
Vol.: (0123456789)

Meccanica (2025) 60:2107–2124 
https://doi.org/10.1007/s11012-025-01977-5

RESEARCH

Image‑based structural kinematic limit analysis 
for historical masonry structures

Yahroun Fei Long Hermans · 
Karim Ehab Moustafa Kamel · Olivier Debeir · 
Gabriele Milani · Thierry Jacques Massart

Received: 14 September 2024 / Accepted: 24 March 2025 / Published online: 30 April 2025 
© Springer Nature B.V. 2025

Abstract  Evaluating the state of historical masonry 
structures, particularly those built with irregular 
masonry, presents challenges in determining their 
load-bearing capacity. Most current approaches use 
macroscopic numerical models that treat the mate-
rial as a homogeneous continuum, where defining an 
appropriate constitutive law is essential. To this end, 

homogenization has proven useful in bridging the gap 
between meso and macro-scales, yet using homog-
enized macromodels may prevent to capture specific 
failure modes. Alternatively, mesoscopic method-
ologies represent stacking modes explicitly. However, 
full structural analysis at this scale has mainly been 
applied to regular masonry due to the complexities of 
explicitly representing the geometry of the irregular 
stones. The present contribution aims to propose a 
method that leverages image acquisition techniques, 
such as orthophotos, to address these challenges. 
Mortar joints are lumped onto zero-thickness inter-
faces, determined through a distance field-based 
morphing procedure and medial axis principles. The 
load-bearing capacity is assessed using a Kinematic 
Limit Analysis problem, formulated and solved as a 
linear programming problem. A Mohr-Coulomb fric-
tional behavior, modified with a tensile cut-off and a 
linearized compression cap, is assigned to the mor-
tar joints. The blocks are considered infinitely rigid 
and strong. It is shown that the proposed methodol-
ogy can efficiently model structures of large sizes, by 
illustrating its use on two 2D problems.
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1  Introduction

Throughout history, numerous architectural and 
engineering structures have been constructed using 
masonry. Many of these historical structures are fash-
ioned from either irregular or rubble stone masonry. 
Despite the prevalent use of this construction method 
[1], accurately assessing the load-bearing capacity of 
historical masonry structures remains challenging.

The contributions investigating notable historical 
masonry structures are numerous. Without exhaustiv-
ity, contributions addressing this topic at the scale of 
structures include contributions by [2] who analyzed 
structural damage in a church in the Poblet Monas-
tery, by [3] who assessed damage in masonry pal-
aces using nonlinear dynamic analyses, or by [4] in 
which the Mallorca Cathedral was studied in terms 
of the construction process and long term effects by 
means of continuum FE models. The monastery of 
Jeronimos in Lisbon was the topic of failure analyses 
in [5], while earthquake-induced damage in the Ica 
Cathedral in Peru was studied in [6], and the response 
to seismic events of churches from Emilia-Romagna 
was investigated in [7]. These contributions and oth-
ers have shown that computational analysis tools in 
all their diversity can bring insight in the structural 
behaviour of masonry historical structures. Detailed 
discussions on the different methods and strategies 
for this purpose with respect to available data and 
intended level of details were discussed in [8], and the 
relevance of computational modelling for masonry 
structures was addressed in the review paper [9].

The contributions on the computational method-
ologies for historical masonry structures may be clas-
sified according to different criteria.

Different scales have been addressed from the 
structural scale, see for instance [2–7, 10]; to models 
addressing more specifically smaller structures, struc-
tural details or parts of structures [11–13].

Different types of computational procedures or 
discretization were developed or applied to histori-
cal structures depending on the level of detail or the 
scales investigated. Finite element-based nonlinear 
solution procedures were used either combined with 
macroscopic continuum constitutive descriptions 
dealing with damage and plasticity as in [2–5, 14], 
or with an explicit description of the constituents 
(blocks or stones and mortar) [15]. Other contribu-
tions used Limit Analysis principles either based on 

finite element descriptions [7, 16] or based on block 
kinematics [17]. Discrete Elements frameworks were 
also exploited when descriptions intend to address the 
masonry texture [18, 19]. These advanced computa-
tional procedures are complemented by descriptions 
based on the definition of equivalent frames [20–22].

Loading conditions addressed in historic masonry 
structures modelling often relate to their seismic vul-
nerability. These were addressed by means of nonlin-
ear static and dynamic procedures [3, 10, 20], or in 
contributions investigating the equivalence between 
both types of procedures [23]. Their relation to limit 
analysis and the investigation of specific pushover 
schemes were also addressed [7, 14, 21].

Most of the approaches having dealt with large 
scale structural analyses so far were mainly focused 
on periodic or quasi-periodic masonry in which con-
tinuous bed joints can be recognized [24–26]. The 
contributions dealing with irregular stone masonry 
structures with an explicit account for the constitu-
ents arrangement are less frequent. The effect of the 
arrangement (regular, irregular, rubble) was tested 
experimentally and modelled in [11]. More recently, 
homogenization methodologies have addressed the 
averaged behaviour of irregular stone masonry [17, 
27–29].

Finally, an important aspect relates to the type of 
information used as input in modelling strategies used 
for historical masonry structures. In many instances, 
the structural models and investigations are fed by 
experimental observations, see for instance [6]. More 
recently, a significant effort by the community has 
been focusing on the extraction of input information 
on the geometry of masonry structures from images. 
Terrestrial Laser Scanning (TLS) point cloud infor-
mation was used for health assessment of a minaret 
tower in [14]. TLS was also combined with IR ther-
mography for historical buildings in [30], and was 
exploited in [31] for the extraction of brick shapes. 
Photogrammetry was also exploited to allow image-
based modelling of masonry structures such as domes 
in [32]. The automation of model build-up based on 
images was developed based on the combination of 
image acquisition techniques (TLS and photogram-
metry). Finite element macro-models were extracted 
based on machine learning techniques in [22], and 
Convolutional Neural Networks (CNNs) were also 
exploited to generate 2D digital twins in [33], and 
to produce segmentation tools for cracked masonry 
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structures modelling applied to regular masonry [34, 
35].

The present contribution intends to address struc-
tural computations for ultimate limit states. When 
intending to address such states of masonry struc-
tures under various loading conditions, computational 
modelling is inherently challenging due to the mate-
rial nonlinear behavior [11, 36], even when dealing 
with regular geometries, which results in macroscopic 
anisotropy and strength parameters that depend on 
the aspect ratio of blocks [37]. The geometric char-
acteristics of irregular or rubble masonry render the 
evaluation of load transfer mechanisms even more 
complex [11, 38]. Consequently, to accurately model 
such structures, it is paramount to consider these 
irregular geometries as well as the contact and fric-
tional behavior typically associated with masonry as a 
construction material [39].

Classically, full structural analysis is conducted 
using macroscopic models that focus on overall bulk 
behavior, treating the material as a homogeneous con-
tinuum [40, 41]. Defining an appropriate constitutive 
law at the macro-scale is key. To this end, homogeni-
zation proves useful [42–47], its goal being to iden-
tify equivalent macroscopic properties of masonry 
from the properties of the constituents and their 
geometrical arrangement, essentially linking meso 
to macro-scale, based on a Representative Volume 
Element [37, 46]. Although appealing, homogeniza-
tion remains challenging as it must account for mul-
tiple elementary cells subjected to multiple loading 
conditions, each with different dimensions and posi-
tions within the structure for irregular masonry  [29, 
48–51]. Most models in the literature addressing 
non-periodic masonry rely on homogenization con-
cepts [16, 21, 52]. They prove potent, but these aver-
aging procedures fail to capture some failure modes 
properly.

Alternatively, masonry can be directly modeled at 
the mesoscopic scale. These models explicitly con-
sider stacking modes and typically represent potential 
cracks as discrete interfaces, with positions assumed 
a priori, namely the mortar joints under the assump-
tion of infinitely rigid or elastic blocks [53–56].

To date, the full-scale analysis of masonry struc-
tures using mesoscopic models has been strongly 
developed for regular masonry, where defining dis-
crete cracking interfaces is relatively straightfor-
ward. Representing (potentially thicker) joints in 

irregular masonry remains however challenging, and 
current solutions lack sufficient computational effi-
ciency to keep computation times reasonable [47]. A 
recent contribution addressed these issues on small 
masonry samples with a view to homogenization of 
failure properties based on images [17]. The present 
contribution aims to extend this numerically efficient 
methodology towards larger scale irregular masonry 
structures using a block-based Kinematic Limit 
Analysis procedure, leveraging a distance fields-
based morphing procedure to lump mortar joints onto 
zero-thickness interfaces. To this end, it will be dem-
onstrated that the efficiency of the proposed image-
based Kinematic Limit Analysis procedure based on 
linear programming allows envisioning full struc-
tures computations. The limit criterion used in mortar 
joints used in [17] is enriched by considering addi-
tional failure modes with respect to a pure Mohr-Cou-
lomb criterion (e.g. tension cut-off and compressive 
cap), and non proportional loading is accounted for to 
allow for pushover-like analyses with self weight. The 
procedure will be illustrated on 2D images of a facade 
from the church of the abbey of Preuilly, in Centre-
Val de Loire, France; and an oil mill, in Bovina 
Marina, Italy.

The structure of this paper is organized as follows. 
We start by providing a comprehensive overview of 
the studied structures, emphasizing their historical 
context and structural properties, with a particular 
focus on block-stackings. Section  2 details the pro-
cess for preparing the computational geometries. In 
Sect.  3, the Kinematic Limit Analysis procedure is 
presented along with the relevant theoretical develop-
ments. Section 4 discusses the assignment of loading 
configurations and material properties, followed by 
an analysis of the results in terms of load multipliers 
and failure mechanisms for both illustrative examples. 
Finally, in Sect. 5, we address the current limitations 
of the study, outline potential future developments, 
and revisit the assumptions necessary for applying 
this modeling strategy.

2 � Geometry extraction and discretization

2.1 � Abbey Church‑Preuilly

The former Cistercian Abbey of Preuilly, 
located in the south of the French Department of 
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Seine-et-Marne, is not among the most famous of 
the Cîteaux’s daughters. However, its founding date, 
1116/1117, places it among the earliest of Cistercian 
expansion. The site was classified as a historical mon-
ument in 2004 [57].

Since the French Revolution, the abbey remained 
in the hands of the same family. Although not much 
remains of the abbey church, for which construction 
started in 1170, this continuity of ownership resulted 
in a well-documented history. From mid nineteenth 
century to the present day, several family members 
have been involved in the research on the history of 
the convent buildings [57].

Excavations have been limited to a few strate-
gic locations. Geophysical surveys, field investiga-
tions, and other campaigns using modern techniques, 
among which lasergrammetry, have resulted in infor-
mation useful to structural engineers, such as ortho-
photos, one of which will be used here to illustrate 
the proposed Kinematic Limit Analysis procedures. 
These orthophotos were initially meant as detailed 
stone-by-stone surveys with an indication of the type 
of stones and the regularly spaced putlog holes [57].

However, for the present contribution, these 
images can serve as the input for the suggested geom-
etry extraction procedure and can be subsequently 
analyzed through Kinematic Limit Analysis. The first 
illustration of the method will use the interior part of 
the chancel end wall of the abbey church represented 
in Fig. 1.

In several zones, blocks were not identifiable due 
to factors such as plant growth. In these areas, one of 
the three following interventions was applied (Fig. 2): 
(i) ellipsoidal  "blocks"were inserted in zones where 
rubble masonry using small blocks or covering plants 
were present, (ii) visible blocks from morphologically 
similar regions were copied and slightly altered and/
or mirrored, and (iii) regular blocks were inserted, 
mainly in zones where the global geometry of the 
structure is delineated, such as the openings.

The assessed wall has dimensions of approxi-
mately 16 m in height and 10 m in width.

2.2 � Oil Mill‑Bovina Marina

The second illustrative structure is an oil mill that 
dates from the early twentieth century and is located 
between the San Pasquale river and Agrillei hill. 
It is taken from the homogenized limit analysis 

application presented in [16], and was first repeated 
in [58, 59]. The structure was constructed using tra-
ditional methods. The mill includes a 1.40 m high 
basement with 80 cm thick walls made from large 
stones and mortar, extending above ground as part of 
the foundation. The upper sections of the walls use a 
mix of smaller stones, brick pieces, and mortar, with 
small vertical clay brick ribs for structural regularity. 
The first floor comprises small brick vaults supported 
by old iron beams, and a timber truss structure, now 
heavily degraded, supports the roof [58, 59].

The walls were plastered and damaged in certain 
areas, as can be seen in Fig.  3. The present assess-
ment adopts the same geometric arrangement pro-
posed in [58, 59], where the irregular geometry of the 
walls was generated based on the approach outlined 
in these works.

The assessed wall is of dimensions 7.7 m in height 
and 6.6 m in width.

2.3 � Computational geometry

A binarized image of the structure’s blocks and joints 
serves as the primary input for a distance-field-based 
morphing procedure, for which the blocks serve 
as initial seeds. Prior to morphing, the unmorphed 
blocks must be properly identified and numbered 
[60]. This is achieved through geodesic image recon-
struction. This method leverages the concept of geo-
desic paths; the shortest routes between points on 
a surface or curve, constrained by the topology of 
the image [61]. An initial marker point is randomly 
selected within a specified region of interest (the 
blocks) [62]. From this marker, geodesic paths to the 
surrounding pixels are traced, restricted by the bina-
rized image, to support accurate reconstruction and 
facilitate the numbering of the blocks.

The morphing procedure was recently used in [17] 
for limit analysis-based homogenization.

The Fast Marching Method was employed to cal-
culate the distance fields to the nearest neighboring 
blocks for each point on a regular rectangular grid 
[63]. A distance field, denoted here by DNk , can be 
used to describe the packing state for the global block 
population by evaluating the distance at any point on 
the entire image to the kth nearest block in the block 
set. For DN1 , positive distance values are attributed 
outside the block and negative values are given inside 
the block by convention [62].
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The geometry of a set of neighboring blocks can 
be modified by manipulating these distance func-
tions. A function that vanishes at the equidistant 
location between two nearest inclusions is defined 
as follows:

This function yields a morphing procedure that essen-
tially morphs the shape of neighbouring bodies based 
on their interdistances, shapes, and size (Fig.  4). 

(1)OV (x) = DN2(x) − DN1(x)

Fig. 1   a The orthophoto derived from lasergrammetry. b The orthophoto with block delineation. c Location of the wall relative to 
the abbey church indicated in red
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Apart from masonry [17, 27, 56, 62], such functions 
have also been applied to describe geometries in other 
material contexts, including metallic foams [64, 65] 
and composites [66, 67]. The intrinsic dependence 
on the morphology of the global block arrangement 
constrains the final morphed geometry. For further 
details, the reader is diverted to [62].

The locus of points where OV vanishes, i. e. the 
location where morphed blocks touch, defines the 
medial axis of the mortar joints. This concept is 
defined as the collection of points that have multiple 
closest points to the boundary of an object or a set of 
objects, also informally referred to as the image skel-
eton [68].

The extraction of the medial axis consists of a 
two-step approach as explained in [17]. The first step 

involves identifying triple junctions, which are points 
where the boundaries of three inter-block regions 
intersect, as defined by (1). This is achieved by evalu-
ating the OV-functions associated with each pair of 
blocks among the three. An initial guess point near 
the triple junction is iteratively displaced to the zero-
level set of the corresponding OV-functions defined 
for block pairs using their gradients. This procedure 
is stopped when the point aligns with the zero-level 
set of the OV-functions given a prescribed accuracy. 
The medial axis is subsequently constructed by con-
necting the identified triple points by straight seg-
ments. The (optional) second step consists of further 
delineating the medial axis. To further discretize the 
straight segments connecting triple points, intermedi-
ate edge points are introduced between them. These 

Fig. 2   a Blocks extracted from the orthophoto (Fig. 1). b With 
modifications. Red-ellipsoidal blocks inserted in zones where 
rubble masonry using small blocks or covering plant growth 
was present; Green-visible blocks from morphologically simi-

lar regions copied and slightly altered and/or mirrored; Blue-
regular blocks, mainly in zones where the global geometry of 
the structure is delineated
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edge points are then iteratively displaced to their 
correct positions using the OV-functions and their 
gradients associated with the corresponding pairs of 
blocks.

This medial axis extraction procedure results in 
two computational geometry types; one with joints 
approximated as straight lines, and another with joints 
approximated as curved lines, as shown in Fig. 5 for 
the Abbey church of Preuilly and Fig.  6 for the oil-
mill in Bovina Marina. 

3 � Limit analysis for rigid blocks

3.1 � Upper bound formulation for infinitely rigid 
blocks

Consider an assembly of morphed blocks, where 
zero-thickness interfaces, simulating mortar joints, 
bring the blocks into direct contact with one 
another. A Kinematic Limit Analysis procedure will 
be established to ascertain the failure mechanism 
and the corresponding failure load. The masonry 
assembly is subjected to in-plane loading.

The deformations and failure within morphed 
blocks are prohibited by assuming infinitely rigid 
blocks. Therefore, the internal dissipation of power 

is only allowed along the interfaces. Classically, in 
limit analysis, an associated flow rule is assumed, 
inferring normality and a perfectly rigid plastic 
joint behavior is assigned. Furthermore, the small 
displacement kinematics assumption is included to 
linearize kinematics. The failure mechanism can be 
described by a discontinuous velocity field under 
these assumptions, representing the velocities of 
each block with corresponding discontinuities at 
interfaces.

By hypothesizing the blocks as infinitely resist-
ant and stiff, the kinematics of each block can be 
described in a 2D problem through three quantities; 
two translational ( ̇ux and u̇y ) and one rotational ( 𝜙̇z ) 
degrees of freedom:

Here, ẋk,j represents the degrees of freedom vector for 
the centroid of the jth block. The components u̇x , u̇y , 
and 𝜙̇z correspond to the translational and rotational 
velocities of the center of gravity G in the absolute 
reference frame. The total number of blocks in the 
assembly is denoted by NE . The global vector of kin-
ematic unknowns, ẋk , is constructed by assembling 
the degrees of freedom for all the blocks. Based on 
rigid body kinematics, the velocities at any point 
P =

[

xP, yP
]T on a block, corresponding to the ith 

interface between blocks, can be expressed in relation 
to the centroid G =

[

xG, yG
]T of the block through a 

kinematic matrix. Assuming linearized kinematics, 
this relation is given as:

where u̇P =

[

u̇P
x
, u̇P

y

]

 are the velocities of point P . AP
G

 
is the kinematic matrix associated with point P and 
centroid G.

Geometric constraints (associated mechanically to 
the support conditions) are similarly defined by con-
straining velocity components of selected points, for 
example setting their velocity equal to zero.

The boundary of the admissible stress states 
domain, known as the yield surface f (�) , is defined 
here as a Mohr-Coulomb surface with a tensile cut-off 

(2)ẋk,j =
[

u̇x, u̇y, 𝜙̇z

]T
for j = 1, ...,NE

(3)
u̇P =

[

u̇P
x

u̇P
y

]

= A
P
G
ẋk,i

with A
P
G
=

[

1 0 −
(

yP − yG
)

0 1
(

xP − xG
)

]

Fig. 3   North-wall of the structure. Image taken from [59]
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and a linearized compression cap. The associated 
flow rule is applied at the interfaces, and the related 
compatibility constraints are imposed. The associated 
flow rule infers normality, thus imposing that plastic 
strains evolve according to the normal to the yield 
surface. Plastic straining is represented by jumps in 
velocity:

where Δ ̃̇u represents the velocity jump between two 
blocks at the interface, expressed in the local refer-
ence frame associated with the interface (indicated 

(4)Δ ̃̇u = RΔu̇ = �̇
𝜕f

𝜕�
with R =

[

nT

sT

]

symbolically with a tilde ̃ ). The symbol Δ denotes 
the difference in interface velocity between the blocks 
it connects. The matrix R comprises unit vectors that 
define the local coordinate system, which includes the 
unit normal vector n and the tangential vector s to the 
interface. The term �̇ denotes the plastic multiplier 
rates, which represent the rate at which plastic defor-
mation occurs in response to the applied loads. The 
local frame of reference has been defined similarly 
to [17]. Note that plastic multiplier rates are not vec-
tors. The bold symbol refers to the fact that there are 
multiple branches on the modified Mohr-Coulomb 
criterion:

Fig. 4   The O
V
 function, as defined in Eq. 1, is illustrated. Two 

regions of interest are highlighted and labeled with boxes, indi-
cating the areas zoomed in on the right. To enhance clarity, the 

outlines of the corresponding blocks in the zoomed-in sections 
are shown with colored contours
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where Np indicates the number of branches on the 
assigned modified Mohr-Coulomb criterion. The 

(5)Δ ̃̇u =

Np
∑

e=1

𝜆̇e
𝜕fe

𝜕�

plastic multiplier rates are subjected to the Kuhn-
Tucker conditions to ensure the consistency of the 
plastic deformation [17].

The derivatives of the yield surface with respect 
to the stress are by definition normal to the branches 
used to define this surface. A linearization by 

Fig. 5   a Image used as the input to the medial axis extraction 
tool for the abbey church. b The resulting straight-lined geom-
etry. c The resulting curved-lined geometry. In the solution 

procedure, the gray blocks are considered active and the white 
blocks non-active, as discussed in Sect. 4.1
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branches of the yield surface is required, analog to a 
linearization by planes for a yield surface formulated 
in 3D typically used to address out-of-plane loading 
conditions. The reader is referred to [41] for more 
details. The equation of each branch can be expressed 
as:

Therefore, the associative flow rule for the ith point on 
an interface can be expressed as:

(6)c1� + c2� = c0 such that

√

c2
1
+ c2

2
= 1

The compatibility equation for one point on an inter-
face can be constructed by combining Eq. (3), (4) and 
(7):

(7)�̇i

𝜕f

𝜕�
=

Np
∑

e=1

𝜆̇i,e

[

c1
c2

]

e

(8)
R
�

AP
G, j+1

ẋk, j+1 − AP
G, j

ẋk, j

�

−

∑Np

e=1
𝜆̇i,e

�

c1
c2

�

e

= 0

Fig. 6   a The image that serves as the input to the medial axis 
extraction tool for the oil mill. b The resulting straight-lined 
geometry. c The resulting curved-lined geometry. In the solu-

tion procedure, the gray blocks are considered active and the 
white blocks non-active, as discussed in Sect. 4.1
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The limit load is assessed by the Principle of Virtual 
Power. Due to the assumption of a perfectly plastic 
material behavior, the internal power dissipation can 
be evaluated by summing the contributions over all 
the interfaces:

with Nint the number of interfaces. Ah denotes the 
area of the hth interface (considering the out-of-plane 
thickness of the interface), and �̃ the local stress vec-
tor. The internal power dissipation must be evaluated 
at each point of every interface:

where ai denotes the area associated to the ith point 
on the hth interface. This can be replaced by the 
length lh associated with points 1 and 2 of the inter-
face (denoted by (1) and (2) respectively), which are 
the respective endpoints on the interface in question, 
multiplied by the depth of the assembly d. The reader 
is diverted to [17] and [41] for more information.

The power supplied by the externally applied loads 
is the total of the powers derived from their perma-
nent and variable parts. In a general loading scenario, 
consider point loads qP , surface loads qs and volume 
loads qv:

The assumption of rigid blocks allows this expression 
to be recast as a sum of resultant point loads multi-
plied by the corresponding velocities of the points of 
application, resulting in:

with QP, k the kth load resultant applied to the kth point 
of application Pk.

(9)
Pin =

Nint
∑

h=1

∫
Ah
�̃Δ ̃̇u dAh

=

Nint
∑

h=1

∫
Ah
�̃�̇

𝜕f

𝜕�
dAh

(10)

Pin =

Nint
∑

h=1

Np
∑

e=1

a1𝜆̇1,e
[

c1𝜎 + c2𝜏
]

e

+ a2𝜆̇2,e
[

c1𝜎 + c2𝜏
]

e

=

Nint
∑

h=1

Np
∑

e=1

(

𝜆̇1,ec0e l
(1)

h
+ 𝜆̇2,ec0e l

(2)

h

)

d

(11)
Pext =

∑

i qP,iu̇P,i + ∫
S
qSu̇ dS

+ ∫
V
qV u̇ dV

(12)Pext =
∑

k

QP,ku̇P,k

The permanent loads Qperm can be distinguished 
from the variable loads Q� = �Qvar , with � the load 
multiplier. Thus, the externally supplied power can be 
expressed as:

Based on the classical Kinematic Limit Analysis 
assumptions, the power resulting from variable loads 
is linearly dependent on the load multiplier. A nor-
malization condition is imposed to restrict self-simi-
lar failure mechanisms to one:

The Principle of Virtual Power states that the inter-
nal power dissipation should balance the externally 
supplied power. The load multiplier can therefore be 
determined as follows:

Thus by combining Eq. (9) and (10), the equation 
determining the load multiplier may be expressed as:

� depends linearly on the kinematic unknowns and 
plastic multiplier rates, bundled in the global vector 
of unknowns x =

[

ẋk, �̇
]

 . The solution is obtained by 
solving a minimization problem, which is formulated 
in its canonical form:

resulting in the discontinuous velocity field that mini-
mizes � under the imposed geometric, compatibility, 
and normalization constraints, bundled in Aglobal . The 
plastic multiplier rates should assume non-negative 
values. b is the vector of known terms in the equal-
ity equations and c the vector of coefficients such that 
Pin = cTx.

The final problem is formulated as a sparse linear 
programming problem and is solved using SciPy’s 

(13)
Pext =

∑

kperm
Qperm, kperm

u̇P, kperm
+𝜆

∑

kvar
Qvar, kvar

u̇P, kvar

(14)Pext,var =
∑

kvar

Qvar, kvar
u̇P, kvar = 1

(15)
Pin = Pext, perm + �Pext, var

⟺ � =
Pin−Pext, perm

Pext, var

(16)
𝜆 =

∑Nint

h=1

∑Np

e=1

�

𝜆̇1,ec0e l
(1)

h
+ 𝜆̇2,ec0e l

(2)

h

�

d

−
∑

kperm
Qperm, kperm

u̇P, kperm

(17)
minimize 𝜆 = cTx

subject to Aglobalx = b

�̇ ≥ 0
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linprog function, which implements a pivot-based 
algorithm, as described in [69].

4 � Results and discussion

4.1 � Loading configuration and material properties

The straight-lined and curved-lined geometries of the 
two structures, shown in Figs. 5 and 6, were subjected 
to push-over-like loading conditions. A linearly vary-
ing load in terms of the position in height is applied 
to both the left and right sides of the structures (also 
respectively referred to as scheme L and scheme R), 
as illustrated in Figs.  8, 9, 10 and 11. A dead load 
consistent with the self-weight was also applied, 
accounting for a block density of 2200 kg/m3. The 
assigned wall thicknesses are 0.5 m and 0.8 m for the 
abbey church and oil mill respectively.

In both cases, the mortar joints were characterized 
by material properties matching a modified Mohr-
Cloumb criterion, incorporating a compression cap 
and tensile cut-off, as depicted in Fig. 7. The material 
parameters used are detailed in Table 1.

Blocks can be selectively activated or deactivated 
by disregarding the corresponding interfaces, essen-
tially treating them as voids. This method has been 
applied to specific blocks: the openings, and concern-
ing the abbey church the top block defining the dis-
tinct outline of the ruins, and the bottom block, which 
compensates for the uneven soil beneath.

The number of blocks, interfaces, and unknowns 
for each loading case is provided in Table  2. The 
computation time ranges from approximately five 
minutes for the straight-lined geometries to around 
one hour for the curved-lined geometries, using a 
non-commercial linear programming solver.

4.2 � Results‑load multipliers

The load multipliers corresponding to their respec-
tive failure mechanisms are presented in Table  3. 

Although the multiplier rates are comparable, the 
curved-line geometries show higher values. This 
observation aligns with the findings reported in [17], 
and which may be related to the increased mechanical 
interlocking for curved joints.

4.3 � Failure mechanisms abbey church‑preuilly

Consistent with expectations, failure occurs around the 
window openings, evidenced by significant horizon-
tal cracks. The increased height on the left side of the 
structure acts as a lever arm, resulting in a lower load 
multiplier required to induce failure for loading scheme 
L compared to loading scheme R. This is also observed 
in the normalized load multipliers, in Table 3.

The failure mechanisms for both straight-lined 
and curved-lined geometries are largely consistent, 
though some slight differences are observable. For 
scheme L, shown in Fig.  8, crack pattern F shows 
a single horizontal crack in the rubble zone around 

Table 1   Material parameters assigned to the joints. The 
parameters correspond with Fig. 7

fc [MPa] 2.5 � [°] 30

ft [MPa] 0.1 � [°] 45
c [kPa] 140

Table 2   Number of blocks, interfaces and unknowns for each 
case study

Oil Mill Straight-Lined Curved-Lined

# Blocks 4907 4935
# Interfaces 14557 29143
# Unknowns 305861 597665

Abbey Straight-Lined Curved-Lined

# Blocks 3539 3545
# Interfaces 10284 20590
# Unknowns 216297 422435

Fig. 7   Modified Mohr-Coulomb criterion with compression 
cap and tensile cut-off assigned to the interfaces
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the window opening for the curved-lined geom-
etry, whereas the straight-lined geometry exhibits 
a double crack in this area. For scheme R, shown 
in Fig.  9, crack pattern F is very similar for both 
geometries, though a larger zone is activated in the 
straight-lined case.

4.4 � Failure mechanisms Oil Mill‑Bovina Marina

For both loading configurations (Figs.  10 and 11), 
two types of cracks occur; straight horizontal cracks 

and diagonal cracks. They either originate/terminate 
in one another, or in the openings. On the loaded 
edge, large horizontal cracks form in the bed joints 
of the regular bricks, either terminating at the open-
ings or extending into diagonal cracks. This results 
in a wedge-like failure pattern, consistent with 
expectations given the applied loading conditions.

The failure mechanisms for both straight and 
curved-lined geometries are similar. However, 
under loading scheme L, the straight-lined geom-
etry exhibits an additional diagonal crack, as illus-
trated in Fig. 10. This diagonal crack is not present 
in the curved-lined geometry. Although subtle, 
the cracking pattern A for the oil mill subjected to 
loading scheme R shows a difference: the straight-
lined geometry has a small diagonal crack near the 
window opening, while the curved-lined geometry 
shows an additional diagonal crack approximately 
in the center of the large horizontal crack.

5 � Conclusions and outlook

In the present work, a computationally efficient 
method for evaluating irregular unreinforced 

Table 3   The results in terms of load multiplier � for each 
loading case, and the resultant load multiplier normalized 𝜆̄ 
with respect to the dead loads (the structure’s self-weight). C 
and O refer to the abbey church and the oil mill respectively

Scheme � [kN/m] 𝜆̄ [-]

Straight Curved Straight Curved

L C 211.935 217.064 1.404 1.437
R C 273.256 283.416 1.809 1.877
L O 531.804 546.526 2.085 2.154
R O 583.899 609.111 2.231 2.402

Fig. 8   a Loading scheme applied to the abbey church - a tri-
angular load applied along the full left side of the structure. 
b Resulting failure mode for the straight-lined representa-
tive computational geometry. c Resulting failure mode for the 

curved-lined representative computational geometry. The dark 
gray blocks represent blocks that are fixed. Cracking locations 
are annotated through labeled red and blue boxes
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Fig. 9   a Loading scheme applied to the abbey church - a tri-
angular load applied along the full right side of the structure. 
b Resulting failure mode for the straight-lined representa-
tive computational geometry. c Resulting failure mode for the 

curved-lined representative computational geometry. The dark 
gray blocks represent blocks that are fixed. Cracking locations 
are annotated through labeled red and blue boxes

Fig. 10   a Loading scheme applied to the oil mill - a triangular 
load applied along the full right side of the structure. b Result-
ing failure mode for the straight-lined representative computa-
tional geometry. c Resulting failure mode for the curved-lined 

representative computational geometry. The dark gray blocks 
represent blocks that are fixed. Cracking locations are anno-
tated through labeled red and blue boxes
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historic masonry has been developed, with the capa-
bility to explicitly consider the structure’s stacking 
patterns.

This methodology was demonstrated using two 
case studies: the assessment of the east-facing wall 
of the Abbey of Preuilly and the assessment of an oil 
mill in Bovina Marina.

To determine the computational geometry of the 
abbey church, blocks were extracted from an ortho-
photo, and in areas where block delineation was chal-
lenging, one of three interventions was employed to 
create a representative geometry: (i) insertion of ellip-
soidal blocks subsequently morphed by the distance 
field approach, (ii) duplication and/or slight alteration 
of blocks from morphologically similar regions, and 
(iii) insertion of regular-like blocks in zones where 
the overall features of the structure are outlined.

Since the walls of the oil mill are plastered, a com-
putationally generated geometry was assumed. The 
corresponding geometry was taken from [58] and 
[59].

A distance field-based morphing operation was 
used to represent mortar joints as zero-thickness 
interfaces, with optional user-defined refinement. 
This equivalent geometry was then analyzed using a 
Kinematic Limit Analysis procedure, assuming the 
blocks to be infinitely stiff and strong, and assign-
ing a modified Mohr-coulomb behavior to the joints. 

The limit analysis problem was solved using linear 
programming.

The failure mechanisms for both straight-lined 
and curved-lined geometries exhibit overall consist-
ency, though some slight distinctions are notable. 
In the case of the Abbey Church at Preuilly, under 
loading scheme L, the curved-lined geometry shows 
a single horizontal crack around the window open-
ing, whereas the straight-lined geometry presents a 
double crack in the same area. For loading scheme 
R, the failure patterns are similar, with the straight-
lined geometry activating a larger zone. At the Oil 
Mill in Bovina Marina, the straight-lined geometry 
under loading scheme L features both horizontal and 
smaller diagonal cracks, whereas the curved-lined 
geometry lacks the diagonal crack, highlighting a key 
difference between the two geometries. The similar-
ity is also reflected in the value of the load-multiplier 
rates. Results are consistent with [17] - straight-lined 
geometries exhibit a slightly smaller load multiplier, 
as less interlocking between blocks can occur.

Future developments will focus on addressing non-
identifiable zones through local meshing techniques, 
potentially combined with homogenization. Addi-
tional advancements will include evaluating three-
dimensional geometries and loading schemes, under 
the assumption of single-leaf masonry, where extru-
sion in the depth direction is a viable approach. Given 

Fig. 11   a Loading scheme applied to the oil mill - a triangular 
load applied along the full right side of the structure. b Result-
ing failure mode for the straight-lined representative computa-
tional geometry. c Resulting failure mode for the curved-lined 

representative computational geometry. The dark gray blocks 
represent blocks that are fixed. Cracking locations are anno-
tated through labeled red and blue boxes
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that the computational cost and the time required for 
solving the final systems for the straight-lined and 
curved-lined geometries are relatively low, the devel-
oped code was not optimized, non-commercial solv-
ers were used, and all computations were addressed 
on a standard laptop. Further developments address-
ing three-dimensional geometries appear feasible, as 
long as the structures studied are not extraordinarily 
large.
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