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NASH EQUILIBRIUM SOLUTIONS OF THE CONSTRAINED
PURSUIT - EVASION GAME

Filippo Sangiorgi*, Filippo Mascellani†, Michele Maestrini‡ and Andrea De
Vittori§

Geostationary satellites are essential to provide space-based services for civilian
and military purposes, such as communications, weather forecasting, and remote
sensing. The increasing risk of hostile actions aimed at damaging or destroying
the spacecraft necessitates the design of effective evasive maneuvers. To ensure
mission objectives are not compromised, this problem is commonly modeled as a
constrained pursuit–evasion game, a particular instance of Constrained Differential
Games. Although such games naturally arise in many applications, general results
on the existence and uniqueness of their solutions are still lacking. In this work, op-
timal solutions are investigated in the form of Nash equilibrium, where one or both
spacecraft are confined within a prescribed latitude–longitude slot. Spacecraft dy-
namics are modeled in latitudinal coordinates, including perturbations from the J22
effect, the third body, and the solar radiation pressure. Positional constraints are en-
forced via recentered logarithmic barrier functions, which add penalties to the play-
ers’ objectives. The motion dynamics and the barrier functions lead to strong non-
linearities in the problem treated through Model Predictive Static Programming. This
approach allows the strategies of both players to be expressed in analytical closed
form, yielding a saddle-point solution, and thereby ensuring equilibrium. Given the
non-cooperative nature of the problem and the impossibility of explicitly specifying
a desired time frame for the end of the game, a receding time horizon technique is
adopted. The simulation results validate the effectiveness and robustness of the pro-
posed method under different initial conditions, path constraints, and control efforts.

I. INTRODUCTION
Pursuit–Evasion Game is a powerful mathematical abstraction, derived from differential game the-
ory [1], for modeling the interaction between two competing players with opposing objectives.
Over the past few decades, pursuit–evasion games have found numerous applications in classical
aerospace problems, such as aerial combat involving constant-speed [2] and variable-speed ma-
neuvering aircraft [3], air-to-air missiles and high-performance aircraft [4], [5], as well as orbital
engagement scenarios with low-thrust coplanar satellites [6], [7]. The goal of the pursuer is to reach
the instantaneous position of the evader, acting as a kinetic impactor, while the goal of the evader
is to escape from the pursuer or, at least, to delay the capture time. The most common approaches
for deriving the actions of the players are Dynamic Programming (DP) and Calculus of Variations
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(CoV). In the case of nonlinear dynamics and nonlinear objective functions, DP approach leads
to the solution of the Hamilton-Jacobi-Isaacs (HJI) partial differential equations [8], [9], whereas
CoV reduces to solving a Two-Point Boundary Value Problem (TPBVP) [10]. When the problem
is formulated as a Linear–Quadratic Differential Game, both approaches converge to solving an
Algebraic Riccati matrix equation, which is typically addressed using the State-Dependent Riccati
equation (SDRE) method, whose applicability to satellite chasing problems has been demonstrated
in [11], [12]. Compared to the solution of HJI equations and TPBVPs, this approach offers a com-
putationally efficient alternative for deriving optimal feedback control laws [13], and can be further
adapted to Model Predictive Static Programming (MPSP) [14], to obtain iterative closed-form so-
lutions in close-proximity orbital regimes [15]. The present study extends the pursuit-evasion game
to the geostationary regime, considering geostationary satellites as the players of the game. These
satellites are typically subject to operational constraints that confine them to prescribed orbital slots
to ensure safe coexistence with other satellites [16]. Identifying optimal evasive maneuvers in con-
strained scenarios requires a methodology to properly bound the problem. Although necessary and
sufficient conditions for the existence of the solution of Constrained Linear Quadratic Differen-
tial Games have been derived in [17], [18] and applied to dynamic duopoly and highway driving
problems, the strong nonlinearity of spacecraft dynamics and the need to discretize the extended
constrained region associated with the orbital slot preclude their direct application to orbital sce-
narios. Reinforcement learning and AI-based approaches have also been extensively investigated
in recent years for pursuit–evasion games [19]; however, their applicability in constrained orbital
scenarios is limited by the absence of representative datasets suitable for training such algorithms.
In contrast, interior-point methods represent a mature and well-founded class of techniques for
constrained nonlinear programming, with recentered logarithmic barrier functions [20] offering an
effective alternative for handling problem constraints while addressing the aforementioned limita-
tions. This work proposes a novel methodology for the derivation of iterative closed-form solutions
to constrained pursuit–evasion games in orbital regimes by extending the framework introduced in
[15] through the incorporation of path constraints via recentered logarithmic barrier functions. A
general formulation of the problem is reported in Section II. Section III provides an overview of
the essential tools underlying the numerical model developed in this study. Section IV presents the
analytical steps required to derive the players’ strategies. Section V describes the main features of
the adopted algorithm, and Section VI presents the numerical results obtained using the proposed
methodology.

II. PROBLEM FORMULATION
The Constrained Pursuit-Evasion Game is modeled as a Linear Quadratic Differential Game where
the objective functions of the players are given by a quadratic combination of the output of the game
Y ∈ R3 and of the state Xj ∈ R6 and control variables Uj ∈ R3 of spacecraft j. Nash equilibrium
solutions are obtained by formulating the problem as a Zero-Sum Game where each player seeks
to optimize its own payoff while simultaneously hindering the opponent [21]. The optimization
problem is solved over a finite predicted horizon according to the receding time horizon technique,
with the time dependence explicitly indicated by the subscript (·). Path constraints are incorporated
inside the objective functions in the form of penalty terms Wj ∈ R6, driving the players away from
the boundaries of the admissible set while incentivizing actions that induce constraint violation by
the opponent. The enforcement of constraints on spacecraft j is achieved through adjoint variables
µj ∈ R6, with components set to zero whenever the corresponding constraints are inactive. The
expressions of the objective functions are reported as follows, where, by convention, the pursuer
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spacecraft is denoted with player 1, while the evader spacecraft is denoted with player 2:

min
U1,(k)∈U1

J1 =
1

2
YT

(N)Q1Y(N) +
1

2

N−1∑
k=0

UT
1,(k)R1,(k)U1,(k) −

1

2

N−1∑
k=0

UT
2,(k)R2,(k)U2,(k) + . . .

+

N−1∑
k=0

µT
1,(k+1)W1,(k+1) −

N−1∑
k=0

µT
2,(k+1)W2,(k+1) (1)

max
U2,(k)∈U2

J2 =
1

2
YT

(N)Q2Y(N) +
1

2

N−1∑
k=0

UT
1,(k)R1,(k)U1,(k) −

1

2

N−1∑
k=0

UT
2,(k)R2,(k)U2,(k) + . . .

+

N−1∑
k=0

µT
1,(k+1)W1,(k+1) −

N−1∑
k=0

µT
2,(k+1)W2,(k+1) (2)

s.t. Ẋj = fj(t, Xj , Uj) for j = 1, 2

where Q1, Q2 ∈ R3×3 are the weight matrix associated with the output of the game, R1,(0),R2,(0) ∈
R3×3 are those associated with the control effort and fj is the dynamics of spacecraft j.

III. PRELIMINARIES
This section provides the fundamental blocks necessary for the derivation of the players’ strategies.
Specifically, it introduces the equations of motion governing geostationary satellites, the predictive
correction on the output of the game, the principles of the receding time horizon technique, and the
analytical formulation of logarithmic barrier functions.

Spacecraft Dynamics
The dynamics of the spacecraft is expressed in the Earth Center Earth-Fixed (ECEF) reference frame
defined as in Fig. 1a. The state vector X = [ r, λ, ϕ, ṙ, λ̇, ϕ̇ ]T is written in spherical coordinates,
where r is the range, λ is the longitude, defined as the angle between the satellite projection on the
equator and the Î axis, positive towards East, and ϕ is the latitude, positive towards the Northern
Hemisphere. The orbital slot Fig. 1b, is defined as parallelepiped centered in [ rn, λn, ϕn ]T , whose
dimensions depend on the mission constraints of the satellite.
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(a) ECEF reference frame.
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(b) range-longitude-latitude orbital slot

Figure 1: ECEF reference frame for a geostationary satellite within a prescribed orbital slot.
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The equation of motions [22] are reported in Eq. (3), where µE is the Earth’s gravitational parameter,
ωE is the Earth’s rotational speed, apr̂ a

p

λ̂
ap
ϕ̂

are the components of the perturbing accelerations due
to the J22 effect, third-body perturbation, and solar radiation pressure, and Ur̂ Uλ̂ Uϕ̂ are the
components of the control vector:

r̈ = −µE

r2
+ rϕ̇2 + r(λ̇+ ωE)

2 cosϕ2 + apr̂(r, λ, ϕ) + U r̂(t)

λ̈ = 2ϕ̇(λ̇+ ωE) tanϕ − 2
ṙ

r
(λ̇+ ωE) +

1

r cosϕ
ap
λ̂
(r, λ, ϕ) +

1

r cosϕ
Uλ̂(t)

ϕ̈ = −2
ṙ

r
ϕ̇ − (λ̇+ ωE)

2 sinϕ cosϕ +
1

r
ap
ϕ̂
(r, λ, ϕ) +

1

r
Uϕ̂(t)

(3)

Predictive Correction of Game Output in a Satellite Pursuit-Evasion Scenario

This subsection describes the predictive correction methodology [15] as a two-sided pursuit-evasion
game. The aim is to iteratively adjust their control inputs so that the relative distance between the
pursuer and the evader follows a desired behaviour. Spacecraft dynamics are propagated over time,
and small variations in the controls are linearly related to variations in the game output through first-
order Taylor expansions, allowing a systematic computation of how changes in the control inputs
affect the final distance between the satellites. Section IV provides further details on the predictive
correction approach. The dynamics of spacecraft j are discretized in time using the Forward Euler
method:

Xj,(k+1) = Fj,(k)(Xj,(k), Uj,(k) ) (4)

= Xj,(k) +∆t fj( k∆t, Xj,(k), Uj,(k) ) (5)

for k = 0, . . . , N − 1. The output of the game Y ∈ R3, at the time step (k) is expressed as the
vector distance between the position of two satellites, where s/c1 identifies the pursuer and s/c2 the
evader:

Y(k) = g(k)(X1,(k), X2,(k) ) (6)

=
[
I3×3 03×3

]
(X1,(k) −X2,(k) ) (7)

for k = 0, . . . , N .

An equilibrium solution is imposed through a correction in the controls duj,(k), which determines
a variation in the states dxj,(k) and in the output of the game dy(k). The corrected values of the
game variables are denoted with uppercase letters. The variables of the game computed before the
application of the control correction are denoted with lowercase letters.

Uj,(k) = uj,(k) + duj,(k) Xj,(k) = xj,(k) + dxj,(k) Y(k) = y(k) + dy(k)

A first-order Taylor expansion of the state at time step (k + 1), is performed:

Xj,(k+1) = Fj,(k)( xj,(k) + dxj,(k), uj,(k) + duj,(k) ) (8)

≃ Fj,(k)(xj,(k), uj,(k)) +
[
∂Fj,(k)

∂Xj,(k)

]
dxj,(k) +

[
∂Fj,(k)

∂Uj,(k)

]
duj,(k) (9)

≃ xj,(k+1) +
[
∂Fj,(k)

∂Xj,(k)

]
dxj,(k) +

[
∂Fj,(k)

∂Uj,(k)

]
duj,(k) (10)
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and therefore the variation of the state of the spacecraft j at the time step (k+1), is straightforward:

dxj,(k+1) =
[
∂Fj,(k)

∂Xj,(k)

]
dxj,(k) +

[
∂Fj,(k)

∂Uj,(k)

]
duj,(k) (11)

Similarly, a first-order Taylor expansion of the output of the game at the time step (k) is computed:

Y(k) = g(k)( x1,(k) + dx1,(k), x2,(k) + dx2,(k) ) (12)

≃ g(k)(x1,(k), x2,(k)) +
[

∂Y(k)

∂X1,(k)

]
dx1,(k) +

[
∂Y(k)

∂X2,(k)

]
dx2,(k) (13)

≃ y(k) +
[

∂Y(k)

∂X1,(k)

]
dx1,(k) +

[
∂Y(k)

∂X2,(k)

]
dx2,(k) (14)

Consequently, the variation of the game output at the time step k = N is expressed as follows:

dy(N) =
[

∂Y(N)

∂X1,(N)

]
dx1,(N) +

[
∂Y(N)

∂X2,(N)

]
dx2,(N) (15)

By iteratively substituting the variation of the state of spacecraft j = 1, 2 Eq. (11) inside Eq. (15)
the predictive correction on the output of the game is obtained:

dy(N) =
[

∂Y(N)

∂X1,(N)

] [
∂F1,(N−1)

∂X1,(N−1)

]
· . . . ·

[
∂F1,(0)

∂X1,(0)

]
dx1,(0) + . . .

+
[

∂Y(N)

∂X2,(N)

] [
∂F2,(N−1)

∂X2,(N−1)

]
· . . . ·

[
∂F2,(0)

∂X2,(0)

]
dx2,(0) + . . .

+

N−1∑
k=0

(
B(k) du1,(k) + C(k) du2,(k)

)
(16)

where:

B(k) =
[

∂Y(N)

∂X1,(N)

] [
∂F1,(N−1)

∂X1,(N−1)

]
· . . . ·

[
∂F1,(k+1)

∂X1,(k+1)

] [
∂F1,(k)

∂U1,(k)

]
C(k) =

[
∂Y(N)

∂X2,(N)

] [
∂F2,(N−1)

∂X2,(N−1)

]
· . . . ·

[
∂F2,(k+1)

∂X2,(k+1)

] [
∂F2,(k)

∂U2,(k)

]
for k = 0, ..., N − 2.

Assuming that the initial states are observed with zero errors, their variation is set to zero: dx1,(0) =
dx2,(0) = 0; therefore Eq. (16) is rewritten as follows:

dy(N) =
N−1∑
k=0

( B(k) du1,(k) + C(k) du2,(k)) (17)

Receding Time Horizon technique
The receding time-horizon technique allows to transform an infinite horizon optimization problem
into a finite one [23]. Two temporal domains are introduced in Fig. 2: the first, represented as a
segment, corresponds to the predictive horizon with a fixed duration T and a certain discretization
∆t; the second, represented as a half-line, corresponds to the time of the game, spanning from t0
to tf . When the distance between the two satellites falls below the capture threshold, the game
terminates and tf is set to the capture time. In the case where the evader spacecraft successfully
avoids capture, the game continues until a subsequent capture event takes place. If the evolution of
the game does not lead to a capture, the two players may establish an equilibrium that allows the
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game to potentially last indefinitely.

0 TΔt

t0 t1 tft2 ti + Δtti Δt

0 TΔt

t0 t1 tft2 ti + Δtti Δt

(a) prediction of the evolution of system at t = t0.

0 TΔt

t0 t1 tft2 ti + Δtti Δt

0 TΔt

t0 t1 tft2 ti + Δtti Δt

(b) prediction of the evolution of system at t = t1.

Figure 2: Mechanics of the Receding Time-Horizon. p—–p predictive horizon; 7−→ time of the game;
—– executed trajectories; ······· s/c1 predicted trajectory; − − s/c2 predicted trajectory.

Within the predictive horizon, the states of the players are propagated for k = 0, . . . , N but only the
control corrections corresponding to the time step k = 0 are applied, while those associated with
subsequent time steps are set to zero:

du1,(k) = 0 du2,(k) = 0 (18)

for k = 1, . . . , N − 1.

As a consequence, the variation in the output of the game Eq. (17) can be expressed as a function of
only the control corrections at the first time step of the predictive horizon:

dy(N) = B(0) du1,(0) + C(0) du2,(0) (19)

This assumption represents the central core of the MPSP framework because it allows to transform
a dynamic game into a static one, preserving the differential nature of the game.

Logarithmic Barrier Functions
A Logarithmic Barrier Function [20], L(X) ∈ R6 is used to confine a generic state X between a
minimum and a maximum value Xmin ≤ X ≤ Xmax, as follows:

L(Xi)i = − ln (Xi,max −Xi)− ln (Xi −Xi,min) (20)

for the vector component i = 1, . . . , 6.

In a one-dimensional representation this function is convex, tends to infinity as the constrained
variable approaches the limit values, and reaches its minimum in the center of the constraint interval
Fig. 3a. L(X) is then recentred through the gradient as follows:

H(X,X0) = L(X)−L(X0)−∇L(X0)
T (X−X0) (21)

H(X,X0) achieves its global minimum at X0, called ”recentering point”, and, in correspondence
with it, takes the zero value Fig. 3b. The recentring point can be arbitrarily chosen among the values
within the constrained interval. The more the point moves towards the constraint boundaries, the
more the recentered barrier function becomes sharp. If the recentering point gets closer to the right
side of the constrained set, the magnitude of the slope on the right side becomes larger than on the
left side Fig. 3c; the converse holds when the recentering point gets closer to the left boundary.
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(a) Logarithmic Barrier. (b) Recentered Barrier in X0. (c) Recentered Barrier in X1.

Figure 3: One-dimensional Logarithmic Barrier function L(X), Logarithmic Barrier function H(X,X0)
recentered in X0 and Logarithmic Barrier function H(X,X1) recentered in X1. : constrained
region.

IV. METHODOLOGY
This section is devoted to the incorporation of logarithmic barrier functions into Linear Quadratic
Differential Games and to the subsequent derivation of the strategies of the players.

Predictive Correction on Recentered Barrier Functions
The recentered barrier function Eq. (21) is discretized over time by explicitly expressing the depen-
dency on the predicted state at time step (k + 1) and on the current state at time step (k):

Wj,(k+1) = Hj,(k+1) (Xj,(k+1), Xj,(k) ) (22)

for k = 0, . . . , N − 1
where Wj,(k+1) is the vector value of the barrier computed at the predicted state Xj,(k+1) and
recentered in the current state Xj,(k), associated with s/cj .

A correction in the controls also induces a variation in the vector value of the barrier, according to
the notation introduced previously: Wj,(k+1) = wj,(k+1) + dwj,(k+1). To express the variation of
the vector value of the barrier, a first-order Taylor expansion is performed:

Wj,(k+1) = Hj,(k+1)( xj,(k+1) + dxj,(k+1), xj,(k) + dxj,(k) ) (23)

≃ Hj,(k+1)(xj,(k+1),xj,(k)) +
[
∂Hj,(k+1)

∂Xj,(k+1)

]
dxj,(k+1) +

[
∂Hj,(k+1)

∂Xj,(k)

]
dxj,(k) (24)

≃ wj,(k+1) +
[
∂Hj,(k+1)

∂Xj,(k+1)

]
dxj,(k+1) +

[
∂Hj,(k+1)

∂Xj,(k)

]
dxj,(k) (25)

therefore:
dwj,(k+1) =

[
∂Hj,(k+1)

∂Xj,(k+1)

]
dxj,(k+1) +

[
∂Hj,(k+1)

∂Xj,(k)

]
dxj,(k) (26)

for k = 0, . . . , N − 1.

By enforcing constraints on a second spatial dimension, the recentered barrier becomes a two-
dimensional function. When s/cj moves towards the constraint defined by λmax Fig. 4a, the value
of the barrier expressed by Hj,(k+1)(Xj,(k+1),Xj,(k)) increases progressively until a point in which
it is more convenient for s/cj to move in the opposite direction. The barrier is recentered in the state
predicted at the previous step, and the resulting function Hj,(k+2)(Xj,(k+2),Xj,(k+1)) imposes a

7



preferential direction of motion toward the corner formed by the intersection of the constraints λmin
and rmin Fig. 4b. s/cj executes a new portion of trajectory, and the sequence repeats Fig. 4c.

(a) for k = (k). (b) for k = (k + 1). (c) for k = (k + 2).

Figure 4: Dynamics of a two-dimensional Logarithmic Barrier Hj,(k+1)(Xj,(k+1),Xj,(k)) computed in the
predicted state Xj,(k+1) and recentered in the current state Xj,(k). : level curves; ——> s/c
trajectory.

Subsequently, the virtual variation of the vector value of the barrier Wj,(k+1), with respect to the
free coordinates dxj,(k+1) and dxj,(k), is computed as follows:

δ(dwj,(k+1)) =
∂

∂dxj,(k+1)

(
dwj,(k+1)

)
δdxj,(k+1) +

∂

∂dxj,(k)

(
dwj,(k+1)

)
δdxj,(k) (27)

=

([
∂Hj,(k+1)

∂Xj,(k+1)

] [
∂dxj,(k+1)

∂dxj,(k+1)

]
+

[
∂Hj,(k+1)

∂Xj,(k)

] [
∂dxj,(k)

∂dxj,(k+1)

])
δdxj,(k+1) + . . .

+

([
∂Hj,(k+1)

∂Xj,(k+1)

] [
∂dxj,(k+1)

∂dxj,(k)

]
+

[
∂Hj,(k+1)

∂Xj,(k)

] [
∂dxj,(k)

∂dxj,(k)

])
δdxj,(k) (28)

=
[
∂Hj,(k+1)

∂Xj,(k+1)

]
δdxj,(k+1) +

[
∂Hj,(k+1)

∂Xj,(k)

]
δdxj,(k) (29)

where
[

∂dxj,(k)

∂dxj,(k+1)

]
= 0 as the variation of the state in the current time step (k) is not influenced by

the variation of the state at the next time step (k + 1); and
[
∂dxj,(k+1)

∂dxj,(k)

]
= 0 as the free coordinates

dxj,(k+1) and dxj,(k) are assumed to be independent of each other, therefore the state dynamics
Eq. (10) is not directly enforced in the expression of the virtual variation of the recentered barrier.
However, as shown in the following subsection, the satisfaction of the state dynamics is imposed
through an independent term inside the objective function of the players. Therefore, even if the
virtual variation of the recentered barrier does not explicitly contain the state dynamics, it remains
consistent with it.

Derivation of the players’ strategies

In a Zero-Sum Game, the structure of the objective functions associated with s/c1 Eq. (1) and s/c2

Eq. (2) is antisymmetric: J1 = −J2. This property allows to describe the game with a single
objective function J , which is then expanded in the form of augmented performace index J̃ to
enforce the satisfaction of the states dynamics Eq. (11), expressed in the form of equality constraints
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through the adjoint variables λ1,(k+1), λ2,(k+1) ∈ R6:

min
U1,(k),U2,(k)

∈ U1×U2

J̃ =
1

2
YT

(N)QY(N) +
1

2

N−1∑
k=0

UT
1,(k)R1,(k)U1,(k) −

1

2

N−1∑
k=0

UT
2,(k)R2,(k)U2,(k) + . . .

+

N−1∑
k=0

λT
1,(k+1)

(
dx1,(k+1) −

[
∂F1,(k)

∂X1,(k)

]
dx1,(k) −

[
∂F1,(k)

∂U1,(k)

]
du1,(k)

)
+ . . .

+
N−1∑
k=0

λT
2,(k+1)

(
dx2,(k+1) −

[
∂F2,(k)

∂X2,(k)

]
dx2,(k) −

[
∂F2,(k)

∂U2,(k)

]
du2,(k)

)
+ . . .

+

N−1∑
k=0

µT
1,(k+1)W1,(k+1) −

N−1∑
k=0

µT
2,(k+1)W2,(k+1) (30)

Within the predictive horizon, the optimization problem takes the form of a static game. The actions
executed by players determine the behavior of the objective function within the time period [ 0, T ].
Since the Nash equilibrium coincides with the saddle point solution of a Zero-Sum Static game
[21], by imposing to zero the virtual variation of the augmented performance index J̃ with respect
to the free coordinates of the problem dx1,(k), dx2,(k), du1,(0), du2,(0) and by recalling Eqs. (18)
and (29), the necessary conditions for the existence of a saddle point solution are derived.[

∂Y(N)

∂X1,(N)

]T
QT (y(N) + dy(N)) + λ1,(N) +

[
∂H1,(N)

∂X1,(N)

]T
µ1,(N) = 0 (31)[

∂Y(N)

∂X2,(N)

]T
QT (y(N) + dy(N)) + λ2,(N) +

[
∂H2,(N)

∂X2,(N)

]T
µ2,(N) = 0 (32)

RT
1,(0)(u1,(0) + du1,(0)) −

[
∂F1,(0)

∂U1,(0)

]T
λ1,(1) = 0 (33)

RT
2,(0)(u2,(0) + du2,(0)) +

[
∂F2,(0)

∂U2,(0)

]T
λ2,(1) = 0 (34)

λ1,(k) −
[
∂F1,(k)

∂X1,(k)

]T
λ1,(k+1) = 0 (35)

λ2,(k) −
[
∂F2,(k)

∂X2,(k)

]T
λ2,(k+1) = 0 (36)

[
∂H1,(k)

∂X1,(k)

]T
µ1,(k) +

[
∂H1,(k+1)

∂X1,(k)

]T
µ1,(k+1) = 0 (37)[

∂H2,(k)

∂X2,(k)

]T
µ2,(k) +

[
∂H2,(k+1)

∂X2,(k)

]T
µ2,(k+1) = 0 (38)

From Eqs. (35) and (36), by recursive substitutions, the dynamics of the adjoint variable λj,(k+1) is
obtained as follows:

λj,(1) =

([
∂Fj,(N−1)

∂Xj,(N−1)

]
· . . . ·

[
∂Fj,(1)

∂Xj,(1)

])T

λj,(N) (39)
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and similarly, from Eqs. (37) and (38) the dynamics of the adjoint variable µj,(k+1) is retrieved:

µj,(N) =

(
−
[

∂Hj,(N)

∂Xj,(N−1)

]−1 [∂Hj,(N−1)

∂Xj,(N−1)

])T

· . . . ·
(
−
[
∂Hj,(1)

∂Xj,(0)

]−1 [∂Hj,(0)

∂Xj,(0)

])T

µj,(0) (40)

The expressions of the control correction are isolated from Eqs. (33) and (34):

du1,(0) =− u1,(0) +E1,(0)λ1,(N) (41)

du2,(0) =− u2,(0) −E2,(0)λ2,(N) (42)

where:

E1,(0) =R−1
1,(0)

[
∂F1,(0)

∂U1,(0)

]T ([
∂F1,(N−1)

∂X1,(N−1)

]
· . . . ·

[
∂F1,(1)

∂X1,(1)

])T

(43)

E2,(0) =R−1
2,(0)

[
∂F2,(0)

∂U2,(0)

]T ([
∂F2,(N−1)

∂X2,(N−1)

]
· . . . ·

[
∂F2,(1)

∂X2,(1)

])T

(44)

and then substituted inside Eqs. (31) and (32) where the expression of the variation of the output of
the game Eq. (19) is explicitly specified:[

∂Y(N)

∂X1,(N)

]T
QT

(
y(N) −B(0)u1,(0) +B(0)E1,(0)λ1,(N) −C(0)u2,(0) −C(0)E2,(0)λ2,(N)

)
+ . . .

+ λ1,(N) +
[
∂H1,(N)

∂X1,(N)

]T
N1,(0) µ1,(0) = 0 (45)

[
∂Y(N)

∂X2,(N)

]T
QT

(
y(N) −B(0)u1,(0) +B(0)E1,(0)λ1,(N) −C(0)u2,(0) −C(0)E2,(0)λ2,(N)

)
+ . . .

+ λ2,(N) −
[
∂H2,(N)

∂X2,(N)

]T
N2,(0) µ2,(0) = 0 (46)

where:

N1,(0) =

(
−
[

∂H1,(N)

∂X1,(N−1)

]−1 [∂H1,(N−1)

∂X1,(N−1)

])T

· . . . ·
(
−
[
∂H1,(1)

∂X1,(0)

]−1 [∂H1,(0)

∂X1,(0)

])T

(47)

N2,(0) =

(
−
[

∂H2,(N)

∂X2,(N−1)

]−1 [∂H2,(N−1)

∂X2,(N−1)

])T

· . . . ·
(
−
[
∂H2,(1)

∂X2,(0)

]−1 [∂H2,(0)

∂X2,(0)

])T

(48)

The expression of the adjoint variables associated with the enforcement of the state dynamics
λ1,(N), λ2,(N) are isolated from Eqs. (45) and (46):(

I[6×6] +
[

∂Y(N)

∂X1,(N)

]T
QTB(0)E1,(0)

)
︸ ︷︷ ︸

M11

λ1,(N) −
[

∂Y(N)

∂X1,(N)

]T
QTC(0)E2,(0)︸ ︷︷ ︸

M12

λ2,(N) + . . .

[
∂Y(N)

∂X1,(N)

]T
QT

(
y(N) −B(0) u1,(0) −C(0) u2,(0)

)
+

[
∂H1,(N)

∂X1,(N)

]T
N1,(0) µ1,(0)︸ ︷︷ ︸

b1

= 0 (49)
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(
I[6×6] −

[
∂Y(N)

∂X2,(N)

]T
QTC(0)E2,(0)

)
︸ ︷︷ ︸

M22

λ2,(N) +
[

∂Y(N)

∂X2,(N)

]T
QTB(0)E1,(0)︸ ︷︷ ︸

M21

λ1,(N) + . . .

[
∂Y(N)

∂X2,(N)

]T
QT

(
y(N) −B(0) u1,(0) −C(0) u2,(0)

)
−

[
∂H2,(N)

∂X2,(N)

]T
N2,(0) µ2,(0)︸ ︷︷ ︸

b2

= 0 (50)

The previous equations are then rewritten as a linear system in the unknowns [ λ1,(N), λ2,(N) ]
T

whose expressions are extracted as follows:(
λ1,(N)

λ2,(N)

)
= −

[
M11 M12

M21 M22

]−1(
b1
b2

)
(51)

where M11, M12, M21, M22 ∈ R6×6, and b1, b2 ∈ R6.

By inserting λ1,(N), λ2,(N) into Eqs. (41) and (42) the expressions of the control corrections that
ensure the establishment of a constrained Nash equilibrium within the predictive horizon are re-
trieved. As a consequence, the solution of the overall game is made by the composition of optimal
solutions according to the receding time-horizon technique.

V. STRUCTURE OF THE ALGORITHM
In a Nash equilibrium both players are modeled as separate entities that do not exchange informa-
tion about their strategies, but they can access to the system state, composed of the individual states
of each spacecraft, prior to executing their respective moves. The moves are performed simultane-
ously, and instantaneously they change the state of the system. The updated state of the system is
then observed by the players that recompute new control corrections and apply them following an
iterative scheme until the end of the game. In Fig. 5, the iterative steps for a generic player j are
shown, regardless of whether his task is to pursue or evade.

Execute the control Uj,(0)

for a time step ∆t

Take the initial states: X1,(0), X2,(0)

and guess the controls: u1,(k), u2,(k)

for k = 0, . . . , N − 1

START

Compute the output of the
game Y at time ti + ∆t

if ‖Y(ti + ∆t)‖ ≤ ε

Set the controls: u1,(k) =
U1,(k), u2,(k) = U2,(k) for
k = 0, . . . , N − 1

Update time: ti = ti + ∆t

END

Compute the control cor-
rections: du1,(0), du2,(0)

where: du1,(k), du2,(k) =
0 for k = 1, . . . , N − 1

Update the control history:
U1,(k) = u1,(k) + du1,(k)

U2,(k) = u2,(k) + du2,(k)

for k = 0, . . . , N − 1

Propagate trajectory: X1,(k)

X2,(k) for k = 0, . . . , N

if ‖Y(N) − y(N)‖ ≤ η

Set the states: x1,(k) =
X1,(k), x2,(k) = X2,(k) for
k = 0, . . . , N

YES

NO

NOYES

One-Step Look-Ahead

Model Predictive Control

Propagate trajectory: x1,(k)

x2,(k) for k = 0, . . . , N

Figure 5: Iterative subscheme for a generic player j.
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The core of the algorithm consists of two sequential steps, the Model Predictive Control (MPC)
and the One-Step Look-Ahead Fig. 6. The MPC is an iterative scheme that allows to compute the
control corrections that ensure the establishment of an equilibrium within the predictive horizon.
In the One-Step Look-Ahead, instead, each player applies his respective control correction, checks
whether the stopping condition is met, updates his trajectory and strategy, and then shifts forward
the time of the game. If the difference between the value of the corrected output of the game Y(N),
computed at the end of the predictive horizon, and the uncorrected one y(N) is greater than a certain
threshold η, the predictive step continues. The trajectories propagated using control corrections
that do not satisfy the condition imposed by the MPC become the old ones x1,(k),x2,(k), which are
then used to compute the new control correction Eqs. (41) and (42). If the condition imposed by
the MPC is satisfied, the predictive control loop stops, and the algorithm advances to the One-Step
Look-Ahead block.

Take the initial states: X1,(0), X2,(0)

and guess the controls: U1,(k), U2,(k)

s/c1 : Pursuer

MPC

Compute the con-
trols: U1,(0) U2,(0)

s/c2 : Evader

Compute Y(ti + ∆t)

Update time: ti = ti + ∆t

Execute U1,(0) for a time step ∆t

One-Step Look-Ahead

Take the initial states: X1,(0), X2,(0)

and guess the controls: U1,(k), U2,(k)

MPC

Compute the con-
trols: U1,(0) U2,(0)

Compute Y(ti + ∆t)

Update time: ti = ti + ∆t

Execute U2,(0) for a time step ∆t

One-Step Look-Ahead

Figure 6: Structure of the algorithm for a Nash equilibrium formulation.

A fourth-order Runge-Kutta integration scheme is used to propagate the trajectories of the players.
Proper adimensionalization techniques and damped Newton methods are used to reduce the com-
putational time and to improve the likelihood of convergence of the MPC iterative loop. The end
of the game occurs when the distance between the spacecraft is approximately 4 m. The stopping
condition marking the event is triggered by the dimensionless quantity ϵ.

VI. SIMULATION RESULTS
This section presents the numerical results obtained using the proposed methodology. Both space-
craft are initially placed on a circular geostationary orbit with zero inclination and are separated by
an initial phase angle. The initial position vectors are reported in the boxes summarizing the simula-
tion parameters adopted for each example. The weighting matrices are selected to yield meaningful
results and to favour complex interactions between the players throughout the game evolution. An
unconstrained pursuit–evasion game is first analyzed as a reference case, followed by constrained
scenarios designed to assess the impact of orbital-slot limitations and model parameters on the out-
come of the game.
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The unconstrained game terminates with a capture after approximately two days, as illustrated in
Fig. 7, with the corresponding control histories shown in Fig. 7.1. The resulting trajectories span
more than 200 km with respect to the nominal geostationary radius, highlighting the large spatial
envelope associated with unconstrained evasive maneuvers.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.

(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 7: Nash equilib-
rium solution of the un-
constrained pursuit-evasion
game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point.

The most significant variations in the control inputs occur during the initial phase of the engagement.
As the engagement progresses, all control components gradually converge toward zero, reflecting
the players’ tendency to minimize control effort while establishing equilibrium solutions within the
game.

(f) control strategies on r coordinate. (g) control strategies on λ coordinate.

(h) control strategies on ϕ coordinate.

Figure 7.1: Control strategies of the uncon-
strained pursuit-evasion game.
— Us/c 1 : pursuer; — Us/c 2 : evader.
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An admissible region centered at the evader’s initial position is then introduced, with maximum
deviations of 20 km in range and 0.05 deg in both latitude and longitude. The corresponding solution
of the constrained game, shown in Fig. 8, demonstrates that the enforcement of path constraints on
the motion of the evader does not inherently simplify the capture process for the pursuer. Except for
the initial transient, the pursuer refrains from a direct attack and instead remains in orbit around the
evader, without achieving capture. This configuration represents a dynamic equilibrium in which
the pursuer is prepared to initiate a more aggressive maneuver if the evader unilaterally modifies its
current strategy.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.

(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 8: Nash equilibrium
solution of the constrained
pursuit-evasion game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point; : orbital slot
s/c2 .

The associated control profiles, reported in Fig. 8.1, exhibit oscillatory behavior around zero, with
the latitudinal component showing a progressive increase in amplitude.

(f) control strategies on r coordinate. (g) control strategies on λ coordinate.

(h) control strategies on ϕ coordinate.

Figure 8.1: Control strategies of the con-
strained pursuit-evasion game.
— Us/c 1 : pursuer; — Us/c 2 : evader.
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The evolution of the game is strongly influenced by the parameters governing the barrier function.
Increasing the initial value of the adjoint variable µ2,(0) confines the engagement closer to the center
of the evader’s orbital slot, as shown in Fig. 9. Under this configuration, the evader successfully
performs evasive maneuvers that significantly delay capture.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.

(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 9: Nash equilibrium
solution of the constrained
pursuit-evasion game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point; : orbital slot
s/c2 .

Conversely, reducing µ2,(0) allows the evader to approach the boundaries of its admissible region,
leading to the establishment of an equilibrium in which the pursuer moves around the evader, re-
maining outside the orbital slot of the opponent Fig. 10. If the evader unilaterally modify the equi-
librium, the pursuer is ready to change its strategy into a more aggressive one, analogously to the
example illustrated in Fig. 8.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.
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(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 10: Nash equilibrium
solution of the constrained
pursuit-evasion game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point; : orbital slot
s/c2 .

To force the dynamics of the game toward capture, the weighting matrices Q, R1,(0), R2,(0) are
modified, as illustrated in Fig. 11. In this case, the pursuer enters the evader’s orbital slot, initiating
a spiraling motion involving both spacecraft that ultimately results in capture after approximately
two days.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.

(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 11: Nash equilibrium
solution of the constrained
pursuit-evasion game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point; : orbital slot
s/c2 .

Nevertheless, the outcome of the game remains highly sensitive to the specific parameter settings,
as demonstrated in Fig. 12, where a variation in µ2,(0) alters the equilibrium and leads to an evasion
instead of capture. Compared to the behavior observed in Fig. 11, the evader in this case successfully
executes an evasive maneuver that reshapes the overall envelope of the game, transitioning from the
r − λ plane to the r − ϕ plane. The evader subsequently initiates an oscillatory motion toward
one of the boundaries of its orbital slot, followed by the pursuer. As the engagement evolves, two
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possible scenarios may arise: either the evader continues approaching the slot boundary until it
becomes constrained between the pursuer on one side and the admissible-region limit on the other
side, ultimately resulting in capture, or it redirects toward another corner of the orbital slot, with
the pursuer maintaining the chase until propellant limitations prevent further maneuvering by one
of the two satellites.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.

(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 12: Nash equilibrium
solution of the constrained
pursuit-evasion game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point; : orbital slot
s/c2 .

In addition to model parameters, the initial relative configuration of the players, at the instant in
which the pursuer starts its offensive maneuver, plays a critical role in determining the game out-
come. When the pursuer is initially shifted forward in longitude with respect to the evader Fig. 13c,
capture is achieved in less than 20 hours, effectively preventing the evader from executing mean-
ingful evasive maneuvers. Similar results are observed when the pursuer is positioned ahead of the
evader along the radial direction, within the same orbital plane.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.
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(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 13: Nash equilibrium
solution of the constrained
pursuit-evasion game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point; : orbital slot
s/c2 .

The robustness and versatility of the proposed method are further demonstrated by considering sce-
narios in which both spacecraft are simultaneously constrained within distinct admissible regions.
To enable the evolution of the game over time, the admissible regions are modeled to partially in-
tersect. As long as the evader remains within space common to both admissible regions, the game
continues. When the evader approaches the boundary of its admissible region, the recentered barrier
function deflects it back into the shared domain, as shown in Fig. 14b. Once it returns to the com-
mon region, the pursuer performs an additional aggressive maneuver, forcing the evader to retreat
once again toward the safe zone of its admissible region. The game ultimately terminates when no
admissible control action allows the pursuer to further reduce the distance without violating its own
constraints.

(a) trajectories on 3D view. (b) trajectories on r − λ view. (c) simulation parameters.

(d) trajectories on r − ϕ view. (e) trajectories on λ− ϕ view.

Figure 14: Nash equilibrium
solution of the constrained
pursuit-evasion game.
— s/c1 : pursuer; — s/c2 :
evader; : initial point; □:
final point; : orbital slot
s/c1 ; : orbital slot s/c2 .
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VII. CONCLUSIONS
This paper investigated a constrained orbital pursuit–evasion problem formulated as a linear–quadratic
differential game and addressed through an extension of the Model Predictive Static Programming
(MPSP) framework. Path constraints were incorporated by means of recentered logarithmic bar-
rier functions, enabling the treatment of operational limitations such as orbital-slot confinement.
The proposed approach allows constraints to be imposed on the evader, the pursuer, or both players
simultaneously, significantly influencing the evolution of the game and, in most cases, delaying cap-
ture. Numerical simulations conducted in the geostationary regime demonstrate that the resulting
strategies are highly sensitive to both model parameters and the relative configuration of the players
at the beginning of the engagement. Depending on these factors, the game may converge to capture,
establish a bounded equilibrium, or result in successful evasion. Due to the generality of the pro-
posed formulation, alternative representations of the equations of motion may be adopted to model
the dynamics of the players, while preserving the analytical iterative structure of the solution. The
methodology presented in this work therefore provides a consistent and flexible framework for the
analysis of constrained orbital pursuit–evasion scenarios. Future work will focus on extending the
proposed approach to accommodate constraints on velocity and control variables, investigating the
incorporation of state uncertainty for both players, and modeling equilibrium formulations within a
nonzero-sum game framework.
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