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Abstract 
The validity of the essential work of fracture (EWF) method and its relation to J-integral 
were questioned by applying it to three polymeric materials with different characteristics, in 
particular with respect to their yield behaviour. The importance of having an almost fully 
yielded ligament before crack onset was considered. Only when this condition is met, an 
essential work parameter can be identified which is equivalent to the J-integral at crack 
initiation, as determined by the Begley-Landes multispecimen method. No correlation was 
found between the slopes of relevant EWF and J-R curves. 
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1. Introduction 
The essential work of fracture (EWF) method has become more and more widespread 
during the last decades as a way of characterizing fracture toughness of thin polymeric 
films and several reviews have been published [1-2].  
The EWF method considers the overall energy (Wf) necessary to fracture a notched 
specimen as made of two components: an essential one (We), to create new surfaces in 
the so-called fracture process zone, and the non-essential work (Wp) dissipated for the 
plastic deformation of the surrounding area, the process zone. Accordingly, the specific 
work, wf, can be written as the sum of two terms: 
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we and wpL are the essential and non-essential work respectively,  being a shape factor 
and L the length of the uncracked specimen width (ligament length). By performing a 
series of experiments on notched specimens with different ligament length L, an overall 
specific work wf vs. L curve can be obtained in which we	 and wpL are the intercept and 
slope of a linear interpolation of the data. The main limitations for the applicability of this 
method are as follows: 
- plane stress conditions must prevail: this limits the minimum acceptable ligament length 
(which should be larger than about 5 times the specimen thickness); 
- no edge effects: this condition limits the minimum notch length (i.e the maximum ligament 
length); 
- the uncracked cross-section should be fully yielded before crack onset: this last 
requirement ensures that the fracture mechanism is the same irrespective of ligament 
length (with self-similar load vs. displacement curves for different L) and Wp is proportional 
to L2, wf thus being a linear function of L. 



On this basis a testing protocol has been developed [3], even if it is not yet a standard 
both because of some experimental uncertainties [4] and some more conceptual 
arguments. 
Indeed, the EWF concept itself has often been questioned as some researchers suggest 
that this approach is equivalent to a J-integral based one [5]5-11]. In most of these cases 
the wf vs. L diagram is related to the J-resistance curve (J-R curve).  
The determination of J is based on its definition as given by Rice [12]: 
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in which U is the input mechanical energy up to a given displacement, ; B is the specimen 
thickness and a the crack length. On assuming a linear J-R curve: 
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in which JC is the value at fracture initiation. By merging eq.2 and eq.3 and integrating the 
resulting expression, one can obtain the following relationship: 
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Since the first term is nothing but the specific work wf, a simple comparison between eq.1 
and eq.4 suggests that the slope of the J-R curve should be equal to wp and Jc should 
coincide with	 we. An agreement between we and Jc has often been reported in the literature 
[5-9] while the correspondence between the slopes of the curves does not seem generally 
to hold; only in [6] is a reasonable agreement found. There still seems to be much to 
understand and clarify as the very meaning of the parameters differs for the two methods: 
we is the specific energy required to create new surfaces but it is not associated with a 
value for fracture initiation as Jc is; wp is an energy density necessary to plastically 
deform the surroundings of the fracture zone while the slope of the J-resistance curve is 
the incremental energy (dJ/da) needed to extend the crack during fracture propagation. 
In this work three different polymeric films were considered and EWF and J-integral 
analysis were performed in order to verify whether the two methods really give the same 
information or not. The three materials studied were a polypropylene copolymer (EPCOP), 
a polyester copolymer (PETG) and polyetherimide (PEI). They were selected because 
their behaviour with respect to EWF requirements is very different: PETG gives rise to a 
fully yielded ligament before crack initiation while PEI initiates a crack with negligible 
yielding around the crack tip; EPCOP exhibits an intermediate behaviour. 

2. Experimental details 

2.1. Materials 
Three commercially available films having significantly different yield thresholds were 
considered: 
- EPCOP: Ethylene-propylene block copolymer by BASF (Germany) with B = 0.1 mm 
thickness; 



- PETG: amorphous polyethyleneterephtalate by NUDEC  (Spain) with B = 0.6 mm 
thickness; 
- PEI: polyetherimide by General Electric (Netherlands) with B = 0.05 mm thickness. 
Figure 1 shows the different stress-strain behaviour exhibited by the three materials. 
 

Figure 1. Tensile stress-strain curves for the three materials studied. The increase of yield 
stress with increasing displacement rate can be observed. 

2.2. Test specimens 
Double edge notched specimens in tension (DENT) were adopted, 35 mm wide and 
85 mm long. Specimens were gripped so that the effective testing size was 35x35 mm. 
Notches were introduced into EPCOP and PEI specimens by hand-sliding a razor blade 
with a tip curvature radius below 5m; for the thicker PETG specimens, machine razor 
sliding with a blade having a tip radius of about 13m was performed. At least 11 
specimens for each material, having ligament length between 5 and 16 mm, were tested. 
Ligament length and specimen thickness were accurately measured within ±1m.  

2.3. Testing  
Tests were performed at 23°C with an electromechanical dynamometer at a constant 
displacement rate of 10 mm/min for EPCOP and PETG and 2mm/min for PEI. The load, P, 
was measured by means of a 500 N load cell. 
Displacements on the specimens were measured by means of a video-extensometer. 
Local displacements were considered in order to obtain the energy dissipated only in the 
process and fracture zones, thus neglecting any viscoelastic dissipation in the rest of the 
specimen [13]. Pairs of markers, at distances 3/8L, 5/8L and L, were placed on opposite 
ends of the specimens, symmetrically to the notch plane, vertically along the centreline, as 
shown in Figure 2. The closest pair still lying outside the plastic zone (whose size varies 
for the different materials and conditions) was chosen for measuring the displacement in 
each case. 



Tests were video recorded using a 10 MPixel IDS UI-1495LE camera in order to observe 
yield and fracture phenomenology and perform crack length measurements which were 
used for evaluating J. 
 

Figure 2. Relative position of the marker pairs used to measure local displacements 
immediately outside the fracture process zone, with L being the initial ligament length. 

3. Results 
In this section results and analysis of the fracture experiments are presented. The 
phenomenology is shown first, followed by the application of the EWF method and finally 
by the determination of J-R curves. 

3.1. Fracture phenomenology 
Figure 3a reports the load vs. displacement curves for the three materials. The points 
corresponding to crack initiation and to a fully yielded ligament are marked on the graphs; 
both events were detected visually by analysing the recorded videos. Key frames are 
displayed in figure 4 to present the yield and fracture phenomenology for each material. 
For PETG crack initiation clearly occurs after the ligament has fully yielded while for the 
PEI the opposite is observed. For the EPCOP the two points are quite close and the 
ligament becomes completely yielded shortly after crack initiation. 

3.2. Essential work of fracture  
From the area under the load-displacement curves in figure 3a the specific input energy, 
wf = Wf/BL, was plotted as a function of the initial ligament length, L. A linear fit of the 
curves was used to identify values of we andwp, according to eq.1. Validity of data points 
was checked by verifying that load vs. displacement curves for the different ligament 
lengths were self-similar and that the stress and statistical criteria reported in [3] were met. 
Results are reported in figure 3b. 



Figure 3. a) Specific load vs. displacement curves for the three tested materials; b) linear 
regression curves for the determination of we and wp 

 
 
 

 



Figure 4. Fracture phenomenology of the three materials. Pictures were taken at different 
times during the experiments, as indicated by the numbers on the relevant load-

displacement curves. This analysis allows to discriminate whether the ligament is (almost) 
completely yielded before crack initiation. 

 
 
 
  



3.3. J‐integral 
In order to determine J the Begley-Landes [14] multi-specimen method can be followed: 

1. specimens having different constant crack length are loaded up to fracture 
2. diagrams of the input energy U as a function of crack length a are obtained by 

integrating each relevant load-displacement curve up to various displacements   
3. the value of J as a function of displacement  is calculated from the slopes of these 

curves  
In this work load-displacement curves at constant crack length were obtained up to large 
displacements by adopting the procedure proposed by Hodgkinson and Williams [15]. This 
method entails the construction of “virtual” constant crack length curves from a set of 
experimental load-displacement ones. Since crack length is known at any given 
displacement from the video measurements, “virtual” constant crack-length vs. 
displacement curves could be obtained simply by interpolation of the different curves 
reported in figure 3a. Figure 5a shows these “virtual” constant crack length curves for the 
three materials: from their subsequent integration, the energy vs. (constant) crack length 
curves for varying displacements (shown in figure 5b) were then obtained. 
It may be observed from figure 5b that in the case of EPCOP and PETG the energy, U, is 
a linear function of the crack length a for almost all displacements. This can be expected if 
the crack propagates from the beginning through a fully yielded ligament. In this case the 
material ahead of the crack tip is always in the same situation and the amount of energy 
required to advance the crack by a given amount is constant; therefore the total energy 
scales linearly with the ligament length. Conversely, in the case of PEI the extent of 
yielding surrounding the crack tip increases significantly during the early stages of crack 
propagation and the relation becomes linear only for larger crack lengths. 
Differentiation of these curves with respect to a (according to eq.2) gives the values of J as 
a function of the displacement, ; they are reported in figure 6a. For EPCOP and PETG, as 
expected, a single J vs.  curve is obtained irrespective of crack length, although a 
significant degree of scatter is noticeable for PETG. This is due the presence of a peak in 
the load vs.  curves, which is not considered in the interpolated iso-a curves; however, 
there is no apparent trend with the crack length a. Instead a trend is present for PEI and 
the different curves only merge for crack lengths of 12 mm or more: this value corresponds 
to the threshold above which crack propagation occurs through a fully yielded ligament. 
The J vs.  curves are almost linear over most of the displacement range. This is expected 
from the theory if one calculates J as proportional to the work done at the crack tip by a 
constant yield stress y on the displacement , as reported in [6]. 
  



 
Figure 5. a) Load vs. displacement curves for the three tested materials; “virtual” constant 
crack length curves are highlighted. b) Energy vs. crack length curves obtained by 
integration of iso-a curves in figure 5a. 
 

 



 
Figure 6. a) J vs. displacement curves and b) crack advancement vs. displacement curves 

for the three tested materials 
 
 
The displacement vs. crack extension curves obtained from the videos are reported in 
figure 6b. Again, for EPCOP and PETG a single curve is obtained, irrespective of the initial 
ligament length (i.e. initial crack length), while for PEI this is only verified for crack lengths 
greater than 12mm. 
The two set of curves in figure 6 were used together to determine the J-R curves for the 
three materials. Results are shown in figure 7, in which curves relative to different initial 
crack lengths have been merged together. For PEI, in view of the results previously 
discussed, only data for a > 12 mm was considered.  
The curves in figure 7 show a linear trend after a certain crack extension (about 1mm) and 
a linear fitting was performed over this zone. The slope dJ/da and the intercept at a	 = 0, 
which can be thought of as a J value for fracture initiation (Jc), were determined and they 
are also reported in figure 7. While the slopes do not vary significantly, values for Jc show 
substantial differences among the three materials: PEI displays the lowest value while 
EPCOP is the toughest one. 
 



  
Figure 7. J-R resistance curves for the three materials (note the different scale used for 

the three materials) 



As mentioned in the introduction, some theories predict that we and Jc and also 4wp and 
dJ/da should be equal. Such a comparison is set up in figure 8 for the three materials 
object of this study. For EPCOP and PETG we and Jc indeed turn out to be very similar but 
for PEI the value of we clearly exceeds that of Jc.  
With regard to the slope of the J-resistance curve, dJ/da is much higher than 4wp for the 
three materials considered.  
 

 
Figure 8. Comparison between characteristic parameters measured from EWF and J-R 

curves for the three materials 

 
  



4. Discussion 
The essential work of fracture we represents the fraction of the overall specific energy 
required to create a new fracture surface. The method inherently assumes a constant 
value for the whole fracture process, performing an average between energy required for 
initiation and propagation of the crack. The remaining fraction of the overall specific energy 
is related to yielding in the volume surrounding the crack and thus depends linearly on the 
ligament length, L. By getting rid of this linearly dependent term, the EWF method allows 
the identification of the essential contribution, we, without distinction between initiation and 
propagation. If the initiation contribution can be assumed as very small or similar to the 
propagation energy, we can be effectively considered a (constant) propagation value. 
Regarding the parameter Jc, it represents the energy per unit area necessary to initiate a 
crack and it is obtained by extrapolation to zero crack advancement of the J-R curve, 
which describes the energy per unit area necessary for the advancement of a propagating 
crack. In the present work Jc is determined from extrapolation of data obtained for cracks 
propagating across a fully yielded ligament; it thus represents the energy required to 
initiate a crack in an already yielded material. As the crack advances, fracture energy 
increases together with the plastic zone size, mainly because of geometrical constraint 
effects [16-17]. 
For the three materials examined, the application of the essential work of fracture method 
was apparently straightforward, since self-similar load vs. displacement curves were 
obtained and a straight line could be fitted to the wf vs. L curves. Nevertheless, from the 
results obtained it seems that only when the requirement of having a fully yielded ligament 
before crack onset is met (or almost met, as for EPCOP), the EWF approach leads to 
identification of a parameter, we, which is equivalent to the J-integral value at fracture 
initiation, Jc. These findings show the importance of one of the method’s main requirements 
not only to achieve self-similarity of crack propagation with all ligaments but also with 
regard to the meaning of the extrapolated essential work value.  
In the case of PEI the assumption of a constant we value during crack propagation cannot 
be justified: crack advancement occurs partly across a fully yielded ligament, and partly 
not, with a varying proportion of the two regimes for small and large ligament values. This 
fact introduces an additional dependence of the overall specific energy on L which comes 
alongside the one related to yielding; the ability of the EWF method to correctly isolate an 
essential work of fracture value by a simple extrapolation is consequently thwarted, 
although this may not be immediately evident since the dependence of wf on L remains 
approximately linear.  
Even when the ligament is (almost) fully yielded before crack onset, as in the case of 
PETG and EPCOP, the we - Jc equivalence itself is not so obvious since the two quantities 
are obtained using very different methods and their immediate physical meaning is, at 
least apparently, different. In particular, we represents a fracture energy calculated as an 
average of the total energy required to initiate and propagate fracture along all ligaments 
while Jc, albeit extrapolated from propagation data, is a quantity related to fracture 
initiation, as mentioned earlier. However, in the case of a linearly increasing R-curve, the 
surplus energy required for propagation (for each ligament) is proportional to crack 
advancement – hence to ligament length: this additional contribution is then removed by 
the extrapolation perfomed in the EWF method and this can explain why we and Jc 
coincide. 
It was not unexpected that a similar correlation could not be found between the slopes of 
the wf vs. L and the J-R curve. Although formally the two quantities can be related as 
shown in the introduction (equation 1 and equation 4), the physical meaning of the two 
slopes clearly differs: dJ/da represents the increment of energy needed to advance 
fracture as the crack grows and is thus related to fracture phenomena occurring within the 



fracture process zone while wp is the average energy density dissipated in the (larger) 
plastically deformed process zone surrounding the whole ligament. 

5. Conclusions 
In this research three materials with a very different yielding behaviour were considered. 
The requirement of an entirely yielded ligament before crack onset was verified fully for 
PETG, almost for EPCOP and not at all for PEI. 
The experimental data obtained on these materials allowed to critically review the 
postulated relationship between the essential work of fracture, we, and the J-integral value 
at fracture initiation, Jc, on one hand, and the plastic work contribution to EWF, wp , and 
the slope of the J-R curve, dJ/da. In fact a good correlation was found between we and Jc, 
provided the requirement of having a fully yielded ligament before crack onset is met: in 
this case the two quantities indeed represent the same fracture energy. It is important to 
remark that apparently the EWF method could be applied in a straightforward way even for 
a material (PEI) which did not satisfy the requirements; however, in this case the physical 
meaning of the we parameter itself becomes questionable. 
As for the relationship between the wp  and dJ/da, no evidence of any correlation was 
found and this is motivated by the very different physical meaning of these two 
parameters. 
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