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Abstract

We provide a fully quantum description of a mechanical oscillator in the presence of thermal
environmental noise by means of a quantum Langevin formulation based on quantum stochastic
calculus. The system dynamics is determined by symmetry requirements and equipartition at
equilibrium, while the environment is described by quantum Bose fields in a suitable non-Fock
representation which allows for the introduction of temperature. A generic spectral density of the
environment can be described by introducing its state through a suitable P-representation. Including
interaction of the mechanical oscillator with a cavity mode via radiation pressure we obtain a
description of a simple optomechanical system in which, besides the Langevin equations for the
system, one has the exact input—output relations for the quantum noises. The whole theory is valid at
arbitrarily low temperature. This allows the exact calculation of the stationary value of the mean
energy of the mechanical oscillator, as well as both homodyne and heterodyne spectra. The present
analysis allows in particular to study possible cooling scenarios and to obtain the exact connection
between observed spectra and fluctuation spectra of the position of the mechanical oscillator.

1. Introduction

Optomechanical systems in the quantum regime are very important for quantum information processing and
for testing fundamental issues of quantum mechanics [1-10]. Their theoretical analysis therefore calls for a first
principle description. In particular since the focus is on quantum effects, the theoretical models must be fully
consistent with quantum mechanics. Actually the correct quantum description of a mesoscopic mechanical
oscillator and of the thermal noise affecting it is not a trivial task, and there is not a unique accepted model for
them [11-24].

The first aim of this paper is therefore to obtain an accurate quantum mechanical description of a
mechanical oscillator taken to be part of an optomechanical device. The oscillator cannot be considered as a
Brownian particle, but rather as a mesoscopic mechanical system, say a movable mirror mounted on a vibrating
structure. Dissipative effects are essentially due to the interaction with phonons. Our strategy will be to
introduce reasonable physical requirements leading to a master equation in Lindblad form, valid for any
temperature of the thermal bath. We then translate these results into quantum Langevin equations and we show
how to obtain a suitable non-Markovian generalization at this level of description. Relying on these results we
can consider the description of the simplest optomechanical system, that is a moving mirror interacting with an
electromagnetic mode in a cavity via radiation pressure [ 1, 5-7, 25]. Again a suitable analysis of the composite
system and of the monitoring of the emitted light calls for a consistent quantum description. We shall obtain this
result by the use of quantum Langevin equations, directly deducing them from a unitary dynamics, and
exploiting the theory of measurements in continuous time.

The paper is organized as follows. In section 2 we determine the reduced dynamics of the mechanical
oscillator. Here, the basic assumption is the use of a Markovian master equation with a quadratic generator and
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having a unique equilibrium state. Its structure is further determined by suitable symmetry requirements and by
physical constraints on the behaviour of the mean values of position and momentum. In section 3 we introduce
the quantum Langevin equations for the mechanical oscillator alone; the whole presentation is based on the
notions of quantum noise [26, 27] and of input—output fields [28-30], as well as on the use of quantum
stochastic calculus [31, 32]. The Bose fields entering in the unitary dynamics play the role of phonon fields. By
modifying their state without changing the time evolution operator it is possible to introduce non-Markovian
effects, namely a non-flat noise spectrum. The differences with respect to usual approaches are of relevance
especially at low temperatures, where the zero-point fluctuations play an essential role.

A quantum optomechanical system is studied in section 4 by using the quantum Langevin approach, within
a fully consistent formulation valid at any temperature. Firstly, the typical effect of laser cooling is discussed.
Then, the continuous monitoring of the emitted light is introduced in sections 4.3.1 (homodyne detection) and
4.3.2 (heterodyne detection). The treatment is well based in the theory of measurements in continuous time.
Detection of the emitted light is usually assumed to give a direct measurement of the fluctuations of the position
of the mechanical component. We show that this is true, but only for not too low temperatures; at very small
temperatures, interference terms are important and the direct connection with such fluctuations is lost. This
leads to new predictions on the optical spectra at very low temperature. We finally summarize and discuss our
results in section 5.

2. Damped mechanical oscillator: the master equation approach

As afirst step towards the construction of models of optomechanical systems valid in the quantum regime at low
temperatures, we consider the reduced dynamics of an open mechanical oscillator. A fully consistent quantum
description of a massive nanomechanical component, kept at the simplest possible level, will be our basic
building block in order to consider more complex dynamics. We therefore formulate in the first instance a
Markovian description for the mechanical oscillator, which we build up relying on general physical constraints
and symmetry requirements.

A standard approach often considered in the literature is to derive the master equation for the harmonic
oscillator from effective environmental models of bosonic oscillators [ 13, 14, 20-24]. However, previous work
[16, 17] has shown that, while using careful approximations a positive Markovian dynamics can be obtained in
this framework, the final results are valid only from medium to high temperatures of the thermal bath. To ask for
a Markovian dynamics based on symmetry arguments allows to get simpler and more universal models, but
again serious problems appear. The requirement that the equilibrium state should be the canonical thermal state
determined by the standard Hamiltonian of a harmonic oscillator is known to be incompatible with positivity
and translational invariance [11, 33, 34]. This incompatibility induced some authors to renounce to
translational invariance [15, 34], or to accept non-positive dynamical equations and to give more relevance to
obtaining time evolutions very close to the classical ones [13, 14, 35]. A non-positive dynamics can be
satisfactory when the system is near the classical regime, but this approach becomes questionable when quantum
effects are searched for [36, 37]. We shall show that it is possible to maintain positivity and translational
invariance by weakening the requests on the equilibrium state. The key point will be a weak formulation of
energy equipartition at equilibrium. Our result is therefore to single out from the many proposals appearing in
the literature a unique consistent dynamics in the Markov approximation.

2.1. Physical constraints and symmetry requirements

We formulate now our assumptions, starting from the existence of a well defined positive Markovian dynamics,
describing damping and translationally invariant apart from the harmonic potential. A weak equipartition
condition and the existence of a unique stationary state in Gibbs form, as we shall see, will essentially fix the
structure of the reduced dynamics.

Assumption 1. (Positive Markovian dynamics with quadratic generator). The evolution of the statistical
operator of the oscillator is governed by a Markovian master equation preserving the positivity of the states. The
generator of the dynamics is at most quadratic in the position and momentum operators of the mechanical
oscillator.

The first assumption is to consider a time-homogeneous and linear time evolution. Such a dynamics can be
expressed in the form
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Lo =cipw), 1)
dt

with £ asuitable generator or Liouville operator, at most quadratic in the position and momentum operators of
the mechanical oscillator g and p, so as to have at most a quadratic potential term and a friction effect
proportional to the momentum of the mechanical oscillator. In the case of linear systems it is known that
positivity and complete positivity of the dynamics are actually equivalent [11], therefore according to [38, 39]

the generator £ must have the standard Lindblad structure. The most general quadratic Liouville operator is
obtained in terms of two Lindblad operators [11]

1
R; = ﬁ(uquerp), u, v € C? (2)
and a generic selfadjoint quadratic Hamiltonian for the mechanical system

h X h
Hyn=—tq*+ 2 a, p}+ 07 + fya + fp

2 4
where all the constants are taken to be real, so that £ takes the form
. 2
1 1
Llp) == Hu p] + Z(ijRﬁ - SRR p}). (3)
j=1

We ask now to have a damped oscillator, but not an overdamped one.

Assumption 2. (Damping). The ‘kinetic energy’ term is non-negative and the mean values of position and
momentum decay to zero with an oscillating behaviour.

Apart from the trivial requirement of a positive kinetic energy term, we further look for a dynamics describing
the oscillating decay of the mean values of g and p to zero. This condition complies with the Markovian and
quadratic approximations, which are expected to be good only for small damping. Denoting by (X), the mean
value of a quantum operator with the state p (¢) solution of the master equation we have for position and
momentum

K gy, + (20 = tm ) )iy 41,
d(p):
g? = —hy(a) —(% + Im <uIV>)<P>r ~fp

with (u|v) the inner product in C2. The eigenvalues of the associated dynamical matrix are
— Im (ulv) + , /Koz/4 — hyhy, so thatin order to have an underdamped dynamics we need Im (u|v) > 0and
k¢ /4 < hyhy. In particular h, and h, have the same sign and are non-vanishing. Positivity of the kinetic energy
leads to h, > 0 and therefore h, > 0. Then, we can write h, = 1/m and h; = m®,}; the above inequality on k,
becomes k,> < 442 7. Finally, the vanishing of the equilibrium means imply f2=0, f,=0.Introducing the
positive coefficients

fw=2Im(uly),  Dp=ReCulv),  Dy=IlvIP,  Dp=lul
the generator can be written in the form

2

. im0, D D
ﬁﬁ[/’]= _;[]L {P> P}] - o [6], {qa P}] - ﬂ [6I> [q: P]] - ﬂ [P» [P» p]]
2m 2 2 2

1 Ko + ¥ i(Ko—]/m)

_qu [p7 [q;ﬂ]] _¥[q: {P:P}] _T[]% {qyp}]) (4)
where in particular the constraints

2

Dyq 2 0, Dy 2 0, DiqDyp = Dq; - (%m) 20 (5)

hold, which provide the necessary and sufficient conditions for the dynamics described by (4) to be in Lindblad
form and therefore completely positive [11, 38]. An alternative way to get the same positivity condition is to ask
the generalized Heisenberg uncertainty relation {g2), (p*); — ({{p, q}):/2)*> > 7%%/4 to hold for any time and any
initial state [40].

The first two assumptions are implicitly or explicitly taken in all the Markovian approaches. A further
natural requirement is that the interaction with the environment does not depend on the position of the
oscillator.
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Assumption 3. (Translational invariance). The reduced dynamics is invariant under translations apart from the
harmonic potential term. This requirement is equivalent to the validity of the classical equations of motion for
the mean values of position and momentum.

By applying the generic translation g = q + x, p = p to the generator (4) we see that all the terms are

. 2
invariant with the exclusion of the term containing the harmonic potential — lmfm (9> {9, p}]and thelast term

—M [p> {g, p}]. Therefore, the above assumption is satisfied if and only if g = y,,. The same conclusion is

reached by considering the equations of motion for position and momentum and asking them to be equivalent
to the classical equations in which the momentum is proportional to the derivative of the position.
The result of the first three assumptions is therefore that the Liouville operator has the structure (4) with
Ko =, > 0and Q.7 > }/mz / 4; moreover, the constraints (5) hold. In particular, the Hamiltonian part of £ turns
outtobe
Ym p : 1 2.2
Hm=H0+—{q,p}, H0=—+—m.qu, (6)
4 2m 2
where, besides a contribution in the form of the free Hamiltonian of a harmonic oscillator with a strictly positive
frequency £2,,, one has an additional term in the form of an anticommutator proportional to the damping
constant.
The evolution equations for the mean values and second moments of position and momentum then read:

daye _ (o dlp)e _ _
4 m‘Qn3<q>t YmD)e> (7)

4(2), _ (i, ap

" - + 7Dyq,
d 2
<§t>f = —-mQ;({p, q} ) — 2ym<p2>t + /Dy,
2 2
d<{qd’tp}>t = <i>t —2mQ£<q2>t—7m<{q)P})t — 2/iDy. (8)

The dynamical matrix giving the evolution of the mean values (7) has eigenvalues —y, /2 and

—¥/2 + 1,/2,2 — 7.2 /4, which naturally leads to introduce the damped frequency @, of the mechanical
oscillator in terms of its bare frequency £2,,:

2

O = 4R, — Im . 9)
4

Let us note that according to 2,7 > ymZ / 4 > 0 we have ruled out the case £2,, = 0, which corresponds toa

quantum Brownian particle, that is a massive particle not bounded by a potential in a translation invariant

environment [18,41-45] (see [46] for arecent review).

At this stage we further have to determine the diffusion coefficients D, D,y and D,,, appearingin (4). We
will rely on the study of features of the equilibrium state, but to avoid the known incompatibilities with
translation invariance [ 1 1] we formulate the equipartition condition in a weaker form, not asking the existence

of an equilibrium Gibbs state generated by H,,.

Assumption 4. (Equipartition). At equilibrium the mean kinetic energy and the mean potential energy have to
be equal.

Since the eigenvalues of the dynamical matrix associated to (8) have a positive real part, existence of a unique
attractive equilibrium state is granted, and thanks to the linearity of the equations the equilibrium state is actually
Gaussian and determined by the mean values at equilibrium. Then, our equipartition condition is

p2
e Lnaite),

which gives equal weight to the mean kinetic and potential energy at equilibrium. By setting in (8) the time
derivatives equal to zero we come to
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my,

Moreover, the second moments at equilibrium turn out to be

7 D
2 = — i _
<q >eq 2, (qu " mZ-QHf)’ ({9 P})eq = =/mDyg,

<p2>eq = 5(131,}, + mQ2D,,). (12)

We exploit finally the residual freedom we have in the choice of the diffusion coefficients to get a Gibbs state
as equilibrium state. However, as we already noticed, it cannot be the state generated by H, and we replace itby a
generic effective Hamiltonian.

Assumption 5. (Gibbs state and temperature dependence). The equilibrium state has a Gibbs form which is
determined by an effective Hamiltonian independent from the temperature.

As we shall prove below, this assumption implies that the diffusion coefficients have the expressions

2N + 1 mQ,? :
Dy =D o n N1, Dy= N 1) (13)
2 mwm, 20m 4w,
and that the equilibrium state has the form
e_ﬁHm
Pog = —— (14)
4Ty { e PHm }

In these expressions, Hy, is the mechanical Hamiltonian (6) and N > 0 represents the mean number of
excitations in the equilibrium state, namely

1
N= . (15)

Let us prove the above statements. Thanks to the Gaussianity of the equilibrium state, assumption 5 means
Peq  exp teH} for asuitable quadratic Hamiltonian (without the linear terms, because the means of position
and momentum have to be zero), say H = % + % mQ* + %2 {g, p},with @? == Q° — é > 0inorder p,q tobe
atrace-class operator. Then, the eigenvalues of H have the form %#@(n + 1/2) and, without changing Peg» WE CAN
redefine cand H in such awaythat @ = w,, and ¢ = 3, a positive constant which can be interpreted as the
inverse temperature of the equilibrium state of the mechanical oscillator. Then, the mean number of excitations
has the expression (15). By equating the mean values determined by p,, with the expressions (12), after some
algebraic manipulations we get

DI’P
0% = 202 MY _ mDy, + "o
- m? -~ - >
my 2mDy,
Qi Dy o A
(2N +1)* = _l; — — mDy | + —5| Dy Dpp = — Dy |
Yo \ M2 Yo 4

The right hand side of the last equation is greater or equal to 1 by (5) and (11). To have H independent from the
temperature implies that the coefficients D,, and D,,, are both proportional to 2N + 1with temperature
independent coefficients. The equations above, together with @ = @y, give the expressions (13) and H = H,,,.

2.2. Master equation for the mechanical oscillator

From the previous results we see that a central role is played by the mechanical Hamiltonian H,,, which appears
in the commutator part of the Liouville operator and determines the equilibrium state (14). It will be very useful
to diagonalize explicitly Hy,, by introducing a suitable mode operator. By defining

1 . Om 1
Iy = ——=—=— M2y q + it p), T=— - ——, (16)
"2 miwny, ( m p) Qn  20n
we get that the mechanical Hamiltonian (6) can be written as
) 1
Hy, = 7ion| ayam + 7 ) (17)
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The dimensionless quantity 7 has modulus equal to one and [ay,, a,,] = 1is satisfied. The inverse formulae
giving g, p in terms of a,, a, are

q= Ierwm (T am+m;§1), p=i Tr;}ffnmz (aﬂ;—am). (18)

Let us note that the form (14) of the equilibrium state does not come from a direct requirement, but rather it
follows from all the considered assumptions. In particular we stress the fact that the operator Hy, is not the
Hamiltonian of the isolated oscillator, but includes a term containing y, which comes from the interaction with
the bath. Combining (12) and (13) we have in particular

(r?) 1 ok 7,
N g2y =EmON+ 1), I s P eg = ——= (2N + 1). 19
g S M, <q )eq 4a)m( ) 4 ({45 P} )eq 8wm( ) (19)

We see that the term related to damping gives a negative contribution to the equilibrium mean value (Hy,)eq
arising from energy exchange with the bath. The Lindblad operators R;appearing in (2) now read
R=p,(N+1) am R = y,N a]! so that the Liouville operator can be finally written as

Llp]= —;[Hm, Pl + 7N + 1>(ampa; -~ {aham p})
+ ymN(aﬂ;pam — %{amar’;, p}) (20)

Let us stress that, despite the fact that the expression (20) has the form of the generator for an optical oscillator
[26], the relations (16), (18) connecting a.,, arL with ¢, p account for the description of a mechanical oscillator.
A master equation for a mechanical oscillator with the Liouville operator (20) and the relation (16) between
mode and position/momentum operators was already proposed in [ 12 sections 6, 7], inside a scheme of
canonical quantization of dissipative classical systems. The introduction of (16) in order to obtain a quantum
description of the mechanical oscillator complying with all the natural physical requirements is a key result of
this section, which we will later exploit to consistently treat optomechanical systems.

3. Langevin equations for the mechanical oscillator

So far we have obtained a quantum master equation in Lindblad form for the mechanical oscillator, only relying
on general physical constraints and symmetry requirements. However, optomechanical systems are typically
dealt with making use of quantum Langevin equations, which provide a suitable and powerful approach for
linear systems [37]; in such a framework not only the system of interest appears, but also some quantum noises
representing the environment. It is a general result that for any master equation in Lindblad form it is possible to
introduce in a rigourous way a unitary dynamics involving the system of interest and suitable quantum Bose
fields, which at the level of the reduced dynamics of the system exactly reproduces the master equation. That is,
these quantum Bose fields effectively describe the thermal environment affecting the mechanical oscillator and
the system/field dynamics is given by a unitary time evolution operator satisfying a quantum stochastic
differential equation of the type introduced by Hudson and Parthasarathy [31]. Within this formalism the
Heisenberg equations for the system operators provide the quantum Langevin equations, while, as shown in
[29], the Heisenberg equations for the Bose fields give the input—output relation of Gardiner and Collet [26, 28].
We thus obtain in a unified framework all relevant physical information [30]. Finally, we shall show in

section 3.2 that this approach allows to treat also non-Markovian effects and to introduce noises with non-flat
spectrum.

Let us start introducing the Hudson—Parthasarathy equation or quantum stochastic Schrodinger equation
[31], which gives the evolution equation for the unitary dynamics involving the system of interest and a
quantum Bose field. The proper mathematical formulation of this equation relies on the formalism of quantum
stochastic calculus [32]. For the Liouville operator (20) the associated Hudson—Parthasarathy equation reads
(seee.g.[29,47,48] or [26 sections 11.2.2,11.2.7])

du (1 = {—; Hpdt + (7, (amdB, (1) — af,dBy (1))

L;((ZN+ Datam +N)dt}U(t), (1)

with U (0) = 1, Hy, givenby (17), and By, (¢) a Bose thermal field satisfying the canonical commutation
relations
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[ B (), Bi,(9) | = min{t, s, [Bu(1), Bu(9)] =0, (22)

and the quantum It6 table

dBy, (1)dB] (1) = (N + 1)d¢, dB} (t)dBy (1) = N dt,
dBy, (t)dBy, () = 0, dBy, (t)dt = dth(t)dt =0, (23)

with N the positive quantity introduced in (15). The commutation rules are better understood by introducing
the formal field densities: dBy, (t) = by, (t) dt. Then, these densities satisfy the standard canonical commutation
relations

[bu(), bl ]=6(t=5),  [bu(), bu()]=0. (24)

Equation (21) is a quantum stochastic differential equation in It0 sense and the second line of (21)
corresponds to the Itd correction. The solution U(t) of (21) is a family of unitary operators on the overall Hilbert
space which represent the dynamics of the closed system corresponding to ‘mechanical oscillator plus field’. An
heuristic, but more familiar, picture can be obtained by using the field densities introduced above. The formal
expression of the unitary evolution is indeed [49]

U(t) =T exp { f0 t [ ”Z‘“ + T (ambd(s) = albun (s))]ds}, (25)

where T denotes the time ordered product. From this formal expression one sees that U() is the time evolution
operator for system and field in the interaction picture with respect to the free field dynamics. The thermal field
By, therefore represents the environment, say the phonon field interacting with the mechanical oscillator.

Itis possible to show that the physical thermal field By, (¢) does not admit a Fock representation. However, it
is useful for computations to have at hand a mathematical representation of By, (t) in terms of two commuting
Bose fields A; and A, in the Fock representation [29, 48]. This means that such fields satisfy the canonical
commutation rules [A; (¢), A]-T (s)] = 6; min{t, s}, [A;(t), A;(s)] = 0and that there exists a common Fock
vacuum, i.e. a normalized vector ¢(0) annihilated by all these operators: A (t)e (0) = 0 for k=1, 2. The field
defined by

Bu(t) = VN +1 A(t) — VN A] (1), (26)

satisfies the canonical commutation relations (22) and the It table (23). It is known in quantum field theory
that there exist non-unitarily equivalent representations of the canonical commutation relations; indeed, By, (¥)
cannot be obtained by unitary transformations of Fock fields.

Let us now consider as state of the field the A-field vacuum e(0). In such a case taking the partial trace over the
Fock space of the fields, which corresponds to take the trace over the environmental degrees of freedom in open
quantum system theory, the reduced system state is given by p (£) = Tren, {U (£)p (0) ® [e(0)){e(0)| U (¥)'},
with p (0) the initial state of the oscillator. Thanks to (21) the reduced dynamics of the mechanical oscillator can
be shown to obey exactly the master equation (20) [30]. Further, we have the important relations

(e(0)]| B (1) B, (s)e(0) ) = (N + 1) min{t, s},
(e(@[B]()Bi(9)¢(0)) = N min{, s},

(e(0)|Bu(1)Bi(s)e(0)) =0. (27)

It is worth noticing that the thermal parameter N does not appear in the commutation rules of the field By,, but
rather in the quantum correlations (27). This expresses the fact that N depends on the ‘state’ of the field or, more
precisely, N determines a non-Fock representation of the canonical commutation relations. Note furthermore
that the vacuum e(0) is not annihilated by the fields By, (1), but it plays the role of a thermal state [48 section 6];
no vacuum state exists for a non-Fock Bose field.

3.1. Quantum Langevin equations and input—output relations

Relying on the previously introduced formalism we are now in the position to obtain the so-called quantum
Langevin equations, providing the stochastic evolution for the system observables in the Heisenberg picture. For
a generic system operator X we denote as usual the Heisenberg picture as X (t) = U (t)' XU (), with U(¢) the
unitary operator describing the closed dynamics of system and environment. Differentiating this expression by
the rules of quantum stochastic calculus, essentially summarized by the It6 table (23), one obtains the quantum
Langevin equations for the relevant system operators, namely for the mode operator

7
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da (1) = —(ia)m + y;")am(t)dt — J7m dBu (). (28)
By (18) we get also the equivalent equations for position and momentum
dq( = £ 4 1 ac, o, (29)
m
dp(t) = —(mR22q(t) + p,p(1) ) dt + dC, (1), (30)

in which we have introduced the Hermitian quantum noises

C(t)——/ ﬁy (TBth(t)+TBth(t))

Cp (1) = i (B () - BL(®), (31)

where 7 is the pase factor defined in (16). By (22) the new noises obey the commutation rules
[Ci(0, Go(9)] = it minit s}, [ €40, €] =[G, G (9] =0. (32)

A fundamental advantage of the considered formalism is that, thanks to the unitarity of U(#), the transformation
X & U (t)'XU () preserves all the commutation rules among system observables, in particular the Heisenberg
relations between position and momentum, as can be checked also directly relying on (32). Warranting
preservation of these fundamental commutation relations is indeed a basic step in providing a true quantum
description of a dissipative dynamics [26 chapters 1, 3].

We now consider the Heisenberg picture for the thermal fields and we define

B (1) = U()'Bw (1) U (1). (33)

While By, (¢) represents the field before the interaction with the oscillator, the so-called input field, BS™ (¢) is the
field after the interaction, the so-called output field. We stress in particular that an important consequence of the

Hudson—Parthasarathy equation is the identity B"' (t) = U (T)'By, (1) U (T), ¥V T > t, which warrants the fact
that the output fields obey the same commutation relations as the input fields, namely (22); in other words, both
the input and the output fields behave as free fields. By differentiating the three contributions in

U (t)'By, (t) U (t) according to the Itd rules, one gets the input—output relation

dB§ (1) = dBu (1) + /7 am () dt. (34)

The linearity of the Heisenberg equations of motion allows for an explicit solution

am (1) = e (004 )ta, - f on )09 dBy, (), (35)
y_m — 10y Y 4 . "m
out(t) — B (£) + m f e_(lw"‘+7)(t_s)d3t}1 (s)
2 2 4wy, 4 o, Jo

+ & (1 - e‘(i“’m+h7n)t)am. (36)

y‘“ + iwy

The explicit expressions for (t) and p(t) can be easily obtained from (18) and (35).

3.2. Field state and non-Markovian dynamics

In the Markovian approximation considered so far, the temperature enters the theory only through the
parameter N defined in (15). This approximation can be described stating that the system actually sees a flat
noise spectrum, or more precisely the system is only affected by the value of the bath spectrum at the frequency
@, A more general and physically more realistic situation is to allow for a structured noise spectrum and this
can be achieved without any modification of the unitary dynamics (21) and of the related Langevin equations
and input—output relations. To this aim it is enough to change the state of the field by taking mixtures of
coherent states [30, 50]. Let us note that considering such a mixture of coherent states for the description of the
state of the field is actually analogous to consider a state with a regular P-representation in the case of discrete
modes (see e.g. [26]), as explained below. This modification is new in the context of quantum stochastic calculus
and will imply that the reduced dynamics of the oscillator is no more Markovian, in the sense that a closed
master equation in Lindblad form for the statistical operator cannot be obtained.

8



10P Publishing

NewJ. Phys. 17 (2015) 083004 A Barchielli and B Vacchini

3.2.1. Thefield state
In order to consider a more general field state let us first introduce the Weyl operators [30, 32] for the Fock A-
fields, defined as

2 +0o0
Wa(g) = exp {2/0 8. (5) dA,:r (s) — h.c.},
k=1

with gi square integrable functions. The operator W (g) is unitary and the property Ay (1) Wi (g)e (0)=
t
/ dsg, (s) Wx (g) e (0) holds, so that the action of a Weyl operator on the Fock vacuum gives a coherent state.
0

Therefore W) (g) is nothing but a displacement operator for the Bose fields [49]. Relying on (26), we can
introduce a Weyl operator also for the B-field

T
Wr(f) = exp {/(; f(s) dBf,(s) - h-C-}, (37)

where fis alocally square integrable function and T denotes a suitable large time, which we will let tend to infinity
in the final formulae describing the quantities of direct physical interest. Now, Wr (f) e (0) is not a coherent state
for the By,-field, but its relevant moments can be computed by using the A-field representation (26):

(Wr(f)e(0) | B () Wr (fe(0)) :[)tf(r)dr,
<WT(f)e(0)|Bth(t)Bth(5)wT(f)e(0)> =/; f(u)du/o f(r)dr,
(Wr ()€ (0)| B, (5)Bun ()Wr (f)e(0) ) = N minft, s}+/ f(u)du/ 70 dr,
0 0
(Wr(f)e (0)|Ba (1) B, () Wr (e (0)) = (N + 1) min{z, 5}+/ f(u)du/ 7 dr. (38)
0 0

A crucial step is now to consider fto be a random process and to take the state of the field characterizing the
environment to be

Gene = E[ Wr (f)]e(0))(e (0)] Wr (f)']. (39)

Again, in the final formulae we will take the limit T — +o0. This is nothing but an analogue of the regular P-
representation for the case of discrete modes. Indeed, in the case of a single mode the Glauber—Sudarshan P-
representation of a state p [26 section 4.4.3] is defined by p = / d’a P(a, @)|a){a|.Ifthe pseudo-density Pis
allowed to become negative and singular, then any state can be represented in this form. When Pis a true
probability density, one speaks of a regular P-representation and the Glauber—Sudarshan formula describes
mixtures of coherent states, including in particular thermal states [26 page 113]. In a probabilistic language,
which is more suitable for generalizations to stochastic processes and fields, the fact that a state p has a regular P-
representation can be rephrased by saying that it can be written as the expectation value p = E[|a)(a|], withaa
complex random variable. In order to construct a thermal state it is enough to consider the case in which the
distribution of @ is Gaussian with vanishing mean [E [@] = 0 and second moments E[a?] = 0, E[|a[*] = 62
Then, p = E[|a){a|] turns out to be a thermal state [26 section 4.4.5].

By analogy, to construct a thermal field state with a general thermal spectrum we take fto be a Gaussian
stationary stochastic process with vanishing mean, E [f ()] = 0, and correlation functions

Elf (0f ()1=0, E[f(Of()]=Gt->9). (40)

Thanks to stationarity, the function G(¢) is positive definite, so that according to Bochner’s theorem [51] its
Fourier transform

G = f_ T G (1) dr (41)

is a positive function, which we assume to be absolutely integrable, thus implying a finite power spectral density
for the process. Since the field state o.,,y, defined by (39), turns out to be Gaussian, we can characterize it through
the means and the correlations of the thermal field By,, which are immediately obtained from (38) and the
properties of the process f. The only non-zero contributions are given by

<BtTh(5)Bth(t)> = N min{t, s} + /t du/S dr G(r — u),
v 0 0

en

(BaBLG) =0+ 1) min, 5 +/(: du/: dr G(r — u). (42)

en
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To better grasp the physical content of the new state and of the formulae (42) let us introduce a set of field modes
asin [49]. Using a complete orthonormal set {#,, } in L? (R), we can expand the field in terms of discrete
independent temporal modes by defining them as

+o0
e = [ Fal® dBu (o).

=0, (chf)env = 0, together with
2] /+m

N@w =N+ G{) (43)

We then obtain (cy, )

env

lim {cf c1,) =N+[E[‘<hn

T—+o00

)| 'N @) dv,

f)

where we have defined the positive quantity

A +oo
and h,, (v) is the Fourier transform of h,,(#); by normalization f |, (v) [Pdv = 1. So, the reduced state of the
single mode cj,, is exactly a thermal state expressed in the P-repre;céntation. If we take h; and h, having non-
overlapping Fourier transforms we also get limr_, 4 o (c}:f1 Chy)eny = 0, which means that these two modes are
independent. Then, N (v) is naturally interpreted as the mean number of phonons in a given field mode ¢;, well
peaked around the value v of the frequency and field modes with different frequencies are independent. A value
of N (v) different from zero in a neighbourhood of v implies that the mechanical oscillator can absorb from the
bath phonons with energy around /Zv. On the contrary, the approximations are such that the oscillator can emit
phonons of any frequency, even when N () = 0. The physically relevant quantity is now the combination of the
two non-negative contributions N and G (v), rather than the values of the individual quantities. Note that the
Markovian reduced dynamics of section 2 can be obtained either by considering the non-Fock representation for
the thermal field, thus assuming a strictly positive N > 0in (26) and taking G () = 0, or equivalently by
considering a standard Fock representation and formally taking the limit of constant spectrum G (v) in all the
physical quantities.

3.2.2. The equilibrium state of the mechanical oscillator

According to the definition of reduced dynamics, the time evolved state of the mechanical oscillator is still
obtained by taking the partial trace with respect to the field degrees of freedom p (t) = limy_, ;

Treny {U () (9 (0) ® 6eny ) U (£)T}. However, at variance with the case in which the state of the field was taken to
be the A-field vacuum, by taking the time derivative of this expression no closed evolution equation is obtained
unless N (v) is constant. Not to have a closed time-homogeneous equation for the reduced dynamics is indeed a
signature of the non-Markov features of such a dynamics.

In spite of the difficulty of not having a closed master equation, the study of the reduced equilibrium state,
namely p,, = lim,, p (t), can still be afforded and its expression enlightens the physical role of the various
parameters. Indeed, thanks to the requirement [E [f (¢)f (s)] = 0, one has that equipartition in the sense of (10)
still holds. Starting from the explicit forms of position and momentum in the Heisenberg picture (see (35), (18))
one can check that the equilibrium mean values of position and momentum remain equal to zero, while the
variances are still of the form (19) with N replaced by the effective mean number of excitations

+00
Ny = Jm. _Nw (44)

v 2
21 J - /Tm‘l‘(l/_wm)z

Notice that if the quantity N (v) introduced in (43) is taken to be the constant N, corresponding to the
Markovian case, then N.g¢ = N. This result suggests that the final Markov approximation should be valid when
G (v) is approximately constant in a neighbourhood of @,,. In fact equation (44) represents a smearing of N (v)
around the frequency of the mechanical oscillator ., the more peaked the smaller the damping constant y, .
Non-Markovian effects can only be relevant if G (1) appreciably varies in a neighbourhood of width %, around
o, being suppressed with decreasing y;,..

Since the equilibrium state is necessarily Gaussian, by comparing (44) with (14) we get that the new
equilibrium state is again a Gibbs state with respect to the same Hamiltonian H,,, but with an effective inverse
temperature f3,; defined by setting Ny = (efer/@m — 1)71,

3.3. Properties of the quantum noises and quantum stochastic Newton equation
Let us now come back to the quantum Langevin equations for the position and momentum operators, so as to
better understand their physical meaning and the role of the noises. In order to study the properties of the noises
we transform the Langevin equations (29), (30) in the form of a stochastic Newton equation.

To this aim we first have to consider the quantum noises (31) appearing in these quantum Langevin
equations. The commutation relations (32) for these noises, which are state independent, guarantee the
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preservation of the canonical Heisenberg commutation relations. Their quantum correlations do instead reflect
the physical properties of the field state o,,, and can be obtained starting from the B-correlations (42). Note that
Langevin equations for a mechanical oscillator of the same form and with two noises obeying the same
commutations rules (32) were used also in [36]; however, the two point correlations used in [36], taken from
[17], arise from approximations in the Caldeira—Legget model which are valid only for medium/high
temperatures, while in the present treatment they are deduced from the state of the phonon environment and
are valid at any temperature.

We stress the fact that in the present formulation the momentum operator is not related to the time
derivative of the position operator according to the classical relation, but rather through (29) where the
quantum noise C,(t) explicitly appears. However, the connection to the classical formulation is not completely
lost. In fact from (29) we can derive the relation

om)=a(t) 1 g, Geln)-Galn)

tHhh — tHh — 4 f m tHh — 4

By (31) and (42), the mean value of the rhs of the equation above vanishes, while its variance is given by

2 v(n=n)Y
<(Cq(t2> - Cq(tl» >env _ U 1 +/+WMI\](1/)(‘1]/ ;

- ﬂl/z<t2 - tl)

(tz—tl)z mwm(tz—tl) 2
so thatin particular also the variance goes to zero for growing ¢, — ;. Then the quantity v (t) = p (¢)/m can
actually be interpreted as the ‘coarse grained’ velocity of the mechanical oscillator.
If we use the formal field densities by, (¢), th (), with commutation rules (24), take as starting point the
quantum Langevin equations (29) and (30) and eliminate the momentum, we can rewrite the quantum
Langevin equations in the Newton form:

mij (t) + my,d (1) + m21q (1) = & (1), (45)

where we have introduced the formally Hermitian quantum noise £ (t)
E(t) = Cp(1) + my, Cy (1) + mCy(1). (46)
Most importantly the commutation relations for this noise take the singular expression

[£(0), E(5)] = ZIW?)/ 5(t —5). (47)

While the expectation value of this noise with respect to the field state o, is zero, its symmetrized correlation
function can be computed from the relations

ﬁyﬂa"_a<c (NCy () —M;Q;; (GG o)
:wim{(N+ 5)50—5) + ReG(t—s)}, (48)
ﬁy%f :t_zas< {Cq(t), CP(S)}>env= Tlm{(NJr %)50— s)+ ReG(t— s)}
+ i Im G (t —s) (49)
and has the expression

1 _ miyy, 0?2
SHEW, €@ =1 (a +£)[(N+ )6(t—s)+ ReG(t—s)]

+ 2miy, — 9 Im G(t—s). (50)

Note that (45) and (47) were already introduced in [26 section 3.1.2] and [37], where the commutation rules
(47) were actually enforced by the requirement of preservation of the commutation rules between position and
momentum. However, at variance with previous approaches, here we have provided an explicit construction of
the quantum noise £ (¢) in terms of a quantum Bose field, based on a rigorous mathematical construction.

We stress the fact that the stochastic Newton equation (45) is mathematically purely formal due to the
presencein (46) of Cq (1), which contains the formal derivative by, (f) and its adjoint. Moreover, if one were to
take (45), (47) and (50) as starting point for the construction of the quantum Langevin equations for position
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and momentum, then one should complete (45), which is an equation for q(¢) only, with a suitable definition of
p(#). The standard choice in this respect, considered for instance in [1, 25, 37], is to take p (t) = mq (¢). This
works out fine as far as the commutation relations of position and momentum are concerned. However, in this
case the equation of motion (45) and the structure of the noise £ (¢) obeying (46) imply that 4 (¢) contains
singular quantum fluctuations, so that it is not a well defined operator. Also p is then not a well defined operator
and its variance is actually infinite. Then, one has to regularize the momentum, by subtracting the noise
responsible of this divergence; this is what our construction does. The identification of the momentum is given
implicitly through the first canonical equation (29), which corresponds to the coarse grained velocity, as
discussed above. No divergence appears because the whole construction is based on the well defined unitary
evolution (21).

3.3.1. Consistency of the quantum noises

Itis important to stress that if a set of quantum Langevin equations is considered as starting point for the
description of a stochastic quantum dynamics, commutations rules and symmetrized correlations of the noises
cannot be given arbitrarily. In particular, independently of the considered system, if {&; (¢) } is a set of operator

valued noises, the quantum correlation function (&; (t)Tdfj (') )eny has to be positive definite [51], in the sense that

; [ Em(E@ ) ) o, (51)
for every choice of the ‘smooth’ test functions {4;}. Since we can always write
! 1 ! 1 ’

&g () = -{a@h s+ Z[ &0 g0 (52)

the necessary positivity condition introduced above becomes a consistency condition between commutation
rules and symmetrized correlations.

Relying on (48), (49), as well as the commutation relations (32) for the noises C, and Cy,, one can
immediately check this fact for the model athand. Also for the singular noise £ constrained by (46) one can show
that the expression (& () (s) ),y 18 positive definite. These results are due to the fact that the noise fields have

here been explicitly constructed in terms of the quantum Bose fields, so that commutation rules and correlations
are not postulated, but rather follow from the mathematical expression of the model.

3.3.2. The noise correlations
For the model at hand we denote the Fourier transform of the correlation of the noise £ by

. 1 oo —ivt
Rw) =2 [ e ({6 + 9, £6) (53)
so thataccording to (43) and (50) it reads
2
R(w) = %(%ﬂ + (@ + U)ZJ(N(U) + %) + > -v), (54)

where (v — —v) means to add the same contribution with v replaced by —v. Note in particular that R (v) is an
even function of the frequency.

In our treatment, which gives rise to the expression (54), the interaction with the environment is described
in terms of exchange of quanta with the bosonic field representing the phonons, see (25). In models in which the
system of interest is coupled to other harmonic oscillators, by some approximations it is possible to arrive to a
quantum stochastic Newton equation like (45), but with a different noise spectrum. A reference expression often
considered in the literature [26 (3.3.9)], [37] for the quantity Ris given by

Ry (1) = 2] () coth % J(v) = % k(v)v. (55)

The quantity k (v) contains information on both coupling constant and density of modes of the bathina
neighbourhood of the frequency v; J (v) is often called spectral density. Also in the case of this choice of the noise
correlations, it is possible to show that the equilibrium mean of g (t)? diverges and therefore the identification of
the momentum with md () is not possible, but some regularization is needed. A typical choice in this context is
k() =y, [26(3.1.1)],[1,2,25,37]; thisis equivalent to J (v) « v, which is known as Ohmic spectral density.
The function k (v) must be even due to the definition (53) and stationarity. Also the commutations rules (47)
and the positivity requirement (51) still have to hold, leading to the requirement R (v) — mhy,, v| = 0,
satisfied at any temperature by taking k (v) > y,, > 0 for allv. This requirement tells us that in order to havea
consistent model satisfying (45), atleast at large times, and preserving Heisenberg commutation relations one
cannot consider a spectral density with gaps inside the expression (55) of R¢.
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By a suitable choice of N (v), it is possible to get R (v) very similar to Rg (), apart from the low temperature
limit. For instance, by taking

2w
N(v) =|v| k " , 56
) = lv| k@) (07 + (=) (56)
we obtain
2
R(v) = Rez (v) + m# ZL(Q; +0?) - k(u)|y|]; (57)

note that the difference is independent from the temperature. In (57) the compatibility with the commutation
relations is guaranteed by the first term in the square brackets; so, in (56) there is no restriction on the choice of
k (v), apartfrom k (v) > 0, and even spectral gaps can be introduced.

Besides the case (56), the freedom in the choice of N (v) in (54) allows to model quite different
environments, for instance with a sub-Ohmic or super-Ohmic spectral density [22-24], or with a structured
occupation spectrum. In optomechanical systems the quantity R () enters experimental quantities, as in the
cases of homodyne/heterodyne detection discussed in section 4.3; so, in principle it is possible to test the form of
R (). However, essentially a frequency window of width Y around oy, is experimentally relevant. Some results
atroom temperature [52] seem to indicate a non-Ohmic spectral density around wy,, a very interesting
possibility, but not enough to discriminate between Rey (v) and the form (57) for R (v). At zero temperature,
correspondingto N () = 0 inour case (54) and to § — +o0 in (55), the difference is most evident, namely

Q7+ 12

20m

R(v) = min, (58)

versus

Rz (v) = mzk (V) |v], k(v) =7, (59)

These expressions are very different, but to discriminate between them one has to consider very low
temperatures and a ratio y, /@, thatis not too small.

4. Cooling and emission spectra of an optomechanical system

As an application of the quantum description of a mechanical oscillator developed so far we consider the
simplest optomechanical system [1, 2, 5, 6, 25, 37], namely the mechanical oscillator is a mirror mounted on a
cantilever and coupled to the light in an optical cavity by radiation pressure. The cavity is of high quality, without
thermal dissipation other than the one due to the coupling between cantilever and phonons and tuned in such a
way that only one electromagnetic mode is relevant. Strong laser light is injected and some light is allowed to
leave the cavity so that its spectrum can be analysed.

4.1. The optomechanical model

The micro-mechanical oscillator (the mirror) is described by the operators g, p asin (18) and by the
Hamiltonian H,, (6). The cavity mode is described by the operators a,, a] and by the free Hamiltonian Zw.a; a..
The free electromagnetic field is in a coherent state describing a perfectly monochromatic laser of frequency wy;
however we use the equivalent description of inserting a source term for the cavity mode in the Hamiltonian and
of taking the external field in the vacuum. The final optomechanical Hamiltonian takes the form

Hom (t) = Hy + 7w.al a. — fZqua:aC + i}%E(acTe‘i“’O‘ - acei“’O‘). (60)

Note the trilinear term giving the interaction between the position of the mirror and the number operator of the
photons in the cavity, which represents the radiation pressure interaction; the coupling constant is usually
expressed as g, = w./L, where Lis thelength of the cavity. Thelaser power is P = 7w, E*/y,, where y, is the
cavity decay rate and E the laser amplitude.

In order to include the cavity mode interacting through radiation pressure with the mechanical oscillator, as
well as the emission and absorption of the light from the free electromagnetic field, the Hudson—Parthasarathy
equation (21) is modified as follows:
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i

dU (1) = {7; Hom (1)dt + ( 7y am dByl (1) + (7 ac dB, () — h.c.)
J%(QN+J)dﬂm+D0dr-%a&kw}UUL (61)

Here By, is the thermal field satisfying (22), while B, is an independent Bose field in the Fock representation,
describing the electromagnetic field outside the cavity. The relevant Ito rule is dB., (t)dB,;. (t) = dt, whileall
the other possible products vanish. Now U(#) is the unitary operator describing the dynamics of the two
interacting oscillators and the fields. The latter are in a factorized state given by the tensor product of the thermal
environment state (39) and the electromagnetic vacuum:

eem (0) ) (eem (0)]. (62)

Genv = Oeny @

Itis convenient to eliminate the laser frequency working in the rotating frame and introducing the unitary
operator V (t) = el@oalactJ (), which upon differentiation obeys an equation of the form (61) albeit with
H,p,, (t) substituted by

Hy, + 7A¢ala. — ﬁgoqa:ac + ii%E(acT - ac), (63)

with 4y = @, — w, the nominal detuning. For a generic system operator X we define X (t) = V (£)' XV (), so
that by differentiating according to the rules of quantum stochastic calculus, as done in section 3.1, we get the
following quantum Langevin equations

dac(t) = (—(mo + %)ac(t) +igyq (D ac () — iE)dt — T €“'dBen (1), (64)
aswell as
g0 =22 4 4 dc, 1),
m
dp(t) = (— mQ2q(t) —y.p(t) + ﬁgoaj(t)ac(t))dt +dC, (1), (65)

where C,and C, are given by (31). Defining the output fields as in (33) of section 3.1 we have besides (34) the
input—output relation for the electromagnetic field

dBoy () = dBem (1) + 7 €7 'ac (1) dt. (66)
NA

In the case of a very intense laser, that is E large, the dynamics can be linearized in a neighbourhood of the
equilibrium mean values, determined by self-consistency from the means of the linearized form of the
quantum Langevin equations. The equilibrium mean value of the momentum is zero, while setting
£ = (ac () g we find

iE 78, 1S

C—_E-i_m) <q>eq— )
2

, (67)

2
m
where we have introduced the effective detuning A,

A=A - Lo <q>eq =W — & <Q>eq — @o. (68)

By inserting the equations (67) into (68) we obtain the self-consistency condition
y2
m.an(A —Ao)[j +A2] + /g, 2E? = 0; (69)
this cubic equation determines A as a function of the laser parameters Ay and E.

In writing and solving the linearized quantum Langevin equations it is useful to have dimensionless and
selfadjoint system operators. It is therefore convenient to set

s | mQm B s p@)
i) = |7 (40 = (a)eq), P == (70)

i(Zal(t) = Tacw)

Lal() + L ac(y)
X(t) =222 _ 2, Y(t) = 71
V2 (¢ <! © V2 €] 7y
Then, the linearized quantum Langevin equations turn out to be
div (1) = AW (D de - dQ(0), B0 = (400, p(0), X (0, Y (D), (72)
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where the superscript T means transposition and the dynamical matrix is given by

Aw Ame B 0 0
A= (Amc A )’ Ame = (G O/ )’ (73)
0 Qm —7/2 A
Ay = , A= . 4
(—Qm —Ym) ‘ ( -4 —W) 7

The quantity G, having the dimension of a frequency, will play the role of effective coupling constant and is given
by

27
G=g ¢l |—> (75)
m

m

so thatin particular it depends on the effective detuning A through ¢ given in (67). The vector of noises is given
by the following field combinations:

Q A
Q) =1 y;w Bf () +he, Q) =i /wa B, (t) + h.c., (76)
t
Qs (1) = eiargg\/}’;c f e7@sdB.f (s) + h.c.,
0
t
Q.(t) = ieiargg\/%T f e7@sdB,! (s) + h.c., (77)
0

where 7 is the phase factor defined in (16) and the quadratures Q; (¢) and Q, (¢), apart from a multiplicative
factor due to the change of dimensions, coincide with the noises (31).

Note the different structure of the two dynamical sub-matrices in (74). Indeed the former describes a
mechanical oscillator and the latter an optical mode, corresponding to different interactions as discussed in
section 2. The same choice is taken, for instance, in [1, 2, 7, 25, 36, 37], but notin [5, 9, 10].

The linearization around the equilibrium state is meaningful provided one can ensure the existence of such a
state. Its stability conditions can be obtained by applying the Routh—Hurwitz criterion to the equations for the
mean values, which correspond to the system (72) with the noise term dQ (¢) suppressed; the result is the couple
of conditions

2
Glond < .an(% + AZ} (78)
for A > 0,and
QI_ _p ’
2 ycym 2 }/cz 2 ( m T - )
Gl [A] < =<2y Q7 + 7y, | = + 24|+ , (79)
et ¥m 4 Yo + ¥

for A < 0;thereis no restriction for A = 0. The same stability conditions have been found in [25], as their
equations for the mean values agree with ours.

4.2. Energy fluctuations and laser cooling
To introduce the fluctuation spectra of position and momentum of the mechanical oscillator we use a

formulation tailored for (classical or quantum) processes starting at time zero and we define the gated Fourier
transforms [9]

B ) = % /oT e¥dB;(t),  i=th, em, (80)
for the Bose fields as well as for the relevant system operators
_ 1 T e ;
F.(T; ")_ﬁ/o Mwi(Ddt, i=1,2,3,4. (81)

Here T'is alarge time going to infinity in the final formulae to recover a stationary situation. Then, the spectra of
the fluctuations of position and momentum of the mechanical oscillator are defined, in analogy with the classical
case [54], by the quantum expectations
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!
S = lim ~({R(T;0), KT -0)}),
1
0= lim ~({R(T50), BT -0}), (82)
Sep(v) = lim l< {FI(T§ v), B (T; — v)} + {FI(T§ -v), K (T; v)}>- (83)
T+ 4

Let us stress that, while useful, these definitions do not correspond to some continuous monitoring of position

and momentum, even though S, (v) is directly related to the observed optical spectra as we shall see in
section 4.3.

The Fourier transformed equations of motion corresponding to (72) can be solved by purely algebraic
manipulations and the vector E(T; v) canbe computed; due to the length of the expressions the result is
reported in appendix A. To compute the spectra above we need also the field correlations, which we give
in (A.9).

Due to the vanishing of the field cross-correlations, the spectra (82), (83) decompose in a thermal and a
radiation pressure contribution according to

Sq)=SP W) + S ), Sep (V) = S (),
2
Sp(v) = # SPW) + S (). (84)

By inserting the expressions (A.1), (A.2) into the definitions (82), (83) and by using (A.9) we get, by some
computations, the expressions for the spectra of the fluctuations:

2 2
§70) = %)_(GHY(A . ] 55)
th _ Qmé(v) ﬁ _ 2 VLZ 2
S W) = IO |2( . + (v — 4) ]( . + (v +4)), (86)
thyy__ Ym 2 o Vm 2 Y. 2
Sy (v) = o, ld(y)lz{‘(ﬂm +v(a)m s ))(A +(2 11/))
_ szmA\z(N(y) + %) + o —1/)}, (87)

thy v _  Ym oth Vi G*A ( l)
Sep (V) = o, S W) + SE |d(1/)|2{ N@) + 5

2
X l%"[Az + % - 1/2] - I/yc(a)m + 1/)] + - —1/)}, (88)

where (v — —v) means to add the same contribution with v replaced by —v and the quantity R (v) is the Fourier
transform of the quantum correlations of the noise given in (54). The denominator d (v) is the characteristic
polynomial of the dynamical matrix A given in (73) and (74):

d(v) = det (A + i) = ((1/ +i %)2 —A 2)((1/ +i %m)z - wnf) ~ Glw, A (89)

Note that the quantities (85)—(88) are non-negative as they should be in order to give a sensible
decomposition of the spectra. Another useful way to write S;h (v) is by putting in evidence its difference from

Sq‘h (v); the resulting expression is

mY GZA
S (W) = Sth) = T2 (N(z/) " l) Lo 42 ke
@ WP e 20m

5 2
+ (& + 1/)(1/2 — A7 — i]] + (v - —1/)}- (90)
®m 4
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4.2.1. The peaks in the fluctuation spectra

Arrelevant role in determining the properties of the system is played by the denominator d (v) (89); indeed, the
quantity 2, [A* — (v + iy./2)?]/d (v) is sometimes interpreted as the effective mechanical susceptibility; see
equation (17) of [25]. Most importantly note that the zeros of d (v) determine the positions and the widths of the
peaks of the fluctuation spectra: even though in principle they can be obtained by solving the fourth order
algebraic equation d (v) = 0, itis much more convenient to have simple expressions, even if approximate. An
analysis of these zeros is given in appendix A.1 in the case in which d (v) can be written in the form

d(v) =((D+i§)2 —Aefzf)((v+i%)2 - ;}}2). (91)

The stability conditions (78), (79) guarantee the strict positivity of the effective damping constants I and I,. The
quantity e, is known as optical spring rigidity, while the ratio (I}, — ¥,,)/¥,, is called co-operativity [5, 9].

An exact expression for the zeros is found when A = w,, which allows us to put into evidence a crossing of
the frequencies of the hybridized optical and mechanical modes [9]. If also the condition

4G? < (1 = 1) (92)
holds, the result is
+ (Ve = V)
Fc=%+€\/2u2—2w,§+%, (93)
+ (7. = tw)?
Fm=%—e\/2u2—2wr§+%, (94)
P (= )
+ Y. "
Ae%f=we“f}2=wm2” - (95)
where
(e = 1’ Y 1 if g >
= ||o}+ ——| - G2, €= . fe” fm (96)
16 -1 if . <y,
Always for A = @y, under the conditions
2 2 2\2 2
O (Ve = Ym) (Ye = Ym) (Ye = Ym)
7<G2w2< w2+7 s w2>7, 97
4 " m 16 o 16 ®7)

we get instead the result

Aeff = JX+> werfl% = JX%> (98)

(Ve = ¥u)? (Ve = ¥)?
xi=a)nf——ia)m G}— ————. (99)
16 4

The two alternatives in (98) are completely equivalent; there is no reason to associate the frequency ./x; to the
cavity and +/x_ to the mechanical oscillator, or viceversa. A striking feature of the case A = wy, is the change in
the behaviour of the zeros at the critical point 7, = 7., solution of G> = (3, — y,,)*/4; recall that G* depends on y,
dueto (67) and (75).

In the general case, an approximate expression can be obtained under the conditions

2

Ym A
2/ <1, ly(Q)| <1, 1 -— - S| <1 (100)
YC m m
where
G2w,A
x(4) = on (101)

(%5 (amam) (555 a4 on))

The result for the damping constants is

I~y + x Q) (v = 7)) Ie=y. — Q) (7. — V) (102)
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The expressions for @ ?and A, are then obtained by inserting /7, and I in the equations (A.12). The
compatibility conditions (A.13) have to hold. As one can see, when A > 0 (red detuning), we have an increasing
of the mechanical damping constant, I, > 7,,, and a decreasing of the spring rigidity, o) < @n,.

4.2.2. The mean values at equilibrium

By integrating in their frequency dependence the fluctuation spectra one obtains the second moments of
position and momentum in the equilibrium state:

(a2),, — (@i = ﬁfk S@dn () = ”ffm | s, (103)

1 7
{10 Pl = 2 [[R Sy (W) dv. (104)

All these quantities are finite since the integrands behave as v~ for |[v| — +00. Moreover, the reduced
equilibrium state of the mechanical oscillator is a Gaussian state characterized by (103) and (104) together with
<Q>eq =7g, I¢ |2/(an,% ) <P>eq =0.

On the contrary the integral of 25, (v), which would give the fluctuations at equilibrium of \/m£,,/7 4,
does not exist. This fact is related to the features of the noise in the thermal part and, as already noticed right
before section 3.3.1, this noticeably implies that the standard identification of m¢q with momentum is not
possible. The expression of S, (v) coincides with the one given in [1, 25], where however R¢z (v) with Ohmic
spectral density appears instead of R (v). While in the case of [1, 25] S;(v) < v73, still g2 does not have a finite
mean and also in this case the identification of momentum and velocity is not possible. Notice that the
expressions for Sy, (v) and S, () have not been obtained before. In particular Sy, (v) # 0 implies that the
fluctuations of position and momentum are actually correlated.

The mean energy of the harmonic oscillator at equilibrium takes the form

1
(Hn) =—mQq) + (H)a, (105)
e 2
where the contribution due to fluctuations is given by
7i
(Hya = 2= /R a2 (S40) + S, () + 7Sy )| (106)

Itis convenient and natural to split this contribution into three distinct terms, distinguishing a radiation pressure
term from the rest and further dividing the thermal contributions into two, putting into evidence a contribution
which is not proportional to position fluctuations and does not have a definite sign. We thus introduce the
dimensionless quantities

1 Q2412 1 ®
./\/;z—/‘misrpydv, N = — = $th)dy, 107
P 27ru{2a)QOq() T ox [Rqu() (107)

as well as
G A
Ma@) =L [ dyﬁ{[l G — v 0 4 (4, +0)
2 JR 21d@w))? L2 2

x (u2 - }i]](N(y) + 1) o —y)} (108)
4 2 ’

so that the fluctuation contribution can be written as
(H)g = Zom ( Nep + Nin + Mun(4) )3 (109)

by construction we have ./\/;p + N + M, (A) > 1/2. Asitappears, the mean energy density cannot be
obtained from the knowledge of S, alone, but extra terms are present. Moreover, the contribution proportional
to My, (4) can be negative. Depending on the parameter values, the extra terms can be actually quite small. It is
important to stress that the given expression for the mean energy of the resonator holds for any temperature of
the phonon bath, including the case of zero temperature.

We further stress that there is not strict energy equipartition. This can be expected since the mechanical
oscillator is coupled to the cavity through its position and also the counter-rotating terms contribute to the final
result. In the thermal part the lack of equipartition is due to the terms proportional to A, which are present in
S;h (v)and notin Sq‘h (v). In the radiation pressure part the term with £, comes from the position and the one
with 2 comes from the momentum and give different contributions to the mean energy.
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4.2.3. Vanishing effective detuning

For a vanishing effective detuning A = 0 all the computations can be performed analytically. The second
thermal contribution My, (A) vanishes and the coupling constant takes the value G* = SEgOZE 2 / (mawny, %). For
the spectra of the fluctuations the explicit expressions reduce to

Q0 G?
SO e :
! 22+ (zz—a))z+y—’“2 (1/+a))2+7‘—‘f
4 m 4 m 4
Qn N@) +
Shw) = I I _ 4+t (w- -0l (110)

20m | (y — @) + mi

leading upon integration to

%m95(<q2>eq - <q>e%1): Zan (ZNeff + 1) +

R __H? 2N. 1 ﬁmezyC
2 (P, (e )+8m(‘“1“> o]
2
%n ({% p})qu—Z)—:(zNeff + 1),

with N.¢ asin (44). These expressions show that equipartition of the mean energy is not valid just due to the
radiation pressure contributions. However equipartition approximately holds for y_ > 2y, , which is the case
typically considered in many theoretical studies and experiments. We further have for the fluctuation
contributions to the mean energy

G (1 + 1)

(m+ Vc)z 2 ’
4y Tt on

The mean equilibrium energy of the mechanical oscillator is thus increased due to the interaction with the cavity
as a consequence of the presence of the stronglaser in resonance. For the values considered in figure 1 we have
Nip =~ 1.6 X 10* corresponding to a temperature of about 7.9 K.

1
Nip = N = Negr + > Mpn(4) = 0.

4.2.4. Laser cooling

As discussed in many papers [1, 3, 5, 6, 53], an important effect which can be described by the quantum models
of cavity optomechanics is the laser cooling of the mechanical resonator. Since, as already discussed, we cannot
expect equipartition of the mean mechanical energy, we cannot speak of temperature in a strict sense. A natural
way to speak about laser cooling is the comparison of the mean energy of the fluctuations of the mechanical
oscillator in the presence or the absence of the stimulating laser (corresponding to ¢ = 0). So, we have to study
the value of the fluctuation contribution (109) and to compare it to its value for { = 0, which is given by

<H>ﬂ |§=0=<Hm)eq |C:0 = ﬁwm (I\]eff + %)

To obtain explicit analytical formulae for the mean energy we consider the case of a constant noise spectrum,
thatis N (v) = const = Ng. To actually perform the calculations we need the expressions of the zeros of d (v);
here we consider the generic case given by the Ansatz (91). By lengthy computations the integrals over v can be
exactly performed, leading to involved formulae explicitly given in appendix A.2. In order to describe cooling
effects the relevant contributions can be written in the form

Ym 1 Ym 1
N = T Q(Neff + E)’ M (4A) = T ]C(Neff + 5)> (111)

where the quantities Q and K are given in equations (A.16) and (A.17). The expression for Mp is given in
(A.15). Note that, while Q is always positive, depending on the values of the parameters the quantity & can be
also negative. For a large choice of the parameters Q turns out to be close to 1.

In the following figures we describe the effective cooling of the mechanical oscillator, by considering as a
figure of merit the cooling factor
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15x108 /
A 20x 108

Figure 1. Plot of the cooling factor C for the case in which the cavity damping is much bigger than the mechanical oscillator frequency.
We explore the dependence of the cooling factor on both the effective detuning A and the cavity damping rate y,, both expressed in Hz.
It appears that the best cooling factor is of the order 107> and corresponds to A S Yer

c=;—:(g+1@. (112)

We study two cases, corresponding to the parameter regions for which an exact or approximate analytic
evaluation of the different contributions to the mean energy has been provided. In both cases mass and bare
frequency of the mechanic oscillator are taken to be m = 2.5 x 107'%kgand ©,, = 2z X 107 Hz, while the
mechanical damping factor is y,, = 27 X 102 Hz. We consider a cavity of length 5 X 10™* m and resonance
frequency . = 2zc/(1064 x 10~°) Hz, driven by a laser with a power of 5 X 1072 W. For the sake of
comparison the values of the fixed parameters are taken from [25].

We start by exploring the case A = @y, studied in section 4.2.1, in which the location of the poles can be
evaluated exactly, provided one distinguishes two regions according to the value of the ratio (y. — ¥,,)*/4G* No
approximation is taken in the expression of the integrals giving the mean energy. If this ratio is above one,
verified for a cavity damping y. > 7., where the critical damping 7, is introduced in the comments after (99) and
corresponds for the considered parameters to 7. ~ 4.1 X 107, the effective damping rates I}, (93) and I (94) are
actually distinct, while A, = @.f and their expression is given by (95). By numerical computations we see that
the cooling factor C is a monotonic increasing function of the cavity damping rate y_, and around the starting
point 7. the cooling factor takes the value 2.9 x 107°. In the complementary region, corresponding to
(. = ¥ )*/4G? below one, the cooling factor is a decreasing function of the cavity damping rate, so that the
optimal cooling is obtained for y. = 7. In this region, correspondingto y. < 7., we have I, = I with value
givenin (98), while the effective frequencies A.¢ and w.f are given by the expressions (98). To assess the
relevance of the various contributions in (112) we report the values for y, = y.: wehave y, /I7, ~ 3.05 X 1073,

Q ~ .997and K ~ —4.18 X 1072; then, (112) gives C =~ 2.91 X 107>, which is a very strong cooling factor.

Instead, in figure 1 we consider the case y. > w,, thatis a cavity damping much bigger than the mechanical
oscillator frequency. In the exact formulae for the integrals we use the approximate expressions for I}, and I¢
givenin (102), relying on the conditions (100). The stationary value of the energy of the mechanical system has a
marked dependence on the effective detuning A and the optimal cooling region, corresponding to C of the order
of 107, is obtained for 4 < % In this parameter region N, can be neglected with respect to CNg, unless the
phonon bath is below 1 K, so that indeed the quantity C given in (112) properly describes the cooling effect.
When the detuning A goes to zero the cooling factor rapidly increases in agreement with the discussion in
section 4.2.3 showing the presence of heatingat A = 0; in this parameter region, the cooling effect disappears
also when A grows.

4.3. Optical spectra

We consider now the monitoring of the emitted light by balanced homodyne and heterodyne detection [56
section 7.2]. The aim is to see which kind of information on the mechanical oscillator can be obtained by
detection of the emitted light.
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4.3.1. Homodyne spectrum
The case of a perfect coherent monochromatic local oscillator of frequency @, with detection of the whole
emitted light [49, 55] corresponds to the continuous measurement of a field quadrature of the type

t
Q(t; 9) = ie-Peiarel fo e dB.! (1) + h.c. ; (113)

8 is a free parameter which depends on the optical path and determines the observed quadrature. Asa
consequence of the definition we have that [Q (¢; 8), Q(s; 9)] = 0. By the properties of the output fields,
discussed after equation (33), the commutation rules are preserved; this gives that the output current

QU (t; 9) == U (t)'Q(t; 9) U (1) satisfies [Q°% (t; 9), Q°%(s; )] = 0. Thisis the key property expressing the
fact that Q°" (¢; 9) can be measured with continuity in time. Similarly to (80) we introduce the gated Fourier
transforms

T T
Qr v 9) = % fo Q5 9), QP (s 9) = % fo eMdQe (15 9). (114)

From the above relations we obtain the second key relation which guarantees the presence of commuting
observables and therefore the consistency of the theory:

[ Qs 9), Qi (vs 9) | =o. (115)
The homodyne spectrum is then given by the expression
S 9) = lim Tr { Q" (~v5 9)QP (W5 9)py ® Genv}s (116)
T—+o00

where the environmental state is given by (62) and p, is any initial state for the mechanical oscillator and the
cavity mode. Note that this expression is nothing but the spectrum of the classical stochastic process representing
the output, and not an ad hoc quantum definition [49 section 4]. The commutation property (115) implies that
the homodyne spectrum S (v; 9) is an even function of v.

As shown in appendix B.1, the homodyne spectrum has both an elastic and an inelastic component

Sw; ) = Se (15 9) + Sinet (v 9), (117)
which turn out to have the expressions

Sai (v 9) = 8y, |C I (sin 9)* 5 (v),
Sinet (U3 ) = Stn (13 9) + Spp (13 9), (118)

with

Stm(v; 9) =

ZyCa)mGz[ (% cos & + A sin 19)2 + (v cos 9)? ]
: S (), (119)

4

Qm(y*+ (4 —V)2)<%2+ (4 +y)2)

ZyCa)mGz[ (ﬁ cos & + A sin 8)2 + (v cos 9)? ]
2
Sp(v; =1+

Qm(%z+(A—v)2)(%2+(A+y)2) S @)

2
(% + 12 - Az) sin 28 — A(yC cos 28 — 2iv)
+ y.wmG? Re

‘71(1/)(%2 +(4 —I/)z)(%‘z+ (4 +y)2)

2
><[7/f—1/2+42 —iycu] . (120)

Note that all the contributions are indeed positive as shown in appendix B.1. It is important to stress that the
connection between S, (v) and Syl (v 9) is far from simple. In particular the last contribution in (120) comes
from the interference of the electromagnetic part of the signal with the shot noise, as detailed in appendix B.1.
This is a completely new term, in principle detectable in experiments at very low temperatures.

Let us further stress that different quadratures are incompatible and actually one can prove the general
inequality [49, 55]

Sinel (V; 19)Sinel (V; 9 + 77"/2) 2 1) (121)
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which is just a form of the Heisenberg—Robertson uncertainty relations coming from the canonical
commutation relations of the involved Bose fields. As a result quite different physical information can be
extracted from the different quadratures.
The case A = 0. The first striking example of strong dependence on 9 isin the case A = 0. For § = 7/2 we
get Sei (15 ©/2) = 327E%5 (v)/y, and Sinel (U5 7/2) = 1: only the shot noise contributes to the inelastic spectrum.
On the contrary, for the quadrature with 8 = 0 we get S (5 #/2) = 0 and

2y, 0 G?
yz
Qn ( =+ 1/2)

where S, (v) is now explicitly given by (110). An important point is that in this case the interference term
vanishes exactly and we have a direct connection of the homodyne spectrum with the fluctuation spectrum of
the position of the mirror. This result has been found also in [37], but with the substitution R() - Rgz (v)in
the expression (86) for Sqth (1) |a=o- As aresult, at least in principle, when A = 0 the homodyne observation of

Sinel (V§ 0) =1+ Sq (I-/)) (122)

the quadrature with 9 = 7/2 can give direct experimental information on the correct expression for R (v). At
zero temperature one could experimentally discriminate between our result (58) and the standard
proposal (59).

In other cases the interference term does not vanish, but it can be negligible at high temperatures. For
instance, when the interference term is negligible, at least in the region where N (v) > 1, we recover for
Sinel (75 0) the result given in [ 1 section 3]. At high temperatures the inelastic homodyne spectrum allows to
reconstruct the fluctuation spectrum of position, while no direct information on the fluctuation of the
momentum and on the cross-correlation is obtained. Moreover, at high temperatures we have also
S; () ~ Sqth (v); by using the explicit expressions of S;h (v) (86) and R (v) (54) we get

(%2 + uz)(%‘f + (om + u)z)

ld @) ?

St (05 0) = 17, G2 (o) + )+ @ = -0
This expression highlights the dependence of the homodyne spectrum on the thermal spectrum N (v) and the
characteristic polynomial d (v) (89) of the dynamical matrix (73) of the full optomechanical system.

Squeezing. An important information about the non-classical nature of the light generated by
optomechanical systems can be obtained considering the quadrature with § = —z/4. In the simple case of
vanishing detuning A = 0 and vanishing temperature N (v) = 0, itis possible to show from (117)—(120) that
we have S (0; —7/4) < 1, atleastin a certain region of the parameters. This means that in a neighbourhood of
v = O we have Sinel (15 — 7/4) < 1and the emitted light is squeezed. This result shows that such akind of
optomechanical systems can generate non-classical light [3, 7]. Note that, iflight squeezing is present for certain
values of the parameters, then the inequality (121) implies that the complementary quadrature is antisqueezed.
Of course, experimentally it could be difficult to tune the values of the various free parameters in order to have
squeezing; moreover, the elastic peak in the spectrum tends to hide the squeezing around v = 0 in the inelastic
spectrum.

4.3.2. Heterodyne spectrum

In the case of heterodyne detection the local oscillator and the stimulating light are produced by different laser
sources; now, the stimulating laser frequency w, and thelocal oscillator frequency, say , are in general different.
Moreover, the phase difference cannot be maintained stable and this erases some interference terms. It can be
shown [30, 50 section 3.5] that the balanced heterodyne detection scheme corresponds to the measurement in
continuous time of the observables

t
I(ust) = / Jx e * =92 eiwstia dB_ (s) + h.c., (123)
0

where a is a phase depending on the optical paths and /x e /2, x > 0, represents the detector response
function. As we shall see, the heterodyne spectrum does not depend on a. In the Heisenberg description the
observables become the ‘output current’

Lowe (s ) =U ()T (u; ) U (1)
t % . . .
=Jx / g2 (t=9)+ia ( e dBem (s) + 7 € W% (s) ds) + h.c.
0
By the definition of I (u; t) and the properties of U(t) we get [ Loy (145 ), Ioue (5 s)] = 0, which says that the
output current at time t and the current at time s are compatible observables.

While in the homodyne scheme the spectrum of the output is analysed, in the heterodyne scheme it is usual
to register only the output power as a function of the frequency y of the local oscillator. The mean output power
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of the detection apparatus at large times is proportional to

Pl = Jim [t T s 0, ® e (124)

T4 T

the limit is in the sense of the distributions in . As a function of i, P (u) is known as power spectrum. Note that to
change u means to change the frequency of the local oscillator, that is to change the measuring apparatus. In
general Iy (5 1) and Ly, (4’5 s) do not commute, even for ¢ =s. Then, there is no reason for the power spectrum
to have some symmetry in u. The heterodyne power spectrum can be decomposed in an elastic and an inelastic
part

P(ﬂ) = Z‘el (ﬂ) + Z‘inel (,u); (125)
xy, T ot A 2
()= lim Zic / dt|:2 Re (é’elaf e—z(t—s)+1(ﬂ—wo)sds)]
To+0o0 T 0 0
xy ¢ 10
=xzy—2x—>4mfc IC1? 6 (u = o), (126)
= 7T (u — o)
1ne1 (ﬂ) - 11111 p— / dt TI‘{ inel (/4) t) Po ® Genv}) (127)

where
t . .
Tinet (3 1) = V% f e 39 ((estiedBy,, (s)

+ \/? (-, S+119(Y(S) 1)((5))(15)4‘ h.c.

The inelastic part of the spectrum is computed in appendix B.2. Again it is possible to identify a radiation
pressure contribution and a thermal part

Zinel (ﬂ) = er (,Ll) + 2 (ﬂ) (128)

For simplicity we give only the expressions for x | 0:

yc H
Y wm G*S;P (4 — wp) onG? 5 —ilH—w+A
Sp() =14 —5——1 ~ — Im e Dm > ( ) (129)
Qm(%"'(ﬂ_wo_A)) d(ﬂ_w0)§+l(ﬂ—a)o—4)
Y. 0m G2 (4 — wg)
Z(p) = Cyz d - (130)
.Qm(f+ (u = oo - 4) )
Both contributions are positive as it follows from the expressions (130) and (B.7). Note the presence of the
interference term in (129). By simple computations one can check that

Zinel(v + coo) + Zinel (@0 = V) = Sinet (13 9) + Sinet (v5 9 + 7/2); (131)

this is a fundamental relation [56 equation (9.61)] connecting heterodyne and homodyne spectra. Moreover, by
inserting the definitions of the relevant quantities given in (54), (85) and (86), an explicit expression for X, can
be obtained from which it is apparent that X, (#) > 1:in the heterodyne detection the phase dependencies are
lost and it is impossible to detect squeezing in the emitted light.

As in the homodyne case, the interference term in (129) is negligible when N > 1and we get

YeWm G?

.Qm(%2+ (,u—a)o—A)2>

Zinet (W) = 1+ Sq(u — o). (132)

When this approximation holds, the inelastic heterodyne spectrum too allows to reconstruct the asymptotic
dynamics of the mirror through the position fluctuations.

To explore the behaviour of the spectrum we take N (v) as given by (56) with a Ohmic spectral density.
Then, by using the explicit expressions of S;P and S;h and by setting v = u — w,, we get
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Figure 2. Plot of the inelastic heterodyne spectrum Xj, as a function of v for a range of values of the cavity damping y, around the
critical value 7, discussed in section 4.2.4. It appears how the two distinct peaks of the spectrum coalesce at the critical value. The
spectrum is plotted for A = @y,, while the other parameters are as in section 4.2.4.

Zind(l/ + wo) =1+ %—Gz Yo G?
2 |d)|?
2 2
Y, 14 4wy, |v|
+ ¥ f + (v + A)? Tm + (v —on)? + 7eﬂﬁ|1;l o (133)

From this expression we see that the main features of the spectrum will be determined by the zeros of the
denominator |d (v) [ for instance, as discussed in section 4.2.1, for A = @,;, we can have one or two resonance
frequencies depending on the value of the cavity decay rate y.. In figure 2 we show this phenomenon: the two
distinct peaks coalesce as y, increases. For these values of the parameters one can check that the main
contribution to the inelastic heterodyne spectrum comes from the thermal part Zy,. It can be checked that in
this parameter region the behaviour of the inelastic homodyne spectrum Siy1 (v; 0) is very close to the
heterodyne one as depicted in figure 2. Let us notice that the behaviour shown in figure 2 does not uncover the
whole rich structure of the spectrum which appears by exploring other parameter regions.

5. Summary and outlook

In this article we have shown how to give a fully quantum description of a dissipative mechanical oscillator.
The combined use of master equations and quantum Langevin equations allows for the construction of a
dissipative dynamics respecting symmetries and physical constraints, such as the energy equipartition at
equilibrium, and subject to dissipation with an arbitrary noise spectrum. A crucial feature allowing for these
results is that for a mechanical oscillator the definition of the creation and annihilation operators a,, and a,,/
in terms of position and momentum is not the usual one, but rather depends on the damping constant y, , as
discussed in section 2.2; the standard result is only recovered for a vanishing damping constant as can be seen
from (16). Moreover, the quantum Langevin equations for the system, and the input—output relations for the
noises, for both the mechanical oscillator and for the optomechanical system, given in section 3.1 and

section 4.1 respectively, need not be postulated: they are nothing but the Heisenberg equations of motion
determined by the Hudson—Parthasarathy unitary evolutions (21) and (61). In this framework it appears that,
in order to preserve the Heisenberg uncertainty relations, the momentum operator can be interpreted as the
time derivative of the position operator only in a ‘coarse grained’ picture. An help in comparing our approach
to others and in discussing the structure of the noises comes from the quantum Langevin equation in Newton
form, see section 3.3, which at the price of introducing singular noises does not contain the momentum
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operator. Indeed in the quantum case important constraints on the correlation functions of the operator
noises come from the fact that they need to be positive definite and compatible with the commutation rules of
such noises. In this formalism, we are further able to introduce a field analog of the P-representation for the
state of the environment and this opens the possibility of treating an arbitrary noise spectrum as done in
section 3.2.

Our description of the mechanical oscillator is not very different from other proposals at medium and high
temperatures of the phonon bath. Differences become relevant for very small temperatures. Indeed the
dynamics we have constructed is fully ‘quantum’ at all temperatures and this opens the possibility of
constructing models of optomechanical systems which are reliable also in a deep quantum regime. As an
example we have studied a prototypical system: a mechanical resonator interacting via radiation pressure with a
single optical mode in a cavity. For this case we have given explicit general formulae for the fluctuation spectra of
position and momentum of the mechanical resonator and for the mean mechanical energy at equilibrium. By
using detection theory in continuous time, we have obtained the full expressions of the homodyne and
heterodyne spectra of the emitted light. For not too low temperatures, usual results are recovered, such as laser
cooling and connection between the light spectra and the fluctuations of position of the mechanical component.
However, our description is valid also at very low temperatures, when semi-classical reasoning is not valid and
the observation of the spectra of the emitted light is not giving a direct measurement of the mechanical
fluctuations.

Many generalizations are possible [57-60], which could benefit of a systematic and consistent treatment.
The simplest generalization is to include imperfections in the detection scheme and noise in the stimulating laser
light [5, 7, 30, 50]. But also direct detection can be included [30] or the entanglement between resonator and
optical mode can be studied. Moreover, the whole theory has in some sense ‘modular’ properties and can be
applied to more complicated systems, say when more mechanical resonators and more optical modes are
involved.
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Appendix A. Computation of the fluctuations

The Fourier transformed equations of motion corresponding to (72) can be solved by purely algebraic
manipulations; essentially the problem reduces to compute the inverse of the matrix A + ivl. By using
the characteristic polynomial d (v) of the dynamical matrix A (89) the final result for large T turns out

to be
A+ (iv-& 2 0 o)
Fu(T; v) ~ (= 5) Z0(Ts 0) + —2 [ PmEle g p, ), (A1)
d(v) 20, dv) 2

m ivG 'm e
Fy (T; v) = I Z8(Ty ) - L2 |2l gy g, (A.2)

d (V) 2w 2. A \ 202,
. Nﬂ T pih (o il/(il/—ym)+.(2n%\/z .
B (T; v) ~ R ZM(T; v) + o) S 2T (T; ), (A.3)

% 2

iwv—-=2)G wliv — y,) + 24
E(T;v) ~ —( 2) %" ZM(T; v) + ( ) EZ?(T; V)

dv) d(v)
G’wn [T ¢ 4T E oar )
1l =2 B -+ =8B , A4
) \2 (m emlon =)' 4 557 B+ ) (4
ZH(T; v) = (i(z/ + o) — %m)f By () + (i(u — Om) — %‘“)Téi(_y)f, (A.5)
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o) ot 5) -

+ [(AZ + (% - iy)z)(.an + v(a)m - 1%‘“)) - szmA]f Be ), (A.6)
ZP(Ts ) = (iw —a) - %)% B (wp - v
+(i(1/+A) - %)%E;(v+wo), (A7)
ZP(T; v) = (A —u— i%)é—lﬁ;(wo )+ (A U+ i%)%ﬁ;(v + o). (A.8)

To compute the spectra (82), (83) we need also the field correlations. From the correlations (42) and the fact
that By, is a Fock field in the vacuum state we get

(Bn@ B @) =1, (Ba0Baw) =NO),

env env

(BB @) =0, (Ba@Ba)) =N@+1, (A.9)

env env

while the cross-correlations involving both By, and B, vanish. Also the fluctuations of the cavity mode
operators and the correlations oscillator/mode could be computed by using all the components (A.1)—(A.4), but
we do not study them in this work.

A.1.Thezerosof d (v)

Let us assume that d (v) has two zeros of the form vy, = w.ff — i[/2 and vy, = Ay — 1IL/2 with o # 0and
A # 0;bythe property d (1) = d (=), the other two zeros are —7p, and —7;. Therefore, we can write d (v) in
the form (91) or

d(u)=(y—vm)(v+m)(v—vc)(1/+ﬂ). (A.10)
By equating this expression to (89) we get the algebraic system

rm+rc=7c+7/m’

I

2
ym| + Iy

2
2
V.| = yC.Qn% + )/m[AZ + %),

L

(A.11)

2
2 2 £
|vm| ™ + FIale= Q0 + & + T+ p

e

2
Jon| o

2
2 er[Az + %] — GlomA.

L

The stability conditions (78), (79) guarantee I, > 0 and /¢ > 0. Byassuming I # I, from this system we get
in particular

Azzrc_ymAz_Vc_rcwz_(y_r)rc_ym

eff -1, -1, m c c ’
e -T I -

wer}}2= c ymwnz_ Ve C AZ_(yC_I‘é)Ci}/m. (Alz)
E_rm Fc_rm 4

The case A = wy,. An exact expression for I, and I can be found when A = w,,. We study only the case of d (v)
of the form (A.10) with four distinct zeros.

Inthecase I; # I, weset x = I. — I}, andinsert(A.12) and I} + I}, =y, + 7, into the last equation of the
system (A.11); in such a way we get

x* + [16wr§ - (. - }/m)z]x2 + 64G’w,} — 16w, (. — 7,)> = O.

Then, by using the solution of the equation for x> and equations (A.12), we find the result (93)-(96). By
imposing I3, I}y, A7 to be real and strictly positive and I7 # I, we get the necessary and sufficient
condition (92).

By the choice IT = I}, from the system (A.11) we get directly the result (98), (99), together with the
conditions (97).

26



I0OP Publishing NewJ. Phys. 17 (2015) 083004 A Barchielli and B Vacchini

An approximate expression. To compute approximately /7, we adapt a suggestion given in [5, 25] and based
on an approximation of the mechanical susceptibility. In the expression of d (v, ) taken from (89) we make the
approximation (v, + A + 1%) (vm — A + 17°) ~ (Wy + A + (5 7‘“) (O — A + (= zy“‘) and we solve
d (vm) = 0 for I;, under the conditions (100) (101). By using also the first equation of the system (A.11) we get
the expression (102) for the damping constants. Once we have I}, and I3, we can compute ./} >and A7 from
the equations (A.12), which do not contain approximations

For consistency we need the positivity of 4. and w} % which means the positivity of the right hand sides of
equations (A.12). Under the approximations (100)—(102), this gives

A2 7 (4) (Ve = Yw)?
w_r§’271—x(4) +x (A)(I—ZZ(A))iré ,
A (Ve = tm)?
2|55+ - @)1 - @)= | S 1 - z(A); (A.13)
(O3 4w

because y (A) has the same sign as A, conditions (A.13) give true restrictions only for A > 0. We see also that
conditions (A.13) are violated for A positive and small. In this situation the cavity is overdamped and the
decomposition of d (v) takes the form d (v) = (v — wlf + ilm ) v+ og + 1—) v+ i i ) v +i2 ) we do not
study this case.

A.2. Computation of the mean mechanical energy
The integrals over vin (107), (108) can be performed by the residue method, under the Ansatz (91) and

N (v) = N.g. First we set
2\2
L (et )
- e
7

m 2 2
i+ of’ 74 — dog “Acfr»

¥I

L,= Y A+ A, QN 2=l * + Tyi/4. (A.14)
With this notation we have
G, Glomd v’
= Q2+ |4+ =+ +
Panrp?| 5 |, 2‘ Vm‘ | g | T Il (ym yc)
2 (VC + I )2
+A + w2+ — (yc + ym) , (A.15)

where |1, | |vi |? is given by the last of (A.11). The thermal contributions Ny, and My, (A) are givenin (111) in
terms of the expressions

Qr+Qm L. +2Q2 v
Q="Im T lell |+ (}'C+ym)Tm+2yc.er+2ymAz+f

207 2I.D?
Q2L 2
+ ch(Az + j + Y2 + Mm(}/c + 7m> ) (A.16)
Ve ‘Vm‘

2 ycz Tm
g | (#+5) (5w ) I
2 Tm$2m + 7| A o +mm(yc+ym)

- 2I.D? 20m ‘I/m‘

Ve

(A.17)

) yc<42 + %2) + (24 )

20,

Note that, while Q is always positive, K can also take on negative values.
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Appendix B. Computation of the optical spectra

B.1. The homodyne spectrum

The homodyne spectrum (116) involves the quantity Q2" (v; 9) (114); by the rules of quantum stochastic
calculus we can compute dQ2" (v; 9), which turns out to contain the quantities (A.3), (A.4). Then, by
integration we obtain

wrnsinvT/2

Q" (13 9) =47, I¢| sin 9 e + QM 9) + Q™ (13 9), (B.1)

N AT
P 8) = En (s 97 By (v) + Ean (—v5 7By, (—0)f,
Qf™(v; 8) = — Ee (15 9) iei(s‘a'gg)ﬁ;(l/ + a)o)

o AT
+ Eem (—v; 9)ie 10280 B (@, — v)f,

En(v; 9) = —Gw/}’m%(%m + i(v + wm))L(v; 9), (B.2)
L _iw-A4) : 2607 (12 9
Eem (13 8) = —2— g &< L0 B) (B.3)
S +ilv—4) S +ilv - 4)
Asin d + (75 +iv) cos &
L(v;9) = (B.4)
d(-v)
Notethat L (—v; 9) = L(v; 8). Thekeyrelation (115) together with [1§,—T ), léiT ()] = limplies
[Q" (5 9) + Qf" (13 9), Q" (15 9) + Q™ (13 9) | = 0,
which is equivalent to
2 2 2 2
| B s )| = [Ea (05 )| + | Eem (05 )| = | Eem (=15 8)| " = 0, (B.5)

By long computations this relation can be verified also explicitly by using the expressions of Ey, (v; 9) and Eep,, (v; 9).
By using (B.1), (B.5) and (A.9), from (116) we get the decomposition of the homodyne spectrum expressed
by equations (117), (118) with

S (v; 9) = |Eth(V§ '9)‘2(1\7(1/) + %) + ‘Eth(_y; 19)|2(N(—1/) + %),

SrP(U; 19)= %( Eem (v3 19)|2 +

Eem(—v3 9)| 2). (B.6)

Notethat S ¢, (15 9) > 0and S, (v; 9) > 0. To compute the thermal part we note that | Eg, (v; 9)|* can be
written by using R®) (54); by taking S‘;h (v) from (86), we get (119).

To compute the radiation pressure component of the spectrum, we need the square modulus of E,, (B.3),
which is the sum of two terms. So, we have the square modulus of the first term (the shot noise), the square
modulus of the second term (the signal) and the double product (the interference term):

w072 G? |L(v; 9)

2
Een(@)| =1+

%2 + (v — A)?
ie—m(g i - A)) + i(g —i( +A))

+ wmy.G* Re -
dw) (% +iw-2)

By inserting this expression into (B.6) we get

cz 2
CUmZJCZ <_4 +A2 1/2) i (];c i )
Srp(y; 15) 1 2 : +
(rc +(A I/)2)(L+(A I/)Z) (l/)
i —2i19(%_i(y—A))2 1((2 —il/)Z 32)
+ wm]/CG Re + (I/ - —I/) .

zd(y)(%z + (- y)Z)
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Finally, by elaborating the argument of the real part and by using the expression (85) for S}” (1) we get
equation (120).

B.2. The heterodyne spectrum
By a procedure similar to the one used in appendix A and appendix B.1, in the limitof x | 0, xt — +00, we get

T, s .
+ilpg—wy—A4 2 2
Linel (v5 1) > 7% /t o3 (t=s)+ius) [ 2 (ﬂ ° ) _ gy lel
0 %—i(ﬂ—wo—A) md (p — wo)

iy —wy+ A i7g,77.C *
y 5 ('u 0 ) + lﬁgo ycc e—2i(;¢—wo)5—2i‘1 dBem(s)
_C—i(,u—wo—A) md (wy — p)

T 2}2:1;; d(wf— ) (5 +i(n =00 +4))

&
d(u — wo)

~<

% (%m +ilp — wo — a)m))e—Zi(M—wU)s—Zia _

X (& - i(,u — Wy +A))(y—“‘ - i(,u - wo + a)m)) dBy, (s) ¢ + h.c.

2 2

By using the field correlations (A.9) we can compute the heterodyne spectrum; again, by the vanishing of the
field cross-correlations, the thermal contribution and the electromagnetic contributions decouple in the
expression of the spectrum. By some long manipulations and by recalling that the limit in (127) is in the sense of
distributions, we get (128) with the thermal part given by (130) and

oy Gt E—i(u—wo+2)]’ 2, 2G4
iomy.G* 3 H 0 Pm ¥
2d(ﬂ—wo)%+i(ﬂ—wo—4> 4‘d(ﬂ—0)0) ’

Sp(u) = |1+ (B.7)

which becomes (129) by expanding the absolute value and using (110).
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