ
|U |2β .

By the assumption on β it is possible to find α ∈ (0, 1) such that

β >
L2

α
+

2L′
√
α
.

If L′ = 0 we see that Γ is an α-contraction on K
β endowed with the equivalent norm

(Y, Z) 
→ (β − (L2/α)) |Y |2β + ‖Z‖2β. If L′ > 0 we choose γ = 1/
√
α and obtain

L′
√
α
|Y |2β + ‖Z‖2β ≤ α‖V ‖2β + L′√α|U |2β = α

(
L′
√
α
|U |2β + ‖V ‖2β

)

so that Γ is an α-contraction on K
β endowed with the equivalent norm (Y, Z) 
→

(L′/
√
α) |Y |2β + ‖Z‖2β. In all cases there exists a unique fixed point which is the

required unique solution to the BSDE (3.1).
We next prove some estimates on the solutions of the BSDE, which show in

particular the continuous dependence upon the data. Let us consider two solutions
(Y 1, Z1), (Y 2, Z2) ∈ K

β to the BSDE (3.1) associated with the drivers f1 and f2

and final data ξ1 and ξ2, respectively, which are assumed to satisfy Hypothesis 3.1.
Denote Y = Y 1 − Y 2, Z = Z1 − Z2, ξ = ξ1 − ξ2, f s = f1

s (Y
2
s , Z

2
s (·))− f2

s (Y
2
s , Z

2
s (·)).

Proposition 3.5. Let (Y , Z) be the processes defined above. Then, for β >
2L′ + L2, the a priori estimates hold:

|Y |2β ≤ 2

β − 2L′ − L2
EeβAT |ξ|2 + 4

(β − 2L′ − L2)2
E

∫ T

0

eβAs |fs|2dAs,

‖Z‖2β ≤
(
2 +

4L2

β − 2L′ − L2

)
EeβAT |ξ|2

+
1

β − 2L′ − L2

(
2 +

8L2

β − 2L′ − L2

)
E

∫ T

0

eβAs |fs|2dAs.
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3604 FULVIA CONFORTOLA AND MARCO FUHRMAN

Proof. From the Itô formula applied to eβAt |Y t|2 it follows that

d(eβAt |Y t|2) = βeβAt |Y t|2dAt + 2eβAtY t−dYt + eβAt |ΔY t|2.

So integrating on [t, T ] and recalling that A is continuous,

eβAt |Y t|2 = −
∫ T

t

βeβAs |Y s|2dAs − 2

∫ T

t

eβAsY s(3.15)

−
∫
K

Zs(y)q(ds dy) −
∑

t<s≤T

eβAs |ΔY s|2 + eβAT |ξ|2

+2

∫ T

t

eβAsY s(f
1(Y 1

s , Z
1
s (·)) − f2(Y 2

s , Z
2
s (·))dAs.

The integral process
∫ t

0
eβAsY s−

∫
K
Zs(y)q(ds dy) is a martingale, because the inte-

grand process eβAsY s−Zs(y) is in L1,0(p); in fact, from the Young inequality we get

E

∫ T

0

∫
K

eβAs |Y s−||Zs(y)|φs(dy)dAs

≤ 1

2
E

∫ T

0

eβAs |Y s−|2dAs +
1

2
E

∫ T

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs < +∞.

Moreover we have

∑
0<s≤t

eβAs |ΔY s|2 =

∫ t

0

∫
K

eβAs |Zs(y)|2p(ds dy)

=

∫ t

0

∫
K

eβAs |Zs(y)|2q(ds dy) +
∫ t

0

∫
K

eβAs |Zs(y)|2φs(dy)dAs,

where the stochastic integral with respect to q is a martingale.
Hence taking the expectation in (3.15), by the Lipschitz property of the driver f1

and using the notation ‖z(·)‖2s =
∫
K
|z(y)|2φs(dy) we get

EeβAt |Y t|2 = −E

∫ T

t

βeβAs |Y s|2dAs − E

∫ T

t

∫
K

eβAs |Zs(y)|2φs(dy)dAs + EeβAT |ξ|2

+2E

∫ T

t

eβAsY s(f
1(Y 1

s , Z
1
s )− f2(Y 2

s , Z
2
s ))dAs

≤ −E

∫ T

t

βeβAs |Y s|2dAs − E

∫ T

t

∫
K

eβAs |Zs(y)|2φs(dy)dAs + EeβAT |ξ|2

+2E

∫ T

t

eβAs |Y s|(|f1(Y 1
s , Z

1
s )− f1(Y 2

s , Z
2
s )|+ |fs|)dAs

≤ −E

∫ T

t

βeβAs |Y s|2dAs − E

∫ T

t

eβAs‖Zs‖2sdAs + EeβAT |ξ|2

+2L′
E

∫ T

t

eβAs |Y s|2dAs+2LE

∫ T

t

eβAs |Y s|‖Zs‖sdAs

+2E

∫ T

t

eβAs |Y s||f s|dAs.
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BSDEs AND CONTROL OF MARKED POINT PROCESSES 3605

We note that the quantity Q(y, z) = −β|y|2 − ‖z‖2s + 2L′|y|2 + 2L|y|‖z‖s + 2|f s||y|
which occurs in the integrand terms in the right-hand side of the above inequality can
be written as

Q(y, z) = −β|y|2 + 2L′|y|2 + L2|y|2 + 2|f s||y| − (‖z‖s − L|y|)2
= −βL(|y| − β−1

L |f s|)2 − (‖z‖s − L|y|)2 + β−1
L |fs|2,

where βL := β − 2L′ − L2 is assumed to be strictly positive. Hence

EeβAt |Y t|2 + βLE

∫ T

t

eβAs(|Y s| − β−1
L |f s|)2dAs + E

∫ T

t

eβAs(‖Zs‖s − L|Y s|)2dAs

≤ EeβAT |ξ|2 + E

∫ T

t

eβAs
|f s|2
βL

dAs,

from which we deduce

E

∫ T

0

eβAs |Y s|2dAs ≤ 2

βL
EeβAT |ξ|2 + 4

β2
L

E

∫ T

0

eβAs |f s|2dAs

and

E

∫ T

0

eβAs‖Zs‖2sdAs ≤
(
2 +

4L2

βL

)
EeβAT |ξ|2

+
1

βL

(
2 +

8L2

βL

)
E

∫ T

0

eβAs |f s|2dAs.

From the a priori estimates one can deduce the continuous dependence of the
solution upon the data.

Proposition 3.6. Suppose that Hypothesis 3.1 holds with β > L2 + 2L′ and let
(Y, Z) be the unique solution in K

β to the BSDE (3.1). Then

E

∫ T

0

eβAs |Ys|2dAs + E

∫ T

0

eβAs

∫
K

|Zs(y)|2φs(dy)dAs

≤ C1(β)Ee
βAT |ξ|2 + C2(β)

∫ T

0

eβAs |fs(0, 0)|2dAs,

where C1(β) =
(
2 + 4L2+2

β−2L′−L2

)
, C2(β) =

1
β−2L′−L2

(
2 + 8L2+4

β−2L′−L2

)
.

Proof. The thesis follows from Proposition 3.5 setting f1 = f , ξ1 = ξ, f2 = 0,
and ξ2 = 0.

4. Optimal control. Throughout this section we assume that a marked point
process is given, satisfying the assumptions of section 2. In particular we suppose
that Tn → ∞ P-a.s. and that (2.1) holds.

The data specifying the optimal control problem are an action (or decision) space
U , a running cost function l, a terminal cost function g, and another function r
specifying the effect of the control process. They are assumed to satisfy the following
conditions.
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3606 FULVIA CONFORTOLA AND MARCO FUHRMAN

Hypothesis 4.1.

1. (U,U) is a measurable space.
2. The functions r, l : Ω × [0, T ]×K × U → R are P ⊗ K ⊗ U-measurable and

there exist constants Cr > 1, Cl > 0 such that, P-a.s.,

(4.1) 0 ≤ rt(y, u) ≤ Cr, |lt(x, u)| ≤ Cl, t ∈ [0, T ], x ∈ K,u ∈ U.

3. The function g : Ω×K → R is FT ⊗K-measurable.
We define as an admissible control process, or simply a control, any predictable

process (ut)t∈[0,T ] with values in U . The set of admissible control processes is
denoted A.

To every control u(·) ∈ A we associate a probability measure Pu on (Ω,F) by a
change of measure of Girsanov type, as we now describe. We define

Lt = exp

(∫ t

0

∫
K

(1− rs(y, us)) φs(dy) dAs

) ∏
n≥1 :Tn≤t

rTn(ξn, uTn), t ∈ [0, T ],

with the convention that the last product equals 1 if there are no indices n ≥ 1 satisfy-
ing Tn ≤ t. (Similar conventions will be adopted later without further mention.) It is
a well-known result that L is a nonnegative supermartingale (see [20, Proposition 4.3]
or [5]) solution to the equation

Lt = 1 +

∫ t

0

∫
K

Ls− (rs(y, us)− 1) q(ds dy), t ∈ [0, T ].

We stress that since the function r is nonnegative, the process L is also nonnegative
on a set of positive probability.

The following result collects some properties of the process L that we need later.
Lemma 4.2. Let γ > 1 and

(4.2) β = γ + 1 +
Cγ2

r

γ − 1
.

If E exp(βAT ) < ∞, then we have supt∈[0,T ] EL
γ
t < ∞ and ELT = 1.

Proof. We follow [7, Chapter VIII, Theorem T11] with some modifications. To
shorten notation we define ρs(y) = rs(y, us) and we denote Lt = E(ρ)t. For γ > 1 we
define

as(y) = γ−1(1− ρs(y)
γ2

), bs(y) = γ − γρs(y)− γ−1 + γ−1ρs(y)
γ2

so that γ(1− ρs(y)) = as(y) + bs(y). Then

Lγ
t = exp

(∫ t

0

∫
K

(as(y) + bs(y))φs(dy) dAs

) ∏
Tn≤t

ρTn(ξn)
γ ,

and by Hölder’s inequality

ELγ
t ≤

⎧⎨
⎩E

[
exp

(∫ t

0

∫
K

γas(y)φs(dy) dAs

) ∏
Tn≤t

ρTn(ξn)
γ2

]⎫⎬
⎭

1
γ

{
E exp

(∫ t

0

∫
K

γ

γ − 1
bs(y) φs(dy) dAs

)} γ−1
γ

.
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BSDEs AND CONTROL OF MARKED POINT PROCESSES 3607

Noting that γas(y) = 1− ρs(y)
γ2

, the term in square brackets equals E(ργ2

)t and we

have EE(ργ2

)t ≤ 1 by the supermartingale property. Since bs(y) ≤ γ − γ−1 + γ−1Cγ2

r

we arrive at

(4.3) ELγ
t ≤

{
E exp

(
AT

(
γ + 1 +

Cγ2

r

γ − 1

))} γ−1
γ

= {E exp (βAT )}
γ−1
γ < ∞.

Let Sn = inf{t ∈ [0, T ] : Lt− + At ≥ n} with the convention inf ∅ = T , and let

ρ
(n)
s (y) = 1[0,Sn](s)ρs(y) + 1(Sn,T ](s), L

(n) = E(ρ(n)). Then L(n) satisfies

L
(n)
t = 1 +

∫ t

0

∫
K

L
(n)
s− (ρ(n)s (y)− 1) q(ds dy), t ∈ [0, T ].

By the choice of ρ(n) we have L
(n)
t = Lt∧Sn , and by the choice of Sn it is easily

proved that E
∫ T

0

∫
K
L
(n)
s− |ρ(n)s (y) − 1|φs(dy) dAs < ∞, so that L(n) is a martingale

and EL
(n)
t = ELt∧Sn = 1. The first part of the proof applies to L(n) and the inequal-

ity (4.3) yields in particular supn E(L
(n)
t )γ = supn E(Lt∧Sn)

γ < ∞. So (Lt∧Sn)n is
uniformly integrable and letting n → ∞ we conclude that ELt = 1.

Under the assumptions of the lemma, the process L is a martingale and we can
define a probability Pu setting Pu(dω) = LT (ω)P(dω). It can then be proved (see [20]
Theorem 4.5) that the compensator p̃u of p under Pu is related to the compensator p̃
of p under P by the formula

p̃u(dt dy) = rt(y, ut) p̃(dt dy) = rt(y, ut)φt(dy) dAt.

In particular the compensator of N under Pu is

(4.4) Au
t =

∫ t

0

∫
K

rs(y, us)φs(dy) dAs.

We finally define the cost associated to every u(·) ∈ A as

J(u(·)) = Eu

[∫ T

0

lt(Xt, ut) dAt + g(XT )

]
,

where Eu denotes the expectation under Pu. Later we will assume that

(4.5) E[|g(XT )|2eβAT ] < ∞
for some β > 0 that will be fixed in such a way that the cost is finite for every
admissible control. The control problem consists in minimizing J(u(·)) over A.

We point out that the function r can take the value zero and this implies that
the process L is not necessarily strictly positive. Hence the measures Pu induced by
the control are not equivalent to the original probability P but are only absolutely
continuous with respect to P. This fact occurs in Example 4.13 below for the changes
of measure where r = 0.

Remark 4.3. We recall (see, e.g., [7, Appendix A2, Theorem T34]) that a process
u is (Ft)-predictable if and only if it admits the representation

(4.6) u(ω, t) =
∑
n≥0

u(n)(ω, t) 1Tn(ω)<t≤Tn+1(ω),
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3608 FULVIA CONFORTOLA AND MARCO FUHRMAN

where for each n ≥ 0 the mapping (ω, t) 
→ u(n)(ω, t) is FTn ⊗ B([0,∞))-measurable.
Since we have FTn = σ(Ti, ξi, 0 ≤ i ≤ n) (see, e.g., [7, Appendix A2, Theorem
T30]) the fact that a control is predictable can be roughly interpreted by saying
that the controller, at each time Tn, based on observation of the random variables
Ti, ξi, 0 ≤ i ≤ n, chooses his present and future control actions and updates his
decisions only at time Tn+1.

Remark 4.4. We notice that the laws of the random coefficients r, l, g under P and
under Pu are not the same in general, so that the formulation of the optimal control
problem should be carefully examined when facing a specific application or modeling
situation. This difficulty clearly disappears when r, l, g are deterministic.

We next proceed to the solution of the optimal control problem formulated above.
A basic role is played by the BSDE

(4.7) Yt +

∫ T

t

∫
K

Zs(y) q(ds dy) = g(XT ) +

∫ T

t

f(s,Xs, Zs(·)) dAs, t ∈ [0, T ],

with terminal condition g(XT ) and generator defined by means of the Hamiltonian
function f . The Hamiltonian function is defined for every ω ∈ Ω, t ∈ [0, T ], x ∈ K,
and z ∈ L1(K,K, φt(ω, dy)) by the formula

(4.8) f(ω, t, x, z(·)) = inf
u∈U

{
lt(ω, x, u) +

∫
K

z(y) (rt(ω, y, u)− 1)φt(ω, dy)

}
.

We note, at the outset, that the function f does not satisfy the requirement for
the strict comparison principle (see [26]), since we allow r to take the value zero. We
will not make direct use of comparison results in what follows.

We will assume that the infimum in (4.8) is in fact achieved, possibily at many
points. Moreover we need to verify that the generator of the BSDE satisfies the
conditions required in the previous section, in particular the measurability properties
which are not obvious from formula (4.8) that involves taking an infimum of a family
of functions. It turns out that an appropriate assumption is the following one, since
we will see below (compare Proposition 4.8) that it can be verified under quite general
conditions. Here and in the following we set X0− = X0.

Hypothesis 4.5. For every Z ∈ L1,0(p) there exists a function uZ : Ω× [0, T ] → U ,
measurable with respect to P and U , such that

f(ω, t,Xt−(ω), Zt(ω, ·)) = lt(Xt−(ω), uZ(ω, t))(4.9)

+

∫
K

Zt(ω, y)
(
rt(ω, y, u

Z(ω, t))− 1
)
φt(ω, dy)

for almost all (ω, t) with respect to the measure dAt(ω)P(dω).
Note that if Z ∈ L1,0(p), then Zt(ω, ·) belongs to L1(K,K, φt(ω, dy)) except pos-

sibly on a predictable set of points (ω, t) of measure zero with respect to dAt(ω)P(dω),
so that equality (4.9) is meaningful. Also note that each uZ is an admissible control.

We can now verify that all the assumptions of Hypothesis 3.1 hold true for the
generator of the BSDE (4.7), which is given by the formula

ft(ω, z(·)) = f(ω, t,Xt(ω), z(·)), ω ∈ Ω, t ∈ [0, T ], z ∈ L2(K,K, φt(ω, dy)).

Indeed, if Z ∈ L2,β(p), then Z ∈ L1,0(p) by (3.5), and (4.9) shows that the
process (ω, t) 
→ f(ω, t,Xt−(ω), Zt(ω, ·)) is progressive; since A is assumed to
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BSDEs AND CONTROL OF MARKED POINT PROCESSES 3609

have continuous trajectories and X has piecewise constant paths, the progressive set
{(ω, t) : Xt−(ω) �= Xt(ω)} has measure zero with respect to dAt(ω)P(dω); it follows
that the process

(ω, t) 
→ f(ω, t,Xt(ω), Zt(ω, ·)) = ft(ω,Zt(ω, ·))
is progressive, after modification on a set of measure zero, as required in (3.2). Next,
using the boundedness assumptions (4.1), it is easy to check that (3.3) is verified with
L′ = 0 and

L = ess sup
ω

(
sup{|rt(y, u)− 1| : t ∈ [0, T ], y ∈ K, u ∈ U}).

Using (4.1) again we also have

(4.10)

E

∫ T

0

eβAt |f(t,Xt, 0)|2dAt = E

∫ T

0

eβAt | inf
u∈U

lt(Xt, u)|2dAt ≤ C2
l β

−1
E eβAT ,

so that (3.4) holds as well, provided the right-hand side of (4.10) is finite. Assuming
finally that (4.5) holds, by Theorem 3.4 the BSDE has a unique solution (Y, Z) ∈ K

β

if β > L2.
The corresponding admissible control uZ , whose existence is required in Hypoth-

esis 4.5, will be denoted u∗.
We are now ready to state the main result of this section. Recall that Cr > 1 was

introduced in (4.1).
Theorem 4.6. Assume that Hypotheses 4.1 and 4.5 are satisfied and that

(4.11) E exp
(
(3 + C4

r )AT

)
< ∞.

Suppose also that there exists β such that

(4.12) β > sup |r − 1|2, E exp (βAT ) < ∞, E[|g(XT )|2eβAT ] < ∞.

Let (Y, Z) ∈ K
β denote the solution to the BSDE (4.7) and u∗ = uZ the corre-

sponding admissible control. Then u∗(·) is optimal and Y0 is the optimal cost, i.e.,
Y0 = J(u∗(·)) = infu(·)∈A J(u(·)).

Remark 4.7. Note that if g is bounded, then (4.12) follows from (4.11) with
β = 3 + C4

r , since |rt(y, u)− 1|2 ≤ (Cr + 1)2 < 3 + C4
r .

Proof. Fix u(·) ∈ A. Assumption (4.11) allows us to apply Lemma 4.2 with γ = 2
and yields EL2

T < ∞. It follows that g(XT ) is integrable under Pu. Indeed by (4.5)

Eu|g(XT )| = E|LT g(XT )| ≤ (EL2
T )

1/2(Eg(XT )
2)1/2 < ∞.

We next show that under Pu we have Z ∈ L1,0(p), i.e., Eu

∫ T

0

∫
K
|Zt(y)| p̃u(dt dy) <

∞. First note that, by Hölder’s inequality,∫ T

0

∫
K

|Zt(y)|φt(dy) dAt =

∫ T

0

∫
K

e−
β
2 Ate

β
2 At |Zt(y)|φt(dy) dAt

≤
(∫ T

0

e−βAtdAt

)1/2(∫ T

0

∫
K

eβAt |Zt(y)|2 φt(dy) dAt

)1/2

=

(
1− e−βAT

β

)1/2
(∫ T

0

∫
K

eβAt |Zt(y)|2 φt(dy) dAt

)1/2

.
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3610 FULVIA CONFORTOLA AND MARCO FUHRMAN

Therefore, using (4.1),

Eu

∫ T

0

∫
K

|Zt(y)| p̃u(dt dy) = Eu

∫ T

0

∫
K

|Zt(y)| rt(y, ut)φt(dy) dAt

= E

[
LT

∫ T

0

∫
K

|Zt(y)| rt(y, ut)φt(dy) dAt

]

≤ (EL2
T )

1/2 Cr√
β

{
E

∫ T

0

∫
K

eβAt |Zt(y)|2 φt(dy) dAt

}1/2

and the right-hand side of the last inequality is finite, since (Y, Z) ∈ K
β. We have

now proved that Z ∈ L1,0(p) under Pu.
In particular it follows that

Eu

∫ T

0

∫
K

Zt(y) p(dt dy) = Eu

∫ T

0

∫
K

Zt(y) p̃
u(dt dy)

= Eu

∫ T

0

∫
K

Zt(y) rt(y, ut)φt(dy) dAt.

Setting t = 0 and taking the expectation Eu in the BSDE (4.7), recalling that
q(dt dy) = p(dt dy)− p̃(dt dy) = p(dt dy)−φt(dy) dAt and that Y0 is deterministic, we
obtain

Y0 +Eu

∫ T

0

∫
K

Zt(y) (rt(y, ut)− 1)φt(dy) dAt = Eu g(XT )+Eu

∫ T

0

f(t,Xt, Zt(·)) dAt.

We finally obtain

Y0 = J(u(·))+Eu

∫ T

0

[
f(t,Xt, Zt(·))− lt(Xt, ut)−

∫
K

Zt(y)(rt(y, ut)− 1)φt(dy)

]
dAt

= J(u(·))+Eu

∫ T

0

[
f(t,Xt−, Zt(·)) − lt(Xt−, ut)−

∫
K

Zt(y)(rt(y, ut)− 1)φt(dy)

]
dAt,

where the last equality follows from the continuity of A. This identity is sometimes
called the fundamental relation. By the definition of the Hamiltonian f , the term in
square brackets is less than or equal to 0, and it equals 0 if u(·) = u∗(·).

Hypothesis 4.5 can be verified in specific situations when it is possible to compute
explicitly the functions uZ . General conditions for its validity can also be formulated
using appropriate selection theorems, as in the following proposition.

Proposition 4.8. In addition to the assumptions in Hypothesis 4.1, suppose
that U is a compact metric space with its Borel σ-algebra U and that the functions
rt(ω, x, ·), lt(ω, x, ·) : U → R are continuous for every ω ∈ Ω, t ∈ [0, T ], x ∈ K. Then
Hypothesis 4.5 is verified.

Proof. Let us consider the measure μ(dω dt) = dAt(ω)P(dω) on the predictable
σ-algebra P . Let P̄ denote its μ-completion and consider the complete measure space
(Ω × [0, T ], P̄, μ). Fix Z ∈ L1,0(p), note that the set AZ = {(ω, t) : Zt(ω, ·) /∈
L1(K,K, φt(ω, dy)) has μ-measure zero, and define a map FZ : Ω × [0, T ] × U → R

setting

FZ(ω, t, u) =

⎧⎨
⎩ lt(ω,Xt−(ω), u) +

∫
K

Zt(ω, y)
(
rt(ω, y, u)− 1

)
φt(ω, dy) if (ω, t)/∈AZ ,

0 if (ω, t)∈AZ .
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Then FZ(·, ·, u) is P̄-measurable for every u ∈ U , and it is easily verified that
FZ(ω, t, ·) is continuous for every (ω, t) ∈ Ω× [0, T ]. By a classical selection theorem
(see [1, Theorems 8.1.3 and 8.2.11]) there exists a function uZ : Ω× [0, T ] → U , mea-
surable with respect to P̄ and U , such that FZ(ω, t, uZ(ω, t)) = minu∈U FZ(ω, t, u) for
every (ω, t) ∈ Ω × [0, T ], so that (4.9) holds true for every (ω, t). After modification
on a set of μ-measure zero, the function uZ can be made measurable with respect
to P and U , and (4.9) still holds, as it is understood as an equality for μ-almost
all (ω, t).

We note that the assumption in the previous proposition is required to hold
for every ω ∈ Ω. A more general statement can be obtained after an appropriate
modification of the set of measure zero.

In several contexts, for instance, in order to apply dynamic programming ar-
guments, it is useful to introduce a family of control problems parametrized by
(t, x) ∈ [0, T ]×K. Recall the definition of the processes (Xt,x

s )s∈[t,T ] in subsection 2.4.
For fixed (t, x) the cost corresponding to u ∈ A is defined as the random variable

Jt(x, u(·)) = E
Ft
u

[∫ T

t

ls(X
t,x
s , us) dAs + g(Xt,x

T )

]
,

where EFt
u denotes the conditional expectation under Pu given Ft. We also introduce

the (random) value function

v(t, x) = ess inf
u(·)∈A

Jt(x, u(·)), t ∈ [0, T ], x ∈ K.

For every (t, x) ∈ [0, T ]×K we consider the BSDE

(4.13)

Y t,x
s +

∫ T

s

∫
K

Zt,x
r (y) q(dr dy) = g(Xt,x

T ) +

∫ T

s

f(r,Xt,x
r , Zt,x

r (·)) dAr , s ∈ [t, T ].

We need the following extended variant of Hypothesis 4.5, where we set Xt,x
t− = x.

Hypothesis 4.9. For every (t, x) ∈ [0, T ]×K and every Z ∈ L1,0(p) there exists
a function uZ,t,x : Ω× [t, T ] → U , measurable with respect to P and U , such that

f(ω, s,Xt,x
s−(ω), Zs(ω, ·)) = lt(Xs−(ω), uZ,t,x(ω, s))

+

∫
K

Zs(ω, y)
(
rs(ω, y, u

Z,t,x(ω, s))− 1
)
φs(ω, dy)

for almost all (ω, s) ∈ Ω× [t, T ] with respect to the measure dAs(ω)P(dω).
Remark 4.10. We note that Hypothesis 4.9 holds, for instance, if U is a compact

metric space and the functions rt(ω, x, ·), lt(ω, x, ·) : U → R are continuous for every
ω ∈ Ω, t ∈ [0, T ], x ∈ K.

In this situation Theorem 3.4 can still be applied to find a unique solution
(Y t,x

s , Zt,x
s )s∈[t,T ]. Let us now extend the process Zt,x setting Zt,x

s = 0 for s ∈ [0, t).
The corresponding admissible control uZ,t,x, whose existence is required in Hypothesis
4.9, will be denoted u∗,t,x. (We set u∗,t,x(ω, s) equal to an arbitrary constant element
of U for s ∈ [0, t).)

Theorem 4.11. Assume that Hypotheses 4.1 and 4.9 are satisfied and that

(4.14) E exp
(
(3 + C4

r )AT

)
< ∞.
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3612 FULVIA CONFORTOLA AND MARCO FUHRMAN

Suppose also that there exists β such that

(4.15)
β > sup |r− 1|2, E exp (βAT ) < ∞, E[|g(Xt,x

T )|2eβAT ] < ∞, t ∈ [0, T ], x ∈ K.

(In particular, (4.15) follows from (4.14) with β = 3 + C4
r if g is bounded.) For

any (t, x) ∈ [0, T ] × K let (Y t,x, Zt,x) denote the solution of the BSDE (4.13) and
u∗,t,x = uZ,t,x the corresponding admissible control.

Then u∗(·) is optimal and Y t,x
t is the optimal cost, i.e., Y t,x

t = Jt(x, u
∗(·)) =

v(t, x) P-a.s.
The proof of Theorem 4.11 is entirely analogous to the proof of Theorem 4.6,

the only difference being that in the BSDE one takes the conditional expectation E
Ft
u

instead of the expectation Eu.
Remark 4.12.

1. Let u ∈ A. Then, under Pu, the compensator of the processN is Au defined in
(4.4). It might therefore be more natural to define as the cost corresponding
to u ∈ A the functional

Eu

[∫ T

0

lt(Xt, ut) dA
u
t + g(XT )

]

= Eu

[∫ T

0

lt(Xt, ut)

∫
K

rt(y, ut)φt(dy) dAt + g(XT )

]
,

instead of J(u(·)). This cost functional has the same form as J(u(·)), with
the function l replaced by l0t (x, u) := lt(x, u)

∫
K rt(y, u)φt(dy). Since l0 is

P ⊗ K ⊗ U-measurable and bounded, the statements of Theorems 4.6 and
4.11 remain true without any change.

2. Suppose that the cost functional has the form

J1(u(·)) = Eu

⎡
⎣ ∑
n≥1 :Tn≤T

c(Tn, XTn , uTn)

⎤
⎦

for some given function c : Ω× [0, T ]×K × U → R which is assumed to be
bounded and P ⊗K ⊗ U-measurable. It is well known (see, e.g., [7, Chapter
VII, Section 1, Remark (β)]) that we can reduce this control problem to the
previous one noting that

J1(u(·)) = Eu

∫ T

0

∫
K

c(t, y, ut) p(dt dy)

= Eu

∫ T

0

∫
K

c(t, y, ut) rt(y, ut)φt(dy) dAt.

Thus, J1(u(·)) has the same form as J(u(·)) with g = 0 and the function
l replaced by l1t (x, u) :=

∫
K c(t, y, u) rt(y, u)φt(dy). Since l1 is P ⊗ K ⊗ U-

measurable and bounded, Theorems 4.6 and 4.11 can still be applied.
Similar considerations obviously hold for cost functionals of the form
J(u(·)) + J1(u(·)).

We end this section with an example where the BSDE (4.7) can be explicitly solved
and a closed form solution of an optimal control problem can be found. In spite of its
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simplicity we do not know any other method that may lead to this conclusion. More
complicated situations could be handled by numerical approximation of the BSDE,
but this is beyond the scope of this paper.

Example 4.13. Consider a given time interval [0, T ] and a state space consisting
of three states: K = {a, b, c}. We introduce (Tn, ξn)n≥0 setting (T0, ξ0) = (0, a),
(Tn, ξn) = (+∞, a) if n ≥ 2, and on (T1, ξ1) we make the following assumptions: T1

and ξ1 are independent; ξ1 takes the values b, c with P(ξ1 = b) = P(ξ1 = c) = 1
2 ;

T1 takes values in (0,∞] and its law is denoted F (dt); and by abuse of notation we
denote F the distribution function of T1 and we assume further that F (T ) < 1.

This describes a system that starts at time zero in state a and jumps into state
b or c with equal probability at the random time T1 (independently of T1). After
that there are no other jumps. The requirement F (T ) < 1 means that with positive
probability there are no jumps in the interval [0, T ]. Finally, the values of ξn (n ≥ 2)
are irrelevant.

By Proposition (3.1) in [20] it is possible to describe compensator p̃(dt, dy) =
φt(dy)dAt of p as follows:

(4.16) dAt =
F (dt)

1− F (t)
1{t≤T1}, φt(a) = 0, φt(b) = φt(c) =

1

2
.

We note that AT ≤ F (T )
1−F (T ) , so that AT is bounded.

We take U = [0, 2] and define the function r which specifies the effects of the
control process as

(4.17) rt(ω, b, u) = u, rt(ω, c, u) = 2− u, u ∈ U.

This means that we control the system acting on the transition probabilities: starting
from state a the controlled system can reach state b with probability u

2 or state c with
probability 1 − u

2 . We define the final cost setting g(a) = g(b) = 0, g(c) = 1, and
the running cost as lt(ω, x, u) =

αu
2 , where α > 0 is a fixed parameter. Thus, larger

values of u (possibly depending on time) reduce the expectation of the final cost but
increase the expectation of the running cost. The optimal trade-off will also depend
on α.

Our aim is to represent the optimal cost by the solution Y0 of the BSDE

Yt +

∫ T

t

∫
K

Zs(y)(p(ds, dy)− φs(dy)dAs) = g(XT )(4.18)

+

∫ T

t

inf
u∈[0,2]

[
αu

2
+

∫
K

Zs(y)(rs(y, u)− 1)φs(dy)

]
dAs,(4.19)

which can be written

Yt +

∫ T

t

∫
K

Zs(y)p(ds, dy)

= g(XT ) +

∫ T

t

inf
u∈[0,2]

[αu
2

+ Zs(b)
u

2
+ Zs(c)

(
1− u

2

)] F (dt)

1− F (t)
1{t≤T1}

and further simplifies to

Yt + ZT1(ξ1) 1{t<T1≤T} = 1{T1≤T} 1{ξ1=c} +
∫ T∧T1

t

[Zs(c) ∧ (α+ Zs(b))]
F (dt)

1− F (t)
.
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3614 FULVIA CONFORTOLA AND MARCO FUHRMAN

This equation admits the following explicit solution (Yt, Zt)t∈[0,T ]:

Yt = (1 ∧ α)
(
1− e−

∫
T
t

F (ds)
1−F (s)

)
1{t<T1} + 1{T1≤t} 1{ξ1=c},

Zt(a) = 0, Zt(b) = (1 ∧ α)
(
e−

∫
T
t

F (ds)
1−F (s) − 1

)
1{t≤T1}, Zt(c) = (1 + Zt(b))1{t≤T1}.

The optimal cost is then given by Y0 = (1∧α)
(
1− e−

∫
T
0

F (ds)
1−F (s)

)
. The optimal control

is obtained during the computation of the Hamiltonian function: it is the constant
control u = 0 if α ≥ 1, u = 2 if α ≤ 1 (both are optimal if α = 1). Note that the
optimal control depends on the parameter α in a way consistent with the description
above.

Also note that the law of the optimal controlled process is not equivalent to the
law of the uncontrolled system.

5. The stochastic HJB equation. Throughout this section we still assume
that a marked point process is given, satisfying the assumptions of section 2. In
particular we suppose that Tn → ∞ P-a.s. and that (2.1) holds.

We address the same optimal control problem as in the previous section. The
associated stochastic HJB equation is a BSDE for unknown random fields on [0, T ]×
K, having the Hamiltonian function defined in (4.8) as a nonlinear term. Before
introducing the HJB equation we need a preliminary result which may be of interest
on its own and will be used to clarify the connections with the optimal control problem
and the BSDEs introduced in the previous section, as well as in the proof of the main
result, Theorem 5.4.

5.1. A lemma of Itô type. The Itô formula for processes defined by stochastic
integrals with respect to random measures is certainly known (see, e.g., [19]): it
gives a canonical decomposition of v(t,Xt) for deterministic functions v(t, x) smooth
enough. We need an extension to the case when v(t, x) is stochastic and itself defined
by integrals with respect to random measures. (Compare, e.g., with Proposition 2.3
in [2].) The following result is therefore the analogue to the so-called Itô–Kunita
formula (also attributed to Bismut and Wentzell; see, e.g., [4], [28], [22]).

Lemma 5.1. Assume that v, f : Ω × [0, T ]× K → R are Prog ⊗ K-measurable,
V : Ω× [0, T ]×K ×K → R is P ⊗K ⊗K-measurable, and, P-a.s.,

(5.1)

∫ T

0

|f(t, x)| dAt +

∫ T

0

∫
K

|V (t, x, y)|φt(dy) dAt < ∞, x ∈ K.

Suppose that, P-a.s.,

(5.2)

v(t, x)− v(0, x) =

∫ t

0

f(s, x) dAs +

∫ t

0

∫
K

V (s, x, y) q(ds dy), t ∈ [0, T ], x ∈ K.

Then, P-a.s.,

v(t,Xt)− v(0, X0)(5.3)

=

∫ t

0

f(s,Xs) dAs +

∫ t

0

∫
K

(
v(s−, y)− v(s−, Xs−) + V (s, y, y)

)
p(ds dy)

−
∫ t

0

∫
K

V (s,Xs, y)φs(dy) dAs, t ∈ [0, T ], x ∈ K.
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If, in addition,

∫ T

0

∫
K

|v(t, y) + V (t, y, y)|φt(dy) dAt < ∞, P-a.s.,

then, P-a.s.,

v(t,Xt)− v(0, X0)(5.4)

=

∫ t

0

f(s,Xs) dAs +

∫ t

0

∫
K

(
v(s−, y)− v(s−, Xs−) + V (s, y, y)

)
q(ds dy)

+

∫ t

0

∫
K

(
v(s, y)− v(s,Xs) + V (s, y, y)− V (s,Xs, y)

)
φs(dy) dAs

for every t ∈ [0, T ], x ∈ K.
Remark 5.2.

1. It follows from (5.2) that P-a.s. the trajectories v(·, x) are càdlàg for every
x ∈ K. Therefore the process (v(t−, x)) is well defined and P⊗K-measurable.

2. We note that∫ T

0

∫
K

|V (t,Xt, y)|φt(dy) dAt

=
∑
n≥1

∫ Tn∧T

Tn−1∧T

∫
K

|V (t, ξn−1, y)|φt(dy) dAt < ∞, P-a.s.

This follows from assumption (5.1) and the fact that the sum is finite P-a.s.
due to the assumption that Tn → ∞. Similarly,

∫ T

0

|f(t,Xt)| dAt +

∫ T

0

|v(t,Xt)| dAt < ∞, P-a.s.,

so that all the integrals above are well defined; compare the discussion in
subsection 2.3.

Proof. Noting that there are Nt jump times Tn in the time interval [0, t] we have

v(t,Xt)−v(0, X0) =

Nt∑
n=1

(
v(Tn−, XTn)−v(Tn−1−, XTn−1)

)
+v(t,Xt)−v(TNt−, XTNt

),

where we use the convention v(0−, x) = v(0, x). Since Xt = XTNt
we have

v(t,Xt)− v(0, X0) = I + II,

where

I =

Nt∑
n=1

(
v(Tn−, XTn)− v(Tn−, XTn−1)

)
,

II =

Nt∑
n=1

(
v(Tn−, XTn−1)− v(Tn−1−, XTn−1)

)
+ v(t,XTNt

)− v(TNt−, XTNt
).
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3616 FULVIA CONFORTOLA AND MARCO FUHRMAN

Letting H denote the P ⊗K-measurable process

Hs(y) = v(s−, y)− v(s−, Xs−),

with the convention X0− = X0, we have

I =
∑

n≥1:Tn≤t

(
v(Tn−, XTn)− v(Tn−, XTn−1)

)

=
∑

n≥1:Tn≤t

HTn(XTn) =

∫ t

0

∫
K

Hs(y) p(ds dy).

For n = 1, . . . , Nt, recalling that q(dt dy) = p(dt dy)−φt(dy) dAt and the definition
of p,

v(Tn−, x)− v(Tn−1−, x)

= V (Tn−1, x, ξn−1)−
∫ Tn

Tn−1

∫
K

V (s, x, y)φs(dy) dAs +

∫ Tn

Tn−1

f(s, x) dAs.

Setting x = XTn−1 = ξn−1, noting that Xs = XTn−1 for s ∈ (Tn−1, Tn), and recalling
that A is assumed to be continuous,

v(Tn−, XTn−1)− v(Tn−1−, XTn−1)

= V (Tn−1, ξn−1, ξn−1)−
∫ Tn

Tn−1

∫
K

V (s,Xs, y)φs(dy) dAs +

∫ Tn

Tn−1

f(s,Xs) dAs.

Similarly,

v(t,XTNt
)− v(TNt−, XTNt

)

= V (TNt , ξNt , ξNt)−
∫ t

TNt

∫
K

V (s,Xs, y)φs(dy) dAs +

∫ t

TNt

f(s,Xs) dAs.

It follows that

II =
∑

n≥1:Tn≤t

V (Tn, ξn, ξn)−
∫ t

0

∫
K

V (s,Xs, y)φs(dy) dAs +

∫ t

0

f(s,Xs) dAs

=

∫ t

0

∫
K

V (s, y, y) p(ds dy)−
∫ t

0

∫
K

V (s,Xs, y)φs(dy) dAs +

∫ t

0

f(s,Xs) dAs,

and (5.3) is proved. Using again the equality q(dt dy) = p(dt dy)−φt(dy) dAt and the
additional assumption, (5.4) follows as well.

Remark 5.3. In differential form, under the assumptions of the lemma, if

dv(t, x) = f(t, x) dAt +

∫
K

V (t, x, y) q(dt dy),

then

dv(t,Xt) = f(t,Xt) dAt +

∫
K

(
v(t−, y)− v(t−, Xt−) + V (t, y, y)

)
q(dt dy)

+

∫
K

(
v(t, y)− v(t,Xt) + V (t, y, y)− V (t,Xt, y)

)
φt(dy) dAt.
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5.2. The equation. In the rest of this section we will suppose that U, l, r, g
are given satisfying Hypotheses 4.1 and 4.5 as before. For technical reasons we will
also assume that the space K is finite or countable (and K is the collection of all its
subsets). We next present the HJB equation by first introducing the space of processes
where we seek its solution.

A pair (v, V ) is said to belong to the space Hβ, where β ∈ R, if
1. v : Ω× [0, T ]×K → R is Prog ⊗K-measurable, V : Ω× [0, T ]×K ×K → R

is P ⊗K⊗K-measurable;
2. the following is finite:

|||(v, V )|||2β := sup
x∈K

E

∫ T

0

v(t, x)2eβAtdAt + E

∫ T

0

v(t,Xt)
2eβAtdAt

+ sup
x∈K

E

∫ T

0

∫
K

V (t, x, y)2φt(dy) e
βAtdAt

+ E

∫ T

0

∫
K

|v(t, y) + V (t, y, y)|2φt(dy) e
βAtdAt.

The space Hβ , endowed with the norm ||| · |||β , is a Banach space, provided we identify
pairs of processes whose difference has norm zero.

Let f be the Hamiltonian function defined in (4.8). A pair (v, V ) ∈ Hβ is called
a solution to the stochastic HJB equation if, for all x ∈ K,

v(t, x) +

∫ T

t

∫
K

V (s, x, y) q(ds dy)(5.5)

= g(x) +

∫ T

t

∫
K

(
v(s, y)− v(s, x) + V (s, y, y)− V (s, x, y)

)
φs(dy) dAs

+

∫ T

t

f
(
s, x, v(s, ·)− v(s, x) + V (s, ·, ·)

)
dAs,

where the equality is understood up to sets of measure zero in (Ω× [0, T ], P rog) with
respect to the measure dAt(ω)P(dω). Note that (5.5) implies that, for all x ∈ K,

v(t, x) = v(0, x) +

∫ t

0

∫
K

V (s, x, y) q(ds dy)

−
∫ t

0

∫
K

(
v(s, y)− v(s, x) + V (s, y, y)− V (s, x, y)

)
φs(dy) dAs

−
∫ t

0

f
(
s, x, v(s, ·)− v(s, x) + V (s, ·, ·)

)
dAs, dAt(ω)P(dω) a.s.,

which shows, since K is assumed to be at most countable, that a solution (v, V ) ∈ Hβ

has a representative such that, P-a.s., the trajectories t → v(ω, t, x) are càdlàg for
every x and, P-a.s., (5.5) holds simultaneously for every t ∈ [0, T ] and every x ∈ K.

We will also use the differential notation:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−dv(t, x) = −
∫
K

V (t, x, y) q(dt dy)

+

∫
K

(
v(t, y)− v(t, x) + V (t, y, y)− V (t, x, y)

)
φt(dy) dAt

+f
(
t, x, v(t, ·) − v(t, x) + V (t, ·, ·)

)
dAt,

v(T, x) = g(x), t ∈ [0, T ], x ∈ K.
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The basic result, which we assume for the moment and we will prove later, is the
following. Let β0 > 1 satisfy

2(2L2 + 3)

β0 − 1
+

8(2L2 + 3)

β0

(
1 +

1

β0

)
< 1.

Theorem 5.4. Let K be finite or countable and let Hypotheses 4.1 and 4.9 be
verified. Suppose that there exists β such that

(5.6) β ≥ β0, sup
x∈K

E
[
g(x)2eβAT

]
< ∞.

Then the HJB equation has a unique solution (v, V ) in Hβ.
Remark 5.5. Equation (5.5) is a generalization of the classical HJB equation

associated to an optimal control problem for a Markov chain where v is a deter-
ministic function and V ≡ 0. A more detailed study of the Markov case and the
BSDE approach to optimal control problems for Markov jump processes can be found
in [13].

5.3. Application to control problems and BSDEs. For every (t, x) ∈ [0, T ]×
K we consider again the optimal control problem described just before Theorem 4.11
and the BSDE (4.13) for the unknown processes (Y t,x

s , Zt,x
s )s∈[t,T ].

Let (v, V ) ∈ Hβ be the solution to the HJB equation constructed in Theorem 5.4.
Then we obtain the following result.
Theorem 5.6. We make the same assumptions as in Theorem 5.4, assuming in

addition that β also satisfies (4.15). Then for every (t, x) ∈ [0, T ]×K we have

(5.7) Y t,x
s = v(s,Xt,x

s ), Zt,x
s (y) = v(s−, y)− v(s−, Xt,x

s−) + V (s, y, y).

In particular, v(t, x) = Y t,x
t P-a.s.

If (4.14) also holds, then v(t, x) coincides with the value function of the optimal
control problem, i.e., v(t, x) = ess infu(·)∈A Jt(x, u(·)) P-a.s.

Equalities (5.7) should be understood up to sets of measure zero in Ω× [t, T ], the
measure being dAs(ω)P(dω) for the first equality and φs(ω, dy)dAs(ω)P(dω) for the
second equality.

In the paper [12] a related representation of Y and Z in terms of the same function
v is obtained in the context of Markov chain BSDEs.

Proof. We use a straightforward extension of the Itô Lemma 5.1 to compute
the stochastic differential dv(s,Xt,x

s ) on the interval [t, T ] instead of [0, T ]. Using the
Lipschitz character of f it is not difficult to check that all the assumptions of the
lemma are verified. For instance, we check that for every x ∈ K

E

∫ T

0

∫
K

|V (t, x, y)| φt(dy) dAt ≤
(
E

∫ T

0

∫
K

|V (t, x, y)|2 φt(dy) e
βAtdAt

) 1
2

×
(
E

∫ T

0

e−βAtdAt

) 1
2

is finite, since (v, V ) ∈ Hβ and
∫ T

0 e−βAtdAt = β−1(1 − e−βAT ) ≤ β−1, so that
V satisfies the required condition (5.1). The other verifications are similar and are
therefore omitted.
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The Itô lemma then yields

v(s,Xt,x
s ) +

∫ T

s

∫
K

(
v(r−, y)− v(r−, Xt,x

r−) + V (r, y, y) q(dr dy)

= g(Xt,x
T ) +

∫ T

s

fr(X
t,x
r , v(r−, ·)− v(r−, Xt,x

r−) + V (r, ·, ·)) dAr , s ∈ [t, T ].

Comparing with (4.13) and setting

Ỹ t,x
s = v(s,Xt,x

s ), Z̃t,x
s (y) = v(s−, y)− v(s−, Xt,x

s− ) + V (s, y, y),

we conclude that the pairs (Y t,x
s , Zt,x

s ) and (Ỹ t,x
s , Z̃t,x

s ) are solutions to the same
BSDE, and the latter also belongs to K

β as it follows easily from the fact that (v, V )
belongs to Hβ . By uniqueness for the solution to the BSDE, (5.7) holds.

All the other statements follow from Theorem 4.11.

5.4. Proof of Theorem 5.4. It is convenient to first state the following simple
preliminary result.

Lemma 5.7. Suppose

−dv(t, x) = −
∫
K

V (t, x, y)q(dt dy) +

∫
K

U(t, x, y)φt(dy)dAt+u(t, x)dAt, v(T, x) = g(x).

Then, setting cβ = 2
β−1 for β > 1, we have, for every x ∈ K,

E

∫ T

0

v(s, x)2eβAsdAs + E

∫ T

0

∫
K

V (s, x, y)2φs(dy) e
βAsdAs

≤ E
[
g(x)2eβAT

]
+ cβE

∫ T

0

u(s, x)2 eβAsdAs

+ cβE

∫ T

0

∫
K

U(t, x, y)2 φs(dy) e
βAsdAs.

Proof. Using the identity (3.7) of Lemma 3.3 we have

E
[
v(t, x)2eβAt

]
+ βE

∫ T

t

v(s, x)2eβAsdAs + E

∫ T

t

∫
K

V (s, x, y)2φs(dy) e
βAsdAs

= E
[
g(x)2eβAT

]
+ 2E

∫ T

t

v(s, x)

[∫
K

U(t, x, y)φs(dy) + u(s, x)

]
eβAsdAs.

Setting t = 0 and using the elementary inequality

2v(s, x)

[∫
K

U(t, x, y)φs(dy) + u(s, x)

]

≤ (β − 1)v(s, x)2 + cβ

[∫
K

U(t, x, y)2 φs(dy) + u(s, x)2
]

the conclusion follows immediately.
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Proof of Theorem 5.4. We define a map Γ : Hβ → Hβ setting (v, V ) = Γ(u, U),
for (u, U) ∈ Hβ , if (v, V ) is the solution of

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−dv(t, x) =−
∫
K

V (t, x, y) q(dt dy)

+

∫
K

(
u(t, y)− u(t, x) + U(t, y, y)− V (t, x, y)

)
φt(dy) dAt

+f
(
t, x, u(t, ·)− u(t, x) + U(t, ·, ·)

)
dAt,

v(T, x) = g(x), t ∈ [0, T ], x ∈ K.

Note the two occurrences of V in the right-hand side. For fixed x ∈ K, the exis-
tence of processes v(·, x), V (·, x, ·) solving this equation follows from an application of
Theorem 3.4. Since K is assumed to be at most countable, the corresponding integral
equation holds simultaneously for every t ∈ [0, T ] and x ∈ K, with the exception of
a P-null set. The rest of the proof consists in showing that (v, V ) ∈ Hβ and that Γ
is a contraction for sufficiently large β. We limit ourselves to proving the contrac-
tion property, since the fact that (v, V ) ∈ Hβ can be verified by similar and simpler
arguments.

Let (ui, U i) ∈ Hβ for i = 1, 2 and let (vi, V i) = Γ(ui, U i). Define v̄ = v2 − v1,
V̄ = V 2 − V 1, ū = u2 − u1, Ū = U2 − U1,

f̄(t, x) = f
(
t, x, u2(t, ·)− u2(t, x) +U2(t, ·, ·)

)
− f

(
t, x, u1(t, ·)− u1(t, x) +U1(t, ·, ·)

)
.

Then

(5.8)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−dv̄(t, x) = −
∫
K

V̄ (t, x, y) q(dt dy)

+

∫
K

(
ū(t, y)− ū(t, x) + Ū(t, y, y)− V̄ (t, x, y)

)
φt(dy)dAt + f̄(t, x)dAt,

v(T, x) = 0, t ∈ [0, T ], x ∈ K.

From Lemma 5.7 it follows that, for every x ∈ K, β > 1,

E

∫ T

0

v̄(s, x)2eβAsdAs + E

∫ T

0

∫
K

V̄ (s, x, y)2φs(dy) e
βAsdAs

≤ 2

β − 1
E

∫ T

0

f̄(s, x)2 eβAsdAs

+
2

β − 1
E

∫ T

0

∫
K

[
ū(s, y)− ū(s, x) + Ū(s, y, y)− V̄ (s, x, y)

]2
φs(dy) e

βAsdAs.

By the Lipschitz condition on f we have

(5.9) f̄(s, x)2 ≤ L2

∫
K

[
ū(s, y)− ū(s, x) + Ū(s, y, y)

]2
φs(dy),
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and it follows that, for every x ∈ K, β > 1,

E

∫ T

0

v̄(s, x)2eβAsdAs + E

∫ T

0

∫
K

V̄ (s, x, y)2φs(dy) e
βAsdAs

≤ 2(2L2 + 3)

β − 1

(
E

∫ T

0

ū(s, x)2 eβAsdAs+E

∫ T

0

∫
K

[
ū(s, y)+Ū(s, y, y)

]2
φs(dy)e

βAsdAs

)

+
6

β − 1
E

∫ T

0

∫
K

V̄ (s, x, y)2 φs(dy) e
βAsdAs.

Setting c
(1)
β := 2(2L2+3)

β−7 for β > 7 it follows that

(5.10)

sup
x∈K

E

∫ T

0

v̄(s, x)2eβAsdAs + sup
x∈K

E

∫ T

0

∫
K

V̄ (s, x, y)2φs(dy) e
βAsdAs ≤ c1β |||(ū, Ū)|||2β .

We now set

Ȳs = v̄(s,Xs), Z̄s(y) = v̄(s−, y)− v̄(s−, Xs−) + V̄ (s, y, y).

Recalling (5.8) and applying the Itô formula of Lemma 5.1 we obtain⎧⎪⎨
⎪⎩

dȲt =

∫
K

Z̄t(y) q(dt dy) − f̄(t,Xt) dAt

+

∫
K

(
Z̄t(y)− ū(t, y) + ū(t,Xt)− Ū(t, y, y)

)
φt(dy) dAt,

and ȲT = 0. Note that the term V̄ (t,Xt, y) has disappeared. Using the estimate (3.8)
in Lemma 3.3 on the BSDE we have

E

∫ T

0

Ȳ 2
s e

βAsdAs + E

∫ T

0

∫
K

Z̄s(y)
2φs(dy) e

βAsdAs

≤ 8

β

(
1 +

1

β

)
E

∫ T

0

f̄(s,Xs)
2 eβAsdAs

+
8

β

(
1 +

1

β

)
E

∫ T

0

∫
K

[
Z̄s(y)− ū(s, y) + ū(s,Xs)− Ū(s, y, y)

]2
φs(dy) e

βAsdAs.

Using again inequality (5.9) we obtain

E

∫ T

0

Ȳ 2
s e

βAsdAs + E

∫ T

0

∫
K

Z̄s(y)
2φs(dy) e

βAsdAs

≤ 16(2L2 + 3)

β

(
1 +

1

β

)
E

∫ T

0

ū(s,Xs)
2 eβAsdAs

+
16(2L2 + 3)

β

(
1 +

1

β

)
E

∫ T

0

∫
K

[
ū(s, y) + Ū(s, y, y)

]2
φs(dy) e

βAsdAs

+
48

β

(
1 +

1

β

)
E

∫ T

0

∫
K

Z̄s(y)
2 φs(dy) e

βAsdAs.

Setting c
(2)
β := 16(2L2+3)

β

(
1 + 1

β

)
it follows that

(5.11) E

∫ T

0

Ȳ 2
s e

βAsdAs + E

∫ T

0

∫
K

Z̄s(y)
2φs(dy) e

βAsdAs ≤ c2β |||(ū, Ū)|||2β .
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Recalling the definition of Ȳ , Z̄ and using the fact that A is assumed to be continuous
we have

E

∫ T

0

∫
K

[
v̄(s, y) + V̄ (s, y, y)

]2
φs(dy) e

βAsdAs(5.12)

= E

∫ T

0

∫
K

[
Z̄s(y) + Ȳs

]2
φs(dy) e

βAsdAs

≤ 2E

∫ T

0

Ȳ 2
s e

βAsdAs + 2E

∫ T

0

∫
K

Z̄s(y)
2φs(dy) e

βAsdAs ≤ c2β |||(ū, Ū)|||2β ,

where the last inequality is due to (5.11). Recalling that Ȳs = v̄(s,Xs), it follows

from (5.10), (5.11), (5.12) that |||(v̄, V̄ )|||2β ≤ cβ |||(ū, Ū)|||2β , where cβ = c
(1)
β + c

(2)
β is

< 1 by the assumptions. This proves the required contraction property and finishes
the proof.
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d’été de probabilités de Saint-Flour, XII-1982, Lecture Notes in Math. 1097, Springer,
New York, 1984, pp. 143–303.

[23] E. Pardoux and S. Peng, Adapted solution of a backward stochastic differential equation,
Systems Control Lett., 14 (1990), pp. 55–61.

[24] S. Peng, Stochastic Hamilton-Jacobi-Bellman equations, SIAM J. Control Optim. 30 (1992),
pp. 284–304.

[25] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion, 3rd ed., Grundlehren
Math. Wiss. Springer, Berlin, 1999.

[26] M. Royer, Backward stochastic differential equations with jumps and related non-linear ex-
pectations, Stoch. Proc. Appl., 116 (2006), pp. 1358–1376.

[27] S. Tang and X. Li, Necessary Conditions for Optimal Control of Systems with Random Jumps,
SIAM J. Control Optim., 32 (1994), pp. 1447–1475.

[28] A. D. Wentzell, On the equation of the theory of conditional Markov processes, Theory
Probab. Appl., 10 (1965), pp. 357–361.

[29] J. Xia, Backward stochastic differential equations with random measures, Acta Math. Appl.
Sin., 16 (2000), pp. 225–234.

D
ow

nl
oa

de
d 

11
/1

0/
16

 to
 1

31
.1

75
.1

61
.1

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


