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A growing tumor is subjected to intrinsic physical forces, arising from the cellular turnover in a

spatially constrained environment. This work demonstrates that such residual solid stresses can provoke a

buckling instability in heterogeneous tumor spheroids. The growth rate ratio between the outer shell of

proliferative cells and the inner necrotic core is the control parameter of this instability. The buckled

morphology is found to depend both on the elastic and the geometric properties of the tumor components,

suggesting a key role of residual stresses for promoting tumor invasiveness.
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The evolution of living matter, from bacteria to high-level
eukaryotic systems, is strongly influenced by the physical
and mechanical characteristics of the microenvironment. In
fact, cells respond not only to soluble biochemical signals
but also to physical factors, through surface receptors.
Applied forces are sensed by integrins and focal adhesion
proteins, and transformed into a chemical activity which,
in turn, activates actomyosin contractility for establishing a
balance between endogenous and exogenous forces, also
known as tensional homeostasis [1]. Such a mechanical
feedback plays a key role in many physiological processes,
e.g., allowing cell spreading to adapt to the substrate
stiffness by modulating the pulling force [2], or regulating
cell growth, differentiation. and tissue development during
morphogenesis [3]. Nevertheless, a loss of tensional homeo-
stasis is often considered as a hallmark of disease. This
happens, for example, in cancer development, whereby the
healthy extracellular matrix is initially remodeled into a
stiffer desmoplastic stroma, provoking an altered homeo-
static tension which drives the genetic expression of a
malignant phenotype [4]. Such a pathological remodeling
explains why tumor screening often resides on palpation
techniques to detect a stiff mass within a soft tissue.
Physical forces are equally determinant in metastasis, mod-
ulating cell migration towards the blood vessels [5] and
directing intravasation and extravasation processes in the
vascular system [6]. Recent theoretical studies have dem-
onstrated that the cell-cell and cell-matrix interactions,
mediated by cadherins and integrins, respectively, may
drive the morphological patterns of invasive tumors [7,8].
Furthermore, a growing tumor is also subjected to intrinsic
forces, arising from the cellular turnover in a spatially con-
strained environment: cell proliferation and programmed
death (apoptosis) typically provoke elevated interstitial fluid
pressure and solid stress in tumors [9]. Growth-induced
solid or residual stress accumulates during tumor progres-
sion, possibly driving the collapse of blood and lymphatic
vessels, thus making the vascular delivery of anticancer
drugs ineffective.

Tumor development is driven by a complex interplay
between biological processes, biochemical reactions, and
feedback mechanisms with the environment [10]. For
instance, cancer cells adapt to both hypoxic conditions
and the immune system by activating signaling pathways
which enforce proliferation and promote angiogenesis
[11]. Chemokines and growth factors are known to mediate
chemotaxis and trigger directional migration into the
stroma, which frequently shape morphological changes
of the tumor into a prometastatic state [12]. The aim of
this work is to explore whether the residual stresses
generated by differential growth processes can also be

FIG. 1 (color online). Morphological evolution of a multicel-
lular tumor spheroid of HeLa cells, developing an undulated
contour and a necrotic core (lighter cells). The bar is 100 �m
(top, from Ref. [30]). Magnetic resonance sections of a glio-
blastoma multiforme, an irregular brain tumor characterized by
the presence of inner necrosis (bottom).
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involved in the formation of protrusions in tumor sphe-
roids. A similar mechanism has been invoked to reproduce
the pattern development in algae [13], in monolayered
epithelia [14], and in tubular tissues [15]. The loss of
circularity of the tumor is related to the development of
an inner nucleus of necrotic cells, due to local hypoxia,
whilst tumor cell proliferation is restricted to an outer rim.
This morphological change is depicted in Fig. 1 for both
a freely expanding multicellular tumor spheroid (MCTS)
in vitro and a glioblastoma multiforme in vivo. Several
experimental techniques have been proposed for modeling
cancer cells at different scales (see Ref. [16] for a review),
showing that tumor spheroids behave as elastoviscoplastic
solids, with a shear modulus and a dynamic viscosity [17].
The spherical symmetry of the system model imposed zero
shear stresses, so that the yield stress of cellular plasticity
can be neglected in the following. Jain and co-workers
have studied the mechanical characteristics of tumor
aggregates for more than a decade. In Ref. [18], the growth
induced solid stress in a growing MCTS was estimated in
the range 6–16 kPa. In another study, confined compres-
sion tests have been performed for different tumor lines,
reporting that the stress reached an equilibrium value after
a typical relaxation time of a few minutes [19]. Nonlinear
stress-strain curves at equilibrium have been found, mea-
suring the initial elastic modulus in the range 4–40 kPa. In
a more recent work, murine and human tumors have been
cut in order to measure the relaxed shape of the excised
tumor, so that the residual stresses have been evaluated at
about 0.37–8 kPa [9].

The tumor spheroid is modeled as an elastic hetero-
geneous body initially made of an inner necrotic core
and an outer shell of proliferative cells, whose physical
fields are indicated in the following with superscripts c
and s, respectively. Using the spherical coordinate system,
the spatial [material] position vector is indicated by
xðr; �; �Þ½XðR;�;�Þ�, so that Ri, Ro [ri, ro] are the inner
and outer radii in the reference [spatial] configuration, and
F ¼ @x=@X is the deformation gradient. In particular, Ri

can be considered as the radius of the nucleated necrotic
core, that must be about a few times the cellular size (e.g., at
least 60 �m) to respect the continuum hypothesis, whilst
Ro is the outer radius of the tumor spheroid at the timewhen
the necrosis begin. This last value has been measured for a
MCTS within the range 152–516 �m, reporting a variabil-
ity with the change of glucose and oxygen concentrations
[20]. Using the classical treatment for volumetric growth
in soft materials [21], the multiplicative decomposition
F ¼ FeFg applies, where Fg is the growth tensor and Fe

is the elastic counterpart which restores compatibility of the
overall deformation. In particular, a homogeneous growth
is assumed for both the necrotic core and the outer shell,
i.e., Fk

g ¼ gkI with k ¼ ðc; sÞ, where I is the unit matrix

and gc, gs are the respective isotropic growth rates. This
assumption resides on the observation that the characteristic

(doubling) time of volumetric growth (days) is much
greater than both the viscoelastic time (minutes) and the
growth relaxation time for internal dynamic reorganization
towards a homeostatic state (minutes) [22]. Recalling that
tumor cells are mostly made of water, using the incompres-
sibility constraint and the compatibility condition rcðRiÞ ¼
rsðRiÞ ¼ gcRi, the elastic displacement fields read
rc¼gcR

c and ðrsÞ3¼g3sðRsÞ3�ðg3s�g3cÞR3
i . Accordingly,

the elastic deformation tensors can be expressed as
Fc
e ¼ I and Fs

e ¼ diagð�s
r; �

s
�; �

s
�Þ, where the principal

stretches of the shell read �s
r ¼ ð1=gsÞ@Rrs and �s

� ¼ �s
� ¼

ð1=gsÞrs=Rs. In order to take into account the experimental
responses in Ref. [19], the tumor aggregates are modeled
using the equilibrium elastic energy density of the neo-
Hookean materials, being

Wk ¼ �k

2
ð�k2

r þ �k2
� þ �k2

� � 3Þ þ pkð�k
r�

k
��

k
� � 1Þ; (1)

where �k are the shear moduli and pk are Lagrangian
multipliers, with k ¼ ðc; sÞ. From Eq. (1), the Cauchy stress
components read �k

ij ¼ ð�k�k2
i � pkÞ�ij, where �ij is the

Kronecker delta and (i, j) span over (r, �, �). In spherical
symmetry, the equilibrium equations r � �k ¼ 0 simplify
as @rðr2�k

rrÞ � rð�k
�� þ �k

��Þ ¼ 0. Using the stress-free

boundary condition at the outer surface �s
rrðroÞ ¼ 0,

the residual stress components inside the tumor shell are
given by

�s
ii ¼ �s

�
�s2
i � �s2

r � 2
Z ro

r

�s2
� � �s2

r

r
dr

�
: (2)

Taking into account the normal continuity of the stress
fields at the interface between the necrotic core and grow-
ing rim, the inner core is subjected to a homogeneous stress
state such that �c

jjðrÞ ¼ �s
rrðriÞ, with j ¼ ðr; �;�Þ. In sum-

mary, Eq. (2) states that if the volume of the proliferative
cells increases more than the necrotic core (i.e., gs=gc > 1),
then this differential growth induces a compressive [tensile]
residual hoop [radial] stress within the tumor rim. If the
hoop stress accumulates above a certain threshold, it is
possible that a buckling instability occurs so that the spher-
oid assumes an undulated morphology.
The theory of incremental displacements superposed on

finite elastic deformation can be employed in order to
investigate the elastic stability of the tumor spheroid. In
particular, indicating with an upper bar the physical fields
after perturbation, the position within the tumor mass is
taken as �x ¼ xþ �x, where x is the spherically symmetric
solution and �x is the infinitesimal incremental displace-
ment. Accordingly, since growth is not affected by the
perturbation, the first-order expansions of the elastic defor-
mation tensors read �Fk

e ¼ ðIþ �Fk
eÞFk

e, where �Fk
e ¼

@ð�xkÞ=@x and k ¼ ðc; sÞ. Setting ��k ¼ �k þ ��k, the
incremental Cauchy stress components can be calculated
by differentiating Eq. (1) as
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��k
ij ¼ Lk

ijlm�F
k
ml þ pk�Fk

ij � �pk�ij; (3)

where �p is the incremental Lagrange multiplier, Lk
ijlm ¼

�k�jm�ilð�k
i Þ2 are the instantaneous elastic moduli, (i, j)

span over (r, �, �), and Einstein’s summation rule on
repeated subscript indices is assumed.

A general perturbation can be chosen in the form
�xk ¼ ½ukðr; �;�Þ; vkðr; �;�Þ; wkðr; �; �Þ; �T , with the
incremental displacement fields uk, vk, wk given as func-
tions of the spherical harmonics Yl

m of order l and degree
m. For isotropic materials, the incremental equation for wk

decouples in the boundary value problem [23], and an
axisymmetric perturbation can be chosen for the sake of
simplicity. Setting wk ¼ 0, the incremental mapping
should also be incompressible, imposing that

@rðr uÞ þ @�vþ uþ v cot� ¼ 0: (4)

Moreover, the governing equations are independent
of the order l of the spherical harmonics [24]: setting
l ¼ 0 a functional dependence on the Legendre poly-
nomials Pm ¼ Pmðcos�Þ of degree m can be considered.
In particular, a variable separation is assumed such
that ½uk; ��k

rr; �p
k�T ¼ ½UkðrÞ; �k

rrðrÞ; PkðrÞ�TPm and

½vk; ��k
r��T ¼ ½VkðrÞ; �k

r�ðrÞ�T@�ðPmÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm þ 1Þp

. The

incremental elastic boundary value problems are given
by solving the two independent equilibrium equations
r � ��k ¼ 0 and the incompressibility condition, given
by Eq. (4), for both the outer shell and the necrotic core.
Setting Uk ¼ ½Uk; Vk�T and �k ¼ ½�k

rr;�
k
r��T , the stress-

free boundary conditions at the outer radius read
�sðroÞ ¼ 0, while the continuity relations of the physical
fields at the interface read UcðriÞ ¼ UsðriÞ and �cðriÞ ¼
�sðriÞ. Recalling that the necrotic core is subjected to a
homogeneous deformation, the governing equations can be
easily manipulated to be transformed into a fourth-order
differential equation inUc. Avoiding singularities at r ¼ 0,
the analytical solution for the displacements within the
necrotic core yields

UcðrÞ ¼ �1r
mþ1 þ �2r

m�1; (5)

where �1 and �2 are constant parameters, and we must
look for solutions with integer values of m � 2. At r ¼ ri,
a functional dependence can be expressed between the
displacement and the stress fields, as r2i�

cðriÞ ¼ ZcðriÞ �
UcðriÞ, where Zc is the surface impedance matrix for the
necrotic core.

In order to solve the boundary value problem for the
outer tumor shell, it is very helpful to transform the govern-
ing equations into the Stroh formalism, adopting a proce-
dure often employed in elastodynamic problems with radial
inhomogeneities [25]. In practice, the incremental field �ps

can be eliminated using Eq. (3), so that the governing
equations can be recast in the form of a first-order differ-
ential system. Introducing the displacement-traction vector

�s ¼ ½Us; r2�s�T , the Stroh form of the incremental equa-
tions reads

d�s

dr
¼ N�s ¼ N1 N2

N3 �NT
1

" #
�s; (6)

where N is the so-called Stroh matrix, that can be simpli-
fied by the means of three 2� 2 sub-blocks N1, N2 and
N3 ¼ NT

3 , whose full derivation can be found in the

Supplemental Material [26]. Using Eq. (5), the determinant
method can be used to find the threshold values gs=gc
which numerically solve Eq. (6), with the given boundary
conditions, fixing the wave number m and the initial aspect
ratio Ro=Ri [27]. Although effective for thin geometries,
such a numerical method can run into stiffness problems for
thick shells. Such a limitation can be avoided using another
numerical procedure, which is presented in the following.
Recalling the boundary condition �sðroÞ ¼ 0, it is possible
to define a functional dependence between the traction and
the displacement amplitudes as r2�s ¼ ZsUs, where Zs is
the conditional impedance matrix, with ZsðroÞ ¼ 0 [28].
Therefore, it is possible to use Zs in Eq. (6) for eliminating
Us, so that the incremental elastic problem can be rewritten
as a Riccati differential equation in Zs, being

d

dr
Zs ¼ N3 �NT

1Z
s � ZsN1 � ZsN2Z

s: (7)

FIG. 2 (color online). Marginal stability curves for gs=gc (top,
thick line) and m (bottom) versus the aspect ratio Ro=Ri,
calculated for �s=�c ¼ 1. The thin solid lines represent the
critical thresholds gs=gc for different values of the wave number
m ¼ 2; . . . ; 20. The inset shows the marginal stability curve for
gs=gc versus a larger range of Ro=Ri.
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Making iterations on the wave number and the aspect ratio,
the control parameter gs=gc of the elastic bifurcation is
obtained by numerically integrating Eq. (7) using the initial
value ZsðroÞ ¼ 0 and the stop condition detðZdÞ ¼ 0, with
Zd ¼ ZsðriÞ � ZcðriÞ, corresponding to the continuity of
the physical fields at the interface. An example of the
marginal stability curve for gs=gc is given in Fig. 2, with
indication of the selected wave number of the instability.
In particular, the critical thresholds gs=gc for the instability
are barely constant for Ro=Ri � 2, with a selected wave
numberm ¼ 10. For very thin tumor shells, i.e.,Ro=Ri!1,
a short-wavelength instability occurs (m ! 1). In between
these limits, the instability thresholds show a marked
variability with the aspect ratio. In Fig. 3, the critical
thresholds gs=gc are depicted as a function of the shear
moduli ratio �s=�c for different initial geometries of the
tumor spheroid. A short wavelength buckling occurs in
the rigid core limit, i.e., �s=�c ! 0, where a master curve
gs=gc ¼ � logð�s=�cÞ is found, with �< 0 being the
slope of the asymptotic line in the logarithmic plot.
In general, the threshold values gs=gc decrease as the
ratio �s=�c increases, albeit the selected wavelength
strongly depends on the aspect ratio. Finally, the perturbed
shape of the growing tumor spheroid can be obtained
recalling that the ratio between the radial and the tange-
ntial displacements at ri is given by the stop condition.
In order to avoid numerical stiffness problems, the overall
displacement and stress fields can be calculated by a suc-
cessive numerical integration of the first of Eqs. (6), being
dru

s ¼ N1u
s þ N2Z

sus, with the initial condition
usðriÞ ¼ 	½�1; Zd

11ðriÞ=Zd
12ðriÞ�T , where 	 is a small am-

plitude which cannot be fixed by a linear stability analysis.
The morphology of a thin tumor spheroid at the instability
threshold is depicted in Fig. 4, comparing the numerical
solution with the WKB approximation of the strain fields.
In general, the radial extension of the perturbation across
the interface is found having a typical length of about
ri2
=m.

In summary, a buckling instability may occur in tumor
spheroids for the accumulation of residual solid stresses
induced by the differential growth between the necrotic
core and the outer shell of proliferative cells. The growth
rate ratio gs=gc is the control parameter of this instability,
depending both on the elastic and the geometric properties
of the media. This model provides clear-cut predictions
on the onset of the instability that could be easily tested
by performing in vitro experiments on a MCTS. Future
developments will consider different boundary conditions,
including an external elastic confinement for representing
the compression of the healthy stroma during in vivo tumor
invasion. The theoretical results suggest that the morpho-
logical transition driven by the residual stresses in tumors
could be involved in triggering metastasis. Although the
linear stability analysis fixes the thresholds and the wave-
lengths of the unstable wrinkling modes, the emerging
three-dimensional pattern at the tumor surface will be
driven by nonlinear effects. The postbuckling dynamics
might promote tumor invasiveness through the formation
of protrusions at the outer surface, which have been
observed during the collective migration of invasive cells
and vascular sprouting [29].
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