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1. Introduction

In 1951, Tricomi [1] considered a sequence {£§f‘) (x) }nen of non-orthogonal polyno-
mials related to the generalized Laguerre polynomials. These polynomials satisfy the
three-term recurrence

(n+ 1)), (x) = (4 n) e (x) + 2™ (x) = 0

()

with the initial values /;’ (x) = 1 and EY‘) (x) = a and have ordinary generating series

(O () = Y4 (x) £ = (1 — 1) e )

n>0

They have degree [1/2] (for a generic parameter «) and can be expressed as

n n—k
09 (x) = ("”‘)(—mx.
" k;o k (n—k)!
Tricomi polynomials have been studied from several points of view [2-5]. Here, we

will show that they are related to the following tridiagonal determinants (continuants [6,7]).
Consider the n x n determinants

X 1
v x+1 1
Ww= T
(n—2yv x+n-2 1
m—1)v x+n-1

nxn
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For the first values of 11, we have

(x)
(x)
(x)
T3(V) (x) = 2% +3x2 + (2 —3v)x — 2v
(x) = x* +6x° 4+ (11 — 6v)x% + (6 — 14v)x + 3v(v — 2)
(x)

= x° +10x* +5(7 — 2v)x® + 50(1 — v)x? + (150> — 70v + 24)x + 4v(5v — 6) .

These determinants are monic polynomials of degree n (for any parameter v) and satisfy
the recurrence

Th() = (b n+ DT () = (4 DT () @
with the initial values T(V)( ) =1and Tl(v) (x) = x. From this recurrence, it is straightfor-
ward to obtain the exponential generating series

vt

TW®) &
(x;1) ET *(1_t)x7v' 3)

n>0

By comparing series (1) and (3), we have Ty(lv) (x) = n!fﬁlx) (v). For this reason, we call these
polynomials Tricomi continuants. Clearly, also the Tricomi continuants can be expressed in
terms of the Laguerre polynomials. Specifically, considering the Laguerre polynomials as
defined in [8], p. 108, we have the exponential generating series

t e 1-t
n;)L 7! - (1 _ t)ﬂ(+1 (4)

and by formula (19) in [9], Volume II, p. 189,

ZL(X n) x tn (1+t)a fxt (5)

n>0

Then, from series (3) and (5), we have

or, more explicitly,
=% ()t ©)
k=0

where (x), = x(x+1)(x+2)-- - (x +n — 1) is the Pochhammer symbol (rising factorial).

Furthermore, from series (3), we have that the Tricomi continuants form a Sheffer
sequence. More precisely, they form the Steffensen sequence (cross-sequence) associated
with the Sheffer matrix

v) — (v) — A NY L
T = [ank]n,kzo_ ((1 te ,logl_t). @)
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For v € Z, these matrices have integer entries (as can be easily deduced from formula (6)). For

instance, for v = —1, 1, we have the (north-west partial) matrices
1 0 0 0 0 O 1 0O 0 0 0 O
0 1 0 0O 0 O 0 1 0 0 0 O
-1y |1 1 1 0 0 O 1 | -1 1 1 0 0 O
Ts 12 5 3 1 0 0} Ts7 = -2 -1 3 1 0 0
9 20 17 6 1 0 -3 -8 5 6 1 0
44 109 100 45 10 1 -4 -31 0 25 10 1

Moreover, if v = 0, we have T,EV) (x) = (x), and then T is the Sheffer matrix of the
Stirling numbers of the first kind.

In this paper, we will investigate various combinatorial and algebraic properties of the
Tricomi continuants. More precisely, in Section 2 we recall the basic definitions and properties
of the Sheffer sequences and matrices. In Section 3, we obtain the main umbral operators
associated with the Tricomi continuants. Then, by using these operators, we establish some
basic relations for these continuants and their derivatives. In Section 4, we obtain a binomial
identity from which we will deduce a Turan-like inequality. In Section 5, we derive some
congruences for the Tricomi continuants and their derivatives. In Section 6, we consider the
polynomials T,S"*” ") (x + un) and obtain their exponential generating series, proving that they
still form a Sheffer sequence. In Section 7, we establish a two-parameter binomial identity
similar to the symmetric Carlitz identity for the Bernoulli numbers. In Section 8, we obtain
some relations between the Tricomi continuants and the Cayley continuants (another classical
family of continuants also forming a Sheffer sequence). In Section 9, we show that the infinite
Hankel matrix generated by the Tricomi continuants admits an LDU-Sheffer factorization.
Similarly, we show that the infinite Hankel matrix generated by the shifted Tricomi continuants
admits an LTU-Sheffer factorization. Furthermore, by the first factorization, we obtain the
linearization formula for the Tricomi continuants and its inverse. Finally, in Section 10, we
obtain some representations in terms of the Stirling numbers.

2. Sheffer Sequences and Sheffer Matrices

Sheffer sequences form an important class of polynomial sequences appearing in several
fields of mathematics, especially in analysis, combinatorics, and umbral calculus [8,10-16]. In
what follows, we recall the main definitions and properties we will need in the present
paper. See [17] for a historical account.

A Sheffer sequence [18] is a polynomial sequence {s,(x)},>o having exponential
generating series

s(t) =) su(x) ;—7: = g(t)e¥f®

n>0
where g(t) = ¥,>0 gn% and f(t) = Lu>o fn;—n, are two exponential series with gy = 1,
fo =0,and f; # 0. In this case, the Sheffer sequence {s,(x) },>0 has spectrum (g(t), f(t)).
An Appell sequence [19] is a Sheffer sequence with spectrum (g(t),t). A Steffensen
sequence [16] is a Sheffer sequence {s,(f) (x) }n>0, depending on a parameter v, with spec-
trum (g(t)h(t)", f(t)), where h(t) = ¥ ;50 hn;—n! is an exponential series with /iy = 1. Each
Steffensen sequence is a cross-sequence [13,14], since it satisfies the binomial identity

n n v
3 ()t s = (x4,
k=0

A Sheffer matrix S = [s,, k|, x>0 = (g(t), f(f)) is an infinite lower triangular matrix
such that

n k
¥ sui = g2

n>k
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for two exponential series g(t) = Y_,,>0 gn;—n! and f(t) = Y,>0 fn;—n!, with go =1, fo = 0 and
f1 # 0. The entries of the matrix S satisfy the recurrence

n+1n=k (k + i)
Snilktl = Y. AiSpk+i 8)
k+1 &\ k

i

where the a,, are the coefficients of the series a(t) = t/f(t) = Y0 n ;—n!, where f(t) is the
compositional inverse of f(t).

Clearly, the row polynomials of the Sheffer matrix S = [s,, ¢}, x>0 = (g(t), f(t)) form
the Sheffer sequence {s,(x) },>0 with spectrum (g(t), f(t)), and vice versa.

The Sheffer matrices form a group with respect to the matrix multiplication (as happens
for the analogous Riordan matrices [20,21]). More precisely, the product of two Sheffer

matrices S1 = (g1(¢), f1(t)) and Sy = (g2(¢), f2(t)) is given by
5152 = (g1(£)2(f1(1)), f2(f1 (1)),
the identity matrix is I = (1,t) and the inverse of a Sheffer matrix S = (g(t), f(t)) is the

Sheffer matrix
1 = -1 7
s7H=(g(f(0)7LF(1).
Given a Sheffer matrix S = [s,, k], x>0 and its inverse S~! =[5, 1], x>0, we have the
inversion theorem: given any two sequences {uy },>0 and {v, },,>0, we have

n n
Un =Y Sy iUk = On =Y Syl
k=0 k=0

Efl k) and the

defined as the entries of the following

Consider, for instance, the generalized Stirling numbers of the first kind s

(1)

generalized Stirling numbers of the second kind S nk

Sheffer matrices [22,23]

1 1
<(1 — t)ﬂ’log 1_ t> = [Sn]:lk) ]n,kZO and (e el —1) = [Snp,lk) ]n,kZO' ©)

These matrices are related to each other by the following identities

%

1 1\
— (o Ht 1 _ oty — _yn—ke(H)
((1_t>yllog1_t) (e 11 € ) |:( 1) Snki|7’l,k20

1 1
]41‘ t _ —1 — - - g — n—k H)
(e, e’ —1) <(1 + £)p log 77 t) [( D™ s L,kz()'

Hence, we have the Stirling inversion theorem

n
Up =y Si’fk)vk — (S Z(—l)”_ks("k)uk.

k=0 k=0
or
- ) " (_1)n—kg)
Uy = an,kvk = Uy = Z(—l) S p U - (10)
k=0 k=0

Given a Sheffer matrix S = [s,, x|, k>0 = (g(¢), f(t)), we have

S = (8(=1) —F(=1) = [(=1)"sn] 0
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or S = MSM, where M = (1, —t). A Sheffer matrix Sisa pseudo-involution when S -1-75,
or, equivalently, when SM is an involution. For these matrices, we have the following
inversion theorem: given any two sequences {uy },>0 and {v, },,>0, we have
n n k
Uy = 2 Sn kVk <~ On = Z(_lyli Sp kU -
k=0 k=0

For instance, the binomial matrix

0= [0~ ()

is a pseudo-involution. In this case, we have the binomial inversion theorem

3" (Z)anvk —  o=) (Z)(_q)nkuk. an

k=0 k=0
L=

t
L,kzo - (1’ 1—t>' 12)

whose entries are the (signless) Lah numbers, is a pseudo-involution. In this case, we have
the Lah inversion theorem

Also the Lah matrix
n

k

(—1)" K. (13)

Given a Sheffer matrix S = [s,, |, k>0 = (g(t), f(t)), the Sheffer transform 7s of an
exponential series 1(t) = ¥, hn L—H, is the exponential series given by

Teh(t) = ((0), f() h(t) = (O h(F(1) = 1 (z sn,khk> -

n>0 \ k=0

By Pincherle’s theorem [24], every linear operator L : R[x] — R[x] can be represented
by means of an exponential series in the derivative D with respect to x. More precisely,
there exists a unique polynomial sequence {L,(x)},>0, where L,(x) € R]x] for every
n € N, such that

Ly (x) "~ Li(x)
Lp(x) = ) = Do) = 1 = v ()
k>0 k=0
for every polynomial p(x) € R[x] of degree n.

Given a polynomial sequence {p,(x)},>0, where each p,(x) € R[x] has degree n, we

can consider the linear operators J, M, N, A : R[x] — R[x] defined, for every n € N, by

Jpn(x) = npy_1(x), Mpp(x) = pn1(x),

’ (14)
Npu(x) = npu(x), Apu(x) = w .

The operator | is the umbral derivative (or lowering operator, or annihilation operator), the
operator M is the umbral shift (or raising operator, or creation operator), the operator N is
the umbral theta operator, and the operator A is the Appell operator associated with the

sequence {pn(x) }n>0-
The umbral operators J, M, N, and A of a Sheffer sequence {s,(x)},,>0 with spectrum

(g(t), f(t)) are given by [8]

-~

] = f(D) (15)
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m= &L 2 (D) (16
N=MJ= (ggg((g;; + xf’(?D))) f(D) (17)
A=a(D) = ,?(DD)' (18)

Some other important operators are the shift operator E* defined by E*p(x) = p(x +
A) and represented by E* = e*P, the forward difference operator A = E — 1 = e — 1, and
the backward difference operator V.=1— E~! =1 —e~P. Moreover, we have

D =log (19)

1
—v
DF 1 1 ¥ i1V
k!_k!<log1—v) —g[k}z. (20)

where the coefficients [}] are the Stirling numbers of the first kind.

3. Umbral Operators

In this section, we obtain the main umbral operators for the Tricomi continuants and then
we deduce some basic relations. First of all, we have the following representation theorem.

Theorem 1. The umbral operators for the Tricomi continuants are given by

J=1-eP=1-—F1 (21)
M= —v(eP —1)+xeP = (x —v)E+v (22)
N=(x—v)E-—x+2v—vE! (23)
4 __Db _ D (24)

ot, equivalently, by

J=V (25)

M= (x—v)A+x (26)

N=(x—-v)A+vV (27)
1 1

A:§log1_v. (28)

Moreover, the operators |, M, and N satisfy the relation
v[+ M- N =x. (29)

Proof. From spectrum (7), we have
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It follows that, by formulas (15)—(18), we have identities (21)—(24), respectively. Then, using
the definition of the difference operators, we have at once identities (25)-(27). To obtain
identity (28), just use (19). O

Using these representations of the umbral operators, we can obtain several identities
for the Tricomi continuants. For instance, we have the following ones.

Theorem 2. The Tricomi continuants satisfy the relations

T () = T8 (x — 1) = nT", (x) (30)
T, (x) = (x — )T (x+1)+1/T ) (x) (31)
(x—v) (x—l—l) (x—l—n—Zv) (x) (x—l) 0 (32)
T, () — e+ T (@) + T, (x) = (33)
T ) T (k= 1) = (4 DT (”’() (34)

Proof. Relations (30)—(32) derive immediately from representations (21)—(23) and defini-
tions (14). Similarly, relation (33) derives from (29). Finally, to obtain relation (34), just
notice that, from (24), we have VA = D. 0O

Remark 1. Since | = V, we have
VAT (x) = nE T, () (35)

where n* = n(n —1)--- (n — k + 1). Hence, we have the identity

k .
3 (§) -0 - i) = 1)

i=0

which generalizes identity (30). In particular, for k = n (and replacing the index i by k), we have

3 (Z) (~DFT (x — k) = mt.

k=0

Recall that the Bernoulli numbers B, and the harmonic numbers H,, have generating series

t" t 1
= — = Hpt" = 1 .
B(®) E()B”n! ef —1° ,g) nt togl—t
Then, we have the following further identities.
Theorem 3. The Tricomi continuants satisfy the relations
/ n n
T (x) = kzi ( k) (k=11 T, (%) (36)
" n\ (i
T (x) = (n+1) 2 )k By Zz‘i (1) [k} T, (%) (37)
1=
0= % (11 1)k' 1,(%) 9)
n+1 = k+1 n—k
! ! n+1
T (x+1) = T, (x) = kz&) (k N 1) (k+1)! H, T, (%) (39)
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n

I (x+1) =Y <Z> KH T, (x) 4o

k=0

where the coefficients By, are the Bernoulli numbers and the coefficients Hy, are the harmonic
numbers.

Proof. Identity (36) derives from (19) and (35). Then, from (24), we have A = B(—D) and
from this representation we have

T ¢ TV (x) .

n+1 n—l—l

Then, by (20) and (35), we have relation (37). Similarly, from representation (28), we have
relation (38). To obtain the fourth relation, notice that

Vv 717e_D

— D —
TV~ oD =e —1=A.

Hence
1

1 1
1-v B1-V
This representation and (35) imply relation (39). Finally, by (34), relation (39) reduces
to (40). O

AA =

= H(V).

Remark 2. Consider the coefficients Tr(lvk) of the Sheffer matrix (7). Since

y ) 1 1 1Y
10 = L1 5 =6V (1o 11 )

and

(v) _ 7(v)

where G, = n o, then we have

o\ [i
=3 (1) i @)
i=k
where the coefficients [}] are the Stirling numbers of the first kind. Moreover, since
(1—1t) T,ffl () +viT (1) + T (h) =0,
we have the recurrence

ngi)z,kﬂ = éljr)l,k +(n+ 1)Tr(z1jr)1,k+1 —(n+ 1)VT75 k)+1 (42)

Furthermore, since a(t) = t/ f(t) = B(—t), recurrence (8) becomes

—k .
(v) _on+ 1 (k+i (v)
Tn+1,k+1 - k+1 Z k ( ) B Tn 41t
i=0
Finally, notice that from recurrence (42) we have

G, = (mn+1)GY, — (n+ 1)y Gy

n+1
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with G(()V> = 1and G§V> = 0. Thus, if v <0, then G,(ZV) > 0 for every n € N. Consequently, by
formula (41), we have Ty(lvk) > 0 for every n, k € N. In conclusion, if v = —m with m € N, then the

matrix T (=™ has non-negative integer entries (as in the examples considered in the Introduction).
All these matrices admit a combinatorial interpretation (which we omit here).

4. Turan-like Inequalities

A sequence {pu(x)},en of real polynomials satisfies the Turdn inequalities when
Pri1(x)? = puia(x)pn(x) > 0 for all x belonging to a suitable interval of R. Several classical
polynomials satisfy these inequalities, such as the Legendre, Laguerre, Hermite, and
ultraspherical polynomials [25,26]. Also, the Tricomi continuants satisfy some inequalities
of this kind (but with the direction of the inequality reversed). To obtain such inequalities,
we will use the following formula.

Theorem 4. The Tricomi continuants satisfy the relation

Tr(li)z(x)Tr(lV) (x) — Tr(l:/r)l(x)2 =(x—v) Z (Z) (n— k)!v”*kTIEV) (x)T,EV) (x+1). (43)
k=0
Proof. Consider the determinants
Y = T;Ei)z(x) T}’(ll-/‘r)l X
T (x) TV (%)

By recurrence (2) and by the properties of the determinants, we have

Yner = (14 vy + T (0T (x) =T (x))
By relation (31), this identity becomes
Y1 = (n+ Dy + (x =) T ()T, (2 +1).

This is a linear recurrence of the first order in the form y,+1 = a,411yn + by 41, where
ap, =nvand b, = (x — I/)T,(IV) (x)T,SV) (x +1). The general solution of this recurrence is

noog
n—an]/O 27
k=1 ay

where yo = x —vand a4}, = a,a,_1 - - - a; = n!v". This implies formula (43). O

We can now proof the following inequalities.
Theorem 5. Ifv > 0and x > v, then
T ()T (x) = TV, (x)2 > 0. (44)

Proof. If v > 0 and x > v, then (6) implies T,(Zv) (x) > 0, and consequently T,SV) (x+1)>0.
Hence, by formula (43), we have inequality (44). O

5. Congruences

In this section, we will obtain some congruences for the polynomials Ty(lv) (x) and

Ty(lv)/(x), which by formula (6) are polynomials with integer coefficients (considering v as
an arbitrary parameter). First, recall that, given two polynomials p(x),q(x) € Z[x], we
have p(x) = q(x) (mod pZy[x]) when the corresponding coefficients of p(x) and q(x) are
congruent modulo p.
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First of all, we have the following simple result.
Lemma 1. Let p be a prime. Then Tév)(x) = xP —x +v (mod pZy[x]).
Proof. If p is prime, by formula (6), we have (working in Z [x])
0y = 3y (7)ot p
T, (x) :kzo )V (x=v)=vP + (x —v),.
Since (x)p = —x+xP, we have (x —v), = —x+v+ (x —v)l = —x +v+xF —vP. This
implies our congruence. [
More generally, we have the following theorem.
Theorem 6. Let p be a prime. Then, for every n € N, we have the congruence
TV, (x) = (2 — x + )T (x) (mod pZy[x]). (45)

Proof. Itis well-known that (",") = (}) + (¢2,) (mod p) for p prime and n € N. Thus, by
formula (6), we have (working in Z; [x])

T, (x) = Zio (%) et
E( s
= ki{] (Z) e C ) P :i; (k f p> PPk (x ),
=P é (Z) A CpT) é (Z) VR (e — V) ptk
R (x) + i (Z)v” Fx —v)p(x — )i
k=0

As we observed in the proof of Lemma 1, we have T;SV) (x) = vP + (x —v)p. Thus, we have

T(V)

pn (X) = r(,v) (x)T,(lV> (x), and by Lemma 1 we have congruence (45). [

Theorem 6 can be generalized as follows.

Theorem 7. Let p be a prime. Then, for every m,n,s € N, s > 1, we have the congruences

T () = (6 — x4+ 0)" T (x) (mod pZy[x]) (46)
T,(nvi7)5+n(x) = (x”S P vp57l)mTy(1V) (x) (mod pZy|x]). (47)

Proof. Congruence (46) can be proved by induction on m, using congruence (45). Then,
congruence (47) can be proved by induction on s, using congruence (46). O

Furthermore, we also have the following congruences.

Theorem 8. Let p be a prime. Then, for every n € N, we have the congruence

T, () = (¢ — 2+ )T (x) = T (x) (mod pZ[x]). (48)
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Proof. By formula (36), we have (always working in Z, [x])

v) ! g +n v
T =1 (") -0

() () et

"o n v pin n v
-y <k> (k=1D!T, () +k§7 (k_p> (k=1D!TY, ()

= (xF —x+) f (Z) (k=11 T (x) + i (Z)(p+k—1)!T,§”)k(x)

— (o —x+ ) T (1) + (p— ) T (x)
— (x0T (x4 1)~ T (x4 1)

where we have used congruence (6) and Wilson’s theorem (p — 1)! = —1 (mod p). This
proves congruence (48). [

Finally, Theorem 8 can be easily extended in the following way.

Theorem 9. Let p be a prime. Then, for every m,n,s € N, m,s > 1, we have the congruences

T1£1Vp)+n/(x) =(F —x+ U)mTI’(lV)/(x) —m(xP —x+ v)m_lT,gV)(x) (mod pZy[x])
T, (0 = (& =2 o )T (3) (mod pZ,x])

6. A Binomial Identity

Ty(lV+]/H’l) (

Consider the polynomials x + un), where y is an arbitrary parameter. To

obtain their exponential generating series Q(x;t) = }_,>¢ iVt (x + un) £, consider the
bivariate generating series
tn
) TV k) (x + pk) —'uk =
n,k>0 n:

e(VJFVk)t uk _ T(V) (x; t)
(1—t)x—v 1—ettu

k>0

Since Q(x; t) is the diagonal of the above bivariate series, then by Cauchy’s integral theorem
(see [27], p. 42, [28], or [29], p. 182), we have

Qx;t) = 1 TV (x;z) dz 1 fT(")(x;z)

= — ¢ —717 — = dz.
2mi ) 1 —et?t/z z 27T z — teh?

There is only one pole (of the first order) tending to 0 as t — 0, given by the unique
(invertible) formal series ¢ (t), such that

P(t) =t or  P(t) =te M. (49)

Hence, by the residue theorem, we have

o e EmpO)) TV (x5z) L TW(xz)  TW(xgy(t)
Q(x’ t) - zggb) z — ek ZE%) 1—ptek 1— U tenp(t)

From (49), we have
B ehyp(t) )/
1 pter® 1 —pterv®’

y'(t)
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Therefore, in conclusion, we have

YT o) 7= tl’i’éi) T (x(1) = ¥ T (x;1) (50)
n> )

where ¥ is the Sheffer matrix

o= (Yo v0) = [R)wr] .o

Tr(lv—&-yn)(

Notice also that the polynomials x + un) form a Sheffer sequence, with spectrum

(o) (00t on ) = (S 0w es )

Moreover, from series (50), we have the binomial identity

" n n— v v+un
3 () 1 () = 1k o).
k=0

Remark 3. Using a similar approach, we can prove that

L 1= o = L 10 sg00) = 010 10

where ¢(t) is the unique formal series such that ¢(t) = t(1 — ¢(t))" and  is the Sheffer matrix

e (L) - [ ()2] - [Come],

Also, in this case the polynomials Tr(lv) (x — un) form a Sheffer sequence, with spectrum

(o) (0 -aretion 25) = (G 0 - pt0rention g )

7. A Carlitz-like Identity
In 1971, Carlitz obtained [30] the following two-parameter binomial identity

(17 5 () B = 07 1 () B

k=0

for the Bernoulli numbers B,. This identity has been generalized in various ways to
many other numerical and polynomial sequences. For instance, in [31] there is a general
theorem proved by the umbral calculus. Similarly, in [32] there is a generalization to the
Appell polynomials using a slightly different umbral approach. Here, we will use a similar
approach to find a Carlitz-like identity for the Tricomi continuants.

First, we prove the following simple, but important, identity.

Lemma 2. The binomial transform of the Tricomi continuants is given by

3 () i) =T ). D
k=0

Proof. By following series (3), we have e T(") (x; t) = T(*1) (x 4 y; t). This is equivalent
to identity (51). O
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Now, we can prove the following theorem.

Theorem 10. For every m,n € N, the Tricomi continuants satisfy the Carlitz-like identity
m

> (})ewr i w-w = X (V) camm P, e

k=0 k=0

Proof. Consider the umbral map defined by the linear isomorphism ¢ : R[x] — R[x]
where ¢(x") = T,EV) (x), for all n € N. Then, by identity (51) proved in Lemma 2, we have

o((x+1)") = TV ™M (x+1).
Since

)m+k

(x—p)"(x+p)" = (x—p)"(x = p+2p)" —H

/_\
3 =
v

-5
m - mk n+k
(v )G )" = (x4 = 20" (e )" g(k) (e,

we have the umbral identity
(1 n—k mik _ g (M m—k n-+k
¥ () et = () o e
Now, by applying ¢ to both members of this equation, we obtain identity (52). [

Using the same approach, we can also prove the following further identity.
Theorem 11. The Tricomi continuants satisfy the identity
(1 2yn—kp(v) - (n n—kp(vEp)
() = Y () 2t o . 3)
k=0 k=0
Proof. Consider again the umbral map ¢ defined in the proof of Theorem 10. Since

(v )" )" = (2 =) = ) (Z)L;ﬂ)”x%

k=0

(= ") = G = 20" )" = 3 () (2" K
k=0

we have the umbral identity
- (n _2n7k2k_n n o)k ntk 4
Yo )T = ) ) (2 e ) (54)
k=0 k=0

By applying the umbral map ¢ to both members of this equation, we obtain identity (53). [

Remark 4. From identity (53), by the binomial inversion theorem (11), we have

=1 (1) & (5 e .

i=0
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Remark 5. For u = 1, identity (54) becomes

3 (3) o = 3 (1) b, )

k=0 k=0

This identity can be used to obtain several other identities of the same kind. For instance, if
we consider the umbral map ¢ : R[x] — R defined by ¢(x") = by, where the by, are the Bell
numbers [33], p. 493, then we have ¢((x + 1)") = by,11. Thus, by applying ¢ to both members
of (55), we have the identity

i (Z) (=1)"*by = i (Z) (=2)" b1 -

k=0 k=0

Similarly, if we consider the harmonic numbers Hy, = Y/, % and H,SZ) =Yiq k%’ then we
have the identities

L) = wa B ()T ment oz

k=1 k=1

Hence, by defining the umbral maps @; : R[x] — R by setting ¢1(1) = 0and ¢1(x") = (712114_1,

forn >1,and ¢p(1) = 0and ¢ (x") = % Hy, for n > 1, then we have ¢1((x +1)") = H,
and ¢ ((x +1)") = H?. Thus, by applying @1 and @, to (55), we have the identities

()5 -G

™=

k=1 =0
n n (_1)n7k71 B n n ik rr(2)
£ (1) £ (1) oo

Remark 6. The umbral method we just used to prove the previous identities has an extremely
broad scope. Starting from an umbral identity (i.e., a polynomial identity), it is possible to obtain
several other identities by applying a suitable umbral map [32,34]. Consider, for instance, Simons
identity [32,35]

ki%) <n2—i]—<k) <2kk> o= ki%) (n;;(k) <2kk> (—1)"F(x + 1)k

Using once again the umbral map ¢ defined in the proof of theorem 10, we obtain the following
Simons-like identity for the Tricomi continuants

£ () (- (5 () e

8. Cayley Continuants
The Cayley continuants are defined by

U,(IV)(x) = v—2 x 4

nxn
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and were considered by Cayley [36] in relation to the Sylvester continuants (see [6], Vol-
ume 2, pp. 425-426, [37])

n—2 A 3
H,(A) = n—-3 A 4

2 A n-—-1
1 A

nxn

with the intention of proving the following surprising identity

0= F () (278 (- m— o

where pr(x) = (x +1)(x+3) -+ (x + 2k — 1).
Also, the Cayley continuants form a Sheffer (and a cross-) sequence [38,39], having
exponential generating series

X+v
) xhv
u® (= Yul (L = a+y > (56)
n>0 -2

Moreover, they can be expressed as

=% () (55 (7).

where the polynomials ¥ = x(x — 1)(x — 2) - - - (x — n + 1) are the falling factorials.
Cayley and Tricomi continuants are related to each other by the following formulas

U = 3 (1) (0T a2 1 (172 67)
k=0

() = Y <’Z> (—1F T () Ul (2x). (58)
k=0

Indeed, from series (3) and (56), we have

T2 (—x/2; =) TW/2) (x/2; 1) = UW) (x;1)
T (U (2x; 1) = TV (x; 1)
and these identities are equivalent to identities (57) and (58), respectively.

By identity (57), the Cayley continuants are expressed in terms of the Tricomi continu-
ants. Now, to express the Tricomi continuants in terms of the Cayley continuants, consider

the Sheffer matrix
Cew H2 N | (v=k\nl(=1)"F
((1 V2 2) T k) o '
n,k>0

t/2 1
(1—1t/2)", ) UV (xt) = ————

Then, we have
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or, equivalently,

LEG R - (),

k=0

Thus, replacing x and v by 2x and 2v, we have

1 & 2v—k\ nl e
= ()R U e = -,
k=0 .

Therefore, by formula (6), we have
(v) no i\ vt & v — i\ k! ki 4 1(20)
L@ =1 ) 50 L ey ) GV W20

or, equivalently,

9. Hankel Matrices
In this section, we will consider the infinite Hankel matrices

HS) (x) = V) (x = v S;/rz v
(%) [ i+t ]ijzo TV (x) TV (x) TV, (x)
and the partial n x n Hankel matrices
T T e T )
; -1 TV (x TV (x) --- T, (x
H (2) = {Ti(iiﬁrs(x)}?; _ Sﬂ( ) s+‘2( ) | s+r.1( )
=0 : : : :
TO @ T - T, ()

generated by the Tricomi continuants. We will prove that the matrix H*) (x) = H (0 (x)
admits a Sheffer LDU-factorization, while the matrix #(“!)(x) admits a Sheffer LTU-
factorization. More precisely, an infinite matrix A has a Sheffer LDU-factorization [40]
when there exist two Sheffer matrices S; and S, with main diagonal 1 and a diagonal matrix
D such that A = S; DSZT . Similarly, an infinite matrix A has a Sheffer LT U-factorization [40]
when there exist two Sheffer matrices S; and S, with main diagonal 1 and a tridiagonal
matrix T such that A = §; TSZT .

To obtain these factorizations, we will use the exponential generating series of the
infinite matrices () (x) and H(*!) (x). By Taylor’s formula, they are given by

1y

Wt = ¥ Tyl (x) oo = T (it +u)
mn>0 s
b ) = (v) ut 9 o)
W(tu) = mEOTmMH(x) = T (x;t+u).

Moreover, we will use the following lemmas proved in [40].
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Lemma 3. Consider two Sheffer matrices

R=[rurlnk=0 = (g1(t), i(t))  and S =[suxlux=0 = (2(t), f2(t)),

a diagonal matrix D = [k!hy 6, k |, k>0, and the exponential generating series h(t) = Y ;> hn %
Then, the exponential generating series of the matrix RDST is given by

iNf
)y (Zrlksjkhkk> - = 81(1)g2(u) h(f1(t) fa(u)).

$,/=0 \k=0 iyt
Lemma 4. Consider two Sheffer matrices
R = [runi=0 = (81(t), A(t))  and S = [syilni=0 = (82(1), f2(t)),
and a tridiagonal matrix T = [h!ty  |;, k>0, where
bk = Didp 1 + k0 + kexdp 1 -

Consider the exponential generating series a(t) = Y >0 an ;—n!, b(t) = Yu>0Dbn ;—n!, and c(t) =
Yo>0Cn % Then, the exponential generating series of the matrix RTST is given by

o
) ( Y Vi,ij,kh!th,k> 777 = 81()ga(u) F(t,u)
0j>0 \ hk>0 J:

where

F(t,u) = a(fi(t) f2(u)) + fr(H)b(f1 () f2 () + fa(u)c' (f1(t) fa(u)) -
Now, we can obtain our first factorization.
Theorem 12. The Hankel matrix H\V) (x) admits the Sheffer LDU-factorization
HO) (x) = M) (x) DV (x) S (x)" (59)

where

st (S (],

W) (x) = [k (¥ = V)i ],y g

Moreover, we have the Hankel determinants

det[ 1(2 L] O—Hk' X —V)k

and

Proof. The exponential generating series of the Hankel matrix (") (x) can be written as
oy ev(t+u)

wiar = 1O = G

- e T o L s ~SOSHI0/0)

Y T ()

mmn>0

1—t1—u
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where

eVt t 1

s =G =pr = (),  f)=7—, k)= (D

By Lemma 3, this implies the stated factorization. Notice that such a factorization is
inherited by the partial matrices, namely Y (x) = s (x) DY) (x) st (x)T. This implies
the stated determinants. [

From Theorem 12, we can obtain the following identities.

Theorem 13. We have the identity

mAn
Tl =3 () (1) -y 0T 6
=0

and the linearization formula

oo EGE

i,j=0 17 \k=0

1

k

1]<‘ (—1)Fk! (x — v)k> T, (). (6

Proof. By Lemma 3 and Theorem 12, we have that identity (61) is equivalent to factorization (59).
Now, we can reverse this identity by observing that in the proof of Theorem 12 we obtained

the relation
T (x;£) TW) (x; 1)

TV (x;t 4 u) = (1 - LL)"_”
1—tl—u
or, equivalently,
T (x;8) TV (x;u) = (1 - t”‘)HT(V) (x;t+11). (63)
1—tl—wu
Since t -
(11515 ) = swgwa— oy
with

t X—v
S=1, f0=r, hH=0-p,
we can apply Lemma 3 where R = S = (g(t), f(t)) = (1, 1) is the Lah matrix (12) and

D= [k!(x— V)kén,k} This means that we have the expansion

n,k>0"
t_u VT i1 k AR
_ b _ AT
(1 1_t1_”> i,]'XZ:O kgk k‘< Dk (x=v) i

In conclusion, by this identity and identity (63), we obtain the linearization formula (62). [

In the next theorem, we obtain our second factorization.
Theorem 14. The Hankel matrix H"V) (x) admits the Sheffer LTU-factorization
HOD (x) = 8V (x) TW (x) S (x)T

where SW)(x) is the Sheffer matrix (60) and TV) (x) = [h!ty | where

h,k>0"

g = (X = V)kg1 Oppgr + (X +2k) (x — V) O +k (x — V)i Op—1 -
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Moreover, we have the Hankel determinants
n—1 n—1
det [Ti(g#l(x) } o= (kll) k! (x — v)k> ") (x)

(v)

where the T, ' (x) are the polynomials defined by the exponential generating series

vt
W) (v ) — Wy el
T™V(x;t) = T, (x = . 64
( ) nzzo ( ) n! (1 _ t)xfy ( )
Proof. Since o 5 ;
v) P9 oWy XV vt
nXZ:O Tn+1(x) m! ot T (x’ t) (1 _ t)X*l/Jrl €

the exponential generating series of the Hankel matrix #(“/!) (x) can be written as

Y Tl (x)t u—:ET(”)(x;tJru): x—v(t+u) ev(t+u)

ey M it ot (1—t—u)xvHl
e eV x —v(t+u) 1
(-t (1 —u) (1—t)(1—u) tu \xvALT
(- 1=1=)
Since
(f:ty)t(;—vi) :xHx*V)litHx*V)lﬁu +("*2”)ﬁ1iu’
we have
L Thluia(0) 1y = 8000 (@000 + SRS w0) + FE ) F0))
where o
80 = e =TV, f =1,
_x+(x—2u)t xX—v X—v

- 7 _ - ! _
ﬂ(t) - (1 _ t)xfwrl ’ b( ) (1 _ t)va Y ¢ (t) (1 _ t)X7l/ '
In particular, we have
ap = (x+2n) (x —v)y,, by = (x— V)41, chn=by_1=(x—V).

Therefore, by Lemma 4, we have the stated factorization. Again, such a factorization
is inherited by the partial matrices, namely ’HS/" D (x) = Sy(lv) (x) 7}1(1/) (x) S,(lv) (x)T. Then,
we have

det H{V (x) = det T, (x)
Notice that 7(*) (x) = [h! (x — v) Buk | ko Where
t;l,k = (x -V 4+ k) 5h’k+l + (x + Zk) 5h,k + kéh,kfl .

Then, we have

det T, (x) = (1’[1 ki (x — v)k> ) (x)
k=0

where 71" (x) = det [k ]Z;io, that is
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X 1
xX—v x+2 2
x—v+1 x+4 3
T,SU)(X)Z x—v+2 x+6 4

x—v+n—-3 x+2(n-2) n—1
x—v+n—-2 x+2(n-1)

nxn

(v)

Therefore, the polynomials 7, ' (x) satisfy the recurrence

(%) = (x4 20+ 2) 1 (1) = (14 D(x —v+m) 7)) ()

(

with the initial values Tév) (x) =1and Tlv) (x) = x. Now, by the usual techniques of the formal series,
it is straightforward to obtain the generating series (64). This concludes the proof. O

Remark 7. The polynomials T,SV) (x) are themselves continuants, and by series (64), they also form

a Sheffer (and a cross-) sequence with spectrum

vt 1
T(V) — ((1 — t)Velftllog ]—t> . (65)

Also, these polynomials can be expressed in terms of the Laguerre polynomials. Indeed, from series
(3) and (4), we have
o () = LY ().

For this reason, we call these polynomials Tricomi continuants of the second kind. In Section 10, we
will give some representations of these continuants.

Theorems 12 and 14 can be generalized as follows.
Theorem 15. The Hankel matrix

HO (%) = (AT ) + T () | oo

admits the Sheffer LTU-factorization
HV(A;x) = SV (x) TV (x + 1) SO (x)T

where S\V) (x) is the Sheffer matrix (60) and T (V) (x) is the tridiagonal matrix defined in Theorem 14,
Moreover, we have the Hankel determinants

n—1 n—

( l k! (x — v)k> v (x+A).
0

det AT (0 + T ()] [

]

Proof. By Theorems 12 and 14, we have
HO(A;x) = A HO (x) + HOD (A x) = SW (x) (ADW) (x) + T (x)) SV (x)T.
Now, it is straightforward to prove that
ADW (x) + TW (x) = T+ (x + 1) .

This implies the stated factorization. Then, by Theorem 14, we have the stated determi-
nant. [J

By Theorems 12 and 14, we can also compute the following Hankel determinants.
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Theorem 16. The Hankel determinants of order 2 are given by

) )2
det{Tg;H L] 0 <Hk' A )Zk (x — V)i

-1
Proof. Leth, = det [Tl(i;( )L] O,h' det | I(+;+1(x)]l] ,and 1 = de t[Tz(EH( ”Zj:()'

Then, by Dodgson’s formula [41] (or Jacobi identity [42], p. 303), we have the following
linear recurrence of the first order

2
by 1 = hngohy + (1)

with the initial value i = 1. By Theorems 12 and 14, we have hj, = hn ") (x) and

Vo= (1) (5 = V)bl A+ T ()

Now, it is straightforward to show that the solution of this recurrence is given by the
stated formula. [J
10. Representations

In this final section, we will find some identities for the Tricomi continuants T,SV) (x)

(v)

and T, ’(x) involving the generalized Stirling numbers and, in particular, we will show
that such continuants can be expressed in terms of each other.
Consider the generalized Stirling numbers defined by the Sheffer matrices (9) and the
exponential polynomials S, (x) defined by the exponential generating series
t _
Y Sulx)yp = et

n>0

Since
t

(e_”t,l - e—t) T(v) (x;t) — e(x—v—y)te—v(e* -1)

we have the identity

Y~k T () = ¥ (Z) (=)™ S (—v) (x —v = )"

k=0 k=0

Then, by the Stirling inversion theorem (10), we have the representation

f ?:0< ) (~1)FiS () (x—v—p)'.

In particular, for 4 = 0,1, we have the ordinary Stirling numbers of the first kind [33],

namely 51(1(,)12 =[] and sflllz = [’;ﬂ] Therefore,

1= 5[] £ ()t o
W= 2 [ E () e s -y

Similarly, we have the identity

(eim,l _ eft) T(V)(x,‘t) _ e(x v=p)ts v(e! 71)



Mathematics 2024, 12, 401

22 of 23

References

© NSO W

and consequently
- n—kg(H) _(v) (1 k
3 (-0 e = Y- () Suelw) (x—v =)

k=0 k=0

Again, by the Stirling inversion theorem (10), we have the representation

and, in particular,

k=0 i=0
W), N v [n+1 k ;
Ww=1 ] L (F)sem v

Consider now the Lah matrix (12). Since

t
VYT ) = (V) (e —
<1'1+t>T (x;t) = TV (=x; —t),
we have the relation
n

k=0

()" T (2) = (~1)"rd ) (—x),

n
k
or

(—)FT (=x)

Finally, by the Lah inversion theorem (13), we also have the inverse representation

n

L (D ().

T () =Y

k=0

These last relations are equivalent to the following matrix identities

LTV =<(=v), ™ =pT and TV =LtV
where T() and (") are the Sheffer matrices (7) and (65).
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