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PENALIZATION METHOD FOR THE NAVIER-STOKES-FOURIER SYSTEM

DANICA BASARICYM, EDUARD FEIREISL', MARIA LUKACOVA-MEDVIDOVAZ,
HANA MIZEROVA!® AND YUHUAN YUAN?

Abstract. We apply the method of penalization to the Dirichlet problem for the Navier—Stokes—Fourier
system governing the motion of a general viscous compressible fluid confined to a bounded Lipschitz
domain. The physical domain is embedded into a large cube on which the periodic boundary conditions
are imposed. The original boundary conditions are enforced through a singular friction term in the
momentum equation and a heat source/sink term in the internal energy balance. The solutions of the
penalized problem are shown to converge to the solution of the limit problem. In particular, we extend
the available existence theory to domains with rough (Lipschitz) boundary. Numerical experiments are
performed to illustrate the efficiency of the method.
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1. INTRODUCTION

Let us consider the Navier—Stokes—Fourier system in the entropy formulation,

Oro + div,(ou) =0, (1.1)
O(ou) + divy(ou ® u) + Vup = div,S, (1.2)
Ot(0s) + div(osu) + div, (5) =3 (S :D,u — ) (1.3)

The unknowns are the standard variables: the density o = o(t, x), the temperature © = (¢, z), and the velocity
u = u(t,x), whereas the thermodynamic functions: the pressure p = p(p, ), the entropy s = s(o,9) as well
as the viscous stress tensor S = S(¢,D,u), and the heat flux ¢ = q(9, V,9) are determined through suitable
constitutive relations.

The fluid is confined to a bounded domain Q C R¢, d = 2,3, on the boundary of which the Dirichlet boundary
conditions

u|aQ =0, 19|3Q =4Jp, U = 193(15,1‘) (1.4)
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are imposed. Our goal is to approximate solutions of problem (1.1)—(1.4) via penalization of the spatial domain.
Specifically, we suppose

Qc T,

where T¢ is sufficiently large “flat” torus, and replace the field equations (1.1)—(1.3) by the penalized system

0o + div,(ou) =0, (1.5)
1
O(ou) + div,(ou @ u) + Vyp = div,S — g]].’[[‘d\Qu, (1.6)
. . q 1 q- V9 1 B
Ou(os) + diva(osu) +div, (1) = 5 (S Dy — == — —dgaald — 95/ (9 —Ip) (17)

on the set (0,7) x T, where ¥ is a smooth extension of the boundary temperature on T¢ \ Q. Obviously,
solving the problem on the flat torus T¢ is equivalent to imposing the space periodic boundary conditions. The
solution of the original problem is then recovered by letting ¢ — 0 in (1.6), (1.7).

The penalization method is a popular simulation tool when the boundary of 2 has a complicated structure and
its approximation by polygons may be problematic. The difficulty with domain approximation and construction
of a suitable mesh is transformed to the forcing terms that are much easier to handle. This idea has been
used quite often in the literature. Domain penalization is realized in the immersed boundary method [17,18]
and the (Lagrange-multiplier based) fictitious domain method [8,9,12]. Both approaches have been originally
developed in the context of incompressible Navier—Stokes equations. In the context of fluid-structure interaction
problem a penalization method is applied on a moving domain in [2]. Penalization of boundary conditions
in a spectral method approximating one- and multidimensional compressible Navier—Stokes—Fourier equations
was discussed in [10,11]. Related numerical analysis for one-dimensional heat equation with a singular forcing
term was presented in [1]. For elliptic boundary problems the error estimates between the exact solution and
(numerical) solutions of L?- or H' penalization problems were presented in [15,19-21].

Even at the purely theoretical level, penalization can be useful for problems with low regularity (Lipschitz)
of the boundary, where suitable approximation by regularization is hampered by the absence of smooth approx-
imate solutions. Our goal in this paper is twofold:

— Using the framework of weak solutions, developed in [6] for the penalized problem and, more recently, in [3]
for the original Dirichlet problem, we show that weak solutions of (1.5)—(1.7) converge to a weak solution of
(1.1)—(1.4) as ¢ — 0. In particular, the hypotheses concerning regularity of the spatial domain indispensable
in [3] are relaxed.

— We perform numerical experiments illustrating the abstract results.

As far as we are aware, our paper is the first one to provide analytical results as well as finite volume
simulations on complex domains for the penalization method applied to the multidimensional Navier—Stokes—
Fourier system with inhomogeneous Dirichlet boundary conditions for the temperature. Possible applications
include the celebrated and amply studied Rayleigh-Bénard problem in its original compressible setting, cf.
e.g. Davidson [4]. The penalization method can efficiently handle domains with rough (Lipschitz) boundaries
extending the current theory presented in [3] restricted to smooth domains.

The rest of the paper is organized in the following way: In Section 2 we define the concept of weak solution
to the Dirichlet problem for the Navier—Stokes—Fourier system and formulate the main theoretical result on
the strong convergence of the penalized solutions. Sections 3 and 4 are devoted to the derivation of the uni-
form bounds using the ballistic energy inequality and to the convergence analysis of the penalized solutions,
respectively. Section 5 presents a series of numerical simulations illustrating robustness and efficiency of the
proposed penalization strategy when solving the Dirichlet problem for the Navier—Stokes—Fourier system in
complex domains.
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2. CONSTITUTIVE EQUATIONS, WEAK SOLUTIONS, MAIN THEORETICAL RESULT

Before stating our main analytical result, let us introduce the basic hypotheses imposed on the physical
domain and constitutive equations.
2.1. Physical domain
We suppose that Q C R?, d = 2,3 is a bounded domain with Lipschitz boundary. In addition, we suppose
that the boundary datum 95 can be extended on [0, 7] x T? in the following way:
I € Wh([0,T] x T, 95 € W»([0,T] x Q) n W2>([0,T] x (T*\ Q)),
infdg >0, Aydp(t,-) =0 a.a in[0,T] x Q. (2.1)
Note that such an extension always exists as long as €2 as well as the boundary datum are smooth of class at
least C%*¥. Optimal results concerning regularity of 2 can be found in the monograph by Medkové [16]. For
less regular (Lipschitz) domains, condition (2.1) must be imposed as a hypothesis.
2.2. Constitutive equations

The equations of state interrelating the thermodynamic functions p, s, to the internal energy e are motivated
by the existence theory developed in [3]. Specifically, we suppose:

. 5 a

p(Qa 19) :pm(Q7 79) +prad(ﬂ)a with pm(Qa 19) = 192P<19Q§>7 prad(ﬁ) = 5194; (2'2)
. 393 0 a

6(9719) = 6m(9, 79) + erad(ga 19), with em(& 19) = 5?]3 F s Erad(g, 19) = ?9 ) (2-3)
. 4a 93

5(0,9) = 5u(0,0) + sraa(0,9), with  su(,9) = S(j) smale9) = 5 (2.4

where a > 0, P € C*[0, 00) satisfies

Sp(Z) - P(2)Z

P0)=0, P'(Z)>0forZ>0, 0< 7 <cfor Z>0 (2.5)
and s
32P(Z)-P(Z)Z
"2)=-=3 2.
§(2)=-54== (26)
It follows from (2.5) and (2.6) that the functions
Z — é) and Z — S(2)
3
are decreasing, and we assume
. P(Z) _
Zlgnoo T Poc >0, (2.7)
lim S(Z)=0. (2.8)
Z— 00

We refer to Chapter 2 of [6] for the physical background of the hypotheses (2.2)—(2.8). In particular, equations
(2.7) and (2.8) describe the behaviour of the fluid in the degenerate area, where (2.8) is in agreement with the
Third law of thermodynamics.
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2.3. Transport terms

We suppose the fluid is Newtonian (linearly viscous), with the viscous stress

S(9, Du) = u(v) (Vmu +Viu— %divmu ]I) + n(¥) divyu L

Here D,u = (V,u + Viu)/2 stands for the symmetric velocity gradient.
Similarly, the heat flux is given by Fourier’s law

q(¥,V,19) = —r(9) V0.

As for the transport coefficients p, n and k, we suppose they are continuously differentiable functions of tem-
perature 9 satisfying

0<p(l+9) <p@) <pl+9), |@/@) <cforald>0, (2.9)
0 <n@) <71 +9), 2.10
0<r(l4+9%) <k@®) <E(1+9°), >6 2.11)

2.4. Weak solutions

The concept of weak solution of the penalized system (1.5)—(1.7) was introduced in [6].

Definition 2.1 (Weak solution of the penalized problem). We say that the trio of functions [p, J, u] is a weak
solution of the penalized Navier—Stokes—Fourier system (1.5)—(1.7) with the initial data

Q(Ov ) = Qo; (Qu)(()? ) = my, QS(Q’ 19)(0’ ) = So
if the following holds.

(i) Weak formulation of the continuity equation: the integral identity

T
— /Td 00(0, ) dz = /0 /ﬂ‘d [00:p + ou - V] da dt, (2.12)

holds for any ¢ € C([0,T) x T?).
(ii) Weak formulation of the renormalized continuity equation: for any function

be CH0,00), b € C.[0,00)

the integral identity

T
[ b(o0)e(0,) de = / / B(0)9rp + b()u - Vo + o (b(o) — ¥ (0))diven] dardt (2.13)
Td 0 Td

holds for any ¢ € CL([0,T) x T9).
(iil) Weak formulation of the momentum equation: the integral identity

T
- mg - p(0,)dx = / / [ou - Orp + (ou @ u) : Vo + plo,9)div, ] de dt
0o Jrd

Td
T 1 (T
—/ S(ﬁ,Dmu):ngodxdt—f/ / u-pdrdt
o Jrd €Jo Jra\Q

holds for any ¢ € C1([0,T) x T¢; R%).

(2.14)
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(iv) Weak formulation of the entropy inequality: the integral inequality

T 9, V0
— [ So(0,))dz > / / {gs(g, ) (Opp +u - Vap) + % . anp] dxdt
Td 'H‘d
/ / < S(¥, D) : Dy — ‘W) de dt (2.15)
Td

77/ / P19~ 9plF 9 — 9p) dzdt
g Jo Td\Qﬁ

holds for any ¢ € C}([0,T) x T%), ¢ > 0.
(v) Total energy balance: the integral inequality

¥(7) /TdGQUIQJr@e(g,ﬁ))( da:—/ 8ﬂ/}/ [ |u|2+ge(g,19)]dmdt

+f/ P |u|2dmdt+ /w \ﬁ—ﬂg\k(ﬂ—ﬁB)dxdt
€ Jo Td\Q Td\Q

< ¢(0) /Td (; mof + 906(90750)> (2.16)

20
holds for a.e. 7 € (0,T) and any ¢ € C*[0,T], ¢ > 0.

A suitable concept of a weak solution for the system (1.1)—(1.3) endowed with the Dirichlet boundary condi-
tions (1.4) has been developed only recently in [3].

Definition 2.2 (Weak solution of the Dirichlet problem). We say that the trio of functions [, ¥, u| is a weak
solution of the Navier—Stokes—Fourier system (1.1)—(1.3), with the Dirichlet boundary conditions (1.4) and the
initial data

Q(Ov ) = 0o, (QU)(O, ) = My, 95(97 79)(07 ) = SO
if the following holds.
(i) Weak formulation of the continuity equation: the integral identity

/gogp( dx—/ /Q@tgo—&-gu V] dz dt, (2.17)

holds for any ¢ € CL([0,T) x Q).
(ii) Weak formulation of the renormalized continuity equation: for any function

be Co,00), V' € C.[0,00),
the integral identity
—/ b(0o Jdx = / / 0)0rp + b(o)u - Voo + ¢ (b(o) — b'(0)o)div,u] do dt (2.18)

holds for any ¢ € C1([0,T) x Q).
(iil) Weak formulation of the momentum equation: the integral identity

/mo (0 dx—/ /Qu Orp + (ou®@u) : Vo + po, 9)divep] dz di

/ / S(¥,D,u) : Dy dadt

(2.19)

holds for any ¢ € C1([0,T) x Q; RY).
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(iv) Weak formulation of the entropy inequality: the integral inequality

/Sogp dx>/ /{gs 0,9 8t<p+u xcp)+ (19519) ngo] dx dt

q(¥,V,9) - V.0 (220)
/ / ( (9, Dyar) : Dyt — W) da dt
ot v
holds for any ¢ € CL([0,T) x ), ¢ > 0.
(v) Ballistic energy balance: for any
J € CH([0,T] x Q), infd >0, J]sq =I5 (2.21)

the integral inequality

1 ~ .
/ (2Q|U|2 + 0e(0,9) — Jos(o,9 ) ) dz —i—/ / ( 9, Dyu) : Dyuw — W) dx dt
Q

< / (2|TZ ol + 00e(00, So0) — 15(0")50) dx (2.22)

//l 9)(00 + - V,9) + W

dz dt

holds for a.e. 7 € (0,T).

Apparently, the main difference between the two concepts of weak solutions is the total, ballistic energy
balance (2.16), (2.22), respectively. In addition, the pointwise inequality (2.22) is weaker than its counterpart
(2.16) stated in the differential form. Still (2.22) is sufficient for showing the weak—strong uniqueness property,
see [3].

2.5. Main result
Having collected the necessary material, we are ready to state the main theoretical result of the paper.

Theorem 2.3 (Convergence of the penalization method). Let Q C R?, d = 2,3, be a bounded Lipschitz domain.
Suppose that the boundary function 9p admits the extension (2.1). Let the thermodynamic functions p, e, s as

well as the transport coefficients p, n, k satisfy the hypotheses (2.2)—(2.11). Consider a family of measurable
initial data

00, > 07 mo e, SO,E
defined on T¢ and satisfying
Q0,e — Q0 in L1 (Td)a
mg,. — mg weakly in L? (Td; Rd) for some ¢ > 1,

So,e — So weakly in L? (']Td) for some ¢ > 1,

1 |mo.|? 1 lma 2
/ <2|0’| + 00.c€(00.¢, So,e)) de — / ( Imol” + 00e(00, So)> dz (2.23)
T 00,e 2 o0
as € — 0, where
00 >0, mo(z) =0, So(z) = 00(z)s(0o(x),Ip(z)) for any z € T\ Q (2.24)

if 95 = 9p(x) is independent of t;
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oo(x) =0, mo(z) =0, So(z) = oo(x)s(0o(z),V5(0,2)) = 2—&19?}3(0,:17) for any 2 € T4\ (2.25)

ZfﬁB = 193(15,’15).

Let (0, 0c,uc)es0 be the corresponding family of weak solutions to the penalized problem specified in Defini-
tion 2.1, with the parameter k > 3 — 1.
Then, up to a suitable subsequence,

0- — 0 in Cweak([O,T];L%(Q)) and (strongly) in L*((0,T) x Q),

u. — u weakly in L2 (0,T; W"?(; RY)),
9. — ¥ weakly in L*?(0,T; W"?(Q)) and strongly in L*((0,T) x Q),

where (0,9, u) is a weak solution of the Navier—Stokes—Fourier system (1.1)—(1.3), with the boundary conditions
(1.4) and the initial conditions (oo, Mg, Sy) in the sense of Definition 2.2.

Remark 2.4. The existence theory ([6], Chap. 3) can be adapted in a straightforward manner to provide a
family of weak solutions (gc, 9., uc)e>o to the penalized problem assumed in the hypotheses of Theorem 2.3.
Accordingly, Theorem 2.3 represents an alternative proof of existence of a weak solution for the limit system,

cf. [3].
Remark 2.5. As shown in Section 3.2, formula (3.39) from [6],
0 < sm(0,) ~ 1+ [log(0)| + log(v)]*. (2:26)

Consequently, we may set
4a 4 4a 4
005(00,98(0,°)) = 008m (00,95 (0,")) + 3193(07 )= 3193(07 -) whenever go =0

in agreement with (2.25)

Remark 2.6. The hypothesis requiring the limit initial density to be zero outside §2 can be dropped provided
¥ p is independent of time, see Section 4.3.

The forthcoming two sections are devoted to the proof of Theorem 2.3.

3. UNIFORM BOUNDS

Our goal is to establish uniform bounds for the sequence of solutions of the penalized problem independent
of e — 0.

3.1. Ballistic energy inequality

The crucial point is rewriting the ballistic energy inequality in terms of the solutions of the penalized problem.
To this end, consider

p(t, ) = Y(t)d(t,z), ¥ € CL0,T), ¢ >0,

where
J € CH[0,T] x T?), infd > 0, V|ra\q =I5 (3.1)
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as a test function in the penalized entropy inequality (2.15). We get

q(V:,V0.)
Ve

/ (0 1;9 (S(067Dmu£) :Dyue — q(ﬁe,ngg) : Vﬂ‘}g) dz dt

_,/ / 19 9. — 0p|F (9. —9p) dedt
Td\Q

+/ o [ 0:8(0e,92)0 d dt;
0 T

T
—(0 So. 9(0,-)dz > 5(00,0) (040 + ue - V0 .V, 0| ded
w()wo, (0,-)dx /¢/[Q3(9 )(t+u )+ ]xt

whence, after a straightforward manipulation,

— | S.d dx>/ / [gg 00, 0. at&+u5.vx&)+W-qu§]dxdt
Td Td e

+/ / — (S(&,Dmu,e) :Dyue — q(ﬂg,vxgg) : V,ﬂ%) dz dt
'Ed 5

_,/ /Td\gﬁ 19, — Op|* (9. — Op) da dt

—/ 0:5(0e,92)0(r,-)dz  for a.a. 7 € (0,T).
Td

Finally, we subtract (3.2) from the penalized energy balance (2.16) obtaining

1 ~
/d (Q5|u52 + Qee(ga 195) - 19955(@»:’ 195)) (Ta ) dz
T

// ( (0=, Dyue) : Dyu. — (ﬁE»Vﬂ) Vz9>d "
Td 5

/ / 19 |19 —193\k+2dxdt+ / / |U5|2de‘dt (33)
Ta\Q Ta\Q

9 .
< /d< | Mo.| + 00,c€(00,¢, S0,c) — V(0, -)5075) dz

/ / [QS 957 3t19+u€ \V4 19) (ﬁsav v ) Vxﬁ
Td

dx dt

Ve

for a.e. 7 € (0,T).

3.2. Mass conservation

It follows from the equation of continuity (2.12) that the total mass of the fluid is a constant of motion.
Specifically, in accordance with hypothesis (2.25),

Moy = / 0:(7,)da = / 00,cdr — / oodx = My as € — 0. (3.4)
Td Td Q

3.3. Energy estimates

In accordance with hypothesis (2.1), we may consider 9 = ¥p, where ¥p is the extension of the boundary
temperature specified in (2.1), as a “test” function in the ballistic energy inequality (3.3).
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Strictly speaking, equation (3.3) was originally derived for C! functions, however, extension of its validity to
Lipschitz test functions is straightforward. We obtain

/ <1Qs|u6| + 0ce(0e,9:) — Vpoes (95,795))(7,~)d;c

//193< (V.. Dyue) : Dyue — (ﬁg’vw Vﬂ)d dt
1a Ve

// i |9, — 9plFT2dadt + - // |u|? da dt (3.5)
Td\Q TA\Q

1|mg.|?
S /d (0’5| + 90,56(90,67 SO,S) - 193(0’ .)SO’E) dz
T

2 00,

" 1957 27796 : z'ﬁ
—/ / |:955(967ﬁs)(8t193 +u, - Vzﬂg) + W, Voe) -V B} dzdt
o Jrd Je

for a.e. 7 € (0, 7).
It follows from the hypotheses (2.9), (2.10) and the Korn—Poincaré inequality (see e.g. [6], Prop. 2.1) that

) 1
|\u5||§vl,2(w;m)§/ ﬁ—BS(ﬂE,Drus):Dzuederf/ lu.|? de. (3.6)
Td Ve € Ta\Q

Similarly, in accordance with hypothesis (2.11),

q(Ve, Vi0:) - VU, 1 1
‘ + ||10g(195)||€vl,2(w) < c(¥p) [1 —/ Ip (V< 1925) dz + 9. — 9p|" 2.
Te € T
(

0o A
In view of hypothesis (2.23), the energy of the initial data is uniformly bounded, and we may use (3.6), (3.7)
to reduce the inequality (3.5) to

512
v

W1.2(Td)
3.7)

1
/ (295|u€|2 + Qse(gsa 795) - ﬂBQES(QEa 795)) (Ta ) dz
']I‘d,

n / (nusnwl ooy + 9% Byracen + [102(9) 31 m) at

(3.8)
/ / |0, — Op|Ft2dedt + = / / lu|? de dt
'H‘d\Q ’19 TN\Q
7967 :13195 : x'l?
N {1 + [Qas(ga,ﬁa)(atﬂg +u. - Vmﬁg) + 99, Vole) -V B} dxdtH
Td Je
for a.e. 7 € (0, 7).
Next, recalling A,¥p = 0 in 2 we may integrate
_/ q(¥:, V) - V,ip d :/ K(9:)V 0 - Va5 da:+/ K(0:)V 0 - V05 de
Td Ve Q Ve Td\Q Ve
= K(ﬁe)[vmﬁg ’I’L:l:] dO’z - K(ﬁE)AmﬁB dl‘,
o0 TA\Q
where we introduced a function K, K'(¢) = #, and where [V, 95 -n+| denotes a possible jump of the normal

derivative of ¥ across 9. As
| K (9e)] 5 (1 + [log (e )| + 1956)



1920 D. BASARIC ET AL.

the volume integral

K(ﬁE)AwﬁB dx
Ta\Q

is controlled by the left-hand side of (3.8) as soon as k > 8 — 1. To control the surface integral, we need the
following standard result.

Lemma 3.1. Let Q C R? be a bounded Lipschitz domain and § > 0 arbitrary. Then there exists ¢(8) such that
[0l1Z200) < 5HVIUH%2(Q;R4) +c(O)[|v]|72 ()
for any v € W12(Q).
Proof. Assuming the contrary, we get 6y > 0 and sequences (v,,)%; C W%(Q), C,, — oo such that
[onll72 00y = 00l VavnllZz(g.ray + CnllonllZ2(q)-
Introducing wy, = vn/||vn|l 12 (50), We get
80l VawnlF2(g.ray + Cnllwalltzg) < 1b lwnllfz(ag) = 1-
Consequently, by compactness of the trace operator,
wy, — 0 weakly in W'2(Q) and w,|ag — 0 (strongly) in L*(0Q),
which is a contradiction. (]

Thus applying Lemma 3.1 to
8
v=212, Q=T\Q

we may infer that the surface integral

K(W.)[Vadp - nt]do,
o0

is controlled by the left—-hand side of (3.8).
We conclude by rewriting (3.8) in the form

1
/d (296u6|2 + 986(967196) - 193968(967196)> (7—7') d.’IJ
T
T 8

[ (el + 108 By + OB e )
17 1 17

+f/ / — \195—193|’“+2da:dt+7/ / || da dt
€ Jo Jrava Ve € Jo Jrana

N [1+/ / QES(Q57195)
0 Jre
for a.e. 7 € (0,T).

Finally, in accordance with hypothesis (2.4) and by virtue of (2.26),

005 + . - va‘ dz dt}

£ 4 £
0:5(0e,92) | ue| = Qas<93> ue| + §ﬁ§|ug| < Qas<93> ue| + Sluc|? + c(8)9° (3.10)
92 92

€ €
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for any 6 > 0. Moreover, in accordance with the hypotheses (2.6), (2.8),

0< 0.8 (%) < (1 +19§(1 + [log(ﬁg)]+)) if 25 <1,

92 92
0<958<"§>§g€ TN
92 92

Thus, going back to (3.9), we conclude
/ﬂ‘d 0:5(0, Ve ) [ue| da S 5||UEH%2(T‘1;R‘1) + 0(6)”196”%6(11“’1) + /’er ocluc|* dz + Mo . (3.11)

for any § > 0.
The bound (3.11) together with (3.9) yield the desired conclusion

1
/d <295U5|2 + Q66<Q87 195) - ’lgBQES(QEa 196)) (7'7 ) dz
T

T i
+/O (Iuall%am;m) + 102 31,2 (pay + |10g(195)%v1‘2(1rd)) dt

1" 1 L
+f/ / - \?95—193|k+2dxdt+7/ / |u.|* da dt
€ Jo Jrao De € Jo Jri\Q

T 1
< [1 + / / <296u6|2 + Qee(957ﬁ€)> dz dt:|
0 Td

for a.e. 7 € (0,T). As the entropy is dominated by the energy, we may use Gronwall’s argument to conclude

(3.12)

1
€ss  sup / <296|u6|2 + 966(967195)> dz < 1,
7€(0,T) JTd

T 8
/O (||us||€vl,w;m) 10 ey + | 1og<ﬂs>||%vl,2<w)) at <1,

T T
1
/ / 5 \195—193|k+2dzdt+/ / lu?dedt S e (3.13)
0o Jra Ve 0o Jrae

uniformly for € > 0.

4. CONVERGENCE

The ultimate step in the proof of Theorem 2.3 is letting ¢ — 0 in the sequence of approximate solutions
(0, Ve, Uc)es0. We claim that this reduces essentially to performing the limit in the ballistic energy inequality
(3.3). Indeed the weak formulation of the equation of continuity is the same for the penalized and the limit
system, while the momentum and the entropy balance (2.19), (2.20) do not see the penalization terms in (2.14),
(2.15), respectively, as the relevant test functions are compactly supported. Consequently, the limit in the
equation of continuity (2.12), the momentum equation (2.14) as well as the entropy inequality (2.15) can be
performed using the known compactness arguments as in Chapter 3 of [6]. Thus our task reduces to:

— verifying the renormalized equation of continuity for the limit (o, u);
— performing the limit in the ballistic energy inequality (3.3).

In the following text, we focus on the general case of a time dependent ¥5 = 95(¢, x) as specified in hypothesis
(2.24). The necessary modifications to handle hypothesis (2.25) are discussed in Section 4.3.
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4.1. Renormalized equation of continuity
Basically each step in the following arguments requires passing to a suitable subsequence in the family of
approximate solutions we will not relabel for simplicity. First, as a consequence of the hypotheses (2.3), (2.7),
we have .
0% +9* < pe(o, 9).
Consequently, in view of the uniform bounds (3.13)
0. — o weakly-(*) in L™ <O,T; L3 (Td)>,
e — ¥ weakly-(*) in L (0,T; L*(T%)),
u. — u weakly in L?(0,7; W"?(T% RY)),
o-u. — 7T weakly-(¥) in L™ (o, T; L (T Rd)). (4.1)
In addition, as (o, uc) satisfy the equation of continuity (2.12), we get
o: = 0 in Cyear ([0, 715 L3 (7)),
ou = ou. (4.2)

In particular, the equation of continuity (2.12) is satisfied in (0,7) x T? by the limit (g, u).
Next, using (3.13) again we get

u. — 01in L2((0,T) x (T*\ Q); RY) (4.3)
yielding
we L2 (07T; W2 (2 Rd)).
Moreover, as o satisfies the equation of continuity, we get
dro=01inD'((0,T) x (T*\ Q)).

By virtue of hypothesis (2.25),
0(0,-) = 0o = 0in T?\ Q,

and we may infer that
0=0 in (0,7) x (T%\ Q),
5
0- — 0in LI((0,T) x (T%\ Q)) for any 1 < ¢ < 3 (4.4)

We conclude that (g, u) = (0,0) satisfy the renormalized equation of continuity in (0,7) x (T%\ 2), while
the known arguments yield the same conclusion in (0,7) x Q. By the same token, we may suppose

0 — o (strongly) in LY((0,T) x Q)) for any 1 < ¢ < g (4.5)

4.2. Ballistic energy

Our ultimate goal in the proof of Theorem 2.3 is to perform the limit ¢ — 0 in the ballistic energy inequality
(3.3). The first issue to discuss is the strong convergence of the temperature. In view of the uniform bounds
(3.13), we may suppose

¥ — ¥ weakly in L?(0,T; W2(T?)),
log(¥.) — log(¥) weakly in L?(0,T; W2 (T)). (4.6)
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In addition, we have strong (a.a. pointwise) convergence in € by the compactness arguments of Chapter 3
from [6], say,
¥, — 9 (strongly) in L*((0,T) x Q),

and, again by (3.13),
J. — 9p in LF1((0,T) x (T*\ Q)). (4.7)

Thus we may infer
9. — 9 in L*((0,7) x T%), (9 —9p) in L2(0,T; W, *()), log(¥) = log(v), (4.8)

in particular, ¥ > 0 a.a. in (0,7) x T
We are ready to perform the limit in the ballistic energy inequality (3.3). To begin, in view of the hypotheses
(2.23), (2.25),

1 |mg . |? 3 1[my|? 9
LG+ vt o) ~300.980. e = [ (5 + v 50— 900,980 )
Td Q

2 00,
- / 2940, ) da. (4.9)
Ta\Q 3

Similarly, using the strong convergence of (g.,9.) established in (4.5), (4.7) we get

T+
1 -
hmlnf/ / (Qa|u52 + 0c€(0e,9e) — Y050k, ?95)) do dt
T+6 1 T+6 a
/ / (Q|U|2 + 0e(0,9) — Yos(o, 19)) dzdt — / / 9% dadt. (4.10)
T— Q 2 — Ta\Q 3
for any ¢ > 0.

Next, by the same argument,

/ / 0:8(0¢,9 3f19d:17dtﬂ / /QS 0,9 3f19dxdtf/ / 9%,0,0 g dz dt
Td Td\Q
—/ /Qs(g,ﬁ)aﬁdxdt—/ —/ 7194 dx dt
0o Ja o dt Jraq 3
7/ /gs(g,ﬂ)@tﬁdxdt—/ 919%(7,.)da:+/ 29400, ) da. (4.11)
0o Ja Ta\Q 3 Ta\Q 3

In addition, by virtue of (4.3),

//ggs(ge,ﬂe)u5~v$1§dxdt—>/ /gs(g,ﬁ)u~VI1§dxdt. (4.12)
0 JTd 0 JQ

Summing up (4.9)—(4.12) and plugging the result in the ballistic energy inequality (3.3) we obtain

/TT+5/ (;glu2 + 0e(0,9) — Vos(o, 19)) (s,-) dads

T+ s q .
+ lim inf / / / 1 S(ﬂE,Dqu):Dxue—q(ﬂs’vzﬁs) VaVe | 4z dtds
T— 0 Jra Ve Ve

2 ~
<% / (1 Mol 4 se(00, S0) — 90, ->so) da
a\2 oo
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/T+5/ / 5t19+u v ﬁ))dxdtds

T+
— lim / / 40, Vale) - Vo ﬂd dtds (4.13)
e—0 Td ’196
for any 6 > 0.
Next,
J - :
—S(¥,Dyue) : Dyue doe = Yu(:) =—|Vau: + Voue — dleug]I dx + 1977 —\dleu8| dzx.

Td 79 Td 2'19

Consequently, combining convexity of the function
A 2
(0.2)~ 2

with the strong convergence of the temperature established in (4.8), we may infer that

T+ T+ s ,,9
hminf/ / / ﬁ—S Ie, Dyue) : Dyue dedtds > / / ES(ﬁ,Dwu) : Dyudx dtds. (4.14)
Td T— Q

e—0

Similarly, we rewrite

- / %q(ﬂs,vmﬁa)-vzﬁedm: Ir(9:) |V, log(¥e)|? da.
Td Ve Td

Consequently, using arguments similar to (4.14), we get

T+6 ) s 2 .
—liminf/ / 900, Vale) Vale 4 qrqs > — / / /ﬁwdxdtds
e} e 19 7. S R 9

T+ s .
/ / / q(VB,V9p) - ViUp dedtds.
r—s Jo Jra\a B

(4.15)

Our ultimate goal is to perform the limit in the last integral in (4.13), namely

T4+ T4+ s . q
lim / / (0, Vae) - Va ﬁdxdtds—/ / /dedtds
e—0 Td E T— Q 9

T+6 s .
/ / / 405 VaVs) Vol g0 gy qs. (416
r—s Jo Jra\a B

In view of the strong convergence of (¥.).>0 and weak convergence of (V,9:)c>0, it is enough to observe that
the terms

K (V)
Ve

Ve, € >0

are equi—integrable. Seeing that for small values of 9. we have %Vzﬁs ~ V, log(¥.) controlled by (3.13), we
focus on

9PV, 0., 9. > 1, € > 0.
Wit
riting 5 B
VIV, 0. = 92 V02
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we observe, by virtue of the estimates (3.13), that it is enough to control the norm

92 < 1 for some q>2.

La((0,T) xT¢)

This is definitely possible on the set (0,7) x (T%\ Q) since k +1 > 3. As for Q, we have, by virtue of (3.13)
and the standard Sobolev emebedding,

B
<19§) bounded in L*(0,T; L°(12)), (9c)->0 bounded in L>(0,T; L*(2));
e>0

whence the desired conclusion follows by interpolation.
Plugging (4.14)—(4.16) in (4.13) we get

/TTM/ < olul® + oe(o, ) — Jos(o, ﬁ))(s, Ydads

T+06 .
/ // (19Dxu Dzu—q(ﬁ’mg) vzﬁe)dxdtds

< 25/ ( + 00e(00, S0) — @(0,-)50) dz

T4+6
/ / /<QS 0,9 3t19—|—u v 19) a(, V:;) Ve 19) dx dtds

for any ¢ > 0. Finally, we divide the above inequality by 20 and let § — 0 obtaining

/Q<10|u2 + oe(p, V) — 595(9,&)) (7,-) dz

/ / ( (9, D) : Dyu — q(ﬁ,Vﬂ;) . V$ﬁ5> dz dt

_/(1|m0|2 + 00€(00, S0) — I(0, )50)

/ /(gs 0,9 8t19+u V., 19) a(, V;:) 15) dz dt

for a.a. 7 € (0,T), which is nothing other than the ballistic energy inequality (2.22).
We have proved Theorem 2.3.

4.3. Time independent Jp

Finally, we consider the time independent boundary temperature as specified in hypothesis (2.24). Under
these circumstances, the main stumbling block is the fact that the strong convergence of the density outside 2
stated in (4.4) is no longer valid.

Fortunately, as 95 is independent of time, the integrals over T¢\ (2 vanish in (4.11). Moreover, the convergence
n (4.9) reads now

1 e ~ 1 2
/ < ‘mO, | + 90,56(90,57 SO,s) - 7-9(07 ')SO,E) dx — / < |m0| + 906(907 SO) ( )SO)
Td @

2 00, 2 0o

+ / (00e(00,S0) — ¥BSo) dz. (4.17)
TH\Q
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Next, in view of the strong convergence of the approximate solutions in §2, we get

T4+ ~
hmlnf/ / ( Q5|ug| + o-¢(0e, e)—ﬁQas(Qmﬁe)) dzdi

/TTH/ <9u|2 + 0e(0,9) — Dos(e, 19)) dz dt

T+6
+ hm 1nf / Qs (0, Ve) — VB oS0, 195)) dz dt. (4.18)
Ta\Q

Finally, we first use Fatou’s lemma to get

T+6 T+6 B B
lim inf / L (00090 = mges(on 02 ds = / [ (naie(2.9) - vn0s(2.9) ) doa,
e—0 T— Ta\Q T— Ta\Q

where (V¢.2)ie(0,7),0eT4\0 18 @ Young measure generated by the sequence (o, ¥c)e>0. In addition, as ¥, — Jp
strongly, the Young measure can be written as

Vtax = 6193(93) & Wt z,

where (wt’x)te(O’T)yxew\Q is the Young measure associated to (g:)e>0. Accordingly,

/TT+5/Td\Q<yt,x;ée(én§) 193@3(9,19)>dxdt /:+6/Td\Q (Wi .0; 06(3,0B) — Vpos(3,05)) dz dt.

However, the function
0+ 0e(0,9p) —Ip0s(0,Vp)

is convex, see Chapter 2, Section 2.2.3 from [6]; whence, by Jensen’s inequality,

)
/ / (Wias 568, 05) — 0pas(5,95)) dzdt > 25 [ (00e(00,95) — 95005(00,95)) da.
r—5 JTN\Q T\Q

Consequently, the last integrals in (4.17), (4.18) cancel out and the desired conclusion follows.

5. FINITE VOLUME SIMULATIONS

The aim of this section is to illustrate convergence of the penalization method when simulating viscous com-
pressible flows in complex geometries. To this end we apply the finite volume method (FV) that has been recently
developed in [13] and analysed in [7]. In what follows we describe the FV method and present four numerical
experiments for the Navier—Stokes—Fourier system. We will also study the experimental rate of convergence of
the FV scheme with respect to both the discretization and the penalty parameters.

We consider for simplicity the perfect gas pressure law p = g, internal energy and entropy are given by
A 1

e = ¢, s = log

1
log s , respectively, where ¢, = ——. In the numerical experiments
y—1 0" y—1

presented below p, 4 are bounded from below and above. In this case theoretical results on the convergence of

the penalization method can be obtained for the perfect gas pressure law as well.
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5.1. Finite volume method

Our computational domain T? ¢ R? is approximated by regular cuboids: finite volumes K of size h¢, where
h € (0,1) is a mesh step. The piecewise constant numerical solutions Uy = (o5, u$,95) satisfy the following
semi-discrete first order FV method

Dy o, + div}y? F(g;,,uj) =0, (5.1a)
DymS§, + divl}ip F(mz, ’U,Z) + Vip;, =2 divh(/ﬁlﬂ)hui) + Vh()\i divy, ’U,Z)

1
+ 0195, — g]lﬂrd\Q(K)uiv (5.1b)
D0 ) + vy F (555w + vy, = v (65 905 + 2 Dy + A7 vy,
1
- g]le\Q(K)Wi — 9" (95, — Vp) (5.1¢)

with m§ = g5 u5, €5 = ¢, 95, coefficients p5, = p(95), A5 = A(95), A(9) =n(¥) —2u(9)/d, k5 = k(95), and the
characteristic function

1, if K, €T\ Q,

0, otherwise,

Lpayo(K) = {

where K, is the gravity center of K. Function g; stands for a piecewise constant approximation of an external
(gravitational) force.

Let us define the discrete operators and the numerical flux function used in the scheme (5.1). By 7, and
[rr] we denote the average and jump along a cell interface for any r;, piecewise constant function, respectively.
The discrete differential operators divy and Vj, are adjoint operators defined on each finite volume K in the
following way

: _ lo| _ lol _
(dlvhvh)K = Z Uy "N, (Vhrh)K = Z rpM, ]D)hrh =

] ] (Varn + (Ths)),
c€OK c€OK

DN | =

where vy, is a vector-valued piecewise constant function on T¢, and n denotes an outer normal vector to JK.
For flux approximation we apply the viscosity upwind numerical flux Fj, defined by

Fu(rp,vp) = Uplrp,vp) — h*[rp], 0<a <1,

_ 1__
Uplra, vn] = 7105 -0 = 5[ - nl[ra].
Moreover, we set
. up _ |o|
(divy? F(rn, vn)), = ;:K th(rh, vp).

For a vector-valued piecewise constant function wy, on T the discrete divergence divzp F(wp,vp,) i is defined
componentwisely. See [13] for further details.

In our simulations we take the symbol D; in (5.1) as the forward Euler discretization with the time
step At = 1075. Initial data (0n,0,Un0,%h,0) are taken as piecewise constant projections of the exact ini-
tial data (go,uo,9) computed directly from (gg,m0,So), ¢f. Theorem 2.3. Thus, uy = %, 0o > 0 and
P = exp[(y — 1)(So/00 + 1og 0o)]. We set the transport coefficients and other parameters in (5.1),

p=A=r=0.001, y=14, k=6, a=0.6.

The computational domain T? is taken as [—1,1]? applying the periodic boundary condition. Following the
theoretical part, c¢f. Theorem 2.3 and Section 4.3, we will test two cases for the extension of the density outside
the fluid domain Q:
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— constant density, i.e.
Lra\gono =1,
— “zero” density, i.e.
Lpa\gono = 0.01.

The latter is chosen as an approximation, since Lta\qon,0 = 0 is numerically unstable.

In the following, we present numerical solutions obtained by the FV method with the penalty parameter
e = 107", m = 1,...,4 and mesh-size h = 4/(10 x 2"),n = 1,...,5. Correspondingly, we compute three
L'-errors at the finial time T, i.e.

El(Ufl) = HUE(T’ ) - Uli (Tv ')HLl(T2)a
EQ(U}EL) = ||U}EL(T7 ) - U}iref(Tv ')HLl(T2)7

B3(U5) = |UR(T, ) = Ui ()| 1 gy

ref

respectively, with hef = 4/(10 x 279), g6 = 1074 We would like to point out that the error Ey(Uy) verifies
the convergence rate of the FV method for a fixed penalization parameter € while E5(Uf) is used to study the
convergence rate of the penalization technique for a fixed h. Further, we calculate E3(U;) with the parameter
pair (h,e(h)) = (4/(10 x 2™),107™),m =1, ..., 4 to investigate the convergence showed in Theorem 2.3.

5.2. Experiment 1: Ring domain — constant density outside 2

In this experiment we consider the physical fluid domain to be a ring, i.e. Q = By .7 \ Bg.2, where B, = {z €
R? ‘ |z] < r}. The initial data are given by

(170a0a 1)7 €T GBO.Qv
(Q, u, 19)(07 Q’j) = (1) Sin(47‘r(|Ta|:|—0.2))$2 ) _Sin(4ﬂ'(|3|;|:|—0.2))-’61 , 0.2+ 4‘.’If|), zeQ= BO.7 \ B0'27
(1707033)7 S TZ \Boj.

The final time is taken as T = 0.1. Figure 1 shows all three types of errors, i.e. with respect to the mesh-
size h, E1(Uf), with respect to the penalization parameter ¢, Eo(Uf), as well as with respect to (h,e(h)) =
(4/(10 x 2™),10~™), E3(Uy). Experimental convergence study indicates that the convergence rate in all cases
is 1. Effects of different penalization parameters ¢ = 10~%,...,10™* are illustrated in Figure 2, which depicts
the numerical solutions on the mesh with 802 cells.

5.3. Experiment 2: Ring domain — zero density outside 2

In this experiment we use a small initial density outside the fluid domain which approximates the case of
zero density outside €2 studied in the theoretical part. The rest of the set up is the same as in Experiment 1,
the initial data read

(1072,0,0,1), x € By,
(0,u,0)(0,2) = (17 sin(47r(|a|cm\‘—0.2))a:2 L sin(4ﬂ(\ﬂ‘ﬁl‘—0.2))ﬂﬂl ,0.2 + 4|x|>7 x € Q= Bor\ Bo.a,
(1072,0,0,3), x € T?\ By 7.

Analogously as above, Figure 3 presents the errors E;(Uf),7 = 1,2,3. The convergence rate 1 with respect to
h, € and (h,e(h)) = (4/(10 x 2™),10~™) is numerically confirmed. Figure 4 demonstrates the influence of the
penalization parameter e = 1071,...,10~% in the numerical solution computed on the mesh with 802 cells. Due
to small value of the outside density, the fluid tends to flow out of the fluid region € which acts against the
penalization and consequently leads to small oscillation near the boundary.
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102 102
2180 2140 220 2110 2180 2/40 2120 2110 2180 2140 220 2110

102
(2120,107) (2110, 10 (2/80,10%) (240, 10°%) (2120,107?) (210,10 (2/80, 107%) (240, 10°%) (2120, 107) (2110, 10

(8) (h) (i)

F1GURE 1. Experiment 1: Errors E;(Uf),i = 1,2, 3. The solid line without any marker in the
figures denote the reference slope of h (top), € (middle) and h (bottom). (a) E1(Ug) — o. (b)
Ey(UF) — w. (¢) Ex(UF) - 9. (d) Ea(Ug) — 0. (¢) Ba(Uf) - u. (1) Ea(Uf) - 9. (&) Es(UF) - o.
() E5(U) . (1) Es(UF) 0.

102
(2/80, 107%) (2140, 10°%)

5.4. Experiment 3: Complex domain — zero density outside (2

We consider the same initial data as in the previous experiment but choose a more complicated geometry of
the fluid domain Q = By 7 \ So.2, where

|l‘1| + |$2| < 0.2}.

By7 = {x € R% | |2| < (0.7 +6) + dcos(8¢), tan(p) = 5}, So.2 = {x € R?
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(a) (r) (%) (t)
FIGURE 2. Experiment 1: Numerical solutions Uj obtained with h = 2/80 and ¢ =
1071,...,107% (a) o,e =101(b)g, :102() 6:103(d)g, = 1074 (e)
u1,€ = 10*1. (f) ur,e = 1072, (g) us, e = . (h) ug,e = 107% (i) ug,e = 1071 (j)
uz,e = 1072, (k) ug,e = 1073, (1) ug,e = 10_ (m) 9,6 = 10~ 1 (n) v,e = 1072. (o)
9,6 =1073. (p) ¥,e = 1074 (q )ua-lO_ ()u,5:10_2. (s) u,e = 1073 (t) u,e = 1074,
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102
2/80 2/40 2/20 2/10 2180 2/40 2120 2710 2/80 2/40 2720 2710

102 3
(2/80, 10°%) (240, 10) (2120, 107) (2710, 10 (2/80, 107 (2140, 107%) (2120,107?) (2710, 107 (2/80, 107 (2/40,107%) (2120,107?) (210,107

(8) (h) (i)

F1GURE 3. Experiment 2: Errors E;(Uf),i = 1,2, 3. The solid line without any marker in the
figures denote the reference slope of h (top), € (middle) and h (bottom). (a) E1(Ug) — o. (b)
EV(UR) — u. (¢) Ey(Ug) — 9. (d) E2(Uy) — 0. (e) E2(Uy) — u. (f) E2(U;) - 9. (g) Es(U;) - o
(h) E5(Uz) — u. (1) E3(Uy) — 9.

Note that 2 has only Lipschitz-continuous boundary 90€2. The initial data are given by

(1072,0,0,1), T € So.2,

(1,0,0,1), x € By \ So.o,
(0,u,9)(0,2) = { (1, Si““““fjcl*o‘”)“ , Ji“(‘*“('ﬂro‘z”zl ,0.2 + 4|x|), 2 €Q=Bys\ Byo,

(1,0,0,3), z € Byr\ Bor,

(1072,0,0,3), z € T2\ By
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(a) (r) (s) (t)
FIGURE 4. Experiment 2: Numerical solutions Uj obtained with h = 2/80 and ¢ =
1071,...,107% (a) o,e =101(b)g, :102() 6:103(d)g, = 1074 (e)
u1,€ = 10*1. (f) ur,e = 1072, (g) us, e = . (h) ug,e = 107% (i) ug,e = 1071 (j)
uz,e = 1072, (k) ug,e = 1073, (1) ug,e = 10_ (m) 9,6 = 10~ 1 (n) v,e = 1072. (o)
9,6 =1073. (p) ¥,e = 1074 (q )ua-lO_ ()u,5:10_2. (s) u,e = 1073 (t) u,e = 1074,
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102
2/80 2/40 2/20 2/10 2180 2/40 2120 2710 2180 2/40 2720 2710

102
(2/80, 10°%) (240, 10) (2120, 107) (2710, 10 (2/80, 107 (2140, 107%) (2120,107?) (2710, 107 (2/80, 107 (2/40,107%) (2120,107) (210,107
(8) (h) (i)

F1GURE 5. Experiment 3: Errors E;(Uf),7 = 1,2, 3. The solid line without any marker in the
figures denote the reference slope of h (top), € (middle) and h (bottom). (a) E1(Ug) — o. (b)
Ey(UF) — w. (¢) Ex(UF) - 9. (d) Ea(Ug) — 0. (¢) Ba(Uf) - u. (1) Ea(Uf) - 9. (&) Es(UF) - o.
() E5(Uf) —u. (i) E5(UF) — .

In the simulations we set 6 = 0.05 and 7" = 0.1. Figure 5 demonstrates that the experimental convergence rates
with respect to mesh size h, penalization parameter € and pair (h,e(h)) = (4/(10 x 2™),107™) are of the first
order. Figure 6 illustrates the effects of different penalization parameters ¢ = 10~!,...,10™* on the numerical
solutions computed on the mesh with 802 cells.

We can observe some oscillations near the inner and outer boundaries, whereas the oscillations at the outer
boundary are larger than in Experiment 2. Due to small outside density the fluid flows outside, meanwhile
the temperature pushes the fluid to flow to the center. Consequently, due to the complex geometry of the fluid
domain, the oscillations become more visible and vortex structure arises. Interestingly, even that the oscillations
are present, the penalization method still converges with rate 1, which is consistent with our theoretical analysis.
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(a) (r) (s) (t)
FIGURE 6. Experiment 3: Numerical solutions U; obtained with h = 2/80 and ¢ =
107%,...,107% (a) 0,6 = 10~ L. (b) o, = 10 2 (c) g,e = 1073, (d) g, = 10% (e)
U, = 10_1' (f) U, € = 0 (g) U, € = ( ) up, € = 10~ 4 (1) = 107 1 (J)
ugz,e = 1072, (k) ug,e = 1073 (1)1@,52104 (m) ¥,e = 10~ 1() ,E :10 2, (0)
9,e =1073. (p) ¥,e =107 (q )u5—10 Lo(r) u,e =1072. (s) u,e = 1073, (t) u,e = 1074,
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FIGURE 7. Experiment 4: Errors E;(Uf),7 = 1,2, 3. The solid line without any marker in the
figures denote the reference slope of h (top), € (middle) and h (bottom). (a) E1(Ug) — o. (b)
E\(U5) ~u. () Ex(Up) — 9. (d) E2(Uy) — o (e) Ex(Uy) — u. (f) Ex(Uy) — 9. (g) E3(U5) — o
(h) E3(Uz) —u. (1) E3(UR) — 9.

5.5. Experiment 4: Ring domain — zero density outside {2, non-zero gravity force
In the last experiment we extend the setting of Experiment 2 by adding an external force pointing to the

center (0,0) defined by
g = (—1005"1, —100””2)-
|z ||
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(a) (r) (s) (t)
FIGURE 8. Experiment 4: Numerical solutions Uj obtained with h = 2/80 and ¢ =
107%,...,107% (a) o,¢ =101(b)g, :102() 6:103(d)g, = 1074 (e)
u1,€ = 10*1. (f) ur,e = 1072, (g) us, e = . (h) ug,e = 107% (i) ug,e = 1071 (j)
uz,e = 1072, (k) ug,e = 1073, (1) ug,e = 10_ (m) 9,6 = 10~ 1 (n) v,e = 1072. (o)
9,6 =1073. (p) ¥,e = 1074 (q )us—l()_ ()u,5:10_2. (s) u,e = 1073 (t) u,e = 1074
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In order to observe interesting phenomena the initial data are taken as

(1072,0,0, 30), z € B2,
(0,u,9)(0,7) = (1, Sein(dn(lel-0-2)2s | Sein(e 0000 41.6 - 58|x|), 2 €Q=By7\ Boa,

(1072,0,0,1), z € T2\ By

The final time is set to T'= 0.2.

The errors E;(Uf), i = 1,2, 3 are plotted in Figure 7. The results indicate that the numerical solutions converge
with respect to h, € and pair (h,e(h)) = (4/(10 x 2™),10~™) with rate nearly 1, 1/2, and 1, respectively. The
numerical solutions for different penalization parameters e = 10~!,...,10™* on the mesh of 802 cells are shown
in Figure 8.

Comparing these results with those of previous Experiments we can see oscillatory fluid behaviour which is
due to the development of the so-called Rayleigh-Bénard convection rolls. These are visible in the density plots
in Figure 8 and arise due to the temperate gradient acting against the outer force, see [14] for more details.

In summary, we have demonstrated experimentally that the penalization method (1.5)—(1.7) is robust and
efficient. Penalized numerical solutions (pj , u}, 95 )n~ 0,ex 0 converge to an exact solution (g, u, ¥) of the Dirichlet
boundary problem. We have tested experimentally the strong convergence with respect to L!(T?)-norm. In
future our goal will be to extend theoretical analysis presented in this paper to the FV method (5.1) and
prove rigorously its convergence with respect to both parameters, the discretization parameter h as well as the
penalization parameter €.

6. CONCLUSION

In the present paper we have studied convergence of a penalization method for the Navier—-Stokes—Fourier
system with the Dirichlet boundary conditions. The physical fluid domain is embedded into a large cube on which
the periodic boundary conditions are imposed. The penalty terms act as the friction term in the momentum
and the sink/source term in the internal energy balance, respectively. We have discussed two cases with zero
and non-zero density outside of the physical fluid domain. In Theorem 2.3 we have shown that the penalized
solutions converge to a weak solution of the Dirichlet problem. For domains with rough (Lipschitz) boundaries
the existence of a global weak solution was an open problem. The key ingredient of the convergence analysis is
the use of the ballistic energy inequality (3.3) as a source of uniform bounds, and the limiting process discussed
in Section 4.2.

The penalization approach is also very suitable when fluid flow has to be simulated in complicated geometries.
Clearly, to generate a good and fitted mesh for complex domains is time-consuming. Our penalization approach
does not require any complicated meshes and it is enough to work with regular rectangular grids. Numerical
experiments presented in Section 5 illustrate the main ideas of theoretical analysis and demonstrate the efficiency
of our penalization technique in complex geometries.
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