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Abstract 

Stormwater detention facilities are important tools for flood control in modern 
urban drainage systems, since they reduce uncontrolled discharges into receiving 
water bodies and improve the efficiency of stormwater treatment plants. In their 
modelling it is important to limit the number and the amount of spills to ensure 
the maximum efficiency of the storage capacity. In this paper, the overflow 
probability distribution function from a stormwater detention facility is derived; 
the possibility of pre-filling of the storage capacity from previous runoff events, 
that can strongly influence spilled volumes, is considered. Effects of the control 
variables and of two different regulation rules on resulting expressions are 
investigated and discussed. Finally, an application to a case study is presented.  
Keywords:  probabilistic analysis, stormwater detention facility, spilled volume, 
pre-filling, management rule. 

1 Introduction 

In many urban areas, the significant and rapid increase of impervious surfaces, 
observed in the last decades, has made flood control mandatory. Stormwater 
detention facilities have proved to be an effective solution to this kind of 
problems both in separated and combined sewer systems [1, 2]. Their main 
function is to limit uncontrolled and polluted spills from drainage systems into 
receiving water bodies, improving water quality. Therefore, the modelling of 
stormwater detention facilities should focus on their capacity to store overloads 
from drainage systems and cope with spills. 
     Traditionally, their design is based on the so-called “design storm” approach, 
that assumes a “critical” rainfall event, extracted from a recorded series or 
defined by a standard pattern (rectangular, triangular, Chicago, etc.), as input in a 
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rainfall-runoff model [3]. This critical rainfall event is considered isolated from 
the whole rainfall stochastic process and the storage capacity is always assumed 
empty at the beginning of runoff. Pre-filling from previous events is then 
neglected and an underestimation of the minimum storage volume can occur, 
strongly influencing its capacity of limiting uncontrolled spills into receivers. 
     Approaches based on continuous simulation are generally more reliable and 
lead to more accurate results, modelling the whole chain of recorded rainfalls 
events. 
     However, these methods are more complexes and their application can be 
difficult due to the lack of continuous long-term series of recorded rainfall events 
[4, 5].  
     As an alternative, in the nineties, some authors have proposed the application 
of an analytical probabilistic approach to the modelling of stormwater detention 
facilities [6–9]. The aim is to derive the Probability Distribution Functions 
(PDFs) of some characteristics of the storage process from those of the rainfall 
variables of interest and from the characteristics of the drainage catchment. By 
mean of some simplifying hypotheses, analytical probabilistic methods generally 
allow to model stormwater detention facilities, combining the simplicity of 
“design storm” methods and the probabilistic reliability of continuous 
simulations. Derived expressions are generally easy to implement and provide 
useful information to designers. In recent years, many applications and 
developments of this kind of approaches have been proposed in the literature [10, 
11]. 
     In particular, the authors [12–14], have deeply investigated the problem of 
pre-filling of the storage capacity from previous rainfall events and its relation 
with control variables and management rules of releases. Pre-filling volumes 
from previous rainfall events high increase the probability of spills into receiving 
waters, whose limitation is one of the main targets in the modelling of 
stormwater detention facilities.  
     In this paper, overflow PDFs have been derived, analysing two different 
strategies of runoff control and considering the possibility of pre-filling from a 
previous rainfall event. Effects of simplifying hypothesis and of control variables 
on results have been deeply investigated. Finally, the proposed approach has 
been applied to a case study in Milano, Italy, and results have been presented and 
discussed.  

2 Modelling of the storage process 

In the probabilistic modelling of the storage process, some hypotheses have been 
assumed to simplify the analytical derivations, as usual with this kind of 
approaches: 
 

- on-line stormwater detention facilities have been considered: when the 
storage capacity is full and inflow occurs at a greater rate than outflow, 
the excess volume is spilled. 
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- a couple of rainfall events have been considered; as discussed by [14], 
this assumption can be reliable only when a sufficiently long ܦܶܧܫ and 
high outflow rates are considered. For stormwater detention facilities 
with low outflow rates (e.g., infiltration basins) or when strict 
limitations on discharges in the downstream drainage system are 
imposed, this hypothesis can underestimate the pre-filling probability 
and, as consequence, the overflow probability; 

 
- incoming hydrographs have been assumed rectangular (constant 

runoff); this hypothesis can be acceptable since in the modelling of 
stormwater detention facilities, rainfall volumes are more influent than 
rainfall intensities. Moreover, the pattern of incoming hydrographs can 
be neglected, especially when inflow rates are higher than outflow rates; 

 
- hydrological losses (ܮ) for infiltration, evapotranspiration and filling of 

depression storages have been averaged over whole rainfall duration; 
 

- rainfall-runoff transformation has been neglected and net rainfall 
intensities have been considered as inflow rates in the basin. This 
hypothesis can be reliable only for small catchments; as a consequence, 
runoff duration is considered equal to rainfall duration, although the 
duration of a runoff event is usually longer than that of a rainfall event; 
 

- outflow rates from the stormwater detention facility has been assumed 
constant. This is not easy to accomplish, since most of outlets have a 
linear logarithmic relationship between headwater depth and discharge. 
Also when the basin is emptied by a pump, the efficiency of the system 
can vary with the submergence of the pump, but in this case the outflow 
rate may be assumed constant.  

 
To identify independent rainfall events from the continuous series of records, a 
minimum intervent time (IETD) has been defined; if the interevent time is lower 
than IETD, two consecutive rainfalls are joined together into a single event, 
otherwise they are considered independent. 
     The main characteristics of the rainfall process, rainfall depth (݄), rainfall 
duration (ߠ and interevent time (݀) have been considered independent random 
variables exponential distributed: 
 

௛݂ ൌ క௛ି݁ߦ (1) 
 

ఏ݂ ൌ  ఒఏ (2)ି݁ߣ
 

ௗ݂ ൌ ߰݁ିటሺௗିூா்஽ሻ (3) 
 
where: ߦ ൌ ߣ ,௛ߤ/1 ൌ ߰ ఏ  andߤ/1 ൌ 1/ሺߤௗ െ  ௛: average rainfallߤ ;ሻܦܶܧܫ
depth, ߤఏ: average rainfall duration, ߤௗ: average interevent time. 
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     Although other PDF seem to be more correct to fit experimental data [5, 14] 
this hypothesis is often considered acceptable in order to reduce the complexity 
of analytical derivation [15–20]. 
     Two different management rules of the stormwater detention facility have 
been analysed according to the more frequent strategies of runoff control.  
     Management rule A: the stormwater detention facility is emptied, with a 
constant outflow rate (ݍ), starting as soon as it begins to fill. Considering 
rectangular events with incoming runoff rates greater than outflow rates, this 
means soon after the beginning of each event (Figure 1). Management rule A is 
typical of on-line stormwater detention facilities. 
 

 

Figure 1: Management rule A. 

     Management rule B: the stormwater detention facility is emptied, with a 
constant outflow rate (ݍ), only after the end of each runoff event. The outflow 
goes on until the facility is empty or a next event begins (Figure 2). Management 
rule B can be used in Real Time Control (RTC) applications, when is necessary 
to temporarily retain a certain volume to reduce the risk of downstream system 
overload, or for water quality control purposes.  

3 Probability distribution functions of spilled volumes  

The overflow PDF has been derived with reference to the above described 
management rules. In particular, the probability that spilled volume (ݓ௦) exceeds 
a fixed percentage (ߙ) of storage capacity (ݓ଴) has been estimated; it has been 
denoted by ܲ, that is: ܲ ൌ ܲሺݓ௦ ൐ ߙ ∙  .଴ሻݓ
     Considering a couple of consecutive runoff events, conditions for spills are: 

- spill of the first runoff event only; 
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- spill of both runoff events with pre-filling from the first event at the 
beginning of the second one; 

- spill of both runoff events without pre-filling; 
- spill of the second runoff event only, with pre-filling from the first 

event at the beginning of the second one; 
- spill of the second runoff event only, without pre-filling. 

 

     Under the hypothesis that ݄ ൌ ݄ଵ ൌ ݄ଶ, ߠ ൌ ଵߠ ൌ ݀ ଶ andߠ ൌ ݀ଵ ൌ ݀ଶ, the 
first and the last conditions can’t occur.  
 

 

Figure 2: Management rule B. 

     In all formulas, volumes and flow rates have been expressed per unit of 
effective catchment area (߮ ൉ ܵ, where ߮ is the runoff coefficient and ܵ is the 
catchment area). Furthermore, the following auxiliary dimensionless variables 
have been used:  
 

ߚ ൌ
ݍ ∙ ߦ

ݍ ∙ ߦ ൅ ߰
, ∗ߚ ൌ

ݍ ∙ ߦ
ݍ ∙ ߦ ൅ 2 ∙ ߰

 

 
and  ݍ∗ ൌ 	ݍ ∙  .ߣ/ߦ
Management rule A  
 

Spilled volume can be expressed by: 

௦ݓ ൌ ൝
2 ∙ ሺ݄ െ ܮ െ ݍ ∙ ሻߠ െ ݍ ∙ ݀ െ ଴ݓ ݁ݏܽܥ ܫ ; ݁ݏܽܥ ܫܫ
2 ∙ ሺ݄ െ ܮ െ ݍ ∙ ߠ െ ଴ሻݓ ݁ݏܽܥ ܫܫܫ
0																									 ݁ݏ݅ݓݎ݄݁ݐܱ

 
 
(4) 
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 :ܫ	݁ݏܽܥ
݄ െ ܮ െ ݍ ∙ ߠ െ ଴ݓ ൐ 0;	 
଴ݓ െ ݍ ∙ ݀ ൐ 0;	 
2 ∙ ሺ݄ െ ܮ െ ݍ ∙ ሻߠ െ ݍ ∙ ݀ െ ଴ݓ ൐ 0 
 
 :ܫܫ	݁ݏܽܥ
݄ െ ܮ െ ݍ ∙ ߠ െ ଴ݓ ൑ 0;	 
݄ െ ܮ െ ݍ ∙ ሺߠ ൅ ݀ሻ ൐ 0;	 
2 ∙ ሺ݄ െ ܮ െ ݍ ∙ ሻߠ െ ݍ ∙ ݀ െ ଴ݓ ൐ 0 
 
 :ܫܫܫ	݁ݏܽܥ
݄ െ ܮ െ ݍ ∙ ߠ െ ଴ݓ ൐ 0;	 
଴ݓ െ ݍ ∙ ݀ ൑ 0;	 
2 ∙ ሺ݄ െ ܮ െ ݍ ∙ ߠ െ ଴ሻݓ ൐ 0 
 
The overflow PDF can be estimated combining conditions of equation (4) 
together and using the PDFs of rainfall depth (1), duration (2) and interevent 
time (3).  
     If  ݓ଴/ݍ ൐  that is considering the possibility of pre-filling from the ,ܦܶܧܫ
first runoff event at the beginning of the second one, it results: 

஺ܲ ൌ න ఏ݂ ∙ ߠ݀

ఏಳ

ఏಲ

ቌ න ௗ݂ ∙ ݀݀

ௗಳ

ௗಲ

න ௛݂ ∙ ݄݀

௛ಳ

௛ಲ

൅ න ௗ݂ ∙ ݀݀

ௗಳ

ௗಲ

න ௛݂ ∙ ݄݀

௛ಳ

௛ಲ

ቍ 

 
(5) 
 

where: 
஺ߠ ൌ ஻ߠ ;0 ൌ ∞ 
݀஺ ൌ ஻݀ ;ܦܶܧܫ ൌ ݀஼ ൌ ஽݀ ;ݍ/଴ݓ ൌ ∞ 
݄஺ ൌ ܮ ൅ ሾݓ଴ሺ1 ൅ ሻߙ ൅ ݍ ∙ ݀ሿ/2 ൅ ݍ ∙ ஻݄ ;ߠ ൌ ݄஽ ൌ ∞; ݄஼ ൌ ܮ ൅ ଴ݓ ൅ ݍ ∙ ߠ ൅
ߙ ∙  ଴/2ݓ
     Solving equation (5), the following expression can be obtained: 

஺ܲ ൌ
݁ିక∙௅

1 ൅ ∗ݍ
ቊሺ1 െ ሻ݁ି∗ߚ

క
ଶሾ௤∙ூா்஽ା௪బሺଵାఈሻሿ ൅ ∗ߚ ∙ ݁

ట∙ூா்஽ିక∙௪బ൬
ఈ
ଶା

ଵ
ఉ൰ቋ 

(6) 

 
     If ݓ଴/ݍ ൑  pre-filling from the first runoff event can’t occur and the ,ܦܶܧܫ
overflow PDF results: 

஺ܲ ൌ න ఏ݂ ∙ ߠ݀

ఏಳ

ఏಲ

න ௗ݂ ∙ ݀݀

ௗಳ

ௗಲ

න ௛݂ ∙ ݄݀

௛ಳ

௛ಲ

ൌ
1

1 ൅ ∗ݍ
∙ ݁ିక∙ቂ௅ା௪బቀଵା

ఈ
ଶቁቃ 

 
(7) 
 

where: 
஺ߠ ൌ ஻ߠ ;0 ൌ ∞ 
݀஺ ൌ ஻݀ ;ܦܶܧܫ ൌ ∞ 
݄஺ ൌ ଴ݓ ൅ ݍ ∙ ߠ ൅ ߙ ∙ ଴/2ݓ ൅ ஻݄ ;ܮ ൌ ∞ 
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Management rule B  
 

Spilled volume can be expressed by: 

௦ݓ ൌ ൝
2 ∙ ሺ݄ െ ሻܮ െ ݍ ∙ ݀ െ ଴ݓ ݁ݏܽܥ ܫ ; ݁ݏܽܥ ܫܫ
2 ∙ ሺ݄ െ ܮ െ ଴ሻݓ ݁ݏܽܥ ܫܫܫ
0																				 ݁ݏ݅ݓݎ݄݁ݐܱ

 
 
(8) 

 :ܫ	݁ݏܽܥ
݄ െ ܮ െ ଴ݓ ൐ 0;	 
଴ݓ െ ݍ ∙ ݀ ൐ 0;	 
2 ∙ ሺ݄ െ ሻܮ െ ݍ ∙ ݀ െ ଴ݓ ൐ 0 
 
 :ܫܫ	݁ݏܽܥ
݄ െ ܮ െ ଴ݓ ൑ 0;	 
݄ െ ܮ െ ݍ ∙ ݀ ൐ 0;	 
2 ∙ ሺ݄ െ ሻܮ െ ݍ ∙ ݀ െ ଴ݓ ൐ 0 
 
 :ܫܫܫ	݁ݏܽܥ
݄ െ ܮ െ ଴ݓ ൐ 0;	 
଴ݓ െ ݍ ∙ ݀ ൑ 0;	 
2 ∙ ሺ݄ െ ܮ െ ଴ሻݓ ൐ 0 
 

     If  ݓ଴/ݍ ൐  :the overflow PDF results ,ܦܶܧܫ

஻ܲ ൌ න ௗ݂ ∙ ݀݀

ௗಳ

ௗಲ

න ௛݂ ∙ ݄݀

௛ಳ

௛ಲ

൅ න ௗ݂ ∙ ݀݀

ௗಳ

ௗಲ

න ௛݂ ∙ ݄݀

௛ಳ

௛ಲ

 

 
(9) 
 

where: 
݀஺ ൌ ஻݀ ;ܦܶܧܫ ൌ ݀஼ ൌ ஽݀ ;ݍ/଴ݓ ൌ ∞ 
݄஺ ൌ ܮ ൅ ሾݓ଴ሺ1 ൅ ሻߙ ൅ ݍ ∙ ݀ሿ/2; ݄஻ ൌ ݄஽ ൌ ∞; ݄஼ ൌ ܮ ൅ ଴ݓ ൅ ߙ ∙  ଴/2ݓ
 

     Solving equation (9), the following expression can be obtained: 

஻ܲ ൌ ݁ିక∙௅ ∙ ቈሺ1 െ ሻ݁ି∗ߚ
క
ଶሾ௤∙ூா்஽ା௪బሺଵାఈሻሿ ൅ ∗ߚ ∙ ݁

ట∙ூா்஽ିక∙௪బ൬
ఈ
ଶା

ଵ
ఉ൰቉ 

(10) 

 

     If ݓ଴/ݍ ൑  :the overflow PDF results ,ܦܶܧܫ

஻ܲ ൌ න ௗ݂ ∙ ݀݀

ௗಳ

ௗಲ

න ௛݂ ∙ ݄݀

௛ಳ

௛ಲ

ൌ ݁ିక∙ቂ௅ା௪బቀଵା
ఈ
ଶቁቃ 

 
(11) 
 

where: 
݀஺ ൌ ஻݀ ;ܦܶܧܫ ൌ ∞ 
݄஺ ൌ ଴ݓ ൅ ߙ ∙ ଴/2ݓ ൅ ஻݄ ;ܮ ൌ ∞ 
 

     Results from management rules A and B are comparable, except for the 
independence of strategy control B of rainfall duration. Comparing equation (6) 
and (7) respectively with equation (10) and (11), it results: 

஺ܲ ൌ
஻ܲ

1 ൅ ∗ݍ
 

(12) 

As expected, overflow probability is lower with rule A than with rule B.  
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4 Case study 

Derived expressions for the estimation of overflow PDF have been applied to 
rainfall series recorded at gauge station of Milano-Monviso (Italy) during the 
period 1991-2005. With an ܦܶܧܫ ൌ ܰ ,ݏݎݑ݋݄	1 ൌ 1647 rainfall events have 
been identified from the continuous chain of records. The values of parameters 
for the exponential PDF of considered rainfall variables are: 
 

ξ [1/mm] 0,13 

λ [1/hour] 0,23 

ψ [1/hour] 0,01 
 
Hydrological losses have been set to ܮ ൌ 2	݉݉. Average rainfall intensity is 
equal to ݅ ൌ  To maintain the constant outflow rate less than the .ݎݑ݋݄/݉݉	1,79
average rainfall intensity, at first ݍ ൌ  .has been assumed ݎݑ݋݄/݉݉	1
     Figure 3 compares the overflow PDF for management rule A and B, varying 
storage volume, for ߙ ൌ 0. This mean that only the probability to have overflows 
different from zero is estimated without information about the amount of spilled 
water. Obviously, rule B results more critical and leads to higher probabilities of 
overflow. 
 

Figure 3: Overflow probability vs. storage volume and management rule. 

     With reference to management rule B only, Figure 4 compares the overflow 
PDF for the two boundary conditions of ߙ coefficient, that is the probability of 
spilled volumes different from zero (ߙ ൌ 0) and the probability of spilled 
volumes equal to storage capacity (ߙ ൌ 1). 
 

166  Urban Water II

 
 www.witpress.com, ISSN 1743-3509 (on-line) 
WIT Transactions on The Built Environment, Vol 139, © 2014 WIT Press

 



Figure 4: Overflow probability vs. storage volume and alfa. 

     For example, considering a storage capacity of ݓ଴ ൌ 100	݉ଷ/݄ܽ௜௠௣, the 
probability of overflow is about 30%, while the probability that ݓ௦ ൌ ଴ݓ ൌ
100	݉ଷ/݄ܽ௜௠௣ is about 10%. 
     Always considering management rule B, the influence of outflow rates on 
overflow probability is negligible for ݍ ൒  and is maximum for ݎݑ݋݄/݉݉	1
ݍ → 0 (Figure 5). This because, when outflow rate increases, the probability of 
pre-filling from previous rainfall events falls to zero; as consequence, a single 
rainfall event is considered for the estimation of the overflow PDF, that in this 
case, results independent of outflow rate. 
 

Figure 5: Overflow probability vs. storage volume and outflow rate. 
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     Otherwise, considering management rule A, the overflow PDF is strongly 
influenced by outflow rates and it tends to zero, increasing outflow rate, already 
for small storage volumes (Figure 6); this because, with this strategy control of 
releases, the storage capacity starts emptying at the beginning of the rainfall 
event and, if the outflow rate is higher than rainfall intensity, stored volume 
tends to zero.  

 

Figure 6: Overflow probability vs. storage volume and outflow rate. 

     Management rule A is preferable than management rule B, when possible, to 
limit spills from stormwater detention facilities.  

5 Conclusion 

Stormwater detention facilities are important tools for flood control in urban 
drainage systems, because they increase the efficiency of treatment plants and 
improve the quality of discharges. For their proper modelling, uncontrolled spills 
into receiving water bodies should be avoid or kept to a minimum.   
     In this paper, an analytical probabilistic approach to estimate the overflow 
PDF has been proposed. A couple of rainfall events have been considered to take 
into account the possibility of pre-filling from a previous rainfall event that could 
increase the number and the amount of overflows. Two different management 
rules, in accordance with the control strategies of releases most used in practice, 
have been proposed and assumed as boundary conditions for the estimation of 
the PDFs of spilled volumes.  
     Derived expressions result function of the stochastic rainfall process, storage 
volume and outflow rate; they allow to estimate not only the overflow 
probability but also the probability to have a certain amount of spilled volume, 
related to the storage capacity. Moreover, minimum interevent time (ܦܶܧܫ) and 
hydrological losses (ܮ) have been considered in resulting formulas. In the case 
study a minimum interevent time equal to ܦܶܧܫ ൌ  ;has been used ݎݑ݋݄	1
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theoretically, in these conditions results could be affected by pre-filling from 
more than one previous event. However, for the observed data, with ݍ ൐
 storage capacity results empty at the beginning of a new runoff and ,ݎݑ݋݄/݉݉	1
the simplifying assumption of considering only a couple of rainfall events can be 
considered acceptable.  
     Proposed formulas can be a valuable aid in the design of stormwater detention 
facilities, providing information about the probability and the amount of spilled 
volumes under different conditions. They can be suitable in many engineering 
applications, especially in the case of strict discharge limits or of infiltration 
basins with low permeability soils, and when the continuous simulation of series 
of recorded storm events is not possible or reliable according to the amount and 
quality of rainfall records. 
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