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Abstract — The quantities of interest in an electrica machine (em.f. and torque) can be evaluated once known
the air-gap flux density. The paper shows how to analytically model this flux density distribution, as a function
of time and of the rotor position, considering the actual disposition of dots and conductors and the geometrical
characteristics of the air-gap periphery. The winding m.m.f. is evaluated by summing suited step functions; as
regards the dots, specific field notch functions are obtained, by anaytica field solutions and applying suited
superposition techniques. The method is applied to constant air-gap machines, neglecting magnetic saturation.

Basic step model of the m.m.f.

Thewinding m.m.f. is obtained by adding the contributions of the various coils.

At first, sharp step functions will be employed, subsequently showing how to smooth the field near the coil sides.
The model isvalid both for coils with integer pitch and shorted pitch, and for single and double layer windings.

In the following, X isthe generic linear coordinate, measured along the air-gap periphery.

M.m.f. of integer pitch coil windings
The m.m.f. space distribution of an integer pitch coil of awinding with ageneric N° of poles Ny, is expressed by:

Mcs (X) = geos(p/t )g- /2, (1)
wheret = p>D/Np isthe pole pitch, D the air-gap diameter and s (x) is the step function:
s(X)=1forx3 0, s(X) =0for x<0. (2

Called It(t) = Npk(t)/a the coil total current (Nt = N° of turng/coil; i(t)= phase current; a = N° of parale paths),
the coil m.m.f. becomes:

Mo(% ) = Mes (094 (1) =M 0 Ne /)i (1) ={s goos(p gt Jg- Y ANy /a)i (). @)
In case of uniformly distributed phase coils, caled q the number of coils/(pole-phase) and t 5 the slot pitch, the

phase m.m.f. space distribution can be obtained by adding q terms like (1); by adopting a displacement equal to
(q—1)xg/2in order to obtain a phase m.m.f. centred aong the phase axis, the following expression follows:

d¢ .
Mfs (X =] {s goos{(p/t)gx- (k- Dts+(a- 1)%s/2g U- 1/2} . 4
k=1
Called ip(t) the instantaneous current of the phase p (p = 1, 2, 3), the three-phase m.m.f. equals:
Mgt (1) =M g (%) (N /@)y (t) + M g5 (x- 2¢/3 (Ny/a) X (t) + M g5 (x- 44/ {Ni/a) %3(t) ; (5)
In case of balanced, three-phase, sinusoidal currents, we have: ip(t) = stxcogwi - (p- 1)2p/3].
M.m.f. of shorted pitch coils

Considering a shorted pitch coail, caled t the coil pitch, Uy and Us the amplitude of the positive and negative
coil m.m.f. half-waves respectively, the coil m.m.f. space distribution is described by:

t t t t
Mcs.sh(x)zulzl'zt—; for -%<x<?c , Mcs.sh(x):'uzz'ﬁ for 7C<x<2><t-7c. (6)

67



The representation of eg. (6) by the step function leads to:
Mes sh(X) = s{cos(pxx/t)— cosgp® /(2% )E} -2+ (t-tg)/(2%). (7)
Sometimes it is useful to express the peripheral extensions in terms of number of slots; indicated with cp and y¢
the number of slots/pole and the coil pitch, eq. (7) can be rewritten by substituting ¢/t withye/ cp.
Of course, eq. (7) reduces to eq. (1) in case of integer pitch coils (tc = t, or yc = ¢p); moreover, the extensions to
time dependence and to phase and three-phase m.m.f. expressions follow expressions similar to eg.s (3) — (5).
M.m.f. of two layer windings, with shorted pitch coils

The m.m.f. of a double layer winding with shorted pitch coils can be easily reduced to the sum of the m.m.f.s
Mias1(X) and Mas2(X) of two single layer windings with integer coil pitch (with connected active sides within
the same layer); the two layers are simply displaced by a number of dots esequal to the original pitch reduction.
This imaginary winding transformation can be justified as follows: the m.m.f. distribution depends only on the
distribution of the currents in the slots and the current distribution is the same in the original winding and in the
transformed one. Thus, each layer m.m.f. is given by equations like (4); moreover, in order to obtain a resultant
phase m.m.f. M5 1-2(X) centred along the phase axis, an est 2 space displacement must be applied. It follows:

M ts1- 2(X) = Mjas1(X) +Mjas2(X) =M (x- (esxts)/z)"'Mfs(X' (es"ts)/z' es®g) . (8

Field functions and their superposition

The basic analytical approach employs the method of the conformal transformations. As known, a classica
example is the problem of a surface with one indefinitely-deep single slot, separated from a faced smoothed
surface throughout a constant air-gap g; among the surfaces, a constant scalar magnetic potential difference
(m.p.d.) U is applied. This problem, studied by Carter for unsaturated magnetic cores [1], leads to express the
position p(w) within the air-gap and the corresponding flux density B1(w) as a function of an auxiliary complex
parameter w. To our aims, we are interested in analysing B just along the smoothed surface (p(w) © x(w)): thus,
a more suitable expression can be obtained by substituting the parametric formulation with a function B1(X),
interpolating a suited N° of points along x axis (e.g. by means of a cubic spline); B1(X) isarea function of areal
variable (in fact, the flux density vector, always orthogonal to the smoothed surface, hasjust one component).
Cdlled Bj = myt/g “ideal” flux density (as it exists between two smoothed faced surfaces), we define “lost” flux
density B (X) the difference among Bj and any actua flux density B(x), and call “field function” b(x) the ratio
among B(x) and Bj: b(X) is so named as it describes the field behaviour by means of a p.u. function. For example,
the field functions related to B1(x), and to the lost flux density By 1(X), and the corresponding relations are:

b1 (x) =By (x)/Bi , bri(x) =Br1(X)/B;, 9)
Br1(X) =B - By(X) =B; {1- by(x))=B b 1(X). (10)

The problem is how to combine simple field functions like (9), in order to model the actual geometrical
structures, in which several dots are disposed aong one surface (for now the other surface is maintained
smoothed): to thisaim, the Principle of Superposition of the Lost Flux Density (PSLB) must be introduced.

The PSLB declares the possibility to sum the lost flux densities of the single dots: the actual lost flux density of
amulti-dot structure equals the sum of the lost flux densities due to each dot, asif it were the only existing dlot;
thus, the actual flux density equals the difference among the ideal flux density and the global lost flux density:

BL(x)=& ;Bua(x- ixts), B(x)=1-BL(x) P b (X)=8 ;bua(x- i*s) . b(x)=1-b(x) 1D
with j extended to al the dots. The PSLB isvalid also in case of intersecting lost flux density curves, due to very

near adjacent dots, and it can be applied also to other geometrica “disturbances’, asthe interpolar zones.
The PSLB has not been demonstrated yet, but several FEM tests have shown its correctness [3, 4, 5, 6].

Air-gap flux density distribution

The analysis is aimed to obtain the air-gap flux density distribution among two toothed surfaces, with any
disposition of the currentsin the dots: to this aim, some simple, basic situations must be progressively analysed.
Cdlled x and y the linear peripheral coordinates along the stator and rotor surfaces respectively, and called zthe
position of the rotor origin with respect to the stator origin, it follows:

X=y+zZ (12)
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Two dotted surfaces, among which a constant m.p.d. U is applied
The following functions should be defined (subscripts 5, g, L indicate: Stator, Rotor, Lost):
- Bg(x) and B g(X): flux density and lost flux density due to a dlotted stator surface faced to a smoothed rotor
one, evaluated along the rotor smoothed surface (bg(X) and b g(X) = 1- bg(X) are the related field functions);
- Br(y) and BLR(Y): flux density and lost flux density due to a slotted rotor surface faced to a smoothed stator
one, evaluated a ong the stator smoothed surface (br(y) and b r(Y) = 1- br(y) aretherelated field functions);
- B(xy) and B (x)y): resultant flux density and lost flux density, in case of both dotted surfaces, assumed as
purely radial, considered at half air-gap width (b(x,y) and b_(x,y) = 1- b(x)y) aretherelated field functions).
The field functions b g(X) and b r(y) could be obtained by the previously described analytical procedure, and
applying the PSLB: indeed, once operated the superposition (11), it is more suited to employ an interpolating
function. Good results have been achieved by using exponential periodic functions.
For the stator field function, called t g the dlot pitch, the following equation was used:

P 1 sil
bLs(X):bLSoﬂpi-gns”Sinz(P”(/tss)H Sg , (13)

where b_so, s, and | g can be evaluated by parameter identification, from analytical or FEM solution results.

As regards b j(Y), an expression like (13) can be similarly obtained only if the rotor is uniformly dotted (asin
the induction motors). In case of an isotropic synchronous machine, this condition is not verified, and a different
global dotting model must be developed: after performing the superposition (11), the function b r1(y) should be
considered, interpolating the field just within one rotor dot pitch; then, the dotting repetition is obtained by

summations, at first extended within one pole (bl rp(Y)), subsequently all along the overall periphery (b_R(Y)):

i o |RU CpR 1 ® R 1
I .
bLr(Y) =bLro expi - nga%/'—@/ sR— , y, bLrp (Y)= a bLngy - JRixtsRi! (14)
{ b jr=0 9 (2}
bir(Y)=& biro(y- ip%) + ip=0uuNp-1, where (15)

Ip

CpR = N° of rotor slots/pole, t R = slot pitch, Np= N° of poles, b| ro, NR, and | R to be evaluated as for the stator.
As regards the functions B(x, y) and b(x, V), y must be explicitly expressed by eg. (12): in fact, while the rotor
position zamong the faced structuresis indifferent for the evaluation of b_g(X) and b r(y) (because one structure
is smoothed), in adoubly slotted machine the mutual position zamong the structures must be defined; thus:

B(x,y)=B(xx-2) ., b(xy)=b(xx-2), (16)
so that, for agiven rotor position z, B and b are expressed only as afunction of coordinate x along the stator.
In order to evaluate the resultant functions b(x, x 2), it could seem reasonable to extend the PSLB, by summing
thelost flux density distributions of each structure; on the contrary, various FEM simulations have shown that:

b (x,x- 2)* by s(x)+b r(x- 2)
b(x,x- 2) =bg (x) bR (x- 2)= - bs (x)e€l- bLr(x- 2)8

Asfor the PSLB, also eg. (17) has not been demonstrated yet; just some remarks can explain its soundness:
- from eqg. (17), the actua flux density can be obtained asfollows:

B(x,x- z) =B (X x- z) =B %g(x)*bR(X- z) =Bs(x)Rr(x- 2); (18)

thus, the br(x- 2) function can be considered as the correction field function to be applied to Bg(X);

- the Carter’ sfactor of adoubly slotted structureis similarly evaluated, as the product of the single factors.
Finally, the origin of eg. (18) implies that the resultant flux density is assumed as consisting of a radia
component only; in fact, the actua flux density on the cylinder settled at half air-gap width has aso tangential
components: a priori, this discrepancy could imply certain errors in evaluating some air-gap quantities (such as
flux linkages, magnetic energy): various numerica tests have shown that these errors remain acceptably small.

17

Single cail fed by current in a dotted structure, faced to a smoothed surface

Coming back to the case of a smoothed surface faced to a dotted one (e.g. the stator), consider that just a single
coil isfed by current (fig.1): in case of an integer pitch t, the m.m.f. has the square wave distribution of eg. (1).
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Called B1(X) and bic(X) the flux density and the field function
ol 1o 12 1l 12 12 e distributions respectively, the b1c(X) waveform appears as follows:
2 2 - between the coil sides, the flux density is that due to a constant
Bic m.p.d., applied among a smoothed and a dotted structure;
x - near the current fed slots (N°2 in fig.1), the flux density gradually
t " reverses, with a zero crossing in the position of the dot axes.
. Called Bjn(X) and bjn(X) the flux density and the corresponding field
Fig.1 — Flux density distribution produced by & - fynctjon evaluated along the smoothed surface in front of each fed
;[‘g'e coil fed by curent, disposed in aslotted - gt it should be observed that this field behaviour is the same of
ueture faced to @ smoothed one. that in the interpolar zone of a salient pole synchronous machine.
Various FEM analyses confirmed this hypothesis. thanks to this property, the field distribution bjn(X) can be
obtained from the conformal transformation solution of the interpolar field of a synchronous machine[2, 3, 4].
The problem is how to combine the notch field function bg(x), which exists in front of the intrapolar slots (slots
N° 1infig.1), and the field function bjn(X) in front of the current fed dots (that can be called interpolar dots).
A first way to solve this difficulty could consist in defining the following function, called interpolar function:
a(x)=bjn (x)/bs(x) - (19)
In fact, this allows to apply the notch function bg(x), due to dots, to al the slots; as regards the field in front of
theinterpolar dots, it can be correctly modelled by applying the function a (X) as follows: Bjn(X) = Bjbg(X)>a(X).
The typica shapes of the functions bjn(X), bg(X) and a (x) are shown
in fig.2, within the half dlot pitch at the right of the axis of the
current fed dot: while bgX) is an even function, both bj,(x) and
a(x) are odd functions. As suggested by fig.2 and verified by FEM
simulations, a (X) can befairly approximated by:

Ptd a(x) =tanh(¥/t;) > (20)

s Xt s wheretj isaspace constant, that can be easily estimated as follows:

0 05 = t; » by /(dbjp () /dx 21

Fig.2 — Field functions in front of an interpolar . ! so/( m( )/ )X:O . ()
dot (origin in the dot axis). thanksto the linear behaviour of the functions near the dot axis.

Whole phase winding fed by current in a dotted structure, faced to a smoothed surface

A difficulty that arises in using the interpolar function a(x) is due to the fact that, when all the phase winding
coils are fed by current, each fed dot simultaneoudly appears as intrapolar (when considering the field produced
by currents in dots external to it) and interpolar (as regards the field contribution caused by its own current): in
the general case, this makes quite complicated the application of a(x) to the flux density distribution.

The use of a(x) becomes easier if it is associated to the distribution of the m.m.f. rather than to the flux density
distribution: in fact, this choice alows to apply a(x) to each contribution of the coil m.m.f. (1), thus transforming
the step variations of m.m.f. (implemented in eg.s (1) — (8)) in smoothed variations, according to the interpolar
dot field behaviour: in this way, the use of a(x) is very ssimple, because, when performing the superposition of
the coil m.m.f. contributions, a (x) is selectively and automatically implemented.

Of course, even if applied to them.m.f., in principle a(x) isaflux density correction function.

The application of a(x) to the basic situation of a coil with an integer pitch shows that the product among a(X)
and the step square-wave waveform (1) can be conveniently substituted by the following expression:

M m(x) = (1/2) #anh gk >cos(pxx/t)g (22)
kmt is a coefficient set to the value that correctly reproduces the slope of a(x) at the zero crossing; it is dways
sufficiently high (usually higher than 10) to saturate the tanh value to £1 when the cosine function tends to unity.
In case of a shorted pitch coil, the smoothed slope m.m.f. expression corresponding to the stepwise one of (7) is:

Mmen() = (1/2) { tanh kg {cos(p>og't) - cosgn st/ (2x0)g)i + (¢ - t)/(2). (23)
As concerns eq.s (3), (4), (5), (8), they remain unvaried, but in them (22) and (23) should substitute (1) and (7).

Doubly dotted synchronous machine with three-phase stator winding and distributed field rotor winding

Consider an isotropic synchronous machine having a generic three-phase stator winding (one or two layers,
integer or shorted pitch) with g slots/(pole-phase), a rotor winding with ¢y slots/pole and N¢ turns/(field coil),
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and stator and rotor slot pitchesequal totssand t R.

Cadlled Msg(x) and Mr(y) the m.m.f. space distributions of one phase stator winding and of the field winding
respectively, and indicated with if(t) the instantaneous current in the field winding, the following stator, rotor and
resultant instantaneous m.m.f.s. can be written:

ms(xt)=(N¢/a)x & Misgx- (p- 1)@t/3pip(t) mr(y,t) =M R (y)N¢ %¢ (t) . (24)
p=1,2,3
m(x,y,t) =mg (x,t)+mg(y,t) P m(x,x- zt) =mg(x,t)+mg(x- zt) . (25)

The second formulation of the instantaneous distribution of the total m.m.f. points out that the m.m.f. acting in
each point x measured along the stator periphery depends on time (as concerns the current time waveforms) and
on rotor position z (that can vary as atime dependent variable too).

Finally, the instantaneous distribution of the air-gap flux density is described by this compact expression:

b(x,y.t) =(mp/g)>m(x.y,t)bs(x) or(y) P b(x,x- z,t)=(m/g)m(x,x- z,t)bs(x) br(x- 2).(26)
where bg(x) and br(x- 2) are the “notch” field functions taking into account the stator and rotor slotting effects,
whilethe interpolar field effects are modelled directly by the tanh zero crossing shape of the m.m.f. terms.

As an example of m.m.f. space distributions, in case of single-layer, integer pitch stator windings, the stator and
rotor coil m.m.f. expressions can be written as follows:

Mes (X) = (¥2) anh gkps cos(px/t)§ i Mcr(Y) =(1/2) tanh gk cos(py/t)g,  (27)
whilethe correapondi ng phase and field winding expressions are given by:
u Cp é @p 1
M fs(x) = a Mcsex 8—-(15 )"tssa;MfR() 4 Mcréy- § o (ir-1) >¢sRu (28)
js=1 u R E e

Validation of the analytical method by FEM comparison

A lot of global and local tests have been done, performing FEM simulations [6] and analytical evaluations of
different geometrical and operating conditions: in the following, just some results are shown, aimed to show the
soundness of the adopted approach. Reference is made to a constant air-gap synchronous machine (datain Table
1): even if some quantities are not completely realistic, it isasignificant validation test for the described method.
Fig.3 showsthe flux density distribution as afunction of the electrical angle q aong the stator bore.

0.8 Table 1- Data of the
Brem - _ analysed constant air-gap
0.6 synchronous machine
Ban ¥ ‘ N° of pales 2
04 | ' N° of
[T] . parald paths 1
0.2 | N° of
stator slots 18
N° of
0 stator phases 3
N° of winding layers| 1
-0.2 N° of rotor
dots/pole 4
-0.4 mech. angle among
rotor slots 30°
-0.6 stator internal
diameter [m] 1
-0.8 ar-gap [mm] 5
stator and rotor slot
-1 opening [mm)] 30
0 50 100 150 200 250 300 350

Fig.3 - Fux density distribution as a function of the angle q along the stator bore, for the shown rotor position; Bgn =
analytica method; BEEM = FEM calculations (radia component, evaluated a haf air-gap width); machine data of Table 1;
operating conditions: field slot tot. current = Itf = 1000 A; sinus. stator currents: peak phase slot tot. current = lyph\ = 400 A.
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Since the analytical model assumes a purely radia flux density, in the FEM simulations only radial components
at half air-gap width have been considered.

As can be noted, the field distributions are very close, giving an effective validation of the described anaytical
approach; a quantitative estimation of the reciprocal discrepancies can be obtained by evaluating the following
accuracy index integrals, indicating p.u. values, performed within one half-wave of the flux density diagrams:

1y = Lot B0~ BeEm (9 4 1 = Lot [Ban0 - Brem (9] o
t BMAX t BMAX

|1 gives the average error value of the actua loca difference, while 1o represents the average error value of the

absolute value of this difference: the percent values referred to fig.3 are: 11 = 0.33 %; 12 = 1.20 %; the first index
islower than the second one, thanksto a partial sign compensation in the local differences, rectified in the 2.

The leve of discrepancy is sufficiently low to suggest that it is caused not only by possible inaccuracies of the
analytical method; in fact, it could be partially imputed to the FEM resuilts.

Finally, in order to show the accuracy of the analytical method aso in case of partial overlapping of faced dats,
fig.4 shows some p.u. flux density distributions (i.e., the function b(x, x- 2) = bg(X)xbr(X, x- 2)) evauated
analytically and by FEM simulations (as before, radia component at half air-gap width), under constant p.m.d.
U: the size of dot openings and air-gap are the same of Table 1, and five reciprocal positions Dz are shown with
steps of 10 mm, starting from the slot axes aignment: as can be seen, the waveforms are quite similar, both as
shape and values, confirming the fair soundness of the method.

b Dz=0mm b Dz=10mm b Dz =20 mm b Dz =30 mm b Dz =40 mm
0.9 0.9 \ / “ TN o.: ‘ /N
08| 08 08
07— / 07 07
0.6 1 3 0.6 0.6
0.5 1 0.5 0.5
0.4 - 0.4 4 o4
03 S 03 03 03
0.2 0.2 . 02 - 02 02
0.1 0.1 o1 0.1 0.1

(29)

0.9
0.8

0.9
0.8
0.7
0.6
0.5
0.4

0.7
0.6
0.5
0.4
0.3

%7015 02025 03035 04 %105 02025 03035 04 %7015 0202 03035 04 %1015 02 025 03 035 04 ®T05 02025 03085 04
X [mm] X [mm] X [mm] X [mm] X [mm]

Fig.4 - p.u. flux density distributions (i.e., function b(x, x- 2) = bg(X)xbR(X, x- 2)) evaluated analyticaly &) and numerically

(----: FEM simulations - radial component at hdf air-gap width -), under constant p.m.d. U; slot openings and air-gap sizes:.

see Table 1; Dzisthe mutual displacement between stator and rotor dots, starting from the dot axes alignment;

parameters of the equations (17), (18): stator: b| so= 0.684; ng=17.2; | g=1.77; rotor: b| Rg= 0.684; nR=371; | R =1.79.

Conclusion

An analytical method for the evaluation of the flux density distribution at the air-gap, taking into account the
stator and rotor slotting effects and the actual distribution of the instantaneous currents, has been described: its
good level of accuracy has been verified considering atest case, concerning an isotropic synchronous machine.
The described method is well suited to the analytical, accurate, evaluation of em.f. and torque waveforms, of
great interest in many modelling and design problems concerning sotted electrical machines.
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