Time-domain Raman analytical forward solvers
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Abstract: A set of time-domain analytical forward solvers for Ramaynsils detected from ho-
mogeneous dliusive media is presented. The time-domain solvers havedmestoped for two
geometries: the parallelepiped and the finite cylinder. pbiential presence of a background
fluorescence emission, contaminating the Raman signahlsaseen taken into account. All
the solvers have been obtained as solutions of the time depéedifusion equation. The val-
idation of the solvers has been performed by means of cosgpariwith the results of “gold
standard” Monte Carlo simulations. These forward solveoside an accurate tool to explore
the information content encoded in the time-resolved Ramaasurements.
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1. Introduction

Due to its excellent chemical specificity, Raman spectmpgdms been largely investigated in
biomedical diagnosis and industrial applications [1]. loghcases, a quasi-confocal approach
was adopted, which limits the investigated volume to a maxmaepth< 200 um [2, 3]. For
this reason, in the last decade, much interest was raisetieopdssibility to detect Raman
signals well beneath the surface [4]. The most popular amgrevas named SpaciallyfiGet
Raman Spectroscopy (SORS). SORS exploits the detectioara&R signals at increasing dis-
tances from the laser injection point to discriminate strtess at diferent depth [4-6]. Based on
SORS, many applications have been proposed with huge nalustpact. Applications range



from medical diagnostics (e.g. detection of cancer [7] arédpathologies [8]), to security and
forensic applications (e.g. identification of liquids ofide through plastic or glass contain-
ers [9]), and also to non-destructive food assessment pl@jalysis of paintings [11]. Another

approach was adopted for the analysis of pharmaceutidatsaby exploiting a transmittance

geometry [12, 13]. Similar concepts have also permittedbtiaio tomographic Raman images
through tissue simulating phantoms, biological specinagmkin vivo, on animals [14—16].

All approaches mentioned above are based on continuous(@&Veillumination. A further
different option is the adoption of a time-resolved (TR) injgeind detection scheme. The TR
scheme exploits the property that the morgudied photons are detected later on in time, the
more they have penetrated deeply into the medium [17]. A&radvantage of this method is
that the use of a time-gated scheme permits to reject a signtffraction of the contaminating
fluorescence emission [18]. The experimental feasibifityep Raman spectroscopy using the
TR approach was demonstrated using time-correlated spigléon counting [19], ultrafast (ps)
Kerr-Gate spectroscopy [20] and fast gated camera [21-23].

Itis important to note that the TR research direction, altffopossibly more informative than
SORS, has to face with the complexity of the TR systems, whashhampered until nowadays
a more widespread use. However, even if the translatioresitimethods and devices to Raman
spectroscopy is not straightforward, a dramatic reduatforR system complexity is expected
by the use of novel compact photonics devices like Silicoot@®multipliers (SIPMs) [24]. Thus,
TR systems could definitevely increase their impact in thar feture because of the great
potentialities dfered by this instrumentation to gain depth information 2,

In this framework, the development of rigorous mathemaéitgorithms, constituting one of
the core elements of the TR systems, appears to be a fundanssae. Moreover, theoretical
models may also serve as a support for simulation studiéeideévelopment of novel measure-
ment schemes, or in the understanding of the physics of Raigaal from its generation to its
propagation and detection. For this reason, in the preserit we address the rigorous model-
ing of TR diffused Raman based on thédsion approximation (DA) to the Radiative Transfer
Equation (RTE).

In summary, in the time domain exact analytical models deisay propagation of Raman
signals in dffusive media are still lacking. With the present work, we wargrovide a general
perspective of time domain filise Raman spectroscopy through its possible informatian co
tentin terms of sensitiveness to the optical propertiek®fedium. We have developed a set of
forward analytical solvers describing the TR Raman reftesgdor a parallelepiped and a finite
cylinder. The solvers have been obtained exploiting the ®thé RTE [27,28] and the Green’s
function theorem [28], and they have been systematicaligaged by “gold standard” Monte
Carlo (MC) simulations for a wide set of physical conditioR@ally, the range of validity of
an often used simplified heuristic model [6] for time-domBEman signal is also discussed.

2. Theory and methods

In this section, we review the theory of Raman scatteringiwithe framework of the dliusion
equation (DE) and we obtain analytical solutions for the RamR reflectance. The analytical
theory is also developed for a background medium hostintilolised fluorescent molecules.
The MC method used to generate “gold standard” data for th@endtudy is also presented.

2.1. Preamble

The origin of Raman scattering [1, 4, 29] is quitédient from the classical Tyndall scattering.
Tyndall scattering depends on the micro-structures of rizdseand on their heterogeneities,
while Raman scattering depends on the intrinsic propesfiesolecules. Further, Tyndall scat-
tering is an elastic interaction, onlyfacting the direction of photon migration, while Raman
scattering is an inelastic phenomendieeting direction and wavelength of the re-emitted pho-



ton. This means that the two phenomena are characterizeddeypéndent scattering dtie
cients, but, more relevant, it also implies that a couplendependent RTEs need to be intro-
duced for dealing with two dierent wavelengths and1.. Raman scattering can be considered
“equivalent” to an absorption interaction since the scatt@hoton is no longer available at the
excitation wavelength, and thus can be accounted as a lotss fa the energy balance at this
wavelength. We follow this approach in developing the atiedy theory here described.

Figure 1 shows the excitation light at(isotropic point source ats), and the Raman light
at 1., which is emitted from a scatter gt and collected at point The global, absorption and
scattering coficients of the medium originate from: 1) the background medand; 2) the
Raman scattering molecules. The Raman signdtésted by Tyndall multiple scattering in the
background at both excitation, and emission}., wavelengths. The global optical parameters:
absorption cofficient, scattering cdBcient, reduced scattering dtieient, and the refractive
index of the investigated medium &tre denoted, respectively, s, us, 15, andn;, and at1,
aSUae, User Use, aNdn;.. For the background medium the absorptionfiornt, the scattering
codficient, and the reduced scattering fiméent at1 are denoted, respectively, ass, usp,
H.p,and atl, a@Spape, fsves Key,,- \We assume that Raman scattering molecules are distributed
inside the whole volume of the medium with scatteringfio®nt usg at A, andugg. at A..
We also assume that,g. = 0, excluding the possibility of a second Raman scatterirenev
on the same photon [4] (see next section). Being Raman aitens described by a scattering
codficient, their éfects atd, at least within the DE, can only be modeled with an equivalen
effective “absorption” term. Thus, since Raman scattering determines an instantaneous
re-emission of light afl., for the purpose of the energy balancetaRaman interactions are
equivalent to absorption events, and therefore, we canwhig® i, = pap + sk, s = Hsb
andu; =y, . For a summary of the notation used see the column denotedRamirable
1. This approach may appear to be not orthodox from a phypimiat of view, but, what it
really matters is to perform a correct energy balancg and 1., without neglecting terms
influencing the photon migration. In the next sections thalita of the proposed modeling of
Raman scattering will be further discussed and demonsttateneans of MC simulations.
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Fig. 1. Diagram of a photon path trajectory inxaz plane projection from the source
(red circle) to the Raman scatter (dashed line) and from ted® scatter to the detector
(continuous line). Green circles are Tyndall interactiofise yellow circle is a Raman

interaction.

2.2. General Raman model based on the time-dependent diffusion equation

Light propagation through biological tissues and othehljigcattering media can be described
with the time-dependent DE [27, 28] due to thé&uive regime of propagation that is often es-
tablished in these media. Therefore, the Raman signal cdedugibed by two coupledfiiision



equations for the time-dependent photon fluence fiafe,r) and®.(r, ¢), atA andA,:

[}ﬁ - sz] @(r,t) =q(r,1), (2)
v ot

[iﬁ + ,uae - DeV2:| (DE' (r$ t) = qe(r’ t)’ (2)
Ve Ot

whereD = 1/(3u%) andD, = 1/(3u%,) are the difusion codicients atl and 1, andv and
v are the speed of light in the medium.agandA,. The termg(r, ¢) is the real source term at
A, while ¢.(r, t) represents the virtual source term at generated by Raman scatterers. To
facilitate the reading, the dependenceldgf) and®.(.) on variables other thanandz will be
explicitly written along the manuscript only when necegsar

Equations (1) and (2) are coupled by the physical relatipreskisting between the excitation
fluence rate®(r, ¢), and the source terg.(r, t). As we have highlighted above, athe efect
of Raman scattering is “equivalent” to an “absorption” naietion. Thenu,z can be accounted
in Eg. (1) as an absorption term so that= u,»+usg. The source term.(r, t), at1., accounts
for the number of photons generated at this wavelength geveinme and time due to Raman
scattering events at. Thus, using the fluence rate 8t ®(rs, r’, uq, %, ni, t’, 1), the source
term can be written as

qﬁ'(r” t” /le) = ,uSRq)(rS’ r,’ ,ua, #;’ ni5 t,a /1)' (3)

Assuming an isotropic source term of unitary strengh r) = 63(r — rs)é(z), then® in Eq. (3)
is the Green’s functior, of the problem ang, can be written as

ge(r’, 1", Ae) = usrG(rs, v, g, f, ni  t’, 2). (4)

By substituting Eq. (4) in Eqg. (2), the following equationatis obtained:

10
[—— + fae — DoV?| @(r, 1) — usgG(ts,1,1) = 0. (5)

Ve Ot

According to the Green’s function theorem [28], the fluena® ratl,., @, (r, ), due to the
Raman scattering atis given by

t
cDe(r,t):f f qe(r’,t")Ge(r', 1, taes Wsps Nie, t —17)dV'dl’, (6)
0 \ %4

with G, the Green'’s function at,.. We stress that the Green’s functiagisandG,. are related
to the same medium, so that thefdrent notation is maintained only to keep the distinction
betweem andA.. Putting all explicitly,

t
d)e(r,t):ustfG(rs,r,ua,u;,n;,t’)Ge(r’,r,uae,ﬂ;e,me,t—t’)dV’dt’. (7)
0 \%&4

Equation (7) is the convolution in time @f with the same Green'’s function calculated at the
site of the Raman scatterers.

We remind that Eq. (7) is obtained under the assumption thigtsingle scattering Raman
events contribute to the solution. In principle, also npléiscattering Raman events can be
possible. But, given the low values for the probability ofnin scattering (usually less than
10-9) [30, 31], their contribution to the calculation can be ddesed negligible. Moreover, in
Eq. (7) it is implicitly assumed that the angular re-emissid Raman scattering is the same
of Tyndall scattering since no distinctions on this poirg arade in the theory. Starting from



Eq. (7) it is possible to derive the solution of the Raman aidar any desired geometry. In
particular, Raman scatters can be homogeneously digdboside the medium, but they can
also occupy a small portion of the whole medium resultingeaeusion. In this work we focus

our analysis on geometries where the Raman scatters aregleoausly distributed inside the
medium.

2.3. Simplified heuristic model in case u’, = u’, ., ftab = pabe @Nd n; = n,

In the previous literature we have an example of a heuristdehdescribing the Raman sig-
nal [29, 32] obtained under the hypothesis that the opticggrties of the background medium

at excitation f) and emissiond,) wavelengths are the same. This model can be true or approxi-
mately true in some particular cases of photon migratiomekg want to provide an analytical
justification of the heuristic model obtained by Everall kt[a9, 32]. Let’s first re-write the
general solutiod(r, r) by invoking the very well known scaling relationship foethbsorption
codficient [27, 28] (Beer-Lambert's law) as

O(r, ua = Hab + HsR, /1;’ t, ) =0(r, ug = ﬂab’#;’ t, 1) eXp=psrvt). (8)

’

The evaluation of the fluence rate &t can be obtained under the hypothesgis = v/, .

Hab = Habe, V = ¢/n; = v, = ¢/n. and also assuming the same scattering function of the
medium at1 andA, and for Tyndall and Raman scattering. This means that theaRaninotons
at 1, follow the same identical trajectories, and with the sanubability, as they were Tyndall
photons att and thus subjected to the optical properties of the medium &hus, the fluence
rate atl, due to Raman photon®,.(r, tae, 1., t, 1.), can be synthetically written as

(De(r, Hae = ,uabev/l;e = ’u;be’ t, /le) = (De(rv/lab, ,U;b, z, /le)- (9)

By using the property of Eq. (8) and the described conssaintthe optical parameters, the
right term of Eq. (9) can be rigorously expressed as

(I)e(r9 llaey /l;gv t, /le) = (I)(r, ,uab, ’u;b’ t? /l) - (D(r’ /'labv /’l;bv t’ /l) exp(_/’lSRVI) ) (10)

i.e. the fluence rate of the whole photons reaching the detfuftotons aft or 1, are subjected
to the same optical parameters) minus the fluence rate ofrtbmps that dichot undergo a
Raman scattering.

Given the typical low values qfi, (of the order of 106 mm™1), Eq. (10) can be usually
further simplified as

(De(r, ﬂae, #;65 t’ /le) =~ (D(r’ ,uab, ,u:b’ t5 A)#SRVI~ (11)

The same relation can be obtained for the TR reflectance. ®mtbund the heuristic model
for the TR reflectance at,, R. gy, Can be written as

ReHeur(p, Mae> ,Ll;e, t, /le) = R(P, Mab> #;h’ z, A)ﬂsRVt s (12)

with p source detector distance aRdhe standard solution of the DE at The solution of the
DE for the TR reflectance for the slab obtained with the extlaed boundary condition and
Fick’s law can be used faR (see for instance Eq. (4.27) in [28]). Equations (11) ang @2
both the desired Everall et al. model [29, 32] obtained utttesimplified conditions. Thus, itis
possible to directly derive the Green'’s function of the Rarsignal from the Green’s function
of the background medium and the Raman signals can be obthjnmultiplying the difuse
reflectance signal by,gvr. The physical interpretation of this simplified model is tthlae
generated Raman photons at the emission wavelength ceritieir migration in the medium
as they were at the excitation wavelength. We can also $tatéhte longer is the photon time-of-
flight, the higher is the probability of Raman emission. Tiesiristic model can only be applied
for homogeneous media.



2.4. Solution for the Raman signal in a parallelepiped

2.4.1. Time-resolved fluence rate

The solution for the parallelepiped (Fig. 2) for the fluenateris obtained using the Green’s
function calculated with the eigenfunction method. The Tie&n functiorG(r,r’, z,¢”) for the
fluence rate, making use of the extrapolated boundary dondi{EBC) at the boundaries of
the parallelepiped, can be written as [28, 33]

G.1".1) = P % 008(Kix) COSKIx') COSKiny) COSK ')
xbLylz I,m.n=
sin[K,(z + 2AD)] sin[K,,(z" + 2AD)] exp[—(K? + K2 + KD v(t — t) — pav(t — 1)1,

(13)
with
L, =L +4AD, L/, = Ly + 4AD, L, = L. +4AD, (14)
and (21-1) (2 1)
Kl:L—;n’ sz mL; n, Kn: 27/:1 l,m’n=1’2,3’4,5’--- (15)

The codficients of Egs. (14) and (15) will be used in all the next seziggnsions implemented
for the parallelepiped. The cfiient A, that accounts for thefiects of Fresnel reflections
at the parallelepiped boundaries, is a function of the otifra index of the internali;) and

external ,) medium A = 1 whenn; = n,, see [28]). The notatiod . will be used when the

Lx

y R, OV 9
r=(x,,0) Zs

Lz

/ua’D’lu;’ni

z

Fig. 2. Schematic of the parallelepiped.

codficient A pertains ton,;.. Making use of Eq. (13) and of the ortho-normality property o
the eigenfunctions, the solution of Eq. (7) for the TR fluerate, assuming an isotropic delta
source of unitary strength placed at (0z0~= 1/u%) used to model an external pencil beam of
unitary strength impinging onto the parallelepiped at (@)0i.e.q(r, t) = §(x)6(y)d(z —z5)5(¢),
becomes

Oy raman(r, 1) = B8R S cosK;x) coSK,,y) Sin[K,(z + 24.D.)]
1

L;L;L; l,m,n=
X SiN[K,(zs + 2AD)[(Deve — DVY(K? + K2, + K2) + (ttaeve — Hav)]
x {exp[-(K? + K2 + K2)D vt — pavt] — expl-(K? + K2 + K2)D, vet — paevet]} .

(16)

For obtaining this equation we have assumed, as it is usizltite extrapolated lengths depend
only slightly ona, and thusL, = L}, L}, = L},andL’, = L’ sinceLy > 4AD, Ly > 4AD,
L. > 4AD. The same approximation is used throughout this paper. @oce we remind that



Ha = Map + sg anduge = pape. A similar solution to Eq. (16) for the fluence rate is obtaine
in appendix A also for the finite cylinder.

The TR Raman reflectance from the external surface of thdl@l@Eped at any point of
the boundary can be obtained using Fick’s law or a hybrid @ggr denoted EBPC [28]. For
both the approaches the Raman fluence ®Bi&. ., (EQ. (16)) is first calculated using the
EBC, then Fick’s law or the partial current boundary comdit(PCBC) is applied to Eq. (16)
for calculating the emerging reflectance from the mediunj.[28

2.4.2. Time-resolved reflectance obtained with the EBPC
According to the EBPC the TR Raman reflectance is [28]

Doraman(x,y,2=0,
ReRamanEBPC(X, Yy, t) = W- (17)

By substituting Eq. (16) in Eq. (17) we obtain the TR Ramaretfince as

ReRamanepPc(X,y,1) = 22% , Y. cos;x)cosKy) sin[K,(2A.D.)]
ylhz 3

ym,n=1
X SIN[K (25 + 2AD)][(Dove — DV)(K? + K2 + K2) + (taeve — ptav)] ™2 (18)

x {exp[-(K? + K2 + K2)D vt — pvt] — expl-(K? + K2, + K2)D, vet — paevet]) .
2.4.3. Time-resolved reflectance with Fick’s law

The TR Raman reflectance from the medium can be also caldiigtesing the classical Fick’s
law as [28]

OPeRaman(x,y,z2=0,1
ReRamanFick(x,y,1) = D= ”aZ;(Z . ) . (19)

By inserting Eq. (16) in Eqg. (19) the TR Raman reflectance brexo

ReRamanFick(X, Yy, t) = 230252—21‘2}(‘ ; Z 1COS(KIX) COS(Km)’)Kn COSV(n (ZAEDE)]
m,n=

X SIN[Ky(z5 + 2AD)][(Deve — DV)(K?Z + K2 + K2) + (Haeve — pav)]
><{exp[—([<l2 + K2, + K2)D vt — pugvt] — expl-(K? + K2 + K2)D, vt — ﬂaevgt]} )

(20)

The two expressions &. ramanesrc ANAR . R aman Fick ShOw only slight diferences related
to the way the flux is calculated [28]. In the Results sectiomparisons with the results of MC
simulations show that within the limits of the DA the two fautas are practically equivalent.

2.5. Solution for the Raman signal with a background fluorescence
2.5.1. Time-resolved fluence rate

It may happen that a fluorescence signal survives at thetdetesite when Raman spectro-
scopic measurements are carried out or, alternativelyghoence and Raman signals can be in-
deed used together for imaging goidspectroscopic purposes [34]. For this reason, we general
ize the previous solution in the event that, together witmBa scatterers, fluorescent molecules
are also uniformly distributed inside the medium genegptirbackground fluorescence it
(observed wavelength). The fluorescence signal, as theRseattered light, isflected by mul-
tiple Tyndall scattering at both andA.. We assume that a fluorophore is uniformly distributed
inside the background medium with absorptionficentu,, at A, andu,s. = 0 atd.. As

in the previous section, we also assume that Raman scatteedistributed inside the whole
volume of the medium with scattering déeientu g at A, andusg. = 0 atd.. The global op-
tical parameters: absorption d¢heient, reduced scattering dfieient, and the refractive index
of the medium are denoted ag, u;, andr at A, and asuqe, u%., andn, at 2., respectively.
Therefore, we implement the DE solution for a medium havhmg global optical properties,



Ha = Hab + HsR + faf, 15 = ), atd and,u, = pape andus, = ), ata,., respectively. For
this purpose we can still use Egs. (1) and (2) provided thiea@giroperties are those shown in
Table 1 for the case of RamaRluorescence.

Again, the DEs afl and2, are coupled by the excitation fluence rabe which determines
the source terng.(r,?) of the DE atd.. However, the fluorescent component of the source
termg.(r, r) is more complicated than the Raman component. In fact, lhtheafluorescence
interactions afl produce a photon at.. Moreover, fluorescent photonsAt, generated at time
t, may be derived from fluorescence interactions occurriregtihe:” different fronv (¢’ < ¢).
For these reasons, it is necessary to define: 1) a quanficieecyn. and; 2) a probability
density functiorp g1,,,(¢ | '). The parametey, is the quantumf@ciency of the fluorophore in
the wavelength rang&1,. aroundi,., i.e. the ratio of the number of photons emittedhin, to
the number of absorbed photons. The funciign,, (¢ | #’) is expressed as

t—t
T

priast11) = T exp -5 (- 1), @)

(f Priuo(t | t')dt’ = 1) and describes the probability density that an interacéit:” will
generate a photon at The function®(.) is the Heaviside function. The parameteis the
fluorescence lifetime of the fluorophore (i.e. the average that the fluorophore spends in the
excited state prior to returning to the ground state). Irctica, the production of fluorescent
photons must be suitably “weighted” gy andp ., (¢ | t’). Therefore, in analogy with Sec.
2.2 the coupling of the DE at and 2, is given by the following source term that combines
fluorescent and Raman emitted photons

t
qe(r” t) = f pFlMO(t | t,)rlé’#afG(rS’ r” #d’#;’ n, t,)dt, + #SRG(rS’ r” #d’#;’ n, t)’
’ (22)
wheregG is the Green'’s function for the fluence ratetat
By substituting Eq. (22) in the DE at,, and making use of the Green'’s function theorem,
the fluence rate at the emission wavelength(r, ), due to the fluorescent photons generated
into the intervalia,, is

t
D, (r,t):j; fv Ge(t', )G (r', 1, fae, Weps e, t — 1)dr dt” = 23)

=D, rruo (r’ t) + Do Raman (r’ t) 5

with G, as the Green’s function of the medium for the fluence rate . atThe solution
of Eqg. (23) is given by two terms, on@. ., (r, t), given by fluorescent photons and the
other,®.raman (r, 1), given by Raman photons. The tedn g man IS the one calculated in
the previous section with Eq. (16). For the tedf;,, we need to perform the integral
of Eq. (23) for the fluorescence source term. For the paeglipéd the TR solution is ob-
tained by making use of the TR Green'’s function given by E®) @nd applying the ortho-
normality property of the eigenfunctions. The solutionegivoy Eq. (23) for the TR fluence rate,
D, F1u0, @SSUMING an isotropic delta source of unitary strengtbealat (0, 0z, = 1/u7%), i.e.



Table 1. Summary of the notations used for the optical pt@seof the medium at and

Ae in the case of a pure Raman model (column Raman) or a hybricaRamd fluores-
cence model (column RamaRluorescence). The subscriptienotes the background, the
subscriptR denotes the Raman scattering and the subsgrifnotes the fluorescence. In
this work, we have assumedig, = 0 andu,r. = 0. The optical parameters appearing
in column Raman have to be used with Egs. (18), (20) and (38)ewptical parameters
appearing in column Ramafrluorescence have to be used with Egs. (24), (28) and (32).

Raman Raman-Fluorescence
A Ae A Ae

Ha | M Hae | Hse Ha | M Hae | Hie
| Hab + UsR | ﬂ;b | MHabe | 'u;be || Hab + UsR + Haf | ﬂ;b | Habe | 'u;be |

q(r,t) =8(x)6(y)d(z — z5)d(t), is

D r1uo(r.1) = 23%1 Y cosK;x) cosK,,y) Sin[K,(z + 24.D.)]
m

X Sin[K,(zs + 2AD)][(Deve — DV)(KIZ + K;% + K;%) + (UaeVe = ﬂav)]_l
><{exp[—(Kl2 + K2, + K2)D vt — puavt] — expl-(K? + K2 + K2)D, vt — yaevel‘]}
-1

X[— (K2+K2 +K2)Dv — v+ 1/7]

ZB%I 3 1cos(le) cosK,y) sin[K,(z + 2A.D,)]
m,n=

X SIN[K, (2, + 2AD)][(K2 + K2 + K2)Deve + paeve - 17|
x {expl-t/r] - expl-(K? + K2 + K2)D¢ vet = flacvet])
x[ - (K12 +K2 + K2)Dv — ugv + 1/‘1']_1

(24)

We note that, for the evaluation of the Eq. (23) we have preshiocalculated the first term
of go(r', 1), geriuo(r’, '), (Eq. (22)) as

GeFluo(r’,t") = Mne fot exp[ - @]G(rs, M, Ha, ls, 1, t")dt"” =

3 MNeMarV S ’ ’ H

=2 TILIIT z m;nﬂcos(leS) cosK;x”) cosK,,ys) CoSK,,y") Sin[K,(zs + 2AD)] (25)

X Sin[K,(z" + 2AD)] [ — (K2 + K2 +KADv — pav + 1/7] -

x{exp[-(K? + K2 + KZ)Dvt’ — pavt’] — expl-t’/7]},
with G given by Eq. (13).
2.5.2. Time-resolved reflectance with EBPC

The TR reflectance can be calculated using the EBPC, sisntlattq. (17), as

ReEBPC(-x,y, /le, t) — q)eFluo(x’y9Z:Oa/leat) + (DeRaman(x’y,Z:Oa/le’t), (26)

e 2A.

where®, g, IS given by Eq. (24) an®. raman by EQ. (16).

2.5.3. Time-resolved reflectance with Fick’s law

The time resolved reflectance can be also calculated by &$thés law as

6(I> wol(x,y,2=0,20,1 oD ; x,y,2=0,10,1
ReFick(-x, ¥, t) - eFluol a) est) + D eRa nan( y ) (27)
= ReFlu()Flck(x Yy, t) + ReRamanFlck(x y, t)



with ReRamanFick given by Eq (20) an(ReFlqu[ck given by

De a. e e b
ReFuoFick(x,y,1) = 23% Y. cos(K;x)cosKmy)Ky, cosK,(2A.D.)]

I,m,n=1
X Sin[K,(zs + 2AD)][(Deve — DV)(KZZ + Krzn + Krzz) + (HaeVe = ,uav)]_l
x{expl-(K? + K2, + K2)D vt — pavt] - expl=(K2 + K2 + K2)D, vet = praevet])
-1
X[— (K12 + K2 + K2)Dv — pgv + 1/‘r]

De a. e e b
_23% , % 1COSQ<1X) cosKy)K, cosK,(2A.D.)]
“ ,m,n=

(28)

X SIN[Ky (2 + 2AD)][(K2 + K2 + K2)D,ve + paeve - 17|
X { exp[-t/7] — exp[-(K? + K2, + K2)D, vt — ﬂaevet]}
X [ - (K12 +K2 + K2)Dv — pgv + 1/7']_1.

2.5.4. Improved numerical calculation

The formula obtained above fdr. £, sufers from slow computational convergence so that
usually many terms of the series are needed for a correctaiah of the fluence rate. A simple
way to speed-up the calculation is achieved by dividing #ieldation ofd, g, into two steps.

At first is calculated the fluence rat®,.or;,,, describing fluorescence photons promptly re-
emitted (i.e. Eq. (24) for — 0). The series of.or;,, converges much faster than, g,,,.
The fluence rat@® .o, is simply given by

t
(DeOFluo (r, t) = ,Uafne fo fv’ G(rS, rl, lua’/'ls,’ n, t,)Ge(rl’ r’/lae’/lse/, ne,t - tl)drldt, =

=280 e ¥ cosK;x) COSKmy) SIN[Ky(z + 2A.D.)] SIN[K, (25 + 2AD)]
XEYEE Im,n=1
X[(Deve - DV)(KIZ + K;% + K;f) + (HaeVe = ﬂav)]_l
X { exp[-(K? + K2 + K2)D vt — pvi] — exp[—(K? + K2, + K2)D, vt — ﬂaeVg[]} .
(29)
Then, the calculation of the whole ter. z;,,, is obtained by taking into account that fluores-
cent photons are not promptly re-emitted. Therefdrgs;,,, may be expressed as the convolu-

tion of ®.og;,, With the exponential decay of the fluorophore, i.e.

Do (1) = [eortuolr, 0] + [+ €xp/2)] (30

This calculation in two steps is computationally mush fagéeen ten times) than the direct
calculation of Eq. (24). Moreover, the implementation of. E8D) can be easily modified in
order to account for more complicated multi-exponentiakges that sometimes are required to
describe the re-mission of some specific fluorophores.

Similarly, the improved numerical calculation can be ot for the fluorescence reflectance
term as

Reriuo (1,1) = [Reornuo(r, 0] » [ expi-i/0)]. (31)

When the reflectance is calculated with the EBRCy £, is obtained by dividingD.orz.. by
a factor 2, according to Eq. (26). When the reflectance is calculatel Riitk’s law, R .or7.0
is obtained as

De aflle e b
ReoFiuoFick (X, Y t) = Zg% ; )y COS(KIX) COS(Km)’)Kn COS[Kn (ZAeDe)]

,m,n=1

X SiN[K,(zs + 2AD)I[(Deve — DV)(K? + K2, + K2) + (ttaeve — Hav)]
x {expl-(K? + K2 + K2)D vt — pgvi] - expl=(KZ + K2, + K2)D, vet — ftaevet]} .
(32)



2.6. Monte Carlo simulations

Itis useful, for the comprehension and validation of thewtieal approach proposed in the pre-
vious sections, to address and simulate Raman scattetsoginathe presence of background
fluorescence, using a Monte Carlo method without introdyiajpproximations in the modelling
of photon transport [28, 29]. Following the notations of S&& we define an interaction die
cient,u. ,, at the excitation wavelength as:

Head = Hab + Ushb + UsR + Haf (33)

where the right hand side is the sum of the fourfiionts of: absorption in the background,
Tyndall scattering in the background, Raman scatteringflaldescence excitation. A random
numberw, uniformly distributed in the interval [0, 1] is generatechi number is related to
the photon pathy, by the following relation [35]:

¢
w1 = f Hex €XP(—ptext) dl . (34)
0

Once Eq. (34) is inverted to obtaihwe have to decide which interaction the photon will un-
dergo. To sample the probability of the fouffdrent events we extract a second random number
wo uniformly distributed in [0, 1], so that:

if wp < ZLf the photon is absorbedtherwise
if wp < ““27)1”’ the photon is Tyndall scatterestherwise
if wp < W the photon is Raman scatteredherwise

if wo < 1 the photon possibly excites fluorescence.

When the photon is absorbed its propagation is stopped; wieefyndall scattered, the photon
is tagged ast” (the wavelength remaing), the scattering angle is sampled [35] and it moves
of a step-length equal t§ when it is Raman scattered the photon is taggedias(from now

on the photon can only have Tyndall scattering events. it an isotropic scattering angle is
sampled and it moves of a step-length equdl tohen it possibly excites fluorescence a further
random numbews € [0, 1] is extracted and, if3 < n, the photon is tagged again a%.” and

it propagates with a step-length(from now on the photon can only have Tyndall scattering
events atl. ), otherwise the photon islled. Furthermore, if the photon excites fluorescence, a
temporal delay is extracted using a new random numhbee [0, 1] sampling the exponential
decay time (Eq. (21)):

t
Wwa = f D ro(t’ 1 )t (35)
0

The photons tagged agd.” represent photons at the emission wavelength then, agguiimat
no further Raman scattering events are undergone by pha@ndshey propagate as described
above using a new interaction dbeientyu,. ,, given by:

Hed, = Habe + Usbe - (36)

At the beginning of the simulation it is possible to sele@ Kind of interaction (Raman, fluo-
rescence, Ramatfluorescence or Tyndall) and the number of photons that; afteriving at
the detector site, need to be saved and stored by the sipnlatiparticular, the path-length of
the tagged photons arriving at the detector site is savedtanrda time-of-flight histogram is
created so the TR reflectance can be re-constructed frormeteetdd photons packets.



3. Results
3.1. Validation of the DE solutions by comparisons with MC simulations

The analytical solutions derived in Sec. 2.5 have been cosapaith the results of MC simu-
lations based on the sampling rules described in Sec. 2é5cdtie was accelerated by means
of a Graphical Processing Unit (GPU) and has been writteptadpathe CUDA-based code
published by Alerstam et al. [36] for a laterally infinite IslaA large number of comparisons
between analytical models and MC simulations have beempred to validate the formulae
of Sec. 2.5 and those shown in this section are only a repsensample of the whole work
done.

Simulated reflectance data have been generated with treabpéirameters appearing in the
caption of Fig. 3. All the simulations have been run until pBotons reached the detector. The
analytical models have been computed using the formulasepted in Sec. 2.5 applied to a
100x100x100 mrh diffusive cube. The boundaryfects due to photons escaping the lateral
faces of the cube are negligible for the values of the opfioaperties used in this section.

Although the probability of generating a Raman photon is, laith typical values of about
1078, for the validation of the analytical models we have assummaealistic values of this
probability with values around 18. This was obtained by selectingz = 10~2 mm~1. This
choice, needed for reducing the computation time of the Mukitions, does notfiect the
validation of the analytical models. In fact, the accuratthe analytical models, provided that
Usr < lsp, IS not dfected by the value qiyz considered.

In Fig. 3 four examples of comparison of the analytical med&BPC and Fick solutions)
with the results MC simulations for the TR Raman-Fluoresearflectance are shown. Starting
from the first simulation (Fig. 3(a)-3(b)), the others haeeib obtained by varying one parame-
ter at a timeyu, s (Fig. 3(c)-3(d)), another with a fierentp (Fig. 3(e)-3(f)) and the remaining
one with a diferentu,;, (Fig. 3(g)-3(h)). We note that the optical properties usadlie back-
ground medium are typical of several biological tissueis. #lso worth to observe the excellent
agreement between analytical models and MC results.

The slight diferences between Fick and EBPC model are typical of the DAafhr many
other solutions based on the DE, they are maifiigaing the early times of the TR reflectance.
The Fick and EBPC solutions slightly fir on the peak of the signal. In particular, EBPC
overestimates the photon fluence rate. At late times and serate of fluorescence the two
formulae converge (Fig. 3(b)).

In the presence of a background fluorescence (Fig. 3(c)adgheement between Fick’s law
formula and MC is still very good and slightly worse for the B formula because the fluence
rate overestimation on the peak is spread out at late tinfés.ig due to the convolution opera-
tion appearing in Eq. (31). Thidtect is clearly noticeable in Fig. 3(d) by plotting the ratio o
analytical solutions and MC. But we can note that this ouaregion of the signal has a mild
effect on the shape of the TR reflectance generated with the EBPC.

3.2. Dependence of the Raman signal on the optical properties

The factorus,z appearing in Egs. (18) and (20) clearly shows that the TR Ramthectance
is proportional to the Raman scattering fimgent. In practiceu,g is just a simple amplitude
factor and does not influence the shape of the temporal prafilever, Eqgs. (18) and (20) also
show that the TR Raman reflectance depends on absorptiomdndead scattering céigcients
in a more complex manner. In Fig. 4 we have reported this fedity displaying the TR Raman
reflectance with: 1) varying,., fixed u,» and fixedu’, =y’ and; 2) varyinqu’, = u’,
and fixedu,p = pape. The values of the optical parameters appear in the capfiéigo 4.
The ranges of the background optical properties in Fig 4uihelthose of biological media
in the wavelength range of [700, 900] nm. The general trerginslar to what observed in
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Fig. 3. Comparison for the TR Raman reflectance between tizalformulae and MC in
absence (a, e, g) and in presence (c) of background fluorscEar all the figure panels

,U;b = 'u;be =1, tgpe = 7103 mm L, ugr =203 mm L, n; = nje = 14,00 = npe =
1,g = 0. Specifically(a) u,p = 5-1073mmL, y,r = 0,p = 20 MM;(C) pypp = 5-1073
mmL, p,p =710 mm L, p.=1 andr = 2 ns,p = 20 mm;(€) pup = 5- 1073 mmL,

Har =0,p =10 mm;(Q) pap = 1072 mm~2, 41,7 = 0, p = 20 mm.



standard TR diuse optical spectroscopy, with a decrease of signal moreipemnt at late times

for increased absorption (Fig. 4(a)), and at early timesrforeased scattering (Fig. 4(b)). In
conclusion, Fig. 4 show that the TR Raman signal carriegiin&ion not only of the Raman
phenomenon, but also on the backaround properties of theumed
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Fig. 4. Dependence of the temporal profile of Raman photondifterent values ofi,, .
andu;b. The common parameters wese= 10 mm,n; = n;. = 1.4,n, = nyoe = 1 and
usr = 1078 mm=1, 4, = 0.01 mni L. Specifically:(a) uape € [0,0.035] mni? and
wl, =, =1mmtand(b) !, = pl,, €[0.5 2] mmtandu,pe = 0.01 mnT .
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3.3. Validity range of the heuristic model

As already demonstrated in Sec. 2.3 the heuristic modelgsexpin [29, 32] by Everall et al.
is actually a simplified model derived under the constraafitg’, = u’, , tap = pabe and
n; = n.. Here we want to study the range of validity of the heuristimdel by means of the
forward solvers discussed and validated in the present.Wddke specifically, we study the
effect given by the release of the above constraints.

Figure 5 shows an example of the TR Raman signal (Eq. (20)p&the heuristic model (Eq.
(12)) for a case withu!, # u’,  (see figure caption for the values of the optical parameters)
The figure shows that the heuristic model fails in describiregcorrect behavior.

In Fig. 6 the diferences observed in Fig. 5 are studied in a larger numbese&da order to
provide a more complete view of the validity range of Eq. (Z@)this aim we define a relative
error factorg(¢), comparing the heuristic model (Eq. (12)) with the rigaggolution (Eq. (20)):

€)= 1 mrs i @7
The errore() is depicted in Fig. 6 in per cent forftérent values ofi.». (Fig. 6(a)) or ofu’,,
(Fig. 6(b)) while keeping botp,;, andy’,, fixed. The relative error is null whem,, andupe
have the same values, while it rapidly deviates with hugeremvhenever, ;. is significantly
altered fromu,,. For example, in biological tissues, for Raman shifts inrdrege of [3050]
nm a change ofi.. in the range of [005,0.01] mm~! can be expected for an excitation
wavelength in the range of [70800] nm. In case we have a change of scattering betweeml
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A, the heuristic model is substantially valid at late times Jelds quite inaccurate predictions
at early times. Thus, Eq. (12) can be used as a first-ordeogippation to understand the
physics of difuse Raman photons, but a more rigorous approach is neededkehabsorption
properties of the medium are not constant over the speetngler of interest.

4. Conclusions

We have presented, within the framework of the DE, a set ofyéinal forward solvers for the
calculation of the Raman TR reflectance from a homogeneawdlglapiped and a homoge-
neous cylinder, provided the Raman scatterers are unifodistributed in the whole medium.
The obtained formulas have been validated by means of casoparwith the results of “gold
standard” MC simulations. In the proposed analytical sohg we have also included the op-
tion to account for the influence of a background fluorescemt¢he Raman signal, generated
by a fluorophore uniformly distributed inside the mediumrtRar, we have provided an exact
theoretical justification of a well known heuristic modelgely used for the study of the Raman
signal when the optical properties of the medium show weaiatians between the excitation
and the emission wavelength. Thanks to the present refiuitas been possible to carefully
study the range of validity of the heuristic model.

The comparisons between analytical models and MC simulsitdd Sec. 3 have shown that
in the difusive regime the analytical solutions (Egs. (18) and (20h® DE for the TR Raman
reflectance show indistinguishable results compared tMtBesimulations. The dierences be-
tween Fick and EBPC model are compatible with th@udion approximation and both can be
used to describe the Raman signal with an error of few per. &mtilar conclusions can be
extended to thefect of a background fluorescence that can be accuratelfatddiby the DE
analytical solutions (Egs. (28) and (26)) with an error of feer cent. The computation time of
such models is of the order of seconds, while the computéitiosm of the corresponding MC
simulation, although the simulation was accelerated bynsed a GPU, was of the order of
hours. Moreover, when the MC simulations are carried folisgavalues of the Raman scatte-
ring codficient (of the order of 16® mm~1) the computation time can be even thousand time
larger, becoming prohibitively high. The comparisons wiita results of MC simulations have
shown that the heuristic model (Eqgs. (11) and (12)) hasfsognit deficiencies when the absorp-
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noe = 1, usg = 1008 mm1, p,p, = 0.01 mnt and y’ “w =1 mm?d Specmcally
(@) tape € [0,002] mmtandy’, = 1 mm?tand;(b)p’, e [0.51] mm*and
Uape = 0.01 mniL,

tion codficient varies between the excitation and the emission wagélewhile the changes of
scattering fect the accuracy of the model only at early times. In practiweproposed forward
solvers based on the DE are suitable tools for studying th&aRan signal in diusion con-
ditions, while the heuristic model can only provide an apprate solution that is consistent
with the DE when the optical properties at excitation andssioh wavelengths are coincident.

In conclusion, the proposed forward solvers can be a usedliffor exploring the informa-
tion content encoded in the TR Raman measurements. The tisesef solvers will allow one
to depict, in a wide perspective, possible new applicatiersved from time-domain Raman
measurements.

A. Appendix: DE solution for a finite cylinder

We provide here the soluton of the DE for the Raman signahfefinite cylinder. This solution
for the fluence rate is obtained with the same procedure usdtéd parallelepiped in Sec. 2.4,
provided the radial eigenfunctions are taken equal to thes@ecunctions of the first kind of
order zeralp. Given a finite cylinder (see Fig. 7) of thicknessadiusa, with thez axis along
the main axis of the cylinder, and wifh the distance between the positiorand thez axis,
the Green'’s function with the EBC of the DE for the finite cger of Fig. 7 can be written
as [28,33]

G(r.r 1) =2—"r z > %Wsin[Kn(z+2AD)]sin[Kn(z’+2AD)]
=1n=1

eXp[ A7Dv(t — 1)1 expl-KZDv(t — ') expl-pav(t = 1')],

(38)

with a” = a + 2AD, s” = s + 4AD, K,, = nr/s’, A; roots ofJo(1;a’) = 0, Jo Bessel function

of the first kind of order zero angy Bessel function of the first kind of order one. Making
use of Eq. (38) and of the ortho-normality property of theeeiyinctions, the solution of Eq.
(7) for the TR fluence rate, assuming an isotropic delta oafanitary strength placed at (0,
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Fig. 7. Schematic of a fiusive cylinder.

0, zy = 1/u%) used to model an external pencil beam of unitary strenggiriging onto the
cylinder at (0, 0, 0), i.eg(r, t) = 6(x),5(y), 6(z — z5), 6(¢), becomes
Doramancyl(r, 1) = 28282 Sy oA gink, (; + 24,D,)] SiN[Kn(zs + 2AD)]
ma’ss’ 202 jl(a’/ll)
X[(Deve — DV)(/llz + Krzz) + (Uaeve — ﬂav)]_l
X { exp[_(/ll2 + KrZz)D vt = pigvt] - exp[_(/ll2 + KrZz)De Vel — ﬂaevet]},

(39)

witha’ = a+2AD, s’ = s+4AD, K, = nr/s’, 4; roots ofJo(1;a”) = 0. The above equation has
been obtained with the approximatiaffs= a/ ands’ = s,. From Eq. (39) the TR reflectance
can be obtained with Eq. (17) or with Eq. (19).

We stress that the presented solution can be useful to sgetr- calculations since by using
Eq. (39) the computation time can be reduced of a factor terpaned to Eq. (16).
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