Electrical Drive in/around Torsional Resonance:
Analytical Model

D. Pejovski, A. Di Gerlando, G. M. Foglia, R. Perini

Abstract — In this paper a complete analytical model of an
electric drive in/around torsional resonance is presented. The
model includes the electrical equations of a permanent magnet
synchronous machine (PMSM), the mechanical characteristics
represented by a two-degree-of-freedom (2DOF) system and the
equations describing the control system. The objective is to
obtain formulae on hand to predict both the electromagnetic
and the shaft torque harmonics around resonance. Accounting
for the various aspects, this model reveals the interconnections
between electromagnetic, mechanical and control phenomena.
The overall system solution is obtained by applying the small
variations method and transfer functions formalism. The results
are confirmed by simulations in Matlab/Simulink environment.
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I.  NOMENCLATURE

R L PMSM phase resistance and inductance [€2], [H]
Ppu permanent magnet flux [Wb]

I, JL motor and load inertia [kg-m?]

Om, O motor and load mech. angular position [rad]
6,0,  motor and load mechanical speed [rad/s]

6 motor electrical speed [rad/s]

Wa, Wy flux linkage along the dq-axes [Wb]

p time derivative [s]

np number of pole pairs

B coupling damping [Nms/rad]

K coupling stiffness [Nm/rad]

Tow, fsw  switching period and frequency [s], [Hz]

kpr proportional coeff. of the current regulator [V/A]
ki integral coeff. of the current regulator [Vrad/As]
kpo proportional coeff. of the speed reg. [Nms/rad]
ki integral coeff. of the speed regulator [Nm]

orer reference motor mechanical speed [rad/s]

i;gf s lag reference and actual dg-currents [A]

€idg error between ref. and measured dq-currents [A]
eo error between ref. and measured speed [rad/s]

Vi amplitude of phase voltage harmonic, rms [V]
hy, h voltage and torque harmonic order
fer current loop cutoff frequency [Hz]

my frequency modulation index

Wh harmonic angular frequency [rad/s]
INimech natural frequency of the mechanical system [Hz]
N natural frequency of the overall system [Hz]
Tap(1) fundamental voltage in af-frame [V]

Uapny  voltage harmonic in of-frame [V]
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Tap motor currents in ofi-frame [A]

Yap PMSM flux in af-frame [Wb]

Tem T Ty electromagnetic, load and shaft torque [Nm]
Terrflf reference electromagnetic torque [Nm]

II. INTRODUCTION

HE control system is an essential part of any modern

electric drive since it provides a desired way of machine
operation. Its role is particularly important in transient
conditions when mechanical oscillations are reflected
significantly on the electrical side. Numerous publications
have treated the electro-mechanical interactions in an electric
drive, and others the effect of the control system on the
electrical quantities. To the authors’ best knowledge, there is
no research that deals with all these aspects in/around
resonance condition and combines them in a unique all-
inclusive mathematical model which highlights the
interconnections among relevant quantities.

In [1], the traditional mechanical lumped-inertia model is
extended by a torsional spring and a damper between the
motor and the ground to account for the electromagnetic
phenomena in the air gap. The results show a shift in the
torsional frequencies due to the electrical aspect of the
system. The model is verified by multi-physics simulation
software, but not experimentally. In [2], the propagation of
harmonics resulting from mechanical dynamics to the motor
air gap on the electrical side is analysed in detail. The paper
provides a very solid basis for further research. In [3], an in-
depth analysis of the mechanical system characteristics and
torsional vibrations excited by electromagnetic torque
harmonic is presented. However, the previous articles do not
examine the effect of the control system on the torque
harmonics amplitude. In [4], a dynamic model of an
integrated electrical drive system is presented, and the
electromechanical coupling characteristics are studied. The
control system, instead, is analysed separately and the PI
speed controller parameters are chosen through multiple
simulations. Another paper investigates the effect of the
motor flux harmonics due to the slots, current measurement
errors and dead time of the inverter. However, it does not
consider the detailed mechanical model [5].

In [6], an extensive survey regarding the effect of
parameters uncertainties on the torsional frequencies is
presented. However, the paper considers mechanical
characteristics only, not the electrical ones. In [7], the
response of the control system on torsional vibrations is
discussed, highlighting the effect of the oscillations present
in the measured signals, delays caused by sampling times
and calculations inside the control loops. However, this work



does not provide a full mathematical model integrating the
control system with the electro-mechanical interactions.

In the industry, a PI speed regulator is typically used for
controlling an elastically coupled load. The main issue with
this control method is the limited possibility for pole
placement and therefore, a limited speed control dynamics.
[8]. As suggested in [9], the conventional PI speed loop
bandwidth can be reduced to suppress any excitation at the
resonant frequency. The problem with this solution is the
slow dynamic performance. It should be noted that in many
papers dealing with torsional vibrations the inner current
loop is assumed to be much faster than the outer speed loop,
thus it is represented as a first order lag or a unity gain [10].
This approach loses the dynamics of the inverter and the
electrical motor parameters; therefore, it cannot provide a
complete picture of the overall system behaviour and the
mutual interactions.

In Section III of this paper, the electrical equations of a
PMSM in the dg-frame are extended to account for a voltage
harmonic generated by the inverter operation. It causes
harmonic currents, which, in turn, generate harmonic torques
and consequently, mechanical oscillations. When the
frequency of a torque harmonic matches the system natural
frequency, a torsional resonance is excited. Moreover, in this
section the mechanical characteristics of the motor and its
load are given by differential equations for a 2DOF system.
The control system is also described by appropriate
equations. A general all-inclusive model is created in the
Laplace domain. The system is solved by applying the small
variations method and the resulting transfer functions are
combined in the frequency domain to obtain simple formulae
for computing the amplitude of the electromagnetic and the
shaft torque harmonic in/around resonance. In Section IV,
the analytical results are verified by extensive
Matlab/Simulink simulations in various operating conditions.
Conclusions are presented in Section V.

III. ANALYTICAL MODEL OF THE PMSM DRIVE

A general representation of the system under study is
shown in Fig. 1. What is important to be highlighted is the
formally injected harmonic U4p(p,) Which in practice appears
due to the modulator. In this section each of the blocks in
Fig. 1 is modelled separately and then the overall system
model is established and solved.
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Fig. 1. Basic block-diagram of the system under analysis. Important
variables are highlighted in red. Subscripts 0 and % or 4, indicate steady-state
value and harmonic variation, respectively.

A.  Physical System

The physical part of the system consists of the inverter,
the PMSM and its load. Let us start from the equations of the
machine in the stationary of-frame, emphasizing the voltage
harmonic Tggp,):

Tap) + Vap(ny) = Rlap + PPap (1)

In the rotating dq-frame instead, (1) gives rise to the
following components along the axes:

{Vdu) + Vamy = Riq + pPg — 03,
V(1) t Vg = Rig + g + 04

where & = h, =+ 1, according to the harmonic sequence and the
fluxes w.y are defined as:

2

llud = le + lIUPM
{qu = Li, (3

Applying the small variations method, the system in (2)
can be linearised and decomposed to a steady-state value in
(4) and an oscillation given in (5):

{Vdou) = Rigo — éoll’qo @)
Vgo1) = Rigo + 0o¥ao
Avg = Avgqy + Vg =

RAig + pApy — 0o, — 1 oA0 )

Avg = Avgy + Vgm) =
RAiy + pAy + Oodhy + Paold

The time derivative of the flux variations along the dg-
axes are expressed from (5):

pAY, =
— 2 0Pq + Bolhg + PaodO+Ava() + Vaen)
PAYg = )
—00MPg — = My — a0l + Avgqry + Vg

On the other hand, the mechanically related variables, like
angular position and speed, are presented in Fig. 2. They are
found from the Newton’s equations of motion as in (7) [11],
which account for the inertias and the coupling parameters. A
2DOF mechanical system whose data are given in Appendix
I is characterised by a torsional frequency fymecr = 112Hz.

gmszem = Tom — K(Om — 0,) — B(gm - BL) 7
1520, = K(8 — 6,) — B(6,, — 6,) — T,

-~/

|H[_//

Fig. 2. Mechanical aspects of a 2DOF system consisting of a PMSM, its
load and their coupling.



To investigate the effect of 7., harmonics on the motor
speed, we can consider a constant load torque 7;, without any
variations and neglect it in the further small signal analysis.
The transfer function from the electromagnetic torque 7e to
the motor electrical speed 6 can be obtained from (7) as:

i_ n,(J,s* + Bs + K) _ npN(s)
Tem ]‘m]LS3 +B(]m +]L)52 + (]m +]L)KS D(S)
®)

From an electrical point of view, T, is proportional to
the flux w,, as given in (9). By introducing it in (8) and
applying the small variations method, the time derivative of
the electrical speed variation is found as in (10):

Tem = npl’UPMl/Jq/L )
. Upm J.s?+Bs+K
sA6 = L np]-m]LSZ +B(]m +]L)S +K(]m +]L)A¢q
(10)

The inverter is commonly represented as a unity gain, or
more precisely as:

AT (11)

Avy, = ———
A9 = 14sTg, 44

B.  Control system

Although the block scheme of the control system can be
easily found in literature, here it is shown in Fig. 3 since it
will be used for defining several relevant equations. The
oscillations of the speed and the angular position are put in
evidence.

The scheme consists of inner current loop and outer speed
loop, both employing PI regulators. Each regulator gives rise
to two equations: a differential as in (12) and an algebraic
one as in (13):

_ .ref .
Pé€ia =13 —lg
peig =iy —1i, (12)

pbéa = érzef - 9m

Vgef = ka(i;zef - id) + kijgiq — npéml‘iq
v;ef = kpl(l:;ef — lq) + kilsiq + npem(l»bPM + L"d)(13)
Terrif = kpﬂ(érrnef - em) + kiogo

.ref compensation terms .
La Tre L —ref
e. (4

—1: Vap()

nyPpm

Fig. 3. Block diagram of the control system. Harmonics due to the
mechanical oscillations are highlighted in red.

All the compensation terms are included in (13). Another
equation can be written from the block-diagram in Fig. 3:
ref _ .ref .ref _ 1 ref
Tow = npl/)PMlq — g = mTem (14
The small variations method is applied to (12)-(14),
having in mind that Ax-Ay is negligibly small, Ai/¢ = 0
(assuming MTPA operation) and éfnef = 0. Substituting the
variations of (13) and (14) in (11), we obtain Avg1) and Avya)
to be inserted in (6):

1 . .
Mgy = ——[kp (87 = Aig) + kyherg —

1+sTsy . .
npLOmodiy, — nyLiged6y]  (15.1)

1 . .
Mgry = ——[kpi (8i] — Aig) + kyAeyy +

1+5Tsy

N WpyABm + nyLOmodig + 1y Lige40,,]1(15.2)

The overall system consists of (6), (10), and the variations
of (12). It can be written in matrix form in the Laplace
domain, formally replacing the time derivative p by the
complex variable s:

Mg Mg

1 0
My M| 1o 1
A | AB 0 0|[Vaw
SMaeg |~ [4ss] Agiy *lo o [Vq(h) (16)
lASiq] lAEiq} 0 0
AEQ AEQ 0 0

where the system matrix 4 is given in (17).

The system (16) is solved and all the relevant transfer
functions relating the inputs vuu and vy and the state
variables are found. In this analysis, the transfer functions in
(18) are particularly important because they define the

R kpr STsw

STew

T LT L(+sTew) 1+5Tgy 1+5Tgy Va0 1+5Tgy 0 0
_ _STow R__ kpr kis kpikia
1+5Tgy, 0 L L(1+sTsy) Az3(S) 0 1+5Tow  NpWpm(1+5Tsw)
Asys — 0 a32(S) 0 0 0 0 (17)
-1/L 0 0 0 0 0
k Q k‘g
0 —1/L ___pi 0 0 PR £ S
/ nZYpym npYpm
0 0 -1/n, 0 0 0
_Ypm_ 2 JLs®+Bs+K _ STsw _ kpikpa
52(8) = = M B stk 1 923() = “Wao T g Wen T Qe



contributions of the harmonic voltages in the dg-frame to the
torque harmonic. Their analytical expressions are given in
Appendix II.

Gema = Tem,h(s)/th(s); Gem,q = em,h(s)/th(S) (18)

Furthermore, the transfer function between the
electromagnetic and the shaft torque, obtained from (7), is:

(19)

JL(Bs+K)

Tspn(s) _
JmJLS?+Um+JL)(Bs+K)

Tem,n(s) -

sh

Therefore, the transfer functions between the voltage
harmonics in the dg-frame and the shaft torque harmonic are:

_ Tshn(s) _

Gspa = Van(s)  Jemd Ggp; (20.1)
Tsh,n(S)
sh,q — ;:hh(s) = bemgq Ggn; (20.2)

As an example, let us plot the transfer functions Gem,dq
and Gy 4, for a system whose data are given in Appendix I.
The fundamental frequency is /i = SHz and iy = 0.27,. Two
different cases are considered: the first one is characterized
by switching frequency f;,,=75Hz and current loop bandwidth
fe.=1.8Hz much lower than fy u.s, while in the second case
these values are much higher than fymeen: fow=SkHz and
f..=300Hz. The speed loop bandwidth is considerably low to
avoid instability. The results are given in Fig. 4, where the
complex frequency s is treated as a continuous variable, i.e. it
is the frequency of the harmonic input vaym).

Several conclusions can be made from Fig. 4:

e Regardless of the current loop bandwidth, as the forcing
harmonic frequency approaches the mechanical resonant
frequency fumecn, the amplitude 7., decreases significantly,
almost becoming null.

e In case of f.; << fymees, there is an evident peak in both
Temn and Ty, at a frequency slightly higher than fumecn: this
point defines a new overall resonant frequency fy. Its value is
a root of the denominator polynomial in (18) and for our
system fy = 117Hz. This is not the case with f.; >> fymeen
because, as expected, the current loop damps the oscillations.
e In both cases, the contribution of vy to the torque
magnitudes is less significant with respect to vyp).

C. Torque harmonic magnitude estimation due to phase
voltage harmonic

It is more significant to evaluate the effect of a phase
voltage harmonic V4p(,) on the torque harmonic 7.y, and
consequently Ty, It can be done in the frequency domain
by superposing the effects of vgs) and ves on the torque
amplitudes.

Let us assume a voltage harmonic of positive sequence at
frequency w;=h,-wi. Applying the Park transform, the same
harmonic in the dq-frame is:

Tem,h(s)JTem,h(S) [dB] a) fo; = 1.8Hz, fy, = 75Hz
0 th (S) th (S) T T [—Gem,d

! —Gem,q
aut ; il

Tsnn () Tsnn(s)
2 Van(s) ' Van(s)

[dB]

1 1 —Gshd|
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Fig. 4. Bode mag. response to a voltage harmonic. Transfer functions from
Vd(h) > Vq(h) to Tem,h 5 T.\'h,h: a)f('.'[ = ISI‘IZ,/‘w =75Hz b)f(I = 3001‘12,/‘w = 5kHz

{vd(h) = \/§Vh Sin(hwlt)

h=(h,—1 21
Van) = V3V, cos(hw;t) (=1 @D

By evaluating the amplitudes and the phases of the
transfer functions Gene and Genq given in (18) at the forcing
frequency w; and combining them in the frequency domain,
the amplitude T, can be estimated as [11]:

|Tem,h| = ‘/§Vh\/ k% + k% (22)

where the gains k; and k, are given in (23). In a similar way,
the formula can be obtained for the shaft torque harmonic
T, using the transfer functions in (20). The same approach
is valid for a negative sequence voltage harmonic as well.

As an example, let us consider A,~13, which results in a
torque harmonic #=12. Keeping the harmonic order fixed and
io = 0.21,, the fundamental frequency is varied and the
magnitudes Tenn and Ty, are evaluated in two cases, with
current loop bandwidth lower and higher than fymecn,
respectively. The switching frequency is fs=mpfi, where
m/~15 and m~1002, respectively. The results are shown in
Fig. 5: the system at each point operates at steady state.

e In both cases, T.n, becomes almost zero when the
modulation results in a harmonic at a frequency fx,mech.
o At the same time, Ty, starts increasing.

kl = |Gem,d (jwh)| cos (arg (Gem,d(iwh))) - |Gem,q (ja)h)| sin (arg (Gem,q (]wh))>
arg (Gem,d (]wh))) + |Gem,q (iwh)| cos (arg (Gem,q (/wh)))

N

k, = |Gem,d(iwh)| sin

(23.1)

(23.2)
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Fig. 5. Amplitude of the electromagnetic T7,,, and shaft torque Ty,
harmonics due to a phase voltage harmonic. a) f.; = 1.8Hz, m=15 b) f.,; =
300Hz, m=1002.

o With f.; << fymeen, both Te, and Ty, have a peak value
when f,=fw.

o With f.; >> fymeen only Ty, reaches a peak value at f,=fy
and its value is much lower than in the case with low current
loop bandwidth.

IV. VALIDATION BY SIMULATION

As a first step, the transfer functions Gemds and Gy
obtained in (18) and (20) were verified in Matlab/Simulink.
All the PMSM drive parameters are given in Appendix II. At
fixed fundamental fi=5Hz, sinusoidal perturbations vy and
vgny With variable harmonic /# were injected. Two cases were
considered, both with i, = 0.2/,: current loop bandwidth
lower and higher than the mechanical torsional frequency,
respectively. The results are shown in Fig. 6.

It can be noticed that in case of current loop bandwidth
lower than fymen the analytical results match perfectly the
simulation values. In case of current bandwidth higher than
fumeen instead, there is an apparent discrepancy between the
computed and simulated results related to the d-axis transfer
functions. This outcome can be explained by the numerically
low values of about -70dB in Fig. 6b). Therefore, it is not
necessary to insist on lowering the mismatch.

As explained in Section IV, predicting correctly the
amplitude of the electromagnetic and the shaft torque
harmonic due to a harmonic voltage is more important than
the individual transfer functions. Let us consider a voltage
harmonic 4,=13 which excites the #=12" torque harmonic.
Varying the fundamental frequency fi, i.e. varying the drive
operating speed, torque amplitudes were estimated both
analytically and in Simulink. The results in case of
significantly different values for the current loop bandwidth

Temp  Temp [dB] @)for = 1.8Hz,my = 15 ‘—Gcm,d
Vi, =% T T — T T T —Gem,q
-20 \ \ 2
— h =42
-0 \/\ ]
\
=19 = < —_—
oL M2 k=18 ‘ L h=30 ‘

40 60 80 100 120 140 160 180 200 220 240

40 60 80 100 120 140 160 180 200 220 240

Harmonic frequency f;, [Hz]

0 Tcm,h Tcm,h [dBl b) fer = 300H 2, m; = 1002 —Gem,d
Vi 7 Ty 1] —Gema
Tl oSN i et
-100 = ‘ ‘ W ‘ ‘
40 60 80 100 120 140 160 180 200 220 240
Tsh,h . Tsnp [dB]

-100 L L L L L L L
40 60 80 100 120 140 160 180 200 220 240

Harmonic frequency f;, [Hz]

Fig. 6. Transfer functions between inputs v and v, and outputs 7,,,; and
T for fixed f; and variable harmonic frequency. Comparison between
analytical (full lines) and simulated results (points) for two different cases:
a) fe1 = 1.8Hz, m;=15b) fo; = 300Hz, m,=1002.

are shown in Fig. 7 and Fig. 8.

In both cases, the analytical results are aligned with the
simulation ones. It means the analytical model predicts
accurately the torque amplitudes. Even though there was a
little discrepancy between the analytical d-axis transfer
function values and the simulation outcome, both 7., and Ty,
harmonics are predicted correctly since the g-axis quantities
have a much more significant effect on the torque responses,
due to the PMSM principle of operation. Having enhanced
our understanding of how the overall system responds
in/around resonance, these findings will help to prevent from
system damage due to torsional vibrations.

V. CONCLUSION

A mathematical model of an electric drive containing a
PMSM and operating in/around torsional resonance was
presented in this paper. The model accounted for electrical,
mechanical, and control aspects through suitable differential
equations. On-hand formulae for predicting analytically the
amplitude of the electromagnetic and the shaft torque
harmonic were obtained. The resulting analytical solution
gave an insight of the interconnections between various drive
aspects. The results were verified through extensive
simulations.
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VIII. APPENDIX I
TABLEI

PMSM, LOAD, COUPLING AND CONTROL SYSTEM DATA
Rated power P, [kW] 6.91
Rated torque 7, [Nm] 22
Number of pole pairs n, 3
Rated frequency f, [Hz] 150
Permanent magnet flux ¥p) [Wb] 0.165
Phase resistance R [Q] 0.393
Synchronous inductance L;~L,~L [H] 4.8-10°
Motor side inertia J,, [kg-m’] 3-10°
Load side inertia J; [kg'm?] 123-103
Coupling stiffness K [Nm/rad] 1458.5
Coupling damping B [Nms/rad] 0.0567
Proportional coeff. of the current regulator k,; [V/A] 0.045/9.473
Integral coeff. of the current regulator k; [Vrad/As] 0.475 /3740
Proportional coeff. of the speed reg. k,o [Nms/rad] 0.134/0.776
Integral coeff. of the speed regulator kio [Nm] 0.145/0.857




IX. APPENDIX II

Tem,h(s) — G;l-rlrﬁg(s) . — Tem,h(s) — Gglrirll,rg(s)
Van(s) — Goua(s)” ™ Van(s)  GER(s)

. Bs
G;’L#l'rg(s) = _]m_]Lanll)PMSS(S + Ts;vl)eo [52 + wlz\l,mech (7 + 1)]

Gema (s) =

GEES) = it + T |57 + e (1) [SCR + LI + ) + (s + )T
Goelia(s) = aqos™ 4+ ags® + -+ a;s + ag
a0 = JmJL L?
ag = (m + JL)BL? + 2J;nJ L(LTg, + R)
ag = JuL(nyWpa) + U +JDIKL + 2BUTRE + ROIL + Joudy (LT} + R? + 2L (Kyy + 2R)Tt + (6L)°)
a7 = Jukpikpal Tad + (mppu) [BL + JL(LTa} + ROV + JmJy2[kaL + (ks + R) LTk + BT
+ U + 1) {2KLQUTSH + R) + B [(LT5})? + R? + 2L (kyy + 2R)T} + (86L)° [} + fqo) i L2n3en s
as = [JLL(kpikia + kirkpa + kpikpaTeit) + kpikpa(BL + JLR) | Tl
+ (ngWen) [ (kepr + R)Tigh + LBTG! + K) + BR] + Jy, [ 2K R + (2L + (ke + R)”) Tl | Tk
+ BigoL?n2py 0,
+ U + ) {2B [k L + (kpy + R LTS + RT3}
+ K [(LT5h? + R? + 2L (ky + 2R)T3} + (60L)° ]}
as = Tot {Jukpikpa (Ko + R)YTl + Llkikia + Kheyikpa + B(Kpikia + kirkya)]
+ (LTo! + R)(Bkyikpo + Jukitkpa ot + Jukprkia)
+ (npon) [B o + R)Td + K (LT + R + JukuTagt] + 2k (ks + R) T
+ U + 1) [2KKisL + 2Bk R + 2K (ke + R)(LT! + R) + B (2 L + (ke + R)") T3]}
+ igoKL* 2 py 6,
a, = To} {Lku(Bkia + Kkya) + Kkyikia] + Rk (Juki + Bkypa) + ki (Bkiq + Kkiyg)]
+ Tt [Kkpikpal + B (Kpi (kpikpa + kiaL) + kpa (KL + kyiR) )
+ )1 (KukioL + kprkia(Kps + R) + Kigkepa (2kpr + R))| + (npthon) [Bleis + K (K + R)]
+ Jum Tk + U + 1) [2K Rk + 2Bk (ks + R)Td + K (2Kl + (ky + R)) T |}
az = Tgy {BTsTml [kzzﬂkiﬂ + ki (kalkpﬂ + kigL + kiyyUm +]L))] + KRkyki + BR[kpikioTant + kiy(kia + kpaTend)]
+ Kkiy (KiaL + (nphpa)” + kpaR) + Juki [2Kprkeiq + Kirkepa + kiR + 2K (e + R)] Tt
+ K[k kg + kprkigL + kikpaL + kprkpaR + 2 ks (pr + R)]TS;}}
a; = Tei} {KukiaKR
+ [k (Bleia + Kkipa) (2keyy + R) + Kkeiq(Jepn (K + R) + ks L)
+ k2 (U +JLK + Jukia + Blpa )| T}
a; = kyki(Bkig + Kkpa) + Kkio(2kp, + R) | T2
ap = KkiikioTey!
_K(Um +J)
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