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ARTICLE INFO ABSTRACT
Keywords: Magnetohydrodynamics (MHD) studies the dynamics of electrically conducting fluids under the influence of
Magnetohydrodynamics a magnetic field and it is relevant in several nuclear applications. However, the high computational cost

Magnetic confinement fusion
Fusion reactors

Reduced order modelling
Dynamic Mode Decomposition

of multi-physics MHD simulations poses a challenge. Reduced Order Modelling (ROM) offers a promising
alternative, enabling lower-dimensional approximations while preserving accuracy. This allows for a reduction
in the computational time and, at the same time, accurate approximations of the intricate physics involved
in fusion reactors. However, ROM techniques are relatively new within the MHD framework, and benchmark
test cases should be considered in this first stage for verification and validation. Therefore, this study applies
the ROM methodology to a MHD scenario to study their potentialities (and eventual criticalities) for this class
of problems. The benchmark test case considered in this work is the Backward-Facing Step. The obtained
results contribute to assessing the capabilities of ROM methodologies in MHD scenarios, demonstrating their
potential to enhance computational efficiency in this field and representing a critical step towards advancing
the computational modelling of complex systems in nuclear fusion.

1. Introduction

Magnetohydrodynamics (MHD) investigates the dynamics of elec-
trically conductive fluids, specifically those with significant electrical
conductivity, flowing in the presence of a magnetic field [1]. This
theory provides mathematical models which are extensively applied
in nuclear research. In particular, this theory is exploited in mag-
netic confinement fusion (MCF) mainly for describing thermonuclear
plasmas, which can be treated as conducting fluids confined by high-
intensity magnetic fields [2]. Moreover, MHD models may also be
employed for the description of conductive fluids foreseen in the design
of many tokamaks blankets, like liquid metals [3] or molten salts [4].
In tokamaks, magnetic fields are used to confine the plasma within
the vacuum vessel; at the same time, residual magnetic fields may
interact with conductive fluids operating in the blanket, influencing
their fluid dynamics. Then, the blanket design must consider the influ-
ence of magnetic fields varying in magnitude and direction over time,
which could potentially modify the flow regime of the fluids inside.
Beyond fusion reactor applications, MHD theory may be exploited for
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the analysis of innovative engineering systems employing conducting
fluids subjected to an electromagnetic field, as the magnetic field could
improve the thermal-hydraulics and overall dynamics of the operating
fluid, including pressure drops, velocity, thermal diffusion, and flow
regime. It is then imperative to clearly understand the specific effects
of the magnetic field on the dynamics of these fluids.

The detailed description of MHD problems requires a multi-physics
framework, as fluid velocity and magnetic field are coupled; thus, a
non-linear system of coupled partial derivative equations needs to be
solved [5]. Due to the complex interactions between the various physics
at play, high-fidelity numerical investigations represent the current
state-of-the-art for exploring MHD phenomena: the specific MHD effects
strongly depend on the shape and intensity of the applied magnetic
field and oscillations in the magnetic profile can substantially perturb
the stability of the system [6]. However, accounting for all the possible
combinations of parameters (magnetic field intensity, direction, inlet
velocity...) is computationally unfeasible when using high-fidelity mod-
els; additionally, the use of high-fidelity models becomes unpractical
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for real-time applications, including online control. On one hand, they
are able to forecast the future state of the system with great accu-
racy; on the other hand, their computational times are such that any
real-time action becomes unfeasible. For this reason, it is particularly
important to find strategies to reduce the computational complexity
characteristic of MHD simulations.

In this framework, Reduced Order Modelling (ROM) techniques [7,
8] represent a promising solution for minimizing the computational
burden by approximating complex systems with surrogate models,
especially in real-time scenarios, where multiple evaluations of the
high-fidelity model must be performed [9]. These methodologies can
reduce computational costs while maintaining accuracy at an accept-
able levels. Specifically, they are often adopted to simulate unexplored
fluid dynamics scenarios [10-13], multi-physics scenarios [14,15] and
sensitivity analyses, without solving the original equations. In practice,
the ROM approach could allow to derive a general reduced model able
to quickly reconstruct a MHD scenario for any value of a considered
parameter, such as for example the magnetic profile. Moreover, the
speed-up of numerical computations would allow the application of
ROM techniques in real-time contexts, such as control-oriented appli-
cations, where it is crucial to rapidly assess the instantaneous effects of
residual magnetic fields on the blanket fluids for operational and safety
reasons.

The logic underlying ROM methodologies is the following. The
ROM approach aims at finding a reduced representation of the orig-
inal full-order model (FOM), starting from some training solutions
(called snapshots), which accurately describe the physical problem.
From these snapshots, the ROM technique retrieves a set of spatial
basis functions, which embeds the spatial dependency and which spans
a reduced space which well represents the high-dimensional one. The
latent temporal dynamics are then computed within this reduced space,
obtaining a reduced model with much lower dimensionality than the
high-fidelity one. Then, the obtained reduction is effectively helpful
if the computational cost to obtain an approximation of the solution
for an unseen parameter using the reduced model is short compared
to that of the FOM, whilst keeping the desired accuracy. In the field
of magnetohydrodynamics, the application of ROM techniques is still
in its infant stages, especially for what concerns conductive liquid
metals. Conversely, literature regarding applications for thermonuclear
plasmas is wider. Taylor et al. [16] adopted the Dynamic Mode Decom-
position (DMD) for the diagnostic analysis of the non-linear dynamics of
a magnetized plasma in resistive MHD; Kaptanoglu et al. [17] applied
a data-driven version of the Proper Orthogonal Decomposition (POD)
Galerkin models for compressible plasmas, relying on physically con-
strained sparse-identification of non-linear dynamics [18]; moreover
Kaptanoglu et al. [19] exploited DMD to extract spatio-temporal mag-
netic coherent structures from the experimental and numerical datasets
of the HIT-SI (Helicity Injected Torus with Steady Inductive Helicity
Injection) experiment. Regarding instead conductive fluids (such as
those foreseen for the tokamak blankets), there are very few studies in
the literature. The authors proposed in a previous paper a non-intrusive
POD combined with Gaussian Process Regression for the MHD flow of
a liquid metal over a Backward Facing Step (BFS) geometry [20]. That
study demonstrated the suitability of the ROM methodology to generate
simplified models that can accurately represent the MHD effects exerted
by residual magnetic fields of any intensity on operating fluids flowing
within the blanket, starting from training solutions for specific values
of the magnetic field.

This work builds from the results of [20] and aims at further
studying the potentialities of the Reduced Order Modelling approach
for predicting the temporal evolution of MHD scenarios given a certain
dataset truncated in time. For this purpose, the Dynamic Mode Decom-
position is applied to analyse the dynamics of magnetohydrodynamic
flows of lead-lithium in a Backward Facing Step (BFS) and to forecast
the evolution of the flow regime, focusing on the creation of surrogate
models containing adequate information from the high-fidelity data
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such that they can accurately retrieve the latent temporal dynamics.
The procedure adopted aims at finding a reduced representation of the
training snaphosts, which consists of a time series dataset, obtained
numerically solving the full-order model associated to the considered
magnetohydrodynamic scenario. The structure of the present paper is
now reported. Section 2 provides an overview of the reduced order
modelling approach, emphasizing the specific technique adopted in this
work. Section 3 describes the MHD model and presents the numerical
results obtained with the DMD approach. Finally, Section 4 resumes the
main conclusions of the present work.

2. Dynamic mode decomposition

Dynamic Mode Decomposition (DMD) is a technique developed by
Schmid in [21] to identify spatial and temporal coherent structures
from high-dimensional data for fluid dynamics applications. Briefly,
this algorithm is based on the Singular Value Decomposition (SVD) [22].
Given a matrix X € RVo*N: | jts low M-rank representation reads,' as
Eq. (1)

Uy Zy Vi # X (€8]

in which U,, € R¥»*M is an orthogonal matrix containing the left
singular vectors, also called spatial modes, X,, € RM*M is a diagonal
matrix containing the singular values, measuring the importance of
each mode, V* € RM*Ni is an orthogonal matrix with the right
singular vectors [9].

The DMD algorithm provides a modal decomposition where each
mode consists of spatially correlated structures that have the same
linear behaviour in time (e.g., oscillations at a given frequency with
growth or decay), thus finding the linear coordinate system that best
fits the starting data. By ranking the modes through the singular values
of the starting data matrix, DMD builds a low-dimensional surrogate
linear model that can simulate the temporal evolution of these spatial
modes.

This work adopts the implementation of the DMD within the pyDMD
package [23,24], whose implementation is briefly outlined below. The
DMD algorithm is inherently data-driven: the first step consists in
collecting time-series snapshots of the high-fidelity state vector x(t;) €
RVi, with N, being the dimension of the state vector, at different time
steps uniformly sampled [21,22]. In particular, the resulting snapshot
matrix must be shaped as in Eq. (2)

X=[x(t)) | x(tp) | -+ | X(IN,)] c RNaXN; @

The DMD seeks the best-fit linear operator A that allows the system
to advance in time, as in Eq. (3)

X1 A AXy 3)

given x, = x(7;). The operator A describes the dynamics of the
associated linear system that best advances the snapshots forward in
time. Mathematically, this operator is the solution of the minimization
problem

A= argmin |X* - A*X"||p = X*X)F 4)
A*ER./\/;,X.N';,

given the snapshots matrices X~ = [x(t)) | - | x(ty,_)] € RNwX(Ni=1)

and X* = [x(tp) | - | x(ty)] € RNWXWN=b || || being the Frobenius

norm and the superscript © indicating the pseudo-inverse [22]. This
optimization version of the DMD algorithm generalizes the exact DMD
proposed by [21] to perform a regression to exponential-time dynamics,
thus providing an improved computation of the DMD modes and their
eigenvalues [25].

However, for very high dimensional data, like the one coming
from fluid dynamics simulations, the number of elements of A may

1 The conjugate transpose of a matrix is indicated with superscript *.
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Fig. 1. Backward-facing step benchmark geometry.

be too high to be computed; therefore, it is convenient to represent
this operator with a reduced coordinate system. The DMD algorithm
leverages dimensionality reduction to evaluate the dominant eigen-
values and eigenvectors of the best-fit linear operator and to avoid
the computation of the pseudo-inverse (X~)f. Tu et al. [26] proved
the strong connection between the reduced eigenvalues and the true
ones of A. The dimensionality reduction is performed exploiting the
Singular Value Decomposition [22]; the overall procedure is reported
in Appendix.

Typically, the advancement in time (both to perform testing and
forecasting) is performed following the spectral decomposition of A,
ie.

AW = WA (5)

with W being the eigenvectors matrix and the diagonal matrix A
containing the associated eigenvalues, which corresponds to the ones of
A [26], embedding the dynamical evolution of the system. The former
are needed to compute the so-called high-dimensional DMD modes @,
ie.

@ =XV, W 6

which can be proved to be the eigenvectors of A [26].

All the previous operations are to be performed during the of-
fline/train phase, whereas during the online/test the solution can be re-
constructed for unknown time values. Especially, the above spectral de-
composition allows for a quite simple expression for the advancement
in time through the expansion

M
X~ ) A, @
j=1

given ¢; € R¥% the jth column of @, A ; the jth diagonal element of A
and b; the mode amplitude computed from the projection of the initial
condition onto the reduced space, i.e. b = @*x;. The advancement in
time of the solution occurs in the reduced space. Subsequently, through
a decoding procedure, the solution is reprojected into the original space
to provide a physically meaningful representation.

3. Numerical results

The two-dimensional Backward-Facing Step (BFS) is a well-known
numerical benchmark for Computational Fluid Dynamics. This geome-
try has been selected for the present study, considering as a conducting
fluid lead-lithium. The geometry and numerical mesh are shown in Fig.
1. In this work, as explained in Section 2, the DMD technique is adopted
for forecasting the temporal evolution of the system.

The flow is initially stagnant, and a perpendicular magnetic field
is imposed at time + = 0. Walls are considered no-slip and perfectly
conducting; at the inlet, a uniform velocity is imposed, whereas at the
outlet an external pressure condition is assumed. The magnetohydro-
dynamic model [27] that describes the incompressible, viscoresistive
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lead-lithium flow subjected to the setup outlined above is:

V-u=0 inVv,t>0
p(;—l; +p(u-V)u=—Vp+/4Au+(”]—0VxB>><B inVv,t>0
%:VX(UXB)+%AB inV,t>0
V-B=0 inV,t>0
u=0 inVv,t=0

B =B, inV,t=0
u=u, on Iy, 1> 0
g_::O on Foutlet’t>0
u=0 on [, t>0
%:O onadV,t>0
P = Dext on Four/et’ >0
Z=0 on OV\ T,y 1> 0

®

where V' denotes the domain, dV the entire boundary, I' are the
surfaces of the boundary and ¢ is the time. Moreover, u represents the
fluid velocity, p the pressure, B the magnetic field, p the density, u
the dynamic viscosity, y, the magnetic permeability and 7 the elec-
trical resistivity. For a full description of the selected mesh numerical
parameters and lead-lithium thermo-physical values refer to [20].

The introduced model is the full-order model (FOM), represent-
ing the considered MHD scenario. This model was used to gener-
ate the training snapshots in OpenFOAM, exploiting the custom-made
MHD solver magnetoHDFoam developed by the authors and pre-
sented in [28]. This library implements a magnetic version of the
well-known PIMPLE algorithm, in which the magnetic component has
been included. The solver is available on Github under the MIT license.

3.1. Offline phase

In the offline phase, the FOM is solved directly to create the training
high-fidelity snapshots for velocity u and pressure j.> The time range is
2 s, with a uniform sampling time of 0.02 s. From this dataset, a training
set ' was extracted that includes only a portion of the snapshots
(from O to 1.44 s, i.e. 72% of snapshots data), while the remaining
data formed the test set ='t. This subdivision follows a standard
approach for data-driven methods to have roughly three-fourth of the
data for training and the remaining for testing: the surrogate model is
trained with only a part of the available data, while the accuracy of
the model will be evaluated by comparing the approximation of the
reduced model with the data contained in the test set (that is, those
unseen by the surrogate model).

At this stage, a preliminary SVD was applied to the training set to
assess the decay of the singular values and the relative importance
of the corresponding modes related to the training matrix. Indeed,
through the SVD procedure the modes and associated singular values
are ranked based on their information content (i.e., how much they
are representative of the training high-fidelity dataset), in descending
order [7-9].

In Fig. 2, both the behaviour of the singular values and the relative
information/energy content as a function of the rank are illustrated.
The singular values are indicated as o, (where r denotes the rank) while
the relative information content is defined as
Tiio
= ©

Zk Uk

The singular values exhibit exponential decay for both the velocity
and the reduced pressure. This implies that both quantities of interest
can be approximated by a linear reduced subspace obtained from the
dominant modes [29]. Moreover, the decay of the information/energy

In=1-

2 The pressure has been rescaled to the external pressure imposed at the
outlet, i.e. p=p— p|

ext*
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Fig. 2. SVD singular values (top) and information/energy content (bottom) as a
function of the rank for the pressure and the velocity.

content I(r) shows how the error of low-rank falls below 103 for a
rank equal to 10, signifying that the relative information content for
this value is pretty good for both physical quantities. Thus, following
the algorithm explained in Section 2, a reduced matrix A was generated
from the training data, associated with the surrogate DMD model.

3.2. Online phase

In the following the results obtained during the online phase are
presented, using the DMD model generated during the offline phase
with a dimensionality equal to 10. For both the quantities of interest,
the Dynamic Mode Decomposition was applied following the algorithm
exposed in Section 2, with the aim to capture information regarding the
most dominant physics. Finally, the temporal evolution of velocity and
pressure fields was calculated by exploiting the DMD modes, using the
temporal expansion shown in Eq. (7). In particular, the solution of the
reduced model was advanced in time from 0 to 2 seconds, thus even
for time instances not included in the training set Z™ with the aim of
predicting the flow dynamics. At this point, the flow reconstructed with
the reduced model was compared with the real solution, represented by
the test set Ztest,

Figs. 3 and 4 show the velocity magnitude and pressure fields from
the FOM test set (3a and 4a) and the DMD reconstruction using 10
modes (3b and 4b), considering a time instant outside the training set.

The dominant dynamics are captured well by the surrogate model;
however, the smaller scales, corresponding to the small vortices after
the step, have been filtered out by the DMD approximation, as al-
ready seen in [20]. Indeed, the reported residuals (Figs. 3d and 4d),
defined as the difference between the exact and the approximated
solutions, exhibit oscillations localized in the step region, where small-
scale turbulence with faster dynamics than the DMD modes occurs.
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Fig. 3. Comparison between the FOM velocity magnitude and the DMD reconstruction,
using 10 and 100 modes, with the associated residual field at r = 1.92 s. The figure is
zoomed in on the step region.

These may be captured either by increasing the sampling frequency or
by increasing the dimensionality of the DMD model, thereby enhancing
the accuracy of the reconstruction obtained from the DMD.

Nonetheless, the residual is sufficiently little for both the fields.
Indeed, the residual is mostly localized after the step, resulting in very
low spatial average values (0.003 m/s for the velocity and 7Pa for the
pressure), while the maximum values are 0.062 m/s for the velocity and
157 Pa for the pressure.

Moreover, the relative L2-error related to the DMD reconstruction
has been calculated for the two quantities of interest as

-P p-7
oo [lu = P Tul]] o= Ib - Py 1pl] (10)
l[ul (1]l
where || - || represents the classical L2-norm. Fig. 5 shows the computed

errors for the velocity and the pressure when a rank equal to 10 is
selected.

The errors are relatively low and acceptable for both velocity and
pressure. As already observed, they show significant oscillations at
shorter times, which are attributed to the faster dynamics of the flow
at those time scales, which have a frequency higher than the cut-off
frequency of the DMD. However, both the maximum values (0.104
for the velocity and 0.027 for the pressure) and the averages over
time (0.059 for the velocity and 0.016 for the pressure) of the errors
are quite low for both the quantities. So, the generated DMD model
reconstructs the dominant dynamics of the flow with an acceptable
accuracy.

To try to capture even the faster dynamics corresponding to the
recirculations after the step the same procedure was repeated with an
increased value for the rank r. Figs. 3c and 4c represent the velocity and
pressure field reconstructed imposing the rank of the reduced model
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Fig. 4. Comparison between the FOM pressure and the DMD reconstruction, using 10
and 100 modes, with the associated residual field at t = 1.92 s. The figure is zoomed
in on the step region.
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modes and 100 modes. The circles represent the time sampling instants.
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equal to 100, compared with the previous reconstruction operated with
10 basis (see Figs. 3b and 4b). Even with this rank, the reduced model
has a significantly smaller size than the full-order matrix, which was
composed of 7500 spatial points and 100 time instants.

From the figures, it is evident that the DMD benefits from the
increase in rank in terms of accuracy. In fact, this second surrogate
model, unlike the previous one, is able to capture even the small
recirculation dynamics that occur near the step. This is due to the fact
that such dynamics have high temporal frequencies, which were cut off
by the previous more approximate model. Moreover, the residuals are
lower for both the fields with average values of 0.0008 m/s and 1.88 Pa
and maximum values of 0.21 m/s and 77 Pa respectively.

Successively, the relative error was computed in order to quantify
the accuracy of the second model. Fig. 5 shows the relative error over
time for the velocity magnitude and the pressure field for the DMD
model with 100 basis. It is clear that the error in this second case is
much lower compared to the error of the previous model. In particular,
the error is almost negligible for the time instants contained in the
training set, meaning that the reduced model with rank equal to 100
is able to almost perfectly reconstruct the dynamics of the full-order
model that were used during the training phase. At subsequent times
outside of the training set, the error obviously increases slightly but
remains very small, lower than the error of the surrogate model with
dimension 10.

Moreover, for the velocity field, an analysis was also conducted on
the reconstruction of its two distinct components. Fig. 6 presents a
comparison between the FOM solution and the DMD reconstruction,
using 10 and 100 modes, for both the horizontal and vertical velocities.
It can be observed that a sufficient number of bases allows for a highly
accurate reconstruction of the individual velocity components. In fact,
while the reconstruction with 10 modes shows notable differences, the
DMD with 100 modes is able to reconstruct both velocity components
with negligible residuals.

An analysis of the computational costs required by the resolution
of the full-order model and the reconstruction performed by the DMD
is now presented. The FOM simulation has been performed on an HPC
cluster, whereas the DMD algorithm has been executed on a tower com-
puter with an Intel Core i7-9800X processor. The resolution of the FOM
required 1240 s, while the online phase of the two considered reduced
models with 10 and 100 modes took 0.03 s and 0.04 s respectively. Thus,
an increase in rank of one order of magnitude does not correspond
to a similar increase in the computational time, skewing the trade-off
between accuracy and computational times towards the former.

The benefit in terms of computational time is enormous when
adopting the DMD approach, since the computational time is reduced
by over 4 orders of magnitude. However, the increase in the reduced
model rank results in an increase in computational burden, but in
any case, compared to the time required by the full-order model, the
difference between the computational costs of the two reduced models
is very small. So, if the aim of the work is to reproduce the dominant
average flow, a DMD model of even very small size can be considered.
On the other hand, when also the physics at small time scales have to
be taken into account, it is necessary to increase the dimensionality of
the reduced model, slightly increasing the computational cost. In any
case, regardless of the rank value selected for the reduced matrix, the
computational times are drastically lower compared to the resolution
of the full-order model.

Subsequently, the same technique was used considering different
values of magnetic intensity, to examine if the approach is generalizable
to any value of magnetic field. Different snapshots were generated,
reproducing the same benchmark but subjected to different values of
magnetic intensity, in particular B, € [0.1,1.0] T, and the same DMD
procedure was applied case by case, with 10 and 100 modes. The
average relative L?-error has been computed for each analysed case
and the results are reported in Fig. 7.
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Fig. 6. Comparison between the FOM horizontal (a) and vertical (b) velocity components and the DMD reconstruction, using 10 and 100 modes, with the associated residual field

at t = 1.92 s. The figure is zoomed in on the step region.
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It can be observed that in general the error is higher for very low
magnetic fields, while for higher intensities it becomes smaller and
smaller, for both the selected ranks. This is because the magnetic field
tends to suppress turbulent dynamics and laminarize the flow [30].
Indeed, for very low magnetic fields, substantial recirculations in the

step survive, and therefore there are high-frequency dynamics which
are not completely captured. In these circumastances, increasing the
number of modes allows only partially to reduce the relative error. This
result shows that for low magnetic intensities, the selected number of
temporal snapshots is not sufficient for capturing all the phenomena
occurring at the smallest scales and a finer temporal sampling should
be necessary for a more accurate reconstruction of the complicated
turbulent dynamics. Conversely, for high enough magnetic field inten-
sities, the accuracy improves significantly and an elevated number of
modes permits to reduce drastically the relative error, in particular
for the reconstruction of the velocity. This is related to the fact that,
for intense enough magnetic fields, the flow is completely laminarized
and all the dynamics at play are encompassed in the reduced model,
especially if a reasonably large rank is selected. Finally, for even higher
magnetic intensities, the relative error becomes negligible even for
a small rank, meaning that even few modes are sufficient to encode
the flow dynamics. These results highlight that both the generation of
the snapshots and the dimensionality selection of the reduced model
during the offline phase must be done with criterion based on physical
considerations, so that the DMD model can be fully representative of
the full-order model.

4. Conclusions

The present work applies a Dynamic Mode Decomposition approach
to a magnetohydrodynamic scenario, consisting of lead-lithium flowing
in a BFS geometry. The purpose of this work was to create a reduced
model of very lower-dimension with respect to the full-order model, yet
still sufficiently accurate, and that could also be able to do forecasting
of time series. According to the authors’ knowledge, this study repre-
sents one of the few works focusing on ROM for MHD flows involving
fluids representing liquid metals flowing in breeding blankets, with the
objective of creating accurate surrogate models capable of forecasting
and extrapolation to unseen scenarios.

In the offline phase, the snapshots for the velocity and the pressure
fields were generated solving the full-order model and a train set
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had been extracted as subset of the entire dataset. Then, a reduced
model has been produced, applying the DMD technique. During the
online phase, the temporal evolution of velocity and pressure was
reconstructed using the DMD model, even for time instants not included
in the training snapshots. The obtained results were compared with the
data belonging to the test set. The DMD model was able to reconstruct
the unseen temporal behaviour of flow dynamics with an acceptable
accuracy, with much lower computational costs compared to a full-
order solution. In particular, the accuracy of DMD strongly depends on
the dimension of the matrix associated to the reduced model, especially
for catching the physics occurring at small time scales. Indeed, if the
exploited snapshots are sufficiently dense to contain most of the infor-
mation the flow dynamics, a sensitivity analysis on the dimensionality
of the reduced model can allow, in principle, to build a reduced model
able to reconstruct even the more intricate and chaotic phenomena
related to turbulent dynamics, while keeping the computational burden
very low. This study demonstrates the feasibility of reduction tech-
niques to create surrogate models able to capture the MHD effects
of residual magnetic fields on operational fluids within the blanket.
Moreover, since DMD is a purely data-driven technique, similarly good
results can be expected, in principle, for different configurations, even-
tually considering alternative initial or boundary conditions, provided
that data are of sufficient quality. Thus, if the exploited snapshots fully
represent the phenomenon under study, the approach may be extended
to large-scale configurations, such as three-dimensional flows in the
blanket or even MHD thermonuclear plasmas. So, the development
of these models in nuclear fusion could greatly facilitate sensitivity
analysis and uncertainty quantification by doing calculations at a re-
duced order level instead of a high-fidelity one. Moreover, the DMD
approach, and more generally the ROM techniques, could enhance real-
time simulations, which would be crucial in scenarios where controlling
the effects of the magnetic field is imperative.

Future research could explore variants of the DMD approach in
MHD scenarios, like the parametric version of the DMD, which, starting
from different time series with different values of the magnetic field,
generates a reduced model that generalizes the temporal evolution
for any magnetic field intensity. Furthermore, these strategies may be
explored in configurations involving more complex magnetic profiles,
with arbitrary directions and orientations, as well as time-dependent
conditions. Moreover, experimental data from measurement could be
used as additional training data, thus augmenting the precision of
the reduced model. Finally, it is foreseen to explore the potentialities
of these methods in contexts involving realistic configurations that
resemble actual scenarios found in fusion reactors, considering real
geometries and more complex physics, taking into account also all the
thermal effects including the energy equation.
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Algorithm 1: Dynamic Mode Decomposition: operator learning

Input: Snapshot Matrix X = [x(#;) | x(#5) | - | x(ty,)] € RNXN;
Output: Best fit operators A and A

Generate time advancement matrices:
X™=[x@t) | - | x(ty,_] € RNwX(N=D) 5
Xt =[x(t) | - | x(ty)] € RN#XNi=1)
Compute the Singular Value Decomposition (SVD):
X" =Uy 2y V3,
Compute best fit operator: A = X*V,, T Ut € RV>Na ;
Project A onto the modes with rank M:
A =13 AU,y € RM*M

Appendix. DMD algorithm

In this appendix a scheme of the logic underlying the DMD proce-
dure is reported.

Data availability

Data will be made available on request.
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