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1. Introduction

In this paper we aim to obtain extensions of the Grothendieck-Lidskii trace formula
to quaternionic (right-linear) p-summable Fredholm operators in locally convex spaces
(or to trace-class operators in the Hilbert space case). The problem of finding a corre-
sponding formula for the Fredholm determinant, which is often included as part of the
Grothendieck-Lidskii formula, is also addressed.

Given an operator T' belonging to an appropriate class, in the commutative setting,
these formulae read as

TrT =Y M(T),  det(I+T) :H (1 4+ M\(T (1)

where {A\;(T)} is the sequence of eigenvalues of T' and Tr, det denote the trace and the
determinant of T, respectively, and I denotes the identity operator. We emphasize that
the operator trace is defined in terms of a chosen basis of the underlying vector space.
Thus, the above formulae are independent of the choice of the basis, since the sequence
{Ak(T)} is invariant with respect to such a choice.

Recently, some efforts have been made in order to extend the Grothendieck-Lidskii
trace formula to different settings, such as compact Lie groups [20] and variable exponent
Lebesgue spaces [22] (without considering the problem of the Fredholm determinant).

Trying to directly extend these formulae to the quaternionic setting leads to intrinsic
limitations that arise in this context, even for finite-rank operators. A well known issue
is that if A € H is a right-eigenvalue of an operator T, then so is s~'\s, for any s € H
with s # 0. Indeed, the equation Tz = A implies

T(xs) = (z\)s = (zs)(s~ 1 \s). (2)

This means two things. First of all, we have an infinite number of eigenvalues. However,
there are only n equivalence classes if we make the identification u ~ X if and only if
there exists s € H with s # 0 such that x4 = s~'As. Secondly, while \ is an eigenvalue
with eigenvector x, we have that p is an eigenvalue associated with the eigenvector xs.
Thus, the trace of a quaternionic linear operator need not to be equal to the sum of its
eigenvalues as in (1) (in fact, none of those quantities, nor the Fredholm determinant,
are well defined).
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In order to overcome these issues, I. Gelfand, S. Gelfand, Retakh, and Wilson de-
veloped in [27] the general theory of quasideterminants. Since a functional satisfying
all the classical axioms of the determinant cannot exist over the quaternions [11], it is
natural to consider quasideterminants as a natural equivalent. Quasideterminants were
first introduced in [28] for matrices over free division rings. The main difference with
the commutative determinant is that the former is the analog of a ratio between the
determinant of an n X n matrix and that of an (n — 1) x (n — 1) submatrix. This means
that in such a general setting, quasideterminants are not polynomial functions of the
matrix entries (as in the commutative case), but rather rational functions.

In this context, the aforementioned authors were able to define in [27] the determinant
of a linear map A : R™ — R™, where R is only required to be an algebra with a unit.
The definition is based on a characteristic equation, whose construction is as follows: a
vector v € R™ is said to be cyclic if {v, Av,..., A™ v} is a basis of R™, when viewed
as a right R-module. In this case, the authors show that, given a cyclic vector v € R™,
there exist elements o = ax(A,v) € R, k=1,...,m, such that

(=)™ o, + (=)™ (Av)a, 1 + - — A" ooy + A™v = 0. (3)

This equation plays the role of the characteristic polynomial. In the case where R is a
commutative algebra, the element «, is the usual determinant of A, i.e. a,, := det A.
Moreover, by the Cayley-Hamilton theorem, the numbers oy, are precisely the coeflicients
of the characteristic polynomial of A. In [27] it is also shown that if the determinant a,y,
is zero, the corresponding map A is not invertible, which is a natural property one would
expect from any notion of generalized determinant.

However, when R is not commutative, identity (3) presents two limitations that,
in general, one would like to avoid. First of all, the numbers ax(A,v) depend on the
choice of the cyclic vector v. This is unavoidable, since, while one has equivalence classes
of eigenvalues, these do not preserve the eigenspaces. Secondly, in order to compute
these elements, the formulae given in [27] require a priori knowledge on the eigenvalues
of A. This is in sharp contrast with the commutative (say, complex) setting, where
the characteristic polynomial can be computed directly from the entries of the matrix
representing the map A, and it also contains the information concerning the eigenvalues
of A.

Therefore, from the abstract point of view (3) is ideal, but it is not suitable for our
purposes.

The Dieudonné determinant [23] (defined for general skew-fields and denoted by Ddet),
introduced by Dieudonné himself in 1943, is, to this day, one of the most widely used
alternatives of the classical determinant in noncommutative settings. The properties of
such a determinant are close to those of the commutative ones. What is more, in the
quaternionic case, the quasideterminant as defined in [28] coincides precisely with Ddet
(cf. [30, Section 3]).
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In relation to the Dieudonné determinant, Study [42] introduced a quaternionic de-
terminant, denoted by Sdet, which satisfies

Ddet A = (Sdet A)?, (4)

for a quaternionic matrix A. This notion was shown to correspond precisely with the
determinant of the so-called companion matrix of A [4,46].

Another important alternative of the determinant is the so-called Berezinian (or
also superdeterminant) of a matrix, denoted by Ber, see [6]. Such a concept is de-
fined for matrices with entries in graded algebras that can be decomposed into an
even and an odd part (as, for instance, Clifford algebras, and in particular the quater-
nions). As the usual determinant, the Berezinian is a multiplicative functional, i.e.,
Ber(AB) = Ber(A) Ber(B), and furthermore, it satisfies a Liouville-type formula, which
in the classical case reads as det(exp(A)) = exp(Tr A). However, if we consider a complex
matrix defined by square blocks as

we have that Ber(A) = det(Cy)det(Cy)~! (i.e., invertibility of Cy is required). This
makes the Berezinian not suitable as a replacement of the determinant, for instance,
when relating the latter with the eigenvalues of A. However, it has been proved very
useful in problems of noncommutative geometry that are related to physics [19,45].

For further alternative definitions of determinants of quaternionic matrices see the
survey [4].

All the above considerations imply that there is not a clear notion of what the Fred-
holm determinant of a quaternionic operator should be.

Similar limitations appear when trying to define a trace of a (finite-rank) operator T
over the quaternions. In complex Hilbert spaces H, one has

T = Z(T@k,ek> = Z)\k(T),

k=1 k=1

for any orthonormal basis {eg} of H. As observed above, in the quaternionic case none
of these two sums is well defined and, in principle, the former depends on the choice of
{ex}. All in all, the concept of trace of a quaternionic operator has similar issues as the
determinant: no functional Tr satisfying all axioms of the usual trace may exist. In fact,
the existence of such a functional would imply the existence of a determinant.
Nevertheless, different extensions of the trace that serve different purposes may be
found in the literature. For instance, the concept of “supertrace” is very useful in the
context of noncommutative geometry [6] (in fact, the supertrace and the aforementioned
Berezinian are connected in a similar way as the determinant and the trace are, through
Liouville’s formula). It is clear, due to the relation between the supertrace and the
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Berezinian, that such a concept is not suitable for our purposes. For the sake of com-
pleteness, we recall that there is another way to define the trace, due to Dixmier (see
[24] and [10]), for operators not of trace class, but this is beyond the scope of this paper.

Before describing the approach we take in order to overcome the above mentioned
difficulties, we observe the following: in view of (2), when speaking about (right-) eigen-
values of quaternionic operators, one should consider equivalence classes [A]. It is well
known that these classes of equivalence possess two invariant quantities, namely Re())
and [Im(\)| (or, alternatively, |A]). In other words, if A, A" € [A], then Re()\) = Re(\)
and |Im(X)| = |[Im(\)], i.e., |X| = |N].

In view of this observation, it seems natural to consider an approach based on the
concept of S-spectrum, whose existence was suggested by the formulation of quaternionic
quantum mechanics. Despite the fact that quaternionic quantum mechanics was proposed
by G. Birkhoff and J. von Neumann in 1936 [7], the S-spectrum of a quaternionic linear
operator T" was introduced only in 2006, and is defined as

os(T) ={X € H:T? — 2Re(\)T + |A|*] is not invertible as a bounded operator}.

The discovery of S-spectrum and of its related S-functional calculus is well explained
in the introduction of the book [14] with a complete list of the references and it is also
described how hypercomplex analysis methods were used to identify the appropriate no-
tion of quaternionic spectrum. For the Clifford setting, see [17]. We mention that the
spectral theory on the S-spectrum has several applications, for example, to fractional
diffusion problems [13]. For further applications see [5] and the references therein. More-
over, using the S-spectrum it is possible to define several types of functional calculi,
based on suitable integral transforms, for functions that include axially harmonic and
axially polyanalytic functions (see [12] and [21] for the quaternionic setting), while using
the poly slice monogenic Cauchy formulae, it was possible to define the polyanalytic
functional calculus in [1].

The S-spectrum can be defined for operators over more general noncommutative struc-
tures, but in the quaternionic case, it has the particularity that the point S-spectrum
coincides with the right spectrum (which is not true in more general settings). Further-
more, the S-spectrum can be described in terms of the aforementioned invariants of each
equivalence class [A], namely Re(\) and |Im(\)|. In other words, the S-spectrum contains
the invariants from all the equivalence classes of eigenvalues [A] of T. This makes the
S-spectrum the appropriate tool for studying quaternionic operators.

The notion of S-spectrum has been successfully used in recent research by a num-
ber of authors, showing its potential as the counterpart of the usual spectrum in the
noncommutative setting, cf., for instance, [2,3,15-18].

In order to study spectral properties of quaternionic operators, we develop a charac-
teristic equation that is connected to the S-spectrum. For practical purposes, such an
equation corresponds (in finite dimensions) to the characteristic equation of the well-
known companion matriz of a quaternionic matrix [37,46].
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In the finite-dimensional (matrix) setting, the invariants we consider are those arising
from the companion matrix. In particular, we introduce the first and second order traces
of A € M, (H) (more generally, we introduce the k-th order trace Ty ,(A), for all k > 0),
which are well defined and have the properties that

n n n—1 n
Tua() =2Re( o 0) Tuald) =S WP+ R Y Relhn) ),
k=1 /=1 =1

m=~+1

where A1,...,\, are the standard eigenvalues of A (i.e., they are the unique represen-
tative in each equivalence class [Ag] with the property that A; € C and Im\; > 0).
We stress that the first-order trace does not involve all the invariants of the equiva-
lence classes of eigenvalues since only the real parts are involved. Thus, considering the
second-order trace as a complement to the missing information in T 1(A) is necessary.

We then relate the definition of these k-th order traces with finite-rank quaternionic
operators T in Banach spaces. More importantly, we actually prove that these quantities
do not depend of the choice of the basis in which the corresponding operator is rep-
resented, i.e., they represent invariant quantities associated with those operators. This
allows us to define a quaternionic Fredholm determinant, and prove that

2n

det (I +T) = ZTHk

The above constructions ultimately allow us to prove a quaternionic Grothendieck-
Lidskii-type formula for trace-class operators in Hilbert spaces, and for 2/3-summable
Fredholm operators in locally convex spaces (which reduce to 2/3-nuclear operators in
Banach spaces),

Ty (T 2Re<Z)\k >
detg(I+7T) = ZTHk H1+2RG Me(T)) + (AR (T) ),

where {\,(T')} are the standard eigenvalues of the corresponding operator T' (compare
with (1)).

The definition of a quaternionic trace by means of the usual trace of the associated
companion matrix seems ad hoc, at a first glance. This is because it only involves the
real parts of the inner products that form the corresponding operator matrix. However,
as we show in Section 6.2, this definition of the trace is actually the natural one, as it is
precisely the canonical linear form arising in the tensor product of a quaternionic vector
space and its dual (similar to the classical trace, which is the canonical linear form in
the tensor product of a vector space and its dual).
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The outline of the paper is as follows. In Section 2 we briefly introduce the needed ma-
terial concerning quaternionic vector spaces and tensor products of quaternionic spaces,
as well as some useful facts about entire functions. Section 3 is devoted to introducing
the invariants that we study in finite-dimensional quaternionic vector spaces, in partic-
ular the first and second order traces, and to finding the desired relations and formulas
relating those invariants, the standard eigenvalues of quaternionic maps, and the maps
themselves. In Section 4 we study the quaternionic Fredholm determinant of trace-class
maps in Hilbert spaces and derive several results that are analogous to those in the
classical case, as the analyticity of the determinant, or the Grothendieck-Lidskii for-
mula, among others. Although these results are of interest by themselves, they are also
needed in the subsequent parts. Section 5 is devoted to briefly discussing a simplified
Grothendieck-Lidskii formula in the quaternionic Banach spaces, which we study in full
detail in Section 6, in the context of quaternionic locally convex spaces. To this end, we
develop a parallel theory of tensor products of quaternionic spaces as in [32], which gives
rise to the identification of the quaternionic trace as the canonical form in the tensor
product (Subsection 6.2), as described above. After developing such a theory, we give a
version of the Grothendieck-Lidskii formula for %—Fredholm operators in locally convex
spaces. In the end, the reader may find some auxiliary results in the appendix.

It is worth mentioning that in the sequel we will work in the setting of quaternionic
right/left vector spaces (i.e., with scalar multiplication from the right/left). Formally,
these are right/left H-modules (we use this fact to construct their tensor products in
Section 2). The “module” nomenclature is also standard in the literature, although in
the context of this paper, it seems more natural to use the “space” terminology.

2. Preliminaries
2.1. Quaternionic vector spaces
We denote by H the algebra of quaternions [36], where the imaginary units are denoted
by i and j (the product of these two gives the independent imaginary unit ij). The
imaginary units satisfy i> = j2 = (ij)? = —1. Any element a € H is therefore written as
a = ag +ia; + ja; +ija;;,

where all coefficients are real-valued. The real and imaginary parts of a are defined,
respectively, as

Re(a) = ao, Im(a) = ia; + ja; + ija;;.
Conjugation is defined for quaternions similarly as in the complex case. More precisely,

a= ag — iai —jaj — ijaij,
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(note that in particular, i = —i, j = —j, and ij = ji = —ij).

The set a € H such that Re(a) = 0 of the so-called purely imaginary quaternions
contains the subset

S={a€H : Re(a) =0, Im(a)| = 1}.

An element a belongs to S if and only if a®> = —1. Any non real quaternion A\ can be
uniquely written as A = Re(A) + J|Im()A)|, J € S, whereas A € R can be written as
A=A+J 0 forany J € S.

In what follows, unless otherwise explicitly stated, the considered quaternionic vec-
tor spaces E will be right vector spaces, i.e., the scalar multiplication by an element
g € H\{0} will be a right group action of H\{0} on E. The subspaces of E naturally in-
herit this structure. On the other hand, all the spaces will be assumed to have a R-linear
structure (i.e., multiplication by real scalars is commutative). It is worth mentioning that
there exist quaternionic vector spaces with both left and right H-linear structure. How-
ever, for our purpose, it is enough to require the more common right H-linear structure.

Finally, all the vector spaces of right-linear operators acting on E will be endowed
with a R-linear structure (usually, such spaces are endowed with a left H-linear structure,
but this already forces F to be left H-linear, which we do not require).

In finite dimensions, we denote by H™ the quaternionic vector space of n dimensions
(note that H™ also has a natural left H-linear structure). Its dual space is the left H-
vector space H™, where the scalar multiplication is given by a * v = @v (and av is
understood as an element of H"). The canonical dual pairing of H” and H" defines a
left and right H-linear form (-, -) satisfying

(axv,w=b) =al{v,w)b,

where the left H-linearity is with respect to the scalar multiplication in H" (equivalently,
we say that (-,-) is a sesquilinear form in H"). Such a sesquilinear form is actually the
canonical inner product in H” given by

n
<w7 ’U> = Zw_fvﬁ
(=1

where v = (v1,...,v,) and w = (wy, ..., w,). As in the complex case, we have (v,v) >0
(with equality if and only if v = 0), and (v, w) = (w,v).
We call a basis {ey, ..., e, } of H" (which exists; cf. [9, Ch. I]) orthonormal if (e, €,,,) =

O¢m for every £, m, where 0y, is the Kronecker delta.
2.2. Entire functions

We will need some useful facts about entire functions. We start with the following
result on infinite products.
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Theorem 2.1. [8, Theorem 2.6.5] Let {v,} C C, and assume that {v,} € €7 for some
0 < p < oco. Then the infinite product

P(z) = H (1—vy2)
n=1

is an entire function of genus 0 and order p.

Note that the sequence {v,} consists precisely of inverses of the zeros of P (counting
multiplicity).

The following result relates the order of an entire function and the decay of the
coefficients of its representing power series.

Theorem 2.2. [8, Theorem 2.2.2] If f is an entire function with f(z) = >~ anz", then
f is of finite order if and only if

. nlogn
p=limsup —————
n 1Og (lan|71)

is finite. In this case the order of f is equal to .
We will need the following corollary of Theorem 2.2.

Corollary 2.3. Let {v,} € (P, and assume that

f(z) = H (1+vp2) = Zanz".
n=1 n=0

Then, the coefficients a,, satisfy the estimate |a,| < Cn™4a for every q > p.

Proof. The expansion of f in the corresponding power series, together with Theorem 2.2,
yield

. nlogn
lim sup

n  log (|an|*1) -

This implies that for every ¢ > p, there exists ng € N such that for every n > ng one
has

nlogn <
o ooy >4
log (|an|~1) ’
or equivalently,
lan| < n"d. 0O
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2.3. Tensor products of H-vector spaces

Due to the noncommutative nature of quaternionic vector spaces, it is not possible to
define their tensor products as in the classical case. We follow the definition from [35],
which is given in the context of noncommutative modules, although we adapt it to the
case of vector spaces (as mentioned above, right and left H-vector spaces can also be
regarded as left and H-modules, respectively). Given right and left H-vector spaces E
and F, respectively, the tensor product F® F' is defined as the free Abelian group whose
generators are x ® y, with x € E and y € F, satisfying the relations

(1 +22)Qy=01QYy+ 22,

TR (Y1 +y2) =@y + TRy,
(2q) @y =z ® (qy), q € H.

Under these relations, £ ® F satisfies the usual universal property of tensor products
[35, Ch. 3]. Since we are assuming that E and F' are R-linear vector spaces, we can (and
we will) endow E ® F with a R-linear structure via the relations

rle®y) =) @y=2® (ry) = (z@y)r, r € R.

Tensor products naturally describe right-linear maps in a right H-vector space E as
follows: to a tensor z @ ' € E® E’ corresponds the map (of rank 1)

v x(x’,v).

A balanced R-bilinear map from E x F' into a set M (typically a vector space) is a
map

P:ExF — M,

(z,y) = ®(z,y),

satisfying the properties

(1) ®(z1+32,y) = D(21,y)+P(22,y) and @(z, y1+y2) = Dz, y1)+ (2, y2) (additivity),
(2) ®(xzq,y) = (x,qy), ¢ € H (balance property),
(3) r®(z,y) = ®(ra,y) = O(z,ry) = ®(z,y)r, r € R (R-bilinearity).

Note that there is a canonical balanced R-bilinear map E x FF — E ® F defined by
(z,9) »z®y.
A balanced R-bilinear map on E x F' with M = R will be called a balanced R-bilinear

form.
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In the classical case, the trace is the linear form on £ ® E’ induced by the canonical
bilinear form on E x E’. We can characterize in a similar manner the trace in F @ E’
(where the dual E’ naturally carries a left H-linear structure). As many structures are
built on the real part of a quaternion (for example, the real inner product is the real
part of a quaternionic bilinear form), we show that this is also the case here.

Theorem 2.4. Any balanced R-bilinear form ® : E x E' — R is the real part of a left and
right H-linear form ¥ : B/ x E — H.

Proof. Given ®, define
V(2 z) = ®(x,2') — ®(xi,2)i — ®(xj,2")j — ®(xij, z)ij.

Since ® takes values in R, it is clear that under this definition, ®(x,2’) = Re(¥(2/, x)).
Further, ¥ is additive in both arguments, since ® is. Let us now check left and right
linearity. For ¢ = qo + q1t + q25 + q3ij € H, we have, by the additivity and R-bilinearity
of &,

(o' 1) = Blag,a’) — D(aqi, )i — Blagj,a')j — Bagij,o')ij

= (x,2")qo + P(zi,2")q1 + ®(xj, 2")q2 + P(zij, 2" )g3
— ®(zi, 2" )qoi + P(x, 2" )qri + P(xij, 2)qoi — P(x],2")qsi
— ®(zj,2")qoj — ®(xij, x")q1j + P(z,2")qej + ®(xi, 2" )q3]
— ®(zij, ' )qoij + ®(zj,2")qrij — ®(xi, 2")qoij + ®(x, 2")q3i]

= ®(z,2")q0 + P(z, 2" )q1i + P(z,2")q2) + P(z,2")q31)
+ ®(xi, 2" )q1 — P(xi, ") qoi + P(xi, 2" )qsj — P(xi, x")qaij
+ ®(xj, 2" ) g2 — ®(xj,2")qzi — ®(xj, 2" )qoj + ®(xj, 2" )qrij
+ ®(xij, 2’ )q3 + ®(xij, 2’ )qoi — ®(ij, 2" )q1j — ®(wij, 2" )qoij

= O(x,2")q — (i, a")iq — ®(wj,2")jq — P(wij, 2')ijq = V(2', 2)q,

i.e., W is right H-linear. As for left-linearity, we use the balance property of ® and obtain

U(ga',x) = ®(x,qz) — ®(x,iga’)i — ®(z, jqz')j — ®(x,ijqx’)ij
= ®(z,2")q — O(xi, 2" )qi — P(xj, x')qj — O(wij, 2")qij = q¥(2', x),

where the precise details are analogous to those above. O

In what follows, for a quaternionic vector space E, we denote by L(E) the vector
space of continuous right-linear operators acting on E (recall that we endow L£(E) with
a R-linear structure).
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3. Finite-rank operators in quaternionic vector spaces

As is natural, in order to study finite-rank operators in arbitrary quaternionic vector
spaces, it is enough to restrict our attention to quaternionic matrices. Indeed, if A is a
finite-rank operator (of rank n) on a quaternionic vector space X, with representation

A:Zxk@)xﬁc, rp € X, ) =A%, €X', (5)
k=1

then the matrix corresponding to the linear map A is

S R R
; ; , Tn
. . € M, (H).
(hoer) (hoas) o (o)
We emphasize that the vectors xj, in the above representation are such that {z1,...,z,}

form a basis for ImA.
Before proceeding further, let us mention some basic facts about complex linear maps
that will be useful later. Let B € M, (C). The characteristic polynomial of B is

Pp(z) =det(Iz — B) = i(_l)kckzk,
k=0

where
cp =Tr (/\nikB>,

and A’ denotes the (-th exterior product (see, e.g., [30, Ch. 1, Theorem 7.1]), which
satisfies

Tr B k—1 0 e 0
) Tr(B?) Tr B k—2 0
Tr(/\’“B):H : ; S (6)
| Te(BFY) Te(BF?) .- Tr B 1
Tr(B*) Tr(B*') ... Tr(B?) Tr(B)

On the other hand, if we write B in the form

n
B = Zxk ® T,
k=1

then, as shown in [31, Ch. I], we have
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T(AB) =5 Y det((elmcasen (7)

01,0 =1

3.1. Companion matrices and associated invariants

Let n > 1 and A € M,,(H). We are interested in finding invariant structures such as
quaternionic versions of the trace and the determinant that contain information of A (or
more specifically, of its eigenvalues), similar to the usual characteristic polynomial for
complex-valued matrices.

As already mentioned in the Introduction, several alternative definitions for these
invariants already exist in the literature, although they usually do not possess desirable
properties. For instance, the formal extension of the classical determinant (see, e.g., [46,
Section 8]) does not guarantee the invertibility of a quaternionic matrix A whenever
det A # 0 (which already indicates that a characteristic polynomial defined in terms of
such a determinant will not have desirable properties either). Thus, it is necessary to
define these invariant structures differently.

Given A € M,,(H), we follow [37,46] in decomposing A = Ay + Azj, where A1, Ay €
M,,(C), and defining

A A
XA = <AL2 A_?) S MQn((C),

as the companion matriz of A. Such a matrix captures the noncommutativity nature, as
well as essential information of A. Indeed, as it is shown in [46, Theorem 8.1], the matrix
A is invertible if and only if det x4 # 0, and the (quaternionic) eigenvalues of A can be
obtained through the characteristic polynomial of x 4,

P, ,(z) = det(Ianz — x4), zeC.

More precisely, if A € H is a right eigenvalue of A, then so is s~'\s for any s € H\{0},
since, as it is mentioned in (2),

A(vs) = vAs = (vs)(s 1 \s).

Thus, as we shall mention later in Remark 4.2, the right-eigenspace associated with A is
not well defined if A € R. If one selects an imaginary unit J € S, by choosing s above
appropriately, one may see that to every right eigenvalue (class) A of A, correspond
two conjugated eigenvalues Re(\) = J|Im(A)|. Thus the class [A] can be identified with
two complex conjugate eigenvalues (say, AT and A~ = ¥, with positive and negative
imaginary parts, respectively). In particular, the classes of equivalence of the eigenvalues
A of A have the quantities Re A and |A| invariant. This pair of complex numbers AT and
A~ are precisely the eigenvalues of x4 [46, Corollary 5.1 and Theorem 8.1]. The case
A € R obviously fits this description.
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Before proceeding further, we recall that the aforementioned Study determinant Sdet
of a quaternionic matrix A corresponds precisely to the usual determinant of the compan-
ion matrix x4 [4]. Thus, by (4), the latter is also related to the Dieudonné determinant,
and in particular,

det x4 = Sdet A = (Ddet A)>.

Since x4 is a complex matrix, its invariants are well described by the characteristic
polynomial P, ,(z). As already mentioned, the complex eigenvalues of A are precisely
the eigenvalues of x4. We may go one step further and associate to A some invariant
quantities that actually come from the matrix x 4. Before doing so, one more remark is in
order. Using (6) and the property that xap = xaxs for A, B € M,,(H), the coefficients
of the characteristic polynomial P, , take the form

Trxa k—1 0 e 0
1 TI“XAz Tr XA k—2 v 0
TT(/\kXA)Zy : : :
| Trxar—1 Trxge—= .- Trxa 1
Tryxae Trxar-1 -+ Tryxaz Tryxa
Definition 3.1. Let A = (agm)zmzl € M, (H). We define the quaternionic (first-order)

trace of A as

TH,l(A) = TI“XA = 2Re<2aa>

{=1

Further, for £ > 2, we define the k-th order trace of A as

Tw,1(A) k—1 0 0
THJ(AQ) Tw,(A) k—2 0
T k(A) = : : : : ;
Tw1(APY) Tga(AR2) . Tw,1(A) 1
Tui(AY)  Tua (A1) - Taa(42) Tua(A)

and the O-order trace as Tj,o(A) = 1. The quaternionic (Fredholm) determinant of A is
then defined in terms of Ty x(A), k > 0, as

2n

det g (I — zA) := Z(—l)kTH’k(A)zk.
k=0

We note that in the above definition one has Ty ,(A) = 0 for every k > 2n. This
definition of the trace of a quaternionic matrix has been considered in previous works,
see, e.g., [25].
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Remark 3.2. Since the first-order trace Tg 1(A) is defined in terms of the companion
matrix xa, 7w k(A) and det (I — zA) are also naturally related to x4 (since both of
these quantities are defined in terms of Ty ;). For the k-th order traces, we have

Ti 1 (4) = Tr (A*xa)
whilst for the determinant, there holds
det H(I — ZA) = det([zn — ZXA)-

We emphasize that, although T 1(A) is defined as Tr x4, the quaternionic Fredholm
determinant det (I — zA) is not defined by just the determinant of the corresponding
companion matrix, namely det x;_,4. Unfortunately, such a simple definition would
lead to a characteristic polynomial that is not an entire function, since det x;_,4 is a
polynomial both in z and Z. However, this is not the case if we consider the alternative
definition for the Fredholm determinant introduced in Definition 3.1 (which corresponds
precisely to the associated characteristic polynomial of x4, ISX ). Such an associated
characteristic polynomial vanishes at the inverses of the eigenvalues of x4, and can
easily be related to P, , as follows:

2n 2n
Peu(2) = det(Tan = 2a) = > (=1 Tr (A" (2xa) ) = Y-8 Tr (A" Fxea ) 2
k=0 k=0
2n 2n
— Z(_l)n—k TI' (/\kXA)Zk — Z(_]-)n_kcnszky
k=0 k=0
where ¢, are the coefficients of Py, (z), namely Py, (z) = iio(—l)kzkck. Summarizing,
by definition, we have
. 2n
Py,(z) =detg(l — 2A4) =) (—1)"Tu x(A)z".
k=0

We have the following properties relating the invariants in Definition 3.1 and the
(standard) eigenvalues of A (cf. [46]).

Proposition 3.3. Let A € M,,(H). Let A1,..., A\, be the standard eigenvalues of A. Then,

T (A) = 2Re < é )\k> .

Furthermore, the quaternionic Fredholm determinant ﬁXA (z) = detg(I — zA) satisfies
the identity
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n

det (I — zA) H (1 = 2Re(A\p)z + | Ae[*2?). (8)

Remark 3.4. In the classical case, the trace may be described as the sum of all eigenvalues
of a given matrix, thus giving complete information about such eigenvalues. However, in
the quaternionic setting, the first-order trace only gives partial information of the eigen-
values of the corresponding matrix, namely of their real part (thus missing information
of the imaginary part, or equivalently, of the modulus). The second-order trace contains
the information concerning the moduli of the eigenvalues. More precisely, we have the
following.

Proposition 3.5. Let A € M, (H) with n > 2, and let A1,..., A\, be the standard eigen-
values of A. We have

T2 (A Z|/\k|2+4z Z Re(Ap)Re(An).

k=1 m=k+1

Proof. This follows immediately by inspecting the coefficient of the quadratic term in
the right side of (8), which is precisely Ti 2(A). O

Since the second-order trace Ty 2(A) contains the missing information in the first-
order one (Ty,1(A)), it is important to express Ty 2(A) explicitly in terms of the entries
of A.

Proposition 3.6. Let A = (agm)zmzl € M, (H). Then

n—1 n

T 2(A Z lage|? +4Z Z Re(ag)Re(amm,) 22 Z Re(ameaem)-

{=1 m=4+1 £=1 m=(+1

In order to prove this identity, we first need the following lemma.

Lemma 3.7. Let B = {bom }} ;e € Mn(C), with n > 2. The coefficient of the quadratic

term of the characteristic polynomial Py is

n—1 n n—1 n
§ § bllbmm - E E bémbm€~
=1 m=0+1 =1 m=0+1

Proof. We proceed by induction on n. If n = 2, the statement is obviously true. Assume
that the claim is true for some n € N. Denote, for any 1 <p <n+1, B, = {bgm}zmzl,
and by B, the (m,£)-th minor of the matrix I,,+1 — Bpy12. We also note that for
any matrix C' € M, (C), the constant term in det(I — Cz) equals 1. By the induction
hypothesis,
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det( n+1l — ZBn-i—l) (1 - bn-‘rl,n-‘rlz)ﬂn-i-l,n—i-l -z Z<_1)€+n+lb€,n+lﬂl,n+l
(=1

n

= (1 - an+1,n+1> det(In - ZBn) -z Z(_1)€+n+1b€,n+lﬁf,n+1

=1
<Z Z beebmm — Z Z bembme + bnt1,n41 Z bee)
=1 m=¢+1 =1 m=L+1
n+1 n

-z Z bee + Q(z) — = Z D" by 1 Bena

n n+1 n+1
:(Z Z beebmm—z Z bemb mg)z —szu+Q

(=1 m=t+1 (=1 m=t+1
n
— 2> (=) g1 Brna, (9)
=1

where @ is a polynomial without linear nor quadratic terms. Note that
Bonir = —(=1)F"2b, 11 pdet(I,_1 — 2B(¢,n)) + 2R(2),

where B(¢,n) is a submatrix of B depending on ¢ and n, and R(z) = R(n,¥¢,z) is a
polynomial with constant term equal to zero. Since the constant term of det(l,—; —
zB(¢,n)) is equal to 1, we deduce that the linear term in the minor S 41 is precisely

_(_1)£+n2bn+1,€-

Thus, the coefficient of the quadratic term in the expression

n

-z Z(fl)l+n+1b€,n+lﬂ€,n+l
=1

is equal to

n
- E bé,n-{-lbn—i-l,év
{=1

which implies that the coefficient of the quadratic term in (9) equals

n n+1
§ § bﬁbmm E § b@m ml — E b@ n+lbn+1 0
=1 m=~4+1 =1 m=(+1
n n+1 n n+1
= E E b[ébmm - § E b@mbmb
=1 m=~4+1 =1 m=~0+1

as desired. O
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Proof of Proposition 3.6. By the definition of x4 = {Qm}%”:n:l € M,(C) and
Lemma 3.7, the coefficient of the quadratic term of ]SXA(Z) = det(Ia, — xaz) is

2n—1 2n 2n—1 2n
D D Cbmm = D Y Eombme (10)
=1 m=(+1 =1 m=(+1

We examine each of these sums separately. For the first sum, noting that &, = &, nf4n
for 1 < ¢ < n, we obtain

2n—1 2n

2n—1 2n n
Z Z §eebmm = Z Z Seebmm + Z Z §eebmm + Z Z Seebmm
(=1 m=¢+1 =1 m=(+1 =1 m=n—+1 l=n m=~{+1
n—1 n n n n—1 n
=3 Culam YD el + D D Eubnm
=1 m=~0+1 =1 m=1 =1 m=¢+1
n—1 n n n
= 2Re<z Z gﬂgmm) + Z Z fffgmm‘
0=1 m=t+1 =1 m=1
Since
n n B n n n B
SN Gl =D NP+ DD Gl = Z |Eeel? + 2Re< Z Z &eimm)
=1 m=1 =1 =1 %7:66 =1 m=0+1
we have
2n—1 2n n — n n—1 n
ST Cubnm =Y leul* + 2Re< Z Z &zgmm> + 2Re<z > &zfmm)
{=1 m=L(+1 =1 £=1 m=(+1 {=1 m=(+1
n—1 n
= Z el +4) > Re(&r)Re(Emm)-
(=1 m=(+1
For the second sum in (10), we can write
2n—1 2n n 2n—1 2n
Z Z g@mém@ = Z Z gémgmé + Z Z gﬁmgmé
=1 m=L+1 =1 m=~4+1 l=n+1m=~,+1
n—1 n n 2n—1 2n
= Z Z ngmé + Z Z §Zm£m€ + Z Z g@mgmé
=1 m=4+1 =1 m=n+1 l=n+1m=~+1

By the construction of the matrix x4, one has &, = Ee+n7m+n for every 1 < ¢,m < n.
Thus,
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n—1 n 2n—1 2n
Z Z g@mgmf + Z Z §£m€m£ - 2Re<z Z gfmgmé)
{=1 m=(+1 l=n+1m=0+1 £=1 m=0+1

On the other hand, since for 1 < ¢, m < n there holds &p m4pn = —E€+n7m, it follows that

n n

Z Z f@mfm@ = Z Z fé m+n£m+n L= Z Z g@-{-n,mgm-‘rn,@

{=1 m=n+1 £=1m=1 =1 m=1
n n n
5 _
== Verne’ =D D Eernmbmin
=1 (=1 m=1
m#L
n n—1 n
== erinel® - 2Re<Z > £g+n,m5m+n,e).
(=1 =1 m=(+1

Collecting all the above identities, we finally obtain that the coefficient of the quadratic
term of det(la, — xa2) is

n—1 n
Z@FHZ S Rel€)Re(€mn) (2Re(z )3 &mw)

=1 m=~+1 (=1 m=~¢+1

*Z|§4+M| 2Re<z Z §i+nm§m+né>)

(=1 m=~+1

To conclude, we rewrite the last expression explicitly in terms of the elements of the
quaternionic matrix A. For each element ay,, € H of the matrix A, write

Ao, = agn)l + zaEl) —&—]agj) + zgagifl),

with each of the coefficients being a real number. We note that, by the definition of x4,

0 0 [ - 7, i
Re(femfme) = a'En%agni - a%m gn)b Re(£€+n,m§m+n,f) = aE'rr)z % + aé'rfz) gnjé)’

for any 1 < m, ¢ < n. Thus,

n—1 n n—1 n
2RG<Z Z Efmgml) — 2Re< Z Z Zl+n,m'£m+n,f>

=1 m=0+1 =1 m=(+1
_ § E (0) (0) (1) (@ (4) () (15) (7)) _ § : 2 :
=2 Ao = Qo Qg = Qg Qg = Qppy Qg =2 Re amzalm :
=1 m=0+1 =1 m=(+1

On the other hand, if 1 < ¢ < n, we have Re&y = Reay. Finally, noting that for
1 </ < n there holds
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lage” = [€ee|® + |€04m,el?,

we finally obtain

n n—1 n n
Tw2(A) = Z |a,gg|2 +4 Z Z Re(ag)Re(amm) — 2 Z Z Re(ameaem). O
(=1 =1 m=(+1 {=1 m={(+1

We conclude this subsection by giving a simple example and computing T 1(A) and
T 2(A) directly from the matrix entries.

Example 3.8. Consider the matrix

(3+i 0
a= (P50,

The standard eigenvalues of A are 3 + ¢ and 7. On the other hand, the characteristic
polynomial of A is

f:)XA(Z) =det(l — zxa) =1 — 6z +112% — 623 +10z%.

We can observe that, indeed, the linear term of such a polynomial carries the coefficient
—2Re(3+i+1ij) = —6 and Ty 1(A) = 6, whilst the quadratic term is

T 2(A) = |3 +i* + |ij|*> + 4Re(3 + i)Re(ij) — 2Re((3 +14)(ij)) = 11.
3.2. Representations of the trace and determinant of a quaternionic finite-rank operator

Given the finite-rank operator F from (5), we aim to obtain representations for the
quaternionic traces Ty x(F) and the Fredholm determinant det g (I — 2F') in terms of
Tm and z,, m = 1,...,n. These representations may be seen as the noncommutative
analog of (7). Obtaining such representations will allow us to extend the definitions of
the quaternionic traces and determinant to the infinite-rank case, for operators of the
form

T =

(]2
8
3
®
8
3~
|
(]
8
b
5
3~

m=1 m=1

We start by showing the commutativity property of the trace.

Proposition 3.9. Let X be a quaternionic vector space and F,G : X — X be finite-rank
linear operators (of the same rank) of the form

n n
F=> am@a, G=> 0@y Tmy€X, ), =Fr,y=G0GycX.
/=1
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Then

T 1 (FG) = Tu 1 (GF) :Z Z 2Re((yp, Tm ) (Th,, ye))-
=1 m=1
Proof. Note that
FG = Z(Z m7y€>>®y27 Z(Zyé yﬁaxm> /m’
m=1 m=1

and hence

Tu(FG) Z Z 2Re((Y), T ) (@, ) = Y > 2Re((2),, ye) (Yhr @m)) = Taw 1 (GF),

=1 m=1 m=1 ¢=1

where we have used that Re(ab) = Re(ba) for any a,b € H. O

Corollary 3.10. Let X be a quaternionic vector space and F : X — X be a finite-rank
linear operator of the form

F=> wn®a, am€X, a,,=Fuz,cX.

Then,
Ty (F) =2 Zn: Re({(z),, xm)),
m=1
and for k > 2,
Tiaa (F°) = Z S Re(( s (s o) (s )
mi=1  me=1

< Mg _ 17$mk><$;nka37m1>)~

Furthermore, for k > 1, Ty 1(F*) does not depend on the choice of the vectors Ty, !

Remark 3.11. In view of Proposition 3.10, we observe that the identity
2n
detp(l — 2F) =Y (—1)"Tg x(F)2"

k=0

does not depend on the choice of the vectors x,, and z;, defining F', since T ,(F') can
be written in terms of the first-order traces Tg 1 (F*), £ =1,...,k.
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Proof of Proposition 3.10. Recall that given F' in such a form, the matrix representing
the linear map is

<x17x1> <:17/17$2> <xlazn>
A (25, 21) <$2,'=’E2> (9, 2n) ’
(2, 21)  (27,, 02) (w7, )

in which case,

T (F) = Ta,1 (Ar) = 2 ) Re((),, 2n)).

m=1

The independence with respect to the choice of the basis follows from Proposition 3.3.
In order to prove the identity concerning Ty 1(F*), k > 2, we note that (z/,,x,,) =
(®, Fx,,). Using this equality with F* in place of F, together with the above identity,
we get

n

T (F*) =2 Re((zm, Fram)). (11)

m=1

Now, by the additivity and right-linearity of (-,-), we have

n n n n

k—1 / k—1
E (X, FF ) = E I e E <xm1, E Ty (Tinyy xm1>>
m=1

m=1 mi=1 mo=1
<x{m1 ) 1‘m2><5€m2, Fkilxml >

<x;n17xm2>< mQaFk 2Q:WL1>

n
(xinﬂmm2><x;n2, Z xm3<xm3jpk—2xml>>

mi=1mo=1 ma=1
n n n
= Z <$;nl7mm2><x;n27xm3>< mg’Fk 3‘/I;77741>:.-.

n n
=3 S @ ) @y T (T Ty )
o <I;nk,1vxmk><zmkachm1>

n
= .. Z (T s Lo ) (T s Tong ) (T s T )
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AT Ty ) (T Ty )

Substituting this equality on the right side of (11) yields the desired result. O

For convenience, we relate the obtained representations for the quaternionic trace and
determinant of F' with its eigenvalues.

Corollary 3.12. Under the hypotheses of Proposition 3.10, if A1, ..., A\, denote the stan-
dard eigenvalues of F, we have

Ta 1 (F) = 2Re<zn:)\k>,
T o(F Z'/\k|2+4z Z Re(Ax)Re(Ae),

k=1 /{=k+1
and
2n n
det (I — 2F) =Y (=1)* Ty x (F H (1 —2Re(Ak)z + | Ae|?22).
k=0 k=1

The proof is based on the fact that if Ap denotes the matrix representation of F', then
the eigenvalues of x4, are A1, Ar,..., A\x, Ag. The corresponding identities then follow
from Propositions 3.3 and 3.5.

4. Singular value decompositions and trace-class operators
4.1. Hilbert spaces over the quaternions

Let H be a separable quaternionic Hilbert space, and let T" be a compact operator
acting on H. As it is well known, T' is compact if and only if T*T is compact and if and
only if |T| = (T*T)? is compact.

The following proposition follows, since it is true in the normal case as a standard
consequence of the spectral theorem.

Proposition 4.1. Let T € L(H) be a self-adjoint, compact operator. Then, there exists a
sequence of real numbers {\,} (tending to 0) and an orthonormal set {e,} in H such
that

Tz = Z)\nen<en,x>, (12)
n=1

forallz € H.
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Remark 4.2. In general, for equivalence classes of (right) eigenvalues of a quaternionic
linear operator, the notion of (right) eigenspace is not invariant. This is a consequence
of the fact that if v is an eigenvector related to A, for any rotation s € H, the vector
vs is not an eigenvector associated with A but only with the eigenvalue s~'As, which
belongs to the same equivalence class. To get an invariant notion for a given equivalence
class [A], one has to consider the pseudo-resolvent operator Q(7T") and the equation
QA(T)v = 0 instead of the right eigenvector equation [14]. This results in a subspace,
called S-eigenspace, which is invariant for the equivalent class. In the case of a self-
adjoint operator T" where the eigenvalues are real, the eigenvectors form a vector space
which coincides with the S-eigenspace. Similarly, an equation of the form (12) is not
independent of the choice of the basis, in general, although it is if the eigenvalues are
real.

When the compact operator T' is not self-adjoint, then one can consider its polar
decomposition (see [43] and the recent paper [15] for the more general Clifford module
case). More precisely, one has

T =V|T]|, IT| = (T*T)'/?,

where V is a partial isometry, i.e., |[Vz| = ||z| for all z € ker(T)* and Vz = 0 for all
x € ker(T'). Note also that V satisfies |T| = V*T and V, T are uniquely determined.
The operator [T is positive. Thus, it is self-adjoint, and, in particular, we have

Tz =" pinen{en, ) (13)
n=1

where the sequence {p,} consists of real nonnegative numbers. As it is well known, the
numbers p,, are precisely the singular values of T, i.e.,

pin = pin(T) = inf {||T" — T, || : T, is a finite-rank operator with rank T, < n}.

Letting o, = Ve,, we have that {0, } is an orthonormal set. Moreover, using (13) and
the right-linearity of V' we have:

Tz = V|T|$ = V( Z Hnen<ena x>> = Z V(Mn€n<emx>) = Z Mn0n<€na x>7
n=1 n=1 n=1

and the latter is called the canonical decomposition the compact operator T

Definition 4.3. The space of p-Schatten-von Neumann class operators S,, 0 < p < oo,
consists of those compact operators T' € L(H) whose sequence of singular values is in
l,. For p =1 we say that S is the trace class and for p = 2, we say that S, is the class
of Hilbert-Schmidt operators.
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We have the analog of a classical result due to Weyl on estimates of eigenvalues:

Theorem 4.4. Let 1 < p < oo and T € S, acting on a quaternionic Hilbert space H. If
{A\r} is the sequence of standard eigenvalues of T, we have

AR Hler < 1Tl

Proof. This result is proved in the same spirit as its commutative counterpart (see, e.g.
[41, Theorem 2.3]). Instead of giving the full proof, we outline the main steps (with proper
references), and while doing so, we point out the differences between the commutative
and noncommutative cases.

First, we note that for any orthonormal sets {f,},{g.} C H, we have

Z (s Tgn) " < 1T, (14)

(this is a consequence of Lemmas 2.1 and 2.2 in [41], which are valid also in the quater-
nionic case). We now use the fact that a Schur decomposition for the given operator T
exists. More precisely, let us denote by Er the smallest closed linear manifold of H con-
taining all eigenvectors and generalized eigenvectors of T' corresponding to each nonzero
standard eigenvalue (in general eigenspaces of equivalence classes of quaternionic eigen-
values are not well defined, as emphasized in Remark 4.2. However, these eigenspaces are
well defined if in each equivalence class of eigenvalues a representative is chosen; in this
case such a representative is the standard eigenvalue). Then, there exists an orthonormal
basis {¢n} of Ep such that, for every k € N,

k

T, = Zakab where ag = Ay.
=1

In other words, when restricted to Erp, the operator T (written in terms of the basis
{¢n}) is a triangular operator with the standard eigenvalues in the diagonal. Since {¢,}
is an orthonormal set, we have, for every k,

(or, Tor) = agk = A,

and therefore, applying (14) with {f,} = {g»} = {¥n}, we obtain
Dl <IITE,

k=1

as desired. O
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4.2. Trace-class operators and the Grothendieck-Lidskii formula

We now derive some properties for quaternionic trace-class operators (that are well-
known in the commutative case), which eventually allow us to obtain a quaternionic
Grothendieck-Lidskii formula. We start by proving the independence of the trace with
respect to any orthonormal basis.

Proposition 4.5. Let H be a quaternionic Hilbert space and T : H — H be a trace-class
operator with representation

N

Il
(]

8
b

5
3~

m=1

where {x,,} is an arbitrary orthonormal basis of H and x!, = T*x,,. Then, the quater-
nionic trace

Ty 1 (T) = 2Re( i (sc;n,a:m>>

m=1

does not depend on the choice of the basis {xy,}.

Proof. Consider another orthonormal basis {yx} of H. For any ¢ > 1,

o0
Ty, = Z T Tm, Ye).

Using the additivity and the right-linearity of (-, ), together with the above identity, we
get

o0 o0 o0 o0 oo o0
Z Yo, Ye) = Z ye, Tye) = Z <ye, Z T$m<Im,ye>> = Z Z Yo, Txm ) (Tm, Ye),
=1 =1 =1 m=1 £=1m=1

and the last series converges absolutely, since

o0 o0 o0 oo o0 oo
SO e Tam) @m, o)l <> Wyes T |@mlallyella =Y > (ye, Tm)|

{=1m=1 ¢=1m=1 m=1 ¢=1

= 3 Twnll < oc.

m=1

8

On the other hand, for m > 1, we get

Tz, = Z Yelye, Tm).
=1
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Then,

> ) = 3 o) = 3 (o S lon Tom))

m=1 m=1 m=1 (=1
SIS
= § § xmayﬁ ylvTxm>
m=1 ¢=1

The last series converges absolutely, which is proved similarly as above. We also note
that, while the products in the last series do not commute, their real parts do, since
Re(ab) = Re(ba) for any a,b € H. Therefore,

2Re< i <x;n,xm>) = 2Re< i i(zm,mﬂw,Tm))

m=1 m=1 /=1
- 2Re(z S (e, T ye)) - 2Re<z<yz,ye>>,
=1 m=1 =1

i.e., the definition of Ti 1 (T") does not depend on the choice of the basis {zx}. O

Remark 4.6. If {T,} is a sequence of trace-class operators in a quaternionic Hilbert space
H converging to T' € L(H) in the trace-class norm, then

TH,I(T) = lim TH 1(T )

n—oo

Indeed, this simply follows from the fact that
[T 1 (1) — T (T)| = |Taa (T, — T)| < 2||T, —T|j1 — 0, as n — oo.

Remark 4.7. We note that, as in the classical case, the trace-class operators on a quater-
nionic Hilbert space H form a Banach algebra. In other words, if T : H — H is a
trace-class operator, so is T¥, for every k > 1, and therefore Proposition 4.5 implies that

THvl(Tk) = 2Re< Z <$m, Tk'r'rn>) )
m=1

for every k > 1, and such a quaternionic trace does not depend on the choice of the basis

{zm}.

The quaternionic Grothendieck-Lidskii formula reads as follows:

Theorem 4.8. Let H be a quaternionic Hilbert space and T : H — H be a trace-class
operator. Then, the (quaternionic) Grothendieck-Lidskii formula holds, i.e., if {\t(T)}
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is the sequence of standard eigenvalues of T and {xy} is an orthonormal basis of H, we
have

Ty (T) = 2Re<kool(xk, Txk>) - QRe( g )\k(T)) ,

TH,2(T):2Re( 3 <xk7T2xk> Z|)\k |2+4E Z Re(Ar(T))Re(A(T)),
k

k=1/{=k+1

and

(14 2Re(M(T) + [k (T)I?).

3

detg(I+7T) =

k=1

Furthermore, the quaternionic Fredholm determinant det g (I + 2T) is an entire function
of order 1 and genus 0.

Proof. As in the proof of Theorem 4.4, let us denote by E7 the smallest closed linear
manifold of H containing all eigenvectors and generalized eigenvectors of T' corresponding
to each nonzero standard eigenvalue. It is clear that H = Er @ E, and that T leaves
each of these two subspaces invariant. As in the proof of Theorem 4.4, we use the fact
that there exists an orthonormal basis {¢,} of Er such that, for every k € N,

k
Tor = Zazkcpg, where ag = Mg. (15)

=1

Let P, denote the projection operator onto span{es,...,p,}. Let also {¢x} be an or-
thonormal basis of E7, and denote by Q,, the projection operator onto span{t, ..., %, }.
Then (cf. [30, Ch. IV, §11]) (P, + Q»)T(P, + @) — T in the trace-class norm, and
hence, by Remark 4.6,

Ta 1 (T) = Tblgr;o T 1(Pn+ Qn)T(Pr+Qn)) = lim THJ(PnTPn) + nhHH;O T 1(QnTQr)
= nl;n;}?Re(Z; 0k, T'ok ) —|—nh_>n;OQRe(kZ Vi, T )

By Proposition 3.3, we have, for every n,

2Re<2n:<¢va7/1k>> =0,

k=1

since the operator Q,TQ,, does not have any nonzero eigenvalue. Thus, by (15),
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n n (o)
Taa(T) = Jim 2Re ( Z@f’m T@k)) = lim 2Re ( Z )\k> = 2Re < Z /\k> ;
k=1 k=1

k=1

and the last series converges absolutely, since T is of trace class and hence, by Theo-
rem 4.4, {\;} € ¢1. Further, the equality in the statement (for an arbitrary orthonormal
basis {2 }) holds, by Proposition 4.5. The corresponding identity for Ty 2(A) will readily
follow from the representation of the Fredholm determinant.

Let us now prove the analyticity of the quaternionic Fredholm determinant. Consider
the sequence {7}, where each T, is the (rank n) truncation of T" written in the form
(15), so that det g (I + 2T) = lim,, o0 det(I + 2T},) (by Theorem A.5). It is clear that in
this case, the sequence {\;(T},)} of (standard) eigenvalues of T, converges to {\z(T)}
in the ¢! norm. Let € > 0 and let ng € N be such that

o0

Z\/\k(T)f)\k(Tnﬂ <g, for every n > nyg.
k=1

By (8), for n > ng, since for every k < n we have A\;(T,) = Ax(T) by construction,

|det g(I + 2T),)| < + 2\ (T 2] + [Ae(T0)1?]2]?)

n

20 5 (D)
+ (T)]]2])2 H 20 (D)llzl — 77

i
i _

2021( 3 Ae(T)|+e)
e k=1 .

The last inequality is independent of n. Thus,
|det (I + 2T)| = lim |detg(I 4 2T,,)| < el?!
n—oo

for some ¢ > 0. Equivalently, the power series

detg(l + 27) = ZTHk

defines an entire function of order 1, and therefore the sequence of functions {det g (I +
2T,)} converges uniformly to det g (I + 27) on every compact set. We now show that
the sequence of zeros of det (I + 2T) is precisely

—1

{- M@ u{-x(D) L (16)

To this end, we need the following result.
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Proposition 4.9. [0, Proposition 6.2.7] Let {f,} be a sequence of analytic functions on
a region Q C C converging uniformly to a function f (different from the zero function)
on every closed disk of Q. If v is a closed curve inside of ) that passes through no zeros
of f, then there exists N € N (depending on 7y) such that for every n > N, f, and f
have the same number of zeros inside of vy (counting multiplicities).

Since det (I + 2T') is an analytic function and is not identically zero, its zeros are
isolated. Thus, for every standard eigenvalue A (T), we may find a disk D¥ of radius § > 0

—L and

centered at A\ (T) ™!, where the only zero of f in such a disk is precisely A\ (T)
similarly for A, (7T) (unless A\x(T) € R, in which case it is clear that such an eigenvalue
has double multiplicity). By Proposition 4.9, there exists N € N such that for n > N,
the number of zeros of each function det (I + 27),) contained in D¥ is equal to the
multiplicity of \x(T)~! as a zero of dety (I + 2T). Letting § — 0, we see that (16)
is precisely the sequence of zeros of det (I + 27T), counting multiplicities. Thus, by

Hadamard’s representation, we have

h(z) :=detg(I + 2T) = ¢ (1 4+ Me(T)2)e D=1 4 N (T)2)e (D=

,':18

k=1

8

H(l + 2Re(Mk(T))z + | Ap(T)[222)e2Re(n)z,
k=1

By applying the product differentiation rule to entire functions represented by infinite
products to the latter expression, we obtain h’'(0) = a. On the other hand, since we also
have

= Tix(T)2,
k=0

we obtain h’(0) = Ty 1(T) = a. Thus,
H (14 2Re(\e(T))z + |\ (T)?2%),

or in other words, the quaternionic Fredholm determinant of 7" has genus zero. We
emphasize that the desired identity for Ty o(7") follows simply by inspecting the quadratic
term in the power series that defines h(z). O

4.8. Further results for operators in quaternionic Hilbert spaces
To conclude this section, we give two auxiliary results that may be of independent

interest, and certainly useful for the case of quaternionic locally convex spaces, which we
investigate in Section 6 below.
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The following will be useful for controlling the norm in S, of a composition of two
operators represented by infinite matrices. Its commutative counterpart is Lemma 1 in
[32, Ch. II, §1], and, although the proof for the quaternionic case is similar, we include
it here for the sake of completeness.

Lemma 4.10. Let A = {pymdmnVn s =1 be an infinite matriz with quaternion entries,
and such that {um} € P, {v,} € €1 for some 0 < p,q < 2, and |dpmy,| < M < co. Then
the matriz A defines a Hilbert-Schmidt operator in €2, and if r is such that

1
2 )
then A € S,., and the inequality

[l < [{#m Hlew [{vn }]ea

holds.

Proof. We define infinite diagonal matrices B = (byn)pypn=1 and C = (Cpn)pom=1 With

. . 1-2 1-4 .
diagonal entries by = tm 2 and cpy, = vn 2, respectively. Then, A = BA'C, where
b ) )
A= {al}o0 ith  al,,, = pfdmnvit
- {amn}m,n:17 w1 An = HmGmnVn -

The matrix A’ defines a Hilbert-Schmidt operator in ¢2, and || A’||3 < M ||{ftm H|%o [{vn HIfa -
Note also that the matrices B and C' define operators in S, and Sy«, respectively, where

* p *

le_—p/Q, q

-7
1—q/2

Indeed, this readily follows from the equalities ||B||§: = |{1m }|7» and ||C||Z: = [{vn}lfa-
Thus, writing

+

111 1
,'nip* q* 27 9’

D=
Q|

it follows from Holder’s inequality for operators (see [34] for the complex case; the ex-
tension to the quaternionic case is straightforward) that

ALl < 1Bllp- A" [2lICllg < M ptm }EE (a1 [ L }1E0) 2 {1
= M|{pm}Hler[l{vn}llea. O

As a corollary of Lemma 4.10, we have the following.
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Corollary 4.11. Under the assumptions of Lemma 4.10, if r < 1 (or equivalently, if
1/q+ 1/p < 3/2), the quaternionic Fredholm determinant of the matriz A is an entire
function of order r and genus zero. Furthermore, the sequence of its standard eigenvalues
{Ak(A)} belongs to £". In particular, the inequality

[{Ak(A)Hler < Cll{pmHler[{vn}lea,
holds.

Proof. The statement concerning the quaternionic Fredholm determinant of A follows
readily from Theorem 4.8 (together with Theorem 2.1). The inequality involving the
sequence of standard eigenvalues is a combination of the inequalities in Theorem 4.4 and
Lemma 4.10. O

5. The case of quaternionic Banach spaces
5.1. Nuclear operators in Banach spaces

Let X be a quaternionic Banach space with the approximation property, i.e., such
that for every compact set K C X and every € > 0 there exists an operator F' of finite
rank such that || — Fz| < e for all z € K.

Denote by D, = D,(X) (0 < p < 1) the set of all right-linear operators T' € £(X)
which allow representations

o0
szka@c%,x% rp,€X, €X', (17)
k=1
with
o0
D llzall k% < oo
k=1

We define the semi-norms

0 1/p
17, = in (Z PR ) ,
k=1

where the infimum is taken over all representations (17). In particular, we have that
(o)
I = int (Y- okl ).
k=1

It can easily be proved that the set D, is a subspace of £(X) with the semi-norm
I - ||, called the space of p-nuclear operators. For p =1, T € Dy is just called a nuclear
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operator. It is clear that for p < ¢, one has D, C D,. Also, D; is a subalgebra of £(X)
and it coincides with the set of trace-class operators whenever X is a Hilbert space. The
space D, inherits the approximation property.

We first define the trace and the Fredholm determinant of a quaternionic nuclear
operator T : X — X in our setting.

Definition 5.1. Let X be a quaternionic Banach space possessing the approximation
property and T € L(X) be a nuclear operator. For k¥ € N, the k-th order trace of T is
defined as

T (T) k-1 0 0
THJ(TQ) THJ(T) k—2 e 0
Tai(T) == 5 : : : ;
T (TFY) T (T2 oo Taa(T) 1
Tua(TF) T (TFY) - Taa(T?) Tua(T)
where
o0
T]HLI(T) = Z 2Re(<xlm7xm>>7
m=1
and
o0
TH,l(Tk) = Z 2Re(< m17xm2><$;ngv‘mm3> o <x:nk’mm1>)7 k> 2.

mi,...,mp=1

We also formally define Ty o(7') = 1. The (quaternionic) Fredholm determinant of T is
defined as

det (I 4 2T) ZTHk k. zeC.

In principle, these definitions depend on the choice of the sequences {z} and {z} }.
However, one may prove the following extension of [30, Ch. V, Theorem 1.2] to the
quaternionic case.

Theorem 5.2. Let X be a quaternionic Banach space possessing the approrimation prop-
erty, and let T € L(X) be a nuclear operator. Then, the quaternionic trace Ty 1(T) from
Definition 5.1 does not depend on the choice of the sequences {xy} C X and {z}} C X'
(in consequence, Ty 1 (T), k > 2, and det (I + 2T") do not depend on such sequences
either). Furthermore, for any net of finite-rank operators { R¢}scp converging to the iden-
tity (in the operator norm), we have

}ZiHI% THJ(TR@) = THJ(T), and ?H[% det (I + TRy) =detg(I+T).
(S €
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We do not present the proof, as it follows the same lines as the one for the classical
case from [30]. The conclusion of Theorem 5.2 does not hold if X does not possess the
approximation property (cf. [26]; see also the discussion in [38]).

As we will see in the general context of locally convex spaces, if T is a %-nuclear

operator, then its trace is well defined without any further assumptions on X.
5.2. The Grothendieck-Lidskii formula in quaternionic Banach spaces

In this section we use the above results to obtain a Grothendieck-Lidskii-type formula
in the context of quaternionic Banach spaces with the approximation property.

We aim to prove that for the class of %—nuclear operators in quaternionic Banach
spaces, the trace and Fredholm determinant from Definition 5.1 may be expressed in
terms of the standard eigenvalues of T, just as in the Hilbert space case (hence, they do
not depend on the choice of the sequences {z)} and {z} in (17)). We give a simplified
formula concerning the quaternionic Fredholm determinant (namely, an equality only for
z = 1), without studying its analyticity properties. We also avoid a treatment through
tensor products as in [30, Ch. V], which require some appropriate topological remarks.
These tasks are postponed until the last section, where we give a detailed solution of the
problem in full generality, in the context of locally convex spaces.

Theorem 5.3 (Grothendieck-Lidskii formula). Let X be a quaternionic Banach space pos-

sessing the approzimation property. If T € L(X) is a %-nuclear operator, and {\p(T)}
is the sequence of standard eigenvalues of T, then

T 1(T) = 2Re ( g )\k(T)) ,

Taa(T) = ) I +4) 7 D Re(Ak(T))Re(Ae(T)).
k=1 k=1f=k+1
Furthermore, the identity
det (I +7T) = H1+2Re>\k T)) 4 [Mu(T ZTH,c
k=1

holds.

Proof. Let us consider a net {Ry}sen converging to the identity operator. By Theo-
rem 5.2, Ty 1(T) = limgen T 1 (T'Ry). Now, for each £ € A, putting

Ny
TR, = Z‘Tk,é<17;€7£, '>a



P. Cerejeiras et al. / Advances in Mathematics 442 (2024) 109558 35

we have

ne

THJ(TRg) = QRG( <$;€,Z, xk7g>> .

k=1

Now we can consider the matrices
CZ = dlag(ﬂfaﬁ§7 LRI 7ﬁfL£)7
with 8y = [lzk,el|'/3[|2}, ,[|'/* and

7 kel 32, I3,

ng
0 = (Th,0r @ ,1€>)
(||9Um,e||2/3|ﬁ’?%,d2/3 BT et

Furthermore, the operators given by the infinite matrices

C= diag(ﬁl?BQa .. ')7

with B = Jax[|'/? |2 [|'/?, and

led P, N
B = (b)) =(—m (hy )
Em=1 = [z, [P [y 275

k,m=1

are (quaternionic) Hilbert-Schmidt operators over /s, since Y .o, 87 < oo and
Sor 1 |bkm|? < co. Thus, the operator M = CB is of trace class in {5. Furthermore,
defining M, = CyBy, we also have, by Theorem 5.2,

THJ(M) = %%EI’IKTHJ(MO = }l.EII[{TH71(TRg> = TH,l(T).

From the finite-dimensional version of Grothendieck-Lidskii’s theorem (Corollary 3.12),
we get

T (T) = %IEHX Tua(TRe) = %IEHI{ T 1 (My)

— ?enAl 2Re < zi /\k(TRg)> = 2Re ( ,i /\k(T)> :

The equality concerning T »(7") is proved similarly.
Now, since M is a trace-class operator in £2, we have that Y, |A\x(T)| < oo, which of
course implies that {\;(T)} € ¢2. Thus, by Theorem 5.2,

ne
detgr(I +T) = limdet g (I + TRy) = lim [ ] (1 + 2Re(Ax(TR)) + [A(TRy)[?)
e i€EA i
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oo
H + 2Re(A\r(T) + Ak (T)[?).

It remains to check whether the last infinite product converges. Its convergence is equiv-
alent to the convergence of

> log(1 + 2Re(Ak(T) + [Ae(T)]?).
k=1

Since {A\;(T)} vanishes at infinity, we have, for all & > ko,

log(1 4 2Re(M(T)) + [ Ak (T)[?) = 2Re(Ae(T)) + | Ap(T)|2.

Hence,

> log(L+2Re(A(T)) + \(T)?) = Y (2Re(Au(T)) + (D)),
k=ko k=ko

which converges, since > (2Re(\;(T')) converges and {\x(T)} € £2. From the determinant
identity it follows that for z small enough, one has

(14 2Re(\e(T))2 + [ M (T)|?22),

8

det H(I +27) =
k

1

and, by inspecting the coefficient of 22 in this expression (which is precisely Ty »(T), by
definition), we obtain the desired identity for Ty o(T). O

6. Locally convex spaces over the quaternions and p-summable Fredholm operators

A topological right H-vector space FE is said to be locally convex if the origin has a
neighborhood basis consisting of convex sets. In what follows we will always assume that
E is also a Hausdorff space. By E’ we denote the left H-vector space that is strongly
dual to E, and it will be assumed to be locally convex as well.

For a convex bounded set B C E, Ep denotes the normed subspace of E obtained by
endowing the vector space spanned by B with the norm

lalls = inf [t
xetB

If B is complete, then Ep is also complete (and thus, a Banach space).
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6.1. Fredholm and nuclear operators

We now introduce Fredholm operators and nuclear operators in locally convex spaces
and describe (without proofs) some of their most important topological properties (which
easily carry over from the classical case). For a general theory on nuclear operators, we
refer to [44, Ch. 47]. A thorough theory of these operators was developed in [32]. For a
concise exposition of the most important facts (which we mainly follow here) we refer to

Definition 6.1. Let E be a quaternionic locally convex space. A right-linear operator
T : E — E is called a Fredholm operator if it is of the form

szZukxMx}C,a:), rekE, (18)
k=1

where {uy} € ! is a real sequence, and {xy} (resp. {z},}) is contained in an absolutely
convex set B C E (resp. B’ C E’) such that Ep (resp. E,) is complete.

Definition 6.2. Let F be a quaternionic locally convex space. A Fredholm operator T such
that in the representation (18) the sequence {z},} is equicontinuous is called a nuclear
operator.

Remark 6.3. Nuclear operators are always compact (thus, they are continuous).

In the commutative case, it was shown in [38] that the trace of a nuclear operator
on a locally convex space possessing the approximation property is well defined (i.e.,
it does not depend on the representation (18)). We will obtain a quaternionic version
of the Grothendieck-Lidskii for 2/3-nuclear operators, which in turn shows that such
operators have a well-defined trace, even if the underlying space E does not have the
approximation property.

6.2. Tensor products and the canonical balanced form

Given locally convex spaces F and F' (which are right and left H-vector spaces, re-
spectively), we can endow the algebraic tensor product E ® F' with the strongest locally
convex topology so that the canonical balanced R-bilinear mapping £ X F — E ® F' is
separately continuous. The completion of £ ® F in this topology is called the inductive
tensor product of F and F, and it is denoted by E®F (in [44], it is also denoted by
E®.F, where ¢ stands for equicontinuous; such a topology can also be defined in terms
of convergence in products of equicontinuous sets of E' and F’ [44, Definition 43.1]).

Given another complete locally convex space GG, associating with every R-linear con-
tinuous mapping F®F — G its composition with the canonical map E x F — EQF
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yields a bijection between the continuous R-linear mappings FQF — G and the sepa-
rately continuous R-bilinear balanced mappings £ x F — G.

In the classical case, the trace of a tensor x ® 2’ € E ® E' is defined as the canonical
linear form arising from the canonical bilinear form E x E — C given by the dual pairing
(z', ) = 2'(x). In the quaternionic case, the dual pairing

ExE —H

(z,2") = (2, 2) = 2/ (x),

does not define a balanced form, and, in turn, does not allow to define a canonical R-
linear form on E® E’ (the balance property in the definition of the tensor product F® E’
requires any such form to be balanced in E x E’ in order to be well defined). However,
since for any a,b € H we have Re(ab) = Re(ba), the map

ExE —R
(z,2") = 2Re((z', x)), (19)

defines a R-bilinear balanced form on E x E’, which we use to define the quaternionic
trace (note that the factor 2 in (19) is not necessary, but with this definition the quater-
nionic trace of a tensor is consistent with the classical trace of the companion matrix of
the associated operator, see Subsection 6.3). Since the mapping (19) is separately con-
tinuous, it can be extended to a continuous R-linear form on E®E’, which we call the
quaternionic trace, and denote it by Ty 1(-). This allows to define higher order traces of
tensors u € EQFE’ as done above. To this end, it is necessary to introduce the composi-
tion of two Fredholm kernels vow in the obvious way (so that this composition coincides
with the composition of the associated operators). If

u= Z Ty @ T, and v = Z Veye @ Yy, (20)
k=1 =1
we define
oo
vou= > uxve(ye(yp xx)) @ x4, (21)
k,f=1
which is again a Fredholm kernel. For k > 2, we define u* = w o u*~1, and
T 1(u) k—1 0 e 0
. T (u?) T 1 () k—2 e 0
Tipw) = | L (22
THJ(’UJkil) THJ(UkiQ) e THJ(U) 1

Ty (uF)  Tga(w*) o Taa(u?) Tao(w)
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As usual, we take the convention Ty o(u) = 1.

After defining the k-th order trace of a Fredholm kernel u, we may proceed as in the
Hilbert space case, and introduce the quaternionic Fredholm determinant of w. Such a
determinant takes the form

det (I 4 zu) : ZTHk

The Fredholm kernel u naturally defines a right-linear map, and the above determinant
vanishes at (minus) the inverses of the standard eigenvalues (and their conjugates) of
such a map. We proceed to discuss in detail how Fredholm kernels and right-linear maps
are related.

6.3. Tensor products, right-linear operators, and Fredholm kernels

Let us denote by L, (FE) the R-vector space of all weakly continuous right-linear
operators in F endowed with the weak operator topology, given by the semi-norms
A — (2, Ax)|, with A € L,(E), x € E, and 2’ € E'. Let us denote by I" the R-linear
mapping £ ® E' — L,,(E), under which the tensor

n

u = Z UrTE @ T},
k=1

is mapped into the finite-rank operator

D(u): x> pak(ay, o).
k=1

It is clear that T' establishes a bijection between E ® E’ and the subspace of operators
of finite rank in R(E). Observe that the balance property in E® E’ is satisfied through
the map T, i.e., two equal tensors (zq) ® ' = z ® (qz’) define two equal operators

xq(x',-) = z{qx’, ).

Remark 6.4. If u € E ® E’, then Ty 1 (u) (the trace form defined through (19) and the
canonical map F x ' — E ® E') coincides with the classical trace of the companion
matrix of T'(u). More generally, if u € EQFE’, it is clear that for every k > 0, one has
T (w) = T,k (T ().

The map T is continuous in the inductive topology, but in general it cannot be contin-
ued to EQFE’, since R(F) may not be complete. However, there exists a linear subspace
of EQE’ where I' can be continued, which we now introduce.
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Definition 6.5. We denote by E'® E’ the subspace of EQE’ consisting of all elements of
the form

u= Z UrTE @ T, (23)
k=1

with {y}, {zx}, and {z,} as in Definition 6.1. We say that u € E® E’ is a Fredholm
kernel on E.

Fredholm kernels were extensively studied by Grothendieck in [32]. Under the given
assumptions, the series (23) converges in EQFE’. It is clear that if u is a Fredholm kernel,
then I'(u) is a Fredholm operator, or in other words, the class of Fredholm operators is
the image of all Fredholm kernels under the mapping T" (or rather, the continuation of
I', which we denote identically).

Remark 6.6. If F is complete and metrizable, then I can be continued to the whole EQ E’
(this may be proved using the same topological arguments as in [32, Ch. II, §1.1]). In
particular, if F is a Banach space, EQFE’ contains only Fredholm kernels, and in this
case the class of Fredholm operators and the class of nuclear operators coincide.

Following the classical approach from [32], given a Fredholm kernel v € F ‘@ FE’, one
may try defining the (quaternionic) trace of the Fredholm operator I'(u) by the identity

T (T(w)) = Tw 1 (u),

with T 1(u) as defined in the previous subsection. However, the mapping I" may not be
bijective, in which case the quantity T 1(I'(u)) is not well defined. On the other hand,
it is clear from the definitions that if

I'(u)=0 implies Ti1(u) =0, (24)

on a linear subspace Y C F(E QF ), then, given a Fredholm operator 7' € Y, the quater-
nionic trace Ty 1(T) = T (D' (T)) is well defined. This is related to the so-called
uniqueness problem, which consists in showing that the trace of an arbitrary Fredholm
operator in a (locally convex) space E is well defined (in which case we say that the
uniqueness problem has a positive solution in E). Obviously, (24) gives a sufficient con-
dition for the uniqueness problem to have a positive solution in a subspace ¥ C E
(which may be E itself). In the classical noncommutative case, Grothendieck showed in
[32] that the uniqueness problem has a positive solution in a Banach space F if and only
if it possesses the approximation property, whilst that a positive solution in a locally con-
vex space F is equivalent to certain topological approximation-type conditions (see also
[38,39]; the assertion is not true in locally convex spaces with the usual approximation
property [38, Theorem 2]).
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Grothendieck also found [32, Ch. II, §1] a linear subspace of E'® E’ in which the
mapping I is bijective. We introduce its quaternionic counterpart.

Definition 6.7. Let 0 < p < 1 and let E be a quaternionic locally convex space. We say
that u € EQE' is a p-summable Fredholm kernel on E if u is a Fredholm kernel on
E, with {u;} € ¢?. The images I'(u) of such kernels are called p-summable Fredholm
operators. If the sequence {x}} defining u is equicontinuous, I'(u) is called a p-nuclear
operator.

It is shown in [32] that for p-summable Fredholm kernels v with p < %, the uniqueness
problem has a positive solution. What is more, in this case the Grothendieck-Lidskii
formula holds for the operator I'(u), and the mapping I is bijective. In what follows, we
aim to obtain corresponding statements for the quaternionic case.

6.4. The quaternionic Grothendieck-Lidskii formula

Theorem 6.8. Let E be a quaternionic locally convex space, and let u be a p-summable
Fredholm kernel on E, where p < 1. Then, the quaternionic Fredholm determinant of u
is an entire function of order (1/p —1/2)7L.

Proof. Let us first find expressions for T ,,(uy) for finite-rank tensors u, in terms of
(2}, my) rather than directly from the definition (22) (i.e., in terms of T 1(ul), with

d < m). We first find such expressions in the finite-rank case and then pass to the
general (infinite-rank) case by limiting arguments. For the truncated kernels

n
!
Up = E PETr & Ty,
k=1

it is clear by definition that the matrix representation of I'(w,,) is

pfey, o) pa(ry, ) e (T, o)
po(xh, x1)  pa(ry,x2) o p2(Th, Tn)
. (25)
Mn<x;mx1> ,U,n<{E;T,IL‘2> Mn<x;mxn>
Writing, for each k,
TR =up +uij, = vg +vid,

we have

<$;€,$5> = <Uli)u%> + <U%7u%> + (<'Uli7u%> - <’UI%7U%>)J = Qe+ /6k,€ja ak,fvﬁk},( eC.
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We can assume without loss of generality that |(x},, z¢)| < 1 for every k,¢. In this case,
it is clear that |ag.el, |Br.¢| < 2.
We can now associate to u, the corresponding companion matrix of (25), i.e., the

oM

with o™ = {ppag e }f iy, B = {rBr,e}} =1 € My(C). For convenience, let us write

matrix

XT(un) = {thpn (k) Vit o1

where

k, if1<k<n,
k—mn, ifn+1<k<2n.

The quaternionic Fredholm determinant (of the tensor w,) then takes the form

2n 2n 2n
detig(I+ 2u) = 3 Tap(un) 2 = 3 Top p(D(un))2* = 3 T (/\’“XF(%))Z’C,
where, by (7),

k
T i (un) = Tr (/\ Xl"(un)) = Z Hp(in) " Pop(in) 9€6( Vi ip)1<a,8<k-

1<i; << <2n

We now use the fact that the determinant of a k£ x k£ complex matrix with entries having
modulus less than or equal to 1, is bounded from above by k3 [33]. Since |yk.e| < 2 for
every k, £, this implies

k
det(Vig ip)1<mp<k < 2°k2,

for any set of indices {i1,...,i}. Thus,

£ k
I Tino ()| < 2°%2 Do GG < 20 > Hiy * My

1< << <2n i1 < <ig
multiplicity of i is <2

where the last estimate is independent of n. Letting n — oo, we get

k
T (u)| < 2Fk2 > fis o i

11 <<
multiplicity of 7; is <2
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We now estimate the last sum. First, we note that such a sum corresponds to the (un-
signed) coefficient of z* of the infinite product given by

oo

9(z) = [T = p2)? H (1 — 2z + pi2?).
k=1 k=1

Since {ur} € ¢P, we derive from Theorem 2.1 that g is an entire function of order p.
Further, by Corollary 2.3, we get, for every ¢ > p and k € N,

Z iy = g, SCk—%

i1 <<t
multiplicity of i is <2

Hence,
Ty (u)] < C2KFG3) = C2Fg— 7,

where 1 = % — %. Applying Theorem 2.2, we find that det g (I + zu) is an entire function
11

of order r, and so it is of order s, where % =5 since ¢ > p is arbitrary. O
In order to obtain the quaternionic Grothendieck-Lidskii formula, we first need the
following result concerning the genus of the quaternionic Fredholm determinant of a

p-summable Fredholm kernel.

Lemma 6.9. Let E be a quaternionic locally convex space, and let u be a p-summable
Fredholm kernel on E, where 0 < p < 2/3. Then, the quaternionic Fredholm determinant
of u has genus 0.

Proof. Writing u as

Z\/_mk \/_9%)

with |(z},,z,)| <1 for every k, ¢, it is clear that the quaternionic Fredholm determinant
of u is the same as that of the infinite matrix A = (akf)ﬁe:p with age = /e, 20).
Since {\/fix } € ¢*/® and |(z}, z¢)| < 1, the matrix A defines a Hilbert-Schmidt operator
in /2, by Lemma 4.10. What is more, such an operator is of trace class, since

and therefore the quaternionic Fredholm determinant of A (and hence, that of T'), has
genus zero, by Corollary 4.11. O
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Theorem 6.10. Let E be a quaternionic locally convex space, and let u be a p-summable
Fredholm kernel on E, where 0 < p < 2/3. Then, the Grothendieck-Lidskii formula holds.
More precisely, if { \p(T)} is the sequence of standard eigenvalues of T :=T'(u), one has

o1 (u _2Re(Z)\k )

T2 (u Zw |2+4Z Z Re(Ax(T))Re(Ae(T)),

k=1/4=k+1

and

(14 2Re(Mi(T))z + | A (T)]?22).

3

det (I 4 zu) =

k=1

Proof. The equality concerning the Fredholm determinant follows readily from the fact
that det (I + zu) is an entire function of order 1 and genus 0 (by Theorem 6.8 and
Lemma 6.9), and its zeros are { — (T 1} U { )\k } together with Hadamard’s
representation. In order to prove the equalities concermng the first and second-order
traces, we further use Hadamard’s representation. We may write

oo

h(z) i= det (I + zu) = e*t* [T (1 + 22k (T)) (1 + 224 (T))e 2ROz, (26)
k=1

where, since Y [Ax(T)| < oo (by Theorem 6.8) and h is of genus zero, we necessarily
have

b= 2Re<I§:1)\k(T)>.

From the definition det (I + zu) = Y o 2" T x(u), it follows that h(0) = 1 and
1 (0) = Tr,1(u). Thus, @ = 0 in (26). On the other hand, it is easy to see, by applying the
product differentiation rule to entire functions represented by infinite products to (26),
that b = T 1 (u). This establishes the quaternionic Grothendieck-Lidskii trace identity.
The corresponding identity for Ty 2(u) follows simply by inspecting the quadratic term
of det (I + zu). O

Corollary 6.11. Under the same assumptions as in Theorem 6.10, the quaternionic trace
of T (and hence also the k-th order traces as well as the Fredholm determinant of T') is
well defined, i.e., the quantities

det (I + 2T) = det g (I + 2T~ 1(T)), T x(T) = T 1 (T~H(T)), k> 1,

do not depend on the choice of {xy} and {x}} in (18).
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Proof. By Theorem 6.10, (24) holds for the subspace of %—summable Fredholm operators.
Thus, the uniqueness problem has a positive solution in this subspace. O

Remark 6.12. Corollary 6.11 obviously holds for the class of %—nuclear operators, since
2

they are a subclass of the class of $-summable Fredholm operators.

Finally, we derive summability properties of the standard eigenvalues of p-summable
Fredholm operators. To this end, we first need an auxiliary result for compositions of
p-summable Fredholm kernels.

Theorem 6.13. Let E be a quaternionic locally convex space, and let u and v be p and
q-summable Fredholm kernels, respectively, where 0 < p,q < 1. Then, the composition
vou € EQE' is a Fredholm kernel whose Fredholm determinant has order r < 1 and

genus zero, where % =14 11 PFurthermore, the sequence of standard eigenvalues of
D(vowu) satisfies {Ap(T'(vou))} €.

Proof. It is clear that v o u is a Fredholm kernel, since u and v are Fredholm kernels.
Now, if 4 and v are of the form (20), writing, for k > 1,

Vi = veye(y), wr),
=1
we may rewrite (21) as
vou = ZUk-Yk ® T} = Z(\/ 1#Yk) @ (VERa),)-
k=1 k=1

Thus, the Fredholm determinant of v o u is the Fredholm determinant of the matrix
A = (@mn)py n=1, Where

Amn = <mx;nv \/.u_nYn> = Z Vﬂmﬂnyé<x;nvyé><y27xn>
=1
= Z(\/ Mmyf<mlma y€>> . (V /Jnl/l<y27 xn>)

{=1

Defining the infinite matrices B = (byn)py =1 and C' = (Crmn)pyn=1 bY

byn = vV Han<x;myn>7 Cmn = / ,uml/"<y;n’ x”>’

we have A = C'B. Without loss of generality we may assume that [{(x],, yn)|, (Y}, Tn)| <
M < oo. Then, B and C are matrices representing Hilbert-Schmidt operators in £2.
Furthermore, by Lemma 4.10 (with 2p and 2¢ in place of p and ¢, respectively), the
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matrices B and C actually define an operator in the class S; acting on the Hilbert space
02, with

1 1

+1
t 2 2

1
5
Thus, by Holder’s inequality for operators, A defines an operator in the class S,., where

1 1
—=—-=—-—4+-—1.
r t P q

Since p,q < 1, we have r < 1. Thus, the conclusion follows from Corollary 4.11. O

Corollary 6.14. Under the same assumptions as in Theorem 6.10, we have {\(T)} € £,
where

1
r

D=
N =

In particular, if u is a %—summable Fredholm kernel, then {\(T)} € ¢*.
Proof. By Theorem 6.13, the composition u? is a Fredholm kernel with Fredholm deter-
minant of order s and genus 0, where

-1

)

1 2
s p
and moreover {\(T?)} € (5. Putting r =
{M(M}Yerlr. O

£, since | A\ (T?)| = |Ak(T)|?, we have that

Appendix A. Well-definiteness of the quaternionic Fredholm determinant in Hilbert
spaces

The results and discussion in this section are well known in the classical case. However,
it is not clear (a priori) whether they should extend to the noncommutative case. For the
sake of completeness, we include these results with details, which highlight the differences
with the commutative case.

We aim to show that the quaternionic Fredholm determinant in infinite-dimensional
Hilbert spaces is well defined for trace-class operators T', and that it can be defined as
the limit of the Fredholm determinants of a sequence of operators (increasing in rank)
converging to T in the trace-class norm.

We start with the Banach algebra inequality

[ABI < [[A[l1[ Bl (27)
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for quaternionic trace-class operators A, B on a Hilbert space H. To this end, we need the
min-max theorem for self-adjoint positive operators (recall that an operator A € L(H)
is said to be positive if (Az,z) > 0 for every x € H; a compact self-adjoint operator is
positive if and only if all of its eigenvalues are positive, cf. [29, Ch. III, §9]).

Theorem A.l. Let H be a quaternionic Hilbert space and A € L(H) be compact and
positive. Let {\;(A)} be the sequence of eigenvalues of A, in decreasing order. Then, for
everyn € N,

>\n (A) - dimIJI\}iiln—l |‘§611L|?]\)/§1<Az7 33>
zl||=

The proof follows exactly the same lines as in the classical case (see [29, Ch. III,
Theorem 9.1]).

Theorem A.2. For any trace-class operators A, B on a quaternionic Hilbert space H, the
inequality (27) holds.

Proof. By definition, we have
1a(AB)? = A,(|ABP2).

We now use that |AB|? = (AB)*AB and |B|?> = B* B are compact positive operators to
apply the min-max theorem and obtain

M(AB*) =  min  max ((AB)*ABz,z) = min  max |ABx|?
dim M=n—1 1M dim M=n—1 z1 M
[lz||=1 lzl|=1
<||A|?  mi max ||Bz||* = ||A|? mi max (B* Bz, )
im M=n—1 “xJﬂMl dim M=n-1 H:cJﬂMl
zZl|= xll=

= [ AIPAa(IB*) = | Al pa(B)?.
Since [|A]| < || 4|1, we get
tin(AB) < [[All1pn(B),
and we obtain the desired inequality by summing up on n. O

Lemma A.3. Let F' be a finite-rank operator on a quaternionic Hilbert space. For z € C
such that |z| is small enough, we have

det g(I — zF) = exp ( Z #THJ(FT’%)/’%).

m=1
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Proof. Let {\;}}_, be the standard eigenvalues of F'. By Corollary 3.12, we have

det (I — 2F) = H(l — 22)(1 = 2)p) = exp (Zlog(l — zA;) +log(1 — z)\_k)>

k=1 k=1
- (_1)m+1 m_m (_1)M+1_ m
—en (330 E e Vs
k=1m=1 m m
- (71)m+1 my,.,m
= exp Z Z ———2Re(A}")z
k=1m=1 m
. (_1)m+1 S m m
= exp Z 2Re Z/\k z
m=1 m k=1
& 1 m+1
(52 U )
m=1

as desired. 0O

Lemma A.4. Let F' and G be finite-rank operators on a quaternionic Hilbert space H,
and assume that ||F||1, |G|l1 < 7 < 1. Then, there exists a constant M > 0 such that

|detg(I + F) —detg(I + G)| < M||F — GJ1.
Proof. By Lemma A.3, we have, for r» small enough,

|det w(I + F) —det (I + G)|
(=35 M) oo (- 3 Lrim)|

Using Theorem 4.4 and the inequality (27), we get

T (F™) <23 (F™)] <2 p(F™) =2 F™ |y < 2| FII7 < 2™,
k=1 k=1

and similarly for T 1 (G™). By the mean value theorem, we have

=1
det I+ F) ~detll + G| G 3 & (TaaalF™) ~ T (6™)
m=1
=1
<O, Zjl — | T (F™) = T 1 (G™)]

= 1
| T (F™ = G™) <26, 3 —[|F™ = 6™,

m=1

I
[e

NE

3=

3
I
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where C, < C < oo uniformly in r < 1. Let now ¢ = max {[|F||1,]|G|[1} < r. It follows
easily by induction, (27), and the inequality

[Fm™ =Gy < J(ETH = GMTHF |+ |G THE = Gy
that

|F™ — G|, < mg™ | F - G

Thus, we conclude

20
|det (I + F) —detg(I + G)| < 1—_q||F7GH1. 0

Theorem A.5. Let T be a trace-class operator on a quaternionic Hilbert space H, and
assume {F,} is a sequence of finite-rank operators on H converging to T in the trace-
class norm. Then,

det (I +7) = lim det(I + F,).

In particular, the definition of det g (I+T') does not depend on the choice of the sequence

{Fn}-

Proof. Since T is compact, we may write T'= A + F', where F' is a finite-rank operator
and ||A|| < [|All; <7 < 1. We define another finite-rank operator G,, = F,, — F, so that

|A—=Gpul1 =T — F —Gyul1 =|T — Fnll1 — 0, as n — oo.

By Lemma A.4, it follows that {det g (I + G,)} is a Cauchy sequence, and thus it con-
verges. Indeed, for arbitrarily small & > 0 and n large enough, we have |G, |1 < r+e < 1,
and hence

|detg(I 4+ Gp) —detg(I + Gp)| < M(||Gr — All1 + |G — All1) — 0, as m,n — oo.

Now, the fact that ||A|| <r and ||A — G| < ||A — Gp|l1 — 0 implies that the operators
I+ A and I + G, are invertible for n large enough. For such n, we have

detg(I + F,) =detg(I + G, + F) =detg(I + Gy)detg(I + (I +G,)"'F), (28)

where we have applied the well-known identity det(A4 + BC) = det(A) det(I + CA™'B),
taking into account that the involved determinants correspond to complex matrices. In
order to show that the sequence {det g (I + (I + G,,)"'F)} converges, we write

N
F = sz ®x§€.
k=1
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Since (I +G,)~' — (I + A)~! in the operator norm, we get

z
2

(I4+G,) 'F= Z ((I+Gn) lag) @), — Z (I + A) o) ® 2y, as n — 0o,
k=1 k=1

and therefore det g (I + (I + Gp) " F) — det g (I + (I + A)~'F) as n — oo (cf. Proposi-
tion 3.10 and Remark 3.11).

Finally, we prove that the definition of det g (I + 7T') does not depend on the choice
of the sequence {F,}. Let {K,} be a sequence of finite-rank operators such that |7 —
K,|l1 — 0. A similar argument as above shows that, for L,, = K,, — F, we have

|det w(I+Gy)—detm(I+Ly)| < M(||Gr,— A1+ Ln—A|1) = 0, asn — o0, (29)
which, by (28), implies that

|det (I + Fp) —detg(I + K,)|
=|detg(I +Gy)detg(I+ (I +Gp) *F)—detg(I + L,)det (I + (I + L,) *F)| — 0,

as n — oo, since (29) holds and
detg(I+ (I +Gyp) 'F),detg(I+ (I +Ly,) 'F) = detg(I + (I + A)~'F),
asn — oo0. O

References

[1] D. Alpay, F. Colombo, K. Diki, I. Sabadini, Poly slice monogenic functions, Cauchy formulas and
the PS-functional calculus, J. Oper. Theory 88 (2) (2022) 309-364.
[2] D. Alpay, F. Colombo, D.P. Kimsey, I. Sabadini, The spectral theorem for unitary operators based
on the S-spectrum, Milan J. Math. 84 (1) (2016) 41-61.
[3] D. Alpay, F. Colombo, D.P. Kimsey, The spectral theorem for quaternionic unbounded normal
operators based on the S-spectrum, J. Math. Phys. 57 (2) (2016) 023503.
[4] H. Aslaksen, Quaternionic determinants, Math. Intell. 18 (3) (1996) 57-65.
[5] L. Baracco, F. Colombo, M. Peloso, S. Pinton, Fractional powers of higher order vector operators
on bounded and unbounded domain, Proc. Edinb. Math. Soc. (2) 65 (4) (2022) 912-937.
[6] F.A. Berezin, Introduction to Superanalysis, English Translation, Math. Phys. Appl. Math., vol. 9,
Kluwer Academic Publishers, Dordrecht, 1987.
[7] G. Birkhoff, J. von Neumann, The logic of quantum mechanics, Ann. Math. 37 (1936) 823-843.
[8] R.P. Boas, Entire Functions, Academic Press Inc. Publishers, New York, 1954.
[9] N. Bourbaki, Espaces Vectoriels Topologiques, Chapitres 1 & 5, new edition, Masson, Paris, 1981.
[10] A.L. Carey, F.A. Sukochev, Dixmier traces and some applications in non-commutative geometry,
Russ. Math. Surv. 61 (6) (2006) 1039-1099.
[11] N. Cohen, S. De Leo, The quaternionic determinant, Electron. J. Linear Algebra 7 (2000) 100-111.
[12] F. Colombo, A. De Martino, S. Pinton, I. Sabadini, Axially harmonic functions and the harmonic
functional calculus on the S-spectrum, J. Geom. Anal. 33 (1) (2023) 2.
[13] F. Colombo, J. Gantner, Quaternionic Closed Operators, Fractional Powers and Fractional Diffusion
Processes, Operator Theory: Advances and Applications, vol. 274, Birkhduser/Springer, Cham,
2019, viii+322 pp.


http://refhub.elsevier.com/S0001-8708(24)00073-2/bibEB6BF7FD5EC1601975BD0994CCCF4C4Fs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibEB6BF7FD5EC1601975BD0994CCCF4C4Fs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB07AB6DADB4CFDB8D3C6F4F93835C01As1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB07AB6DADB4CFDB8D3C6F4F93835C01As1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib264D9861DC8B5F0712FA02C1F63FF5ACs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib264D9861DC8B5F0712FA02C1F63FF5ACs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib197CDCC53F062530D6256EDDC6FC18E6s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib2BD0D6C8A8AF779BB343FB32A655F038s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib2BD0D6C8A8AF779BB343FB32A655F038s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib03FCDFFF532625971D8F4DD2F225C0E3s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib03FCDFFF532625971D8F4DD2F225C0E3s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib7B8D2F92148F52CAD46E331936922E80s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib45681995856290475B6A7CFD784CE967s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib85BF62DF3A32BD80D74E78F82AB2F508s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB059D321F2580A2B2CB8E6444C51ACBFs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB059D321F2580A2B2CB8E6444C51ACBFs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib9CA2B293ED357E2CFC54A11F8E7B5E37s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib34CBE9CC98D102A214EEBBF8B12C83A5s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib34CBE9CC98D102A214EEBBF8B12C83A5s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibA9E289C19854E0B84D58E1BE2DD97A7Ds1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibA9E289C19854E0B84D58E1BE2DD97A7Ds1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibA9E289C19854E0B84D58E1BE2DD97A7Ds1

P. Cerejeiras et al. / Advances in Mathematics 442 (2024) 109558 51

[14] F. Colombo, J. Gantner, D.P. Kimsey, Spectral Theory on the S-Spectrum for Quaternionic Op-
erators, Operator Theory: Advances and Applications, vol. 270, Birkhduser/Springer, Cham, 2018,
ix+356 pp.

[15] F. Colombo, D.P. Kimsey, The spectral theorem for normal operators on a Clifford module, Anal.
Math. Phys. 12 (1) (2022) 25.

[16] F. Colombo, I. Sabadini, On some notions of spectra for quaternionic operators and for n-tuples of
operators, C. R. Math. Acad. Sci. Paris 350 (7-8) (2012) 399-402.

[17] F. Colombo, I. Sabadini, D.C. Struppa, A new functional calculus for noncommuting operators, J.
Funct. Anal. 254 (2008) 2255-2274.

[18] F. Colombo, I. Sabadini, D.C. Struppa, Noncommutative Functional Calculus. Theory and Applica-
tions of Slice Hyperholomorphic Functions, Progress in Mathematics, vol. 289, Birkh&user/Springer,
Basel, 2011.

[19] T. Covolo, V. Ovsienko, N. Poncin, Higher trace and Berezinian of matrices over a Clifford algebra,
J. Geom. Phys. 62 (11) (2012) 2294-2319.

[20] J. Delgado, M. Ruzhansky, LP-nuclearity, traces, and Grothendieck-Lidskii formula on compact Lie
groups, J. Math. Pures Appl. (9) 102 (1) (2014) 153-172.

[21] A. De Martino, S. Pinton, A Polyanalytic functional calculus of order 2 on the S-spectrum, Proc.
Am. Math. Soc. 151 (6) (2023) 2471-2488.

[22] J. Delgado, M. Ruzhansky, B. Wang, Grothendieck-Lidskii trace formula for mixed-norm and vari-
able Lebesgue spaces, J. Spectr. Theory 6 (4) (2016) 781-791.

[23] J. Dieudonné, Les determinantes sur un corps non-commutatif, Bull. Soc. Math. Fr. 71 (1943) 27-45.

[24] J. Dixmier, Existence de traces non normales, C. R. Acad. Sci. Paris, Sér. A 262 (1966) 1107-1108.

[25] D. Dokovi¢, B.H. Smith, Quaternionic matrices: unitary similarity, simultaneous triangularization
and some trace identities, Linear Algebra Appl. 428 (4) (2008) 890-910.

[26] P. Enflo, A counterexample to the approximation problem in Banach spaces, Acta Math. 130 (1973)
309-317.

[27] 1. Gelfand, S. Gelfand, V. Retakh, R.L. Wilson, Quasideterminants, Adv. Math. 193 (2005) 56-141.

[28] I. Gelfand, V. Retakh, Determinants of matrices over noncommutative rings, Funct. Anal. Appl.
25 (2) (1991) 91-102.

[29] I. Gohberg, S. Goldberg, Basic Operator Theory, Birkhduser, Boston—Basel-Stuttgart, 1981.

[30] I. Gohberg, S. Goldberg, N. Krupnik, Traces and Determinants of Linear Operators, Operator
Theory: Advances and Applications, Birkhauser, Basel, 2000.

[31] A. Grothendieck, La théorie de Fredholm, Bull. Soc. Math. Fr. 84 (1956) 319-384.

[32] A. Grothendieck, Produits Tensoriels Topologiques et Espaces Nucléaires (in French), Memoirs of
the American Mathematical Society, vol. 16, 1966, Providence, RI.

[33] J. Hadamard, Résolution d’une question relative aux déterminants, Bull. Sci. Math. 17 (1893)
240-246.

[34] A. Horn, On the singular values of a product of completely continuous operators, Proc. Natl. Acad.
Sci. USA 36 (1950) 373-375.

[35] N. Jacobson, Basic Algebra II, W. H. Freeman and Company, San Francisco, 1980.

[36] C. Joly, Supplement to Oeuvres of Hamilton, W. R. Hamilton, Chelsea, New York, 1969, Elements
of Quaternions.

[37] H.C. Lee, Eigenvalues of canonical forms of matrices with quaternion coefficients, Proc. R. Ir. Acad.
A 52 (1949) 253-260.

[38] G.L. Litvinov, Approximation properties of locally convex spaces and the problem of uniqueness
of the trace of a linear operator (in English. Russian original), Sel. Math. Sov. 11 (1992) 25-40,
translation from: Teor. Funkts., Funkts. Anal. Prizloh. 39 (1983) 73-87.

[39] G.L. Litvinov, On conditions under which a representation is determined by its character, up to
equivalence (in English. Russian original), Sel. Math. Sov. 8 (1989) 73-97, translation from: Tr.
Semin. Vektorn. Tenzorn. Anal. 17 (1984) 325-349.

[40] J.E. Marsden, M.J. Hoffman, Basic Complex Analysis, 3rd ed., W. H. Freeman, New York, 1999.

[41] B. Simon, Notes on infinite determinants of Hilbert space operators, Adv. Math. 24 (1977) 244-273.

[42] E. Study, Zur Theorie der linearen Gleichungen, Acta Math. 42 (1920) 1-61.

[43] O. Teichmiiller, Operatoren im Wachsschen Raum, J. Reine Angew. Math. 174 (1936) 73-124.

[44] F. Tréves, Topological Vector Spaces, Distributions and Kernels, Academic Press, New York-London,
1967.

[45] E. Witten, Notes on supermanifolds and integration, Pure Appl. Math. Q. 15 (2019) (2019).

[46] F. Zhang, Quaternions and matrices of quaternions, Linear Algebra Appl. 251 (1997) 21-57.


http://refhub.elsevier.com/S0001-8708(24)00073-2/bibF41F7497ECECBEE174B8071C8C104016s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibF41F7497ECECBEE174B8071C8C104016s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibF41F7497ECECBEE174B8071C8C104016s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib534AC75C2E8AC3E3FE7BC32BB8C6E34As1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib534AC75C2E8AC3E3FE7BC32BB8C6E34As1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib8D7E99C73CD5A10ADAAF4C9F9A520368s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib8D7E99C73CD5A10ADAAF4C9F9A520368s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib2C56C360580420D293172F42D85DFBEDs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib2C56C360580420D293172F42D85DFBEDs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibA47C146E89DC51F7EDDA0DEEF53FC7DCs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibA47C146E89DC51F7EDDA0DEEF53FC7DCs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibA47C146E89DC51F7EDDA0DEEF53FC7DCs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib97AFC5C19A02014CFDE1C064281437C5s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib97AFC5C19A02014CFDE1C064281437C5s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib0AB338AAF8AF65B5535D656D704D62B6s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib0AB338AAF8AF65B5535D656D704D62B6s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib49D63C0CF4BB9A3F3CDFAAEFB4D3D2B0s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib49D63C0CF4BB9A3F3CDFAAEFB4D3D2B0s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibF623E75AF30E62BBD73D6DF5B50BB7B5s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibCC2BC84388BFF60441BF288B0E8338B2s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib47B79BD259E22596FFC4BE2FFBBE5C5As1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib47B79BD259E22596FFC4BE2FFBBE5C5As1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib33C77B9C0F1730110FEC17E4EB0F35C9s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib33C77B9C0F1730110FEC17E4EB0F35C9s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib1838BF5A83617B436BCE8FAF4B924A90s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib86D8D92ABA9ECF9BBF89F69CB3E49588s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib6EA2B06BB16FFB14C13BABCE5DF70233s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib6EA2B06BB16FFB14C13BABCE5DF70233s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib45AA13C537D84DF71611F4B8F5E21257s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib8B05BEFF452451257837205034F35269s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib8B05BEFF452451257837205034F35269s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib99DE3F49A82E20910E669E2FBC2B1001s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib99DE3F49A82E20910E669E2FBC2B1001s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib5CF73E808193AF68B60D465BF312E789s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib5CF73E808193AF68B60D465BF312E789s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib7D98F111BB6E7838874CB00EBCF53B55s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib955B420FD17FEDCC83B6E9BEC6A85E37s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib955B420FD17FEDCC83B6E9BEC6A85E37s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB0F8B49F22C718E9924F5B1165111A67s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB0F8B49F22C718E9924F5B1165111A67s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibED42398DD7453CF6F779D802DF3B6E5Bs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibED42398DD7453CF6F779D802DF3B6E5Bs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibED42398DD7453CF6F779D802DF3B6E5Bs1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib24AA1289142E0E8565173BDA1E5860E2s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib24AA1289142E0E8565173BDA1E5860E2s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib24AA1289142E0E8565173BDA1E5860E2s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib002F27E5064E874ECF4F5DEF17D1B797s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB30BD351371C686298D32281B337E8E9s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib5DBC98DCC983A70728BD082D1A47546Es1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib5C29F7444EFB65DD9BD3843CC9B14623s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib4CD2F868756250E2084F56A29F4B5BB9s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bib4CD2F868756250E2084F56A29F4B5BB9s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibB0ABF50C7B524A29D778E9619B3E79F4s1
http://refhub.elsevier.com/S0001-8708(24)00073-2/bibD0CD2693B3506677E4C55E91D6365BFFs1

	Nuclearity and Grothendieck-Lidskii formula for quaternionic operators
	1 Introduction
	2 Preliminaries
	2.1 Quaternionic vector spaces
	2.2 Entire functions
	2.3 Tensor products of H-vector spaces

	3 Finite-rank operators in quaternionic vector spaces
	3.1 Companion matrices and associated invariants
	3.2 Representations of the trace and determinant of a quaternionic finite-rank operator

	4 Singular value decompositions and trace-class operators
	4.1 Hilbert spaces over the quaternions
	4.2 Trace-class operators and the Grothendieck-Lidskii formula
	4.3 Further results for operators in quaternionic Hilbert spaces

	5 The case of quaternionic Banach spaces
	5.1 Nuclear operators in Banach spaces
	5.2 The Grothendieck-Lidskii formula in quaternionic Banach spaces

	6 Locally convex spaces over the quaternions and p-summable Fredholm operators
	6.1 Fredholm and nuclear operators
	6.2 Tensor products and the canonical balanced form
	6.3 Tensor products, right-linear operators, and Fredholm kernels
	6.4 The quaternionic Grothendieck-Lidskii formula

	Appendix A Well-definiteness of the quaternionic Fredholm determinant in Hilbert spaces
	References


