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A B S T R A C T

The optimal design of composite structures made of a solid phase and a given fraction of graded infill
is addressed, using homogenization-based topology optimization and accounting for uncertainty in loading
amplitude. A two-phase material law with void is implemented to control the amount of graded infill to
be distributed, along with its admissible density range. Numerical homogenization is used to derive the
macroscopic elastic properties of an isotropic and two orthotropic infills that are commonly used in additive
manufacturing. A minimum weight problem is endowed with a set of deterministic displacement constraints
that are equivalent to stochastic displacement enforcements in case of normal distributions of the amplitude of
the applied forces. Sequential convex programming is adopted to solve the arising multi-constrained problem.
Numerical simulations are performed to assess the proposed algorithm and point out peculiar features of the
achieved optimal solutions with respect to layouts found in case of deterministic loads. When a fraction of
graded infill is prescribed, coated structures are retrieved, whose shape may be remarkably affected by the
selected type of lattice.
1. Introduction

Topology optimization is a well-known design tool that searches
a given domain for the optimal distribution of material to meet pre-
scribed goals and requirements, see [1] and [2]. Upon introduction
of a so-called ‘‘density’’ field, a suitable interpolation law may be
adopted to penalize the constitutive properties of the material, such
that a constrained minimization problem may be formulated in terms
of the unknown field. A strong penalization of the intermediate val-
ues of the density is operated through the Solid Isotropic Material
with Penalization (SIMP) [3], which was conceived to achieve optimal
layouts made of a void fraction (‘‘0’’ or ‘‘white’’) and a solid one
(‘‘1’’ or ‘‘black’’). Alternatively, intermediate density regions (‘‘gray’’)
may be admitted. This allows to circumvent the ill-posedness of the
continuous problem that distributes ‘‘void’’ and solid phase only, see in
particular [4], and to address the design of composite structures, see the
recent and comprehensive review on multi-scale topology optimization
in [5]. A procedure of inverse homogenization, see e.g. [6–9], may
be required to derive the shape of the microstructures corresponding
to intermediate values of the unknown density field. When multiple
patterns are generated, see e.g. [10], a typical issue is that different
patches cannot be easily connected altogether. Undesired geometrical
singularities are expected, unless this has been explicitly accounted
for in the formulation, see e.g. [11–13]. Alternatively, one may use
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topology optimization to distribute a graded microstructure of a given
shape, see e.g. [14,15]. Assuming a separation of scales, asymptotic
homogenization [16,17] can be employed to compute the effective
elastic properties of a lattice material as a function of one or more
design unknowns, i.e. one or more geometrical parameters governing
the material law of a microstructure to be graded within the design
domain, see e.g. [18,19].

Additive manufacturing (AM) remarkably reduces restrictions im-
posed by conventional subtractive manufacturing techniques when fab-
ricating optimal layouts, see in particular [20–22]. Indeed, lattice
structures can be used to build lightweight infills that are often pre-
ferred over solid interiors especially when using 3d-printing [23].
Reference is also made to the optimal design of sandwich structures, in
which both the thickness and the location of the coating are generally
prescribed, see e.g. [24–28]. Selective Laser Sintering (SLS) benefits
from porous infills of any given shape, whereas the layer–by–layer
process peculiar to Fused Deposition Modelling (FDM) requires layouts
with a limited overhang. For angles exceeding 45◦ degrees with respect
to the printing direction the previous layers are generally not sufficient
to build upon safely, calling for additional supports, see e.g. [29]. Self-
supporting lattices are extensively used to solve overhang issues as
an alternative to the adoption of printing supports for blueprints with
given shape, see in particular [30].
vailable online 15 February 2023
263-8223/© 2023 The Authors. Published by Elsevier Ltd. This is an open access ar

https://doi.org/10.1016/j.compstruct.2023.116807
Received 7 July 2022; Received in revised form 29 December 2022; Accepted 11 F
ticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

ebruary 2023

https://www.elsevier.com/locate/compstruct
http://www.elsevier.com/locate/compstruct
mailto:matteo.bruggi@polimi.it
mailto:hussein.ismail@emk.bme.hu
mailto:hussein.ismail@polimi.it
mailto:logo.janos@emk.bme.hu
https://doi.org/10.1016/j.compstruct.2023.116807
https://doi.org/10.1016/j.compstruct.2023.116807
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2023.116807&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Composite Structures 311 (2023) 116807M. Bruggi et al.

i
t
a
s
𝜌

𝐂

The inherent uncertainty related to load, geometry and mechani-
cal parameters affects engineering applications. The above mentioned
sources of uncertainty have been originally taken into account in truss
design, see [31] and [32]. Concerning topology optimization, a few
main approaches exist, see [33]. In reliability–based optimization, limit
states are defined and their probability of failure is addressed. Marginal
probability density functions of the random variables representing the
uncertainties must be known, see e.g. [34]. In the so–called robust
design methods, first- and second- order stochastic moments of the
system response are considered, see e.g. [35]. The latter approach
has been used for random loads e.g. in [36–38] for compliant struc-
tures, and in [39] for compliant mechanisms. Reference is also made
to [40,41] for extended discussions on the methods available to cope
with geometric and material uncertainties. Besides, non–probabilistic
approaches have been developed to deal with cases in which only the
bounds of the uncertain variables are available, see [42] and [43].

It must be remarked that only a few investigations are available
in the literature considering load uncertainly in topology optimization
with multiple material phases. In [44], robust multi-material structures
under interval loading uncertainty are designed by combining orthog-
onal decomposition with uniform sampling, whereas [45] takes advan-
tage of an alternating active-phase method to minimize a weighted sum
of the mean and standard deviation of the structural compliance. In
both cases, the strain energy at equilibrium is the objective function to
be minimized, whereas the weight of each solid phase, or the available
amount of material, is prescribed. No porous structure is allowed in
the final design. The arising volume-constrained optimization is solved
using evolutionary methods and optimality criteria, in [44] and [45]
respectively.

Within the above framework, this contribution addresses the min-
imum weight design of composite structures made of a solid phase
and a graded infill. Instead of working with the strain energy as a
global measure of the overall stiffness, local displacement constraints
are implemented, accounting for uncertainty in loading amplitude. A
failure probability may be prescribed for each of them, combining ho-
mogenization and topology optimization to formulate a design problem
that can be efficiently solved by mathematical programming. According
to [46], the work in [36] showed that a probabilistic constraint on the
structural compliance can be replaced by an equivalent deterministic
one if the uncertainty in the load amplitude can be described by a
joint normal distribution function. In this contribution it is shown that
the original theory given in [46] can be straightforwardly applied to
displacement constraints when addressing any linear elastic structure
subjected to a set of point forces that are affected by the same type
of uncertainty. This allows to prescribe an accepted failure probability
for any displacement constraint that is enforced when dealing with the
design of a composite structure at the serviceability limit state [47].
Numerical homogenization is used to derive the macroscopic elastic
properties of any orthotropic infill to be graded in the optimal solution.
A two-phase material law with void is implemented to distribute the
solid phase while controlling the amount of graded infill used in the
solution. The proposed material law is conceived to achieve full sepa-
ration of the phases and control effectively the admissible density range
of the graded infill. Indeed, the arising multi-constrained formulation
is endowed with an additional enforcement governing the minimum
weight of the porous phase. Sequential convex programming is used to
perform the optimization, see [48].

When disregarding the constraint on the amount of graded porous
microstructure, minimum weight layouts that consist only of full ma-
terial (and void) are found. Partially constrained layouts that may
arise among statically determinate solutions for deterministic loads are
replaced by completely constrained ones when introducing uncertain-
ties in the optimization. By enforcing a minimum amount of porous
phase, the proposed probabilistic approach retrieves optimal solutions
consisting of a solid coating that partially or fully encloses one or more
2

regions of infill. An isotropic lattice with high stiffness-to-weight ratio is
considered, as well as two self-supporting orthotropic infills. Numerical
simulations show that the selected type of lattice remarkably affects
the topology of the optimal results, including thickness and locations
of the solid features. According to the achieved results, the adopted
formulation may be used to generate coated structures which are
feasible with respect to the prescribed accepted failure probability of
the local displacement constraints and may be effectively manufactured
using 3d-printing techniques.

The paper is organized as follows. In Section 2 the homogenized
elastic properties of the considered isotropic and orthotropic infills are
discussed, the two-phase material law is presented, and the derivation
of the probabilistic displacement constraints is given for the proposed
homogenization-based formulation of topology optimization. Numer-
ical simulations are presented in Section 3, investigating different
assumption in terms of the correlation of the considered uncertain
loading and different optimization parameters. Section 4 resumes the
main findings of this contribution, outlining ongoing extensions. In
particular, it is remarked that the proposed approach can be straightfor-
wardly extended to stress-constrained problems in which an accepted
failure probability of local enforcements on material strength has to be
prescribed.

2. Method

2.1. A two-phase material model with void

A two-phase interpolation law is adopted to distribute full material
and void, along with a fraction of a porous graded microstructure
with prescribed layout. Assuming plane stress conditions, the Cartesian
components of the macroscopic stress tensor 𝜎𝑖𝑗 are gathered in the
array 𝜎 = [𝜎11 𝜎22 𝜎12]𝑇 and, analogously, 𝜀 = [𝜀11 𝜀22 𝛾12]𝑇 for the in
plane components of the macroscopic strain tensor 𝜀𝑖𝑗 . The constitutive
law for the herein considered linear elastic material reads 𝜎 = 𝐂𝜀,
where:

𝐂(𝜌1, 𝜌2, 𝜌𝑔) = 𝐂𝑚𝑖𝑛 + 𝜌𝑝1(𝐂0 − 𝐂𝑚𝑖𝑛) + 𝜌𝑝2(1 − 𝜌𝑝1)
(

𝐂𝐻 (𝜌𝑔) − 𝐂𝑚𝑖𝑛
)

, (1)

with penalization 𝑝 ≥ 3. In the above equation, 0 ≤ 𝜌1, 𝜌2 ≤ 1 and
𝜌𝑔,𝑚𝑖𝑛 ≤ 𝜌𝑔 ≤ 𝜌𝑔,𝑚𝑎𝑥 are three variables governing the material law,
being 𝜌𝑔,𝑚𝑖𝑛 and 𝜌𝑔,𝑚𝑎𝑥 the bounds of the admissible density range of
the porous phase. For 𝜌1 = 1, whatever the value of 𝜌2 and 𝜌𝑔 , the
constitutive matrix is that of full material, i.e. 𝐂0. For 𝜌1 = 𝜌2 = 0,
ndependently on the value of 𝜌𝑔 , only the terms 𝐶𝑚𝑖𝑛 survives, meaning
hat a fictitious stiffness that stands for void is found. For 𝜌1 = 0
nd 𝜌2 = 1, a porous microstructure may arise with a macroscopic
tiffness tensor 𝐂𝐻 that depends on the density of the porous phase
𝑔 , according to the following interpolation:

𝐻 =
⎡

⎢

⎢

⎣

𝑐𝐻,11(𝜌𝑔)𝐶0,11 𝑐𝐻,12(𝜌𝑔)𝐶0,12 0
𝑐𝐻,22(𝜌𝑔)𝐶0,22 0

𝑠𝑦𝑚 𝑐𝐻,33(𝜌𝑔)𝐶0,33

⎤

⎥

⎥

⎦

. (2)

In the above equation, 𝐶0,𝑖𝑗 are the entries of 𝐂0 and 0 ≤ 𝑐𝐻,𝑖𝑗 ≤ 1. It is
also remarked that, for 𝜌2 = 1, either graded or full material arises
depending on the value of 𝜌1, but void is not allowed. This will be
exploited in Section 3.

In Eq. (1), the so-called Solid Isotropic Material with Penalization
is used, see in particular [1,3,49]. The penalization of 𝜌1 and 𝜌2 steers
the design towards its limit values, i.e. 𝜌1 = 1 (full material) or 𝜌1 = 0
(void or porous microstructure graded by 𝜌𝑔 , for 𝜌2 = 0 and 𝜌2 =
1 respectively), see in particular discussions on multi-material laws
in [50,51]. In the numerical simulations, 𝑝 is smoothly increased from
3 to 6 through a continuation approach, see e.g. [52].

The dependence of the macroscopic stress–strain matrix 𝐂𝐻 on the
density of the porous phase 𝜌𝑔 is evaluated by performing numerical
homogenization on the base cells represented in Fig. 1, see in particu-
lar [53]. An hexagonal close-packing of circular holes (HCP), a diamond

lattice (D), and an elongated diamond lattice (E), are considered in the
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Fig. 1. Base cells used in the numerical studies (for 𝜌𝑔 = 0.40): hexagonal close-packing of circular holes (HCP) (a), diamond lattice (D) (b), elongated diamond lattice (E) (c).
Fig. 2. Apparent Young’s modulus of the hexagonal close-packing of circular holes (HCP), diamond lattice (D) and elongated diamond lattice (E), at 𝜌𝑔 = 0.40 (a) and 𝜌𝑔 = 0.60
(b), depending on the orientation of the reference system. Values are scaled with respect to that of the full isotropic material phase.
Table 1
Interpolation law of the type 𝛼𝑖𝑥𝑖, with 𝑖 = 1, 2,… , 5, for the components of the
macroscopic stiffness tensor given in Eq. (2), as computed for an hexagonal close-
packing of circular holes (HCP), a diamond lattice (D) and an elongated diamond
lattice (E), using numerical homogenization.

𝛼5 𝛼4 𝛼3 𝛼2 𝛼1
HCP 𝑐𝐻,11 1.8839 −3.3427 2.2047 0.0887 0.1655

𝑐𝐻,22 1.8839 −3.3427 2.2047 0.0887 0.1655
𝑐𝐻,12 −1.3821 5.3524 −5.2365 1.8771 0.3890
𝑐𝐻,33 3.5169 −7.6903 5.9253 −0.8056 0.0537

D 𝑐𝐻,11 0.2658 1.0553 −1.0613 0.5657 0.1745
𝑐𝐻,22 0.2658 1.0553 −1.0613 0.5657 0.1745
𝑐𝐻,12 7.1616 −15.3504 11.0124 −2.7829 0.9592
𝑐𝐻,33 2.9682 −5.8757 4.2530 −1.1244 0.7788

E 𝑐𝐻,11 3.1347 −3.4690 1.4453 −0.1698 0.0588
𝑐𝐻,22 1.3045 −2.2048 1.5097 −0.1068 0.4974
𝑐𝐻,12 5.9369 −10.3534 5.9877 −1.1476 0.5764
𝑐𝐻,33 3.2259 −5.9110 3.9148 −0.7816 0.5520

numerical studies, being 𝑑 the reference dimension of the microstruc-
ture. For the sake of simplicity, unitary Young’s modulus and Poisson’s
ratio equal to 1∕3 are assumed. The pixel-based method implemented
in [54] is used addressing a regular mesh with pixel dimension 𝑙𝑝𝑖𝑥 =
𝑑∕100 and values of the material density in the interval 0.15−1. A fifth
degree polynomial, for which zero stiffness is additionally enforced at
𝜌𝑔 = 0, is used to fit the achieved results. It is well-known that the HCP
microstructure is isotropic [55], whereas both the D and E lattices are
orthotropic [56], see results in Table 1.
3

Fig. 2 shows polar diagrams of the apparent Young’s modulus of
the considered porous microstructures for two different values of 𝜌𝑔 ,
namely:

1
𝐸

= 1
𝐸1

𝑐4 +
(

1
𝐺12

− 2
𝜈12
𝐸1

)

𝑠2𝑐2 + 1
𝐸2

𝑠4, (3)

for 𝜌𝑔 = 0.40 and 𝜌𝑔 = 0.60. Eq. (3) gives the apparent value of the
Young’s modulus at the orientation 𝜃 from the horizontal direction,
being 𝑐 = cos 𝜃 and 𝑠 = sin 𝜃, 𝐸1 and 𝐸2 the macroscopic Young’s moduli
along the horizontal and the vertical direction, respectively, 𝜈12 and
𝜈21 the Poisson’s ratios (with 𝜈12𝐸2 = 𝜈21𝐸1), and 𝐺12 the macroscopic
shear modulus, i.e.:

𝜈12 =
𝐶𝐻,12

𝐶𝐻,22
, 𝜈21 =

𝐶𝐻,12

𝐶𝐻,11
, 𝐺12 = 𝐶𝐻,33,

𝐸11 = 𝐶𝐻,11(1 − 𝜈12𝜈21), 𝐸22 = 𝐶𝐻,22(1 − 𝜈12𝜈21),
(4)

see e.g. [57].
For 𝜌𝑔 = 0.40, the stiffest directions of the diamond infill and of

the elongated diamond infill are characterized by an apparent elastic
modulus that is almost twice than for the isotropic microstructure.
Very small values of the elastic modulus are attained a few degree
far away from these directions. For 𝜌𝑔 = 0.60, the difference in terms
of maximum stiffness decreases, but the weakest directions of the
diamond infill and the horizontal direction of the elongated diamond
infill are still characterized by low values of the elastic modulus. Due
to the strong anisotropy of the rhombic cells, non-trivial distributions
of the infill are expected when looking for optimal distribution of
materials through Eq. (1), see also [58].
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2.2. Formulation

A finite element discretization of a given design domain is operated,
using four-node displacement-based plane stress elements. Three sets of
element-wise design variables are considered to implement the linear
elastic material law of Eq. (1). In the 𝑒th of the 𝑛𝑒 elements of the mesh,
𝜌1,𝑒, 𝜌2,𝑒 and 𝜌𝑔,𝑒 are the discrete counterpart of the unknown fields 𝜌1,
2 and 𝜌𝑔 , respectively.

A set of 𝑙 probabilistic point loads acting simultaneously is consid-
red. The intensity of the 𝑗–th force 𝑓𝑗 is a random variable with normal
Gaussian) distribution and mean value 𝑓𝑗 . The covariance matrix is
enoted as 𝐊𝑜𝑣, whose components are 𝑘𝑎,𝑏. In case of uncorrelated
oads, 𝐊𝑜𝑣 is a diagonal matrix whose terms are the variances of the
andom variables, i.e. 𝑘𝑎,𝑎 = 𝜎2𝑎 , being 𝜎𝑎 the standard deviation of the
ntensity of the 𝑎–th force 𝑓𝑎. It is recalled that 𝜎𝑎 = 𝐶𝑉𝑎𝑓𝑎, where
𝑉𝑎 is the coefficient of variation of 𝑓𝑎. If the loads are correlated,
ff-diagonal terms arise to account for the (non–zero) covariances,
.e. 𝑘𝑎,𝑏 = 𝜎𝑎,𝑏 = 𝑟𝑎𝑏𝜎𝑎𝜎𝑏, being −1 ≤ 𝑟𝑎𝑏 ≤ 1 the correlation between the
ntensity of the 𝑎–th force 𝑓𝑎 and that of the 𝑏–th force 𝑓𝑏.

A problem for the design of a topology of minimum weight under
isplacement constraints can be stated as:

min
0≤𝜌1,𝑒 ,𝜌2,𝑒≤1

𝜌𝑔,𝑚𝑖𝑛≤𝜌𝑔,𝑒≤𝜌𝑔,𝑚𝑎𝑥

𝑊 =
𝑛
∑

𝑒=1

(

𝜌1,𝑒 + (1 − 𝜌1,𝑒)𝜌2,𝑒𝜌𝑔,𝑒

)

𝑊0,𝑒 (a)

s.t. 𝐊(𝝆𝟏,𝝆𝟐,𝝆𝒈)𝐔𝑢𝑛𝑖𝑡
𝑗 = 𝐅𝑢𝑛𝑖𝑡

𝑗 , for 𝑗 = 1...𝑙, (b)
𝑃 (𝑢𝑖 ≤ 𝑢𝑙𝑖𝑚,𝑖) ≥ 1 − 𝑃𝑓𝑎𝑖𝑙 , for 𝑖 = 1...𝑚, (c)
𝑛
∑

𝑒=1
(1 − 𝜌1,𝑒)𝜌2,𝑒𝜌𝑔,𝑒 𝑊0,𝑒 ≥ 𝑤𝑓

𝑛
∑

𝑒=1
𝑊0,𝑒. (d)

(5)

In the above statement, the objective function is the weight of
he component, which is computed through the sum of the element
ontributions (𝜌1,𝑒 + (1 − 𝜌1,𝑒)𝜌2,𝑒𝜌𝑔,𝑒)𝑊0,𝑒, being 𝑊0,𝑒 the volume of the
𝑒th element for 𝜌𝑒 = 1. In this sum, the first term addresses full material,
whereas the second the graded one.

Eq. (5b) prescribes the discrete elastic equilibrium. The global stiff-
ness matrix 𝐊(𝝆𝟏,𝝆𝟐,𝝆𝒈) is computed by assembling the element con-
tributions that account for the constitutive law given in Eq. (1). Each
of them may be conveniently written accounting separately for the
contributions that depends on the interpolation of the terms 𝐶𝐻,11,
𝐶𝐻,12, 𝐶𝐻,22, 𝐶𝐻,33 in Eq. (2). For the 𝑗th of the 𝑙 forces acting
simultaneously on the domain, 𝐅𝑢𝑛𝑖𝑡

𝑗 is the load vector that refers to a
unit force with same point of application and direction of 𝑓𝑗 , and 𝐔𝑢𝑛𝑖𝑡

𝑗
is the corresponding nodal displacement vector.

The 𝑖th of the 𝑚 displacement components to be controlled is
denoted by 𝑢𝑖. Eq. (5c) enforces the probability that 𝑢𝑖 does not exceed
𝑢𝑙𝑖𝑚,𝑖 to be at least equal to a prescribed value 1−𝑃𝑓𝑎𝑖𝑙, being 𝑢𝑙𝑖𝑚,𝑖 for the
relevant maximum displacement allowed and 𝑃𝑓𝑎𝑖𝑙 the accepted failure
probability, see [47]. By exploiting superposition of effects, valid in the
considered linear setting, the displacement 𝑢𝑖 may be computed as the
sum of the (deterministic) displacements 𝑢𝑢𝑛𝑖𝑡𝑖,𝑗 due to the forces 𝐅𝑢𝑛𝑖𝑡

𝑗 ,
scaled by the (probabilistic) magnitude 𝑓𝑗 , i.e.:

𝑢𝑖 =
𝑙

∑

𝑗=1
𝐋𝑇
𝑖 𝐔

𝑢𝑛𝑖𝑡
𝑗 𝑓𝑗 =

𝑙
∑

𝑗=1
𝑢𝑢𝑛𝑖𝑡𝑖,𝑗 𝑓𝑗 , (6)

where 𝐋𝑖 is a vector made of zeros except for the entry referring to the
𝑖th displacement degree of freedom, which takes unitary value.

According to [46], if 𝜉1, 𝜉2,… , 𝜉𝑠 have a joint normal distribution,
then the vector 𝐱 ∈ R𝑠 with components 𝑥1, 𝑥2,… , 𝑥𝑠 satisfying:

𝑃

( 𝑠
∑

ℎ=1
𝑥𝑟𝜉𝑟 ≤ 0

)

≥ 𝑞, (7)

is the same as that satisfying:
𝑠
∑

𝑥ℎ𝜉ℎ +𝛷−1(𝑞)
(

𝐱𝑇𝐊𝑜𝑣𝐱
)1∕2

≤ 0, (8)
4

ℎ=1
where 𝜉ℎ is the mean value of 𝜉ℎ, 𝐊𝑜𝑣 is the covariance matrix of
the random vector 𝝃, and 𝛷−1(𝑞) is the inverse cumulative distribution
function of the normal distribution (probit function), evaluated at the
prescribed probability 𝑞.

Exploiting Eq. (6), the probabilistic constraint of Eq. (5c) may be
re-written in the form:

𝑃

( 𝑙
∑

𝑗=1
𝑢𝑢𝑛𝑖𝑡𝑖,𝑗 𝑓𝑗 − 𝑢𝑙𝑖𝑚,𝑖 ≤ 0

)

≥ 1 − 𝑃𝑓𝑎𝑖𝑙 . (9)

According to Eqs. (7)–(8), since it has been assumed that 𝑓1, 𝑓2,… , 𝑓𝑙
have a joint normal distribution, then the vector 𝐮𝑢𝑛𝑖𝑡𝑖 with components
𝑢𝑢𝑛𝑖𝑡𝑖,1 , 𝑢𝑢𝑛𝑖𝑡𝑖,2 ,… , 𝑢𝑢𝑛𝑖𝑡𝑖,𝑙 satisfying Eq. (9) is the same as that satisfying:

𝑙
∑

𝑗=1
𝑢𝑢𝑛𝑖𝑡𝑖,𝑗 𝑓𝑗 +𝛷−1(1 − 𝑃𝑓𝑎𝑖𝑙)

(

(𝐮𝑢𝑛𝑖𝑡𝑖 )𝑇𝐊𝑜𝑣𝐮𝑢𝑛𝑖𝑡𝑖

)1∕2
− 𝑢𝑙𝑖𝑚,𝑖 ≤ 0, (10)

where −𝑢𝑙𝑖𝑚,𝑖 of Eq. (9) may be straightforwardly handled through
Eqs. (7)–(8) by introducing the slack variables 𝑥𝑠+1 = −1 and 𝜉𝑠+1 =
𝑢𝑙𝑖𝑚,𝑖, the latter with zero variance and zero covariance, see [36].

The above deterministic inequality will be implemented in Eq. (5),
instead of the original probability constraint.

The case 𝑙 = 2 is analyzed, considering two forces 𝑓1 and 𝑓2, whose
intensities are random variables. Eq. (10) reads:

𝑢𝑢𝑛𝑖𝑡𝑖,1 𝑓1 + 𝑢𝑢𝑛𝑖𝑡𝑖,2 𝑓2 +𝛷−1(1 − 𝑃𝑓𝑎𝑖𝑙)

×
(

𝜎21 (𝑢
𝑢𝑛𝑖𝑡
𝑖,1 )2 + 𝜎22 (𝑢

𝑢𝑛𝑖𝑡
𝑖,2 )2 + 2𝜎12𝑢𝑢𝑛𝑖𝑡𝑖,1 𝑢𝑢𝑛𝑖𝑡𝑖,2

)1∕2
− 𝑢𝑙𝑖𝑚,𝑖 ≤ 0. (11)

Whit respect to the case of deterministic forces, the probabilistic setting
calls for the additional term scaled by 𝛷−1(𝑞), i.e the constraint becomes
stricter. The term in brackets depends on the variances, 𝜎21 and 𝜎22 , and
the covariance, 𝜎12, of the intensity of the two considered forces.

Eq. (5d) prescribes a minimum value for the weight fraction of the
porous microstructure, namely 𝑤𝑓 . A lower bound 𝜌𝑔,𝑚𝑖𝑛 applies due
to manufacturing constraints. An upper bound 𝜌𝑔,𝑚𝑎𝑥 is prescribed, as
well. Both bounds are enforced in Eq. (5) through the statement of side
constraints for the variables 𝜌𝑔,𝑒.

2.3. Numerical implementation

Details are given in Section 2.3.1 on the treatment of the density
fields to avoid numerical instabilities and control mesh-dependence.
The well-known gradient-based Method of Moving Asymptotes (MMA)
[48] is used to handle the multi-phase and multi-constrained opti-
mization problem. The sensitivity of the probabilistic displacement
constraints is computed as detailed in Section 2.3.2.

2.3.1. Filtering
A standard linear filter [59,60] is implemented on all the element

variables to avoid potential issues that are well-known in topology
optimization, i.e. the arising of mesh dependence and checkerboard
patterns. The original variables 𝜌1,𝑒, 𝜌2,𝑒, 𝜌𝑔,𝑒 are mapped to the new
sets �̃�1,𝑒, �̃�2,𝑒 and �̃�𝑔,𝑒 as follows:

�̃�1,𝑒 =
1

∑

𝑛 𝐻1,𝑒𝑠

∑

𝑛
𝐻1,𝑒𝑠 𝜌1,𝑒, �̃�2,𝑒 =

1
∑

𝑛 𝐻2,𝑒𝑠

∑

𝑛
𝐻2,𝑒𝑠 𝜌2,𝑒,

�̃�𝑔,𝑒 =
1

∑

𝑛 𝐻𝑔,𝑒𝑠

∑

𝑛
𝐻𝑔,𝑒𝑠 𝜌𝑔,𝑒 (12a)

𝐻1,𝑒𝑠 = max(0, 𝑟1,𝑓 − 𝑑𝑒,𝑠), 𝐻2,𝑒𝑠 = max(0, 𝑟2,𝑓 − 𝑑𝑒,𝑠),

𝐻𝑔,𝑒𝑠 = max(0, 𝑟𝑔,𝑓 − 𝑑𝑒,𝑠) (12b)

here 𝑑𝑒,𝑠 is the distance between the centroid of the 𝑒th and 𝑠th
lement, whereas 𝑟1,𝑓 , 𝑟2,𝑓 and 𝑟𝑔,𝑓 are the filter radius used for 𝜌1,𝑒,
𝜌2,𝑒 and 𝜌𝑔,𝑒, respectively. The filters on 𝜌1,𝑒 and 𝜌2,𝑒 can be used to
control heuristically the minimum size of the features arising in the
optimal layout, for solid and porous material respectively. The filter
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for 𝜌𝑔,𝑒 can be used to promote a smooth variation of the density of the
graded material throughout the region occupied by the porous phase.

The filtered densities �̃�1,𝑒 and �̃�2,𝑒 are mapped to the set of projected
physical) densities 𝜌1,𝑒 and 𝜌2,𝑒, respectively, in order to achieve 0 − 1
olutions, i.e. a clear separation between full material and porous
aterial or void. The formulation proposed in [61] is herein adopted:

𝜌1,𝑒 =
tanh(𝛽𝜂) + tanh(𝛽(�̃�1,𝑒 − 𝜂))
tanh(𝛽𝜂) + tanh(𝛽(1 − 𝜂))

, 𝜌2,𝑒 =
tanh(𝛽𝜂) + tanh(𝛽(�̃�2,𝑒 − 𝜂))
tanh(𝛽𝜂) + tanh(𝛽(1 − 𝜂))

,

(13)

with threshold 𝜂 = [0, 1] and sharpness factor 𝛽 = [1,∞] in both
cases. The Heaviside function projects densities below the threshold to
0 and densities above it to 1, depending on the value of the sharpness
factor, see e.g. [62,63]. In the numerical section 𝜂 = 0.5, whereas 𝛽 is
smoothly increased during the simulations from 2 to 16 by means of
the continuation approach in [52].

2.3.2. Sensitivity computation
Sensitivity of the objective function and of the constraints are

needed to run the gradient-based minimizer. The derivative of Eq. (10)
with respect to the element unknown 𝜌𝑘, which can be indifferently an
entry of 𝝆𝟏, 𝝆𝟐 or 𝝆𝒈, may be computed as:
𝑙

∑

𝑗=1

𝜕𝑢𝑢𝑛𝑖𝑡𝑖,𝑗

𝜕𝜌𝑘
𝑓𝑗 +𝛷−1(𝑞)(𝐮𝑢𝑛𝑖𝑡𝑖 )𝑇𝐊𝑜𝑣

𝜕𝐮𝑢𝑛𝑖𝑡𝑖
𝜕𝜌𝑘

(

(𝐮𝑢𝑛𝑖𝑡𝑖 )𝑇𝐊𝑜𝑣𝐮𝑢𝑛𝑖𝑡𝑖

)−1∕2
, (14)

The sensitivity of 𝑢𝑢𝑛𝑖𝑡𝑖,𝑗 may be computed through the adjoint method,
see e.g. [2]. Accordingly, 𝑢𝑢𝑛𝑖𝑡𝑖,𝑗 in Eq. (6) does not change when adding
at the right hand side a zero function derived from the equilibrium of
Eq. (5b):

−𝝀𝑇𝑖
(

𝐊(𝝆𝟏,𝝆𝟐,𝝆𝒈)𝐔𝑢𝑛𝑖𝑡
𝑗 − 𝐅𝑢𝑛𝑖𝑡

𝑗

)

, (15)

here 𝝀𝑖 is any arbitrary but fixed vector and it is assumed that 𝐅𝑗 does
ot depend on 𝝆𝟏,𝝆𝟐,𝝆𝒈. After re-arrangement of terms, the derivative
f 𝑢𝑢𝑛𝑖𝑡𝑖,𝑗 with respect to the element unknown 𝜌𝑘 reads:

𝜕𝑢𝑢𝑛𝑖𝑡𝑖,𝑗

𝜕𝜌𝑘
=
(

𝑳𝑇
𝑖 − 𝝀𝑇𝑖 𝐊(𝝆𝟏,𝝆𝟐,𝝆𝒈)

)

𝜕𝐔𝑢𝑛𝑖𝑡
𝑗

𝜕𝜌𝑘
− 𝝀𝑇𝑖

𝜕𝐊(𝝆𝟏,𝝆𝟐,𝝆𝒈)
𝜕𝜌𝑘

𝐔𝑢𝑛𝑖𝑡
𝑗 , (16)

hat can be in turn written as:
𝜕𝑢𝑢𝑛𝑖𝑡𝑖,𝑗

𝜕𝜌𝑘
= −𝝀𝑇𝑖

𝜕𝐊(𝝆𝟏,𝝆𝟐,𝝆𝒈)
𝜕𝜌𝑘

𝐔𝑢𝑛𝑖𝑡
𝑗 , (17)

here 𝝀𝑖 satisfies the adjoint equation:

(𝝆𝟏,𝝆𝟐,𝝆𝒈)𝝀𝑖 =

(

𝜕𝑢𝑢𝑛𝑖𝑡𝑖,𝑗

𝜕𝐔𝑢𝑛𝑖𝑡
𝑗

)𝑇

= 𝐋𝑖. (18)

he derivatives in Eq. (17) can be evaluated accounting for the material
aw in Eq. (1). The sensitivity of the objective function and the weight
onstraint in Eq. (5c) are straightforward. The derivatives with respect
o the filtered variables (�̃�1,𝑒, �̃�2,𝑒. �̃�𝑔,𝑒) and the projected ones (𝜌1,𝑒, 𝜌2,𝑒)
an be easily evaluated by applying the chain rule to Eqs. (12) and
qs. (13), respectively. It is also remarked that, at each iteration, only
ne inverse of the stiffness matrix 𝐊(𝝆𝟏,𝝆𝟐,𝝆𝒈) must be computed to
valuate constraints and their sensitivities. Indeed the linear systems in
qs. (5) and (18) share the same coefficient matrix. The overall process
s repeated until convergence is achieved, i.e. the maximum difference
n terms of the values of the set of minimization unknowns 𝜌1,𝑒, 𝜌2,𝑒 and
𝑔,𝑒 between two subsequent steps is less than 10−3.

. Numerical studies

Four numerical examples are presented to assess the method intro-
uced in Section 2. The constraints enforced to govern the deflection
re such that, in each one of the considered nodes, the controlled
5

omponent of the displacement is not allowed to exceed 𝛼 times that
computed adopting 𝜌1 = 1 everywhere (full material in the entire design
domain). In Example 1 it is assumed that 𝛼 = 3.0, whereas 𝛼 = 1.5 is
used for Example 2 and Example 4. The assumption 𝛼 = 2.5 is done in
Example 3. Geometry and boundary conditions are those presented in
Fig. 3. If not differently specified, the filter radii used in the simulations
are 𝑟1,𝑓 = 𝑟2,𝑓 = 𝐿∕10, for 𝜌1,𝑒 and 𝜌2,𝑒, whereas 𝑟𝑔,𝑓 = 3 × 𝐿∕10 is
adopted for 𝜌𝑔,𝑒. Solutions are generated by enforcing different values of
𝑤𝑓 ≥ 0 in the formulation of Eq. (5). For each numerical investigation,
the weight of the achieved optimal design is given in terms of the
ratio 𝑊 ∕𝑊0, where 𝑊 is the weight at convergence and 𝑊0 is the
weight of the entire design domain made of full material. All the
presented layouts fulfill the enforced displacement constraints. The
accepted probability failure is 𝑃𝑓𝑎𝑖𝑙 = 0.1, if not differently specified.

The adoption of self-supporting infills relieves manufacturing issues
when fabricating the achieved optimal layouts with 3d-printing tech-
niques. However, there are many sources of uncertainties related to
additive manufacturing. Among the others, the work in [64] analyzes
the main factors that govern defect sensitivity in additive manufac-
turing, with special regard to the fabrication of architected porous
microstructures. Macroscopic mechanical properties are sensitive to
intrinsic characteristics of the base material, defects affecting geo-
metrical features of the printed microstructure, process parameters,
pre- and post-process treatments, to mention a few. A workflow is
suggested to handle these issues, starting from the fabrication of pro-
totypes, exploiting nondestructive techniques for defect detection and
uncertainty quantification for an estimate of the impact of defects,
see also [65], to end up with the formulation of problems of robust
topology optimization. The investigation presented in this contribution
is limited to probabilistic loading, mainly focusing on the impact of
this type of uncertainty on the shape of the optimal layouts and the
load paths they provide. The implementation of the workflow presented
in [64] would remarkably improve robustness of the achieved results.

The simulations herein considered refer to two-dimensional exam-
ples only. It is remarked that the method presented in Section 2 holds
both in two and three dimensions, provided that suitable porous mi-
crostructures are used especially considering overhang issues, see [66].
Moving from a pixel-based optimization, in 2D, to a voxel-based one,
in 3D, implies a remarkable increase in terms of computational time.
The bottle neck of the procedure resides in the finite element analysis
required at each step of the optimization to compute the current value
of the constraints and their sensitivity. Parallel computing can be con-
veniently adopted to address medium and large scale three-dimensional
examples. Reference is made in particular to the work in [67], provid-
ing a flexible framework for parallel topology optimization, including
a parallel implementation of the gradient-based minimizer MMA.

3.1. Cantilever beam

A preliminary assessment of the numerical implementation is given
addressing the cantilever beam sketched in Fig. 3(a). Filter radii 𝑟1,𝑓 =
𝑟2,𝑓 = 𝐿∕30 and 𝑟𝑔,𝑓 = 𝐿∕10 are assumed in this investigation. When
a single force acts upon the structure, the work of the external load
at equilibrium is equal to the scalar product of the force itself and
the displacement at the loaded point along the direction of the force.
In this case, minimizing the compliance under a volume constraint is
equivalent (up to a scaling) to minimizing the weight while controlling
the displacement component that is involved in the definition of the
work, see [68].

A deterministic problem of volume-constrained minimum compli-
ance for the cantilever represented in Fig. 3(a) has been tackled, among
the others, in [5] and [69]. The result found using the displacement-
constrained formulation of Eq. (5), assuming deterministic load 𝑓1,
𝛼 = 3.0, 𝑤𝑓 = 0, and 0.05 ≤ 𝜌𝑔 ≤ 0.65, is shown in Fig. 4. The
achieved layout is independent on the type of infill selected in the
material interpolation law of Eq. (1). The weight at convergence is

𝑊 ∕𝑊0 = 0.252. The optimal topology is in good agreement with those
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Fig. 3. Geometry and boundary conditions for the numerical examples.
Fig. 4. Example 1. Optimal design in case of a deterministic force 𝑓1, 𝑊 ∕𝑊0 = 0.252.

found in [69] when investigating minimum compliance design for low
volume fraction and small filter radius, both working with SIMP and
using an interpolation scheme based on the Hashin–Strikhman upper
bounds for bulk and shear moduli. As discussed in [3], the power-law
interpolation introduced in [1] may be also regarded as a material law,
meaning that a microstructure of solid and void can be found to match
the elastic properties at intermediate densities, with a power 𝑝 ≥ 3.

The displacement-constrained formulation of Eq. (5) is then tested
for probabilistic loading, assuming unitary average value 𝑓1 and coeffi-
cient of variation 𝐶𝑉1 = 0.15. Denoting by 𝑢1 the vertical displacement
at the point loaded by 𝑓1, the deterministic inequality that is equivalent
to the probabilistic displacement constraint simplifies to:

𝑐1𝑢1 ≤ 𝑢𝑙𝑖𝑚, with 𝑐1 = 1 +𝛷−1(1 − 𝑃𝑓𝑎𝑖𝑙)𝜎1,

see Eqs. (10) and (11). This is in turn equivalent to solving a deter-
ministic problem in which the controlled displacement cannot exceed
1∕𝑐1 ⋅ 3.0 = 2.52 times that computed adopting 𝜌1 = 1 everywhere.
The allowed displacement 1∕𝑐1 ⋅ 𝑢𝑙𝑖𝑚 is nearly 16% less than the limit
prescribed in the problem involving deterministic loading (𝑢𝑙𝑖𝑚). The
optimal design found for 𝑤𝑓 = 0 in case of probabilistic loading is
represented in Fig. 5(a). Again, the solution is independent on the type
of infill selected in the material interpolation law. The achieved layout
is similar to that shown in Fig. 4, with an increase in terms of weight
that is around 16%, as expected.

In Fig. 5(b), the optimal design using an infill of diamond lattice is
shown, as found enforcing 𝑤𝑓 = 0.125 in the formulation of Eq. (5). A
composite structure arises that is made of an inner gray area, standing
for low density infill, surrounded by a layer of solid material. The
weight is nearly 6% larger than in the previous case. A similar layout
was retrieved in [5] when investigating minimum compliance design
using an interpolation scheme derived from the homogenization of a
diamond lattice. The composite layout was shown to be a sub-optimal
solution with respect to the design made of full material and void
only. Indeed, the optimal solution was found using rank-2 laminates
having orthogonal layers aligned with the principal stresses, see in
particular [70]. This was expected, since the optimal set of elasticity
tensors for rank-2 material is defined without any restriction related to
the adoption of cells having given orientation.

A final investigation on the cantilever of Example 1 is performed
using the code provided in [5] for volume-constrained minimum com-
pliance with rank-2 material. The input volume is iteratively changed
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to match a final value of the structural compliance corresponding to
𝛼 = 1∕𝑐1 ⋅3.0 = 2.52. The relevant distribution of rank-2 material is that
represented in Fig. 6. The weight is 𝑊 ∕𝑊0 = 0.268, approximately 12%
lighter than the design made of full material and void in Fig. 5(a), and
almost 19% lighter than the composite solution in Fig. 5(b). This is in
agreement with the findings reported above.

In the next sections, rank-2 laminates will be disregarded to focus on
restricted design problems in which solid material is distributed along
with graded microstructures of the type in Fig. 1. According to [5],
this may be seen as a parameterized unit cell design based on density,
which provides far less flexibility than any approach involving a local
optimization problem.

The effect of multiple forces will be considered. At first, optimal
solutions made of solid and void will be investigated for 𝑤𝑓 = 0. Then,
the enforcement 𝑤𝑓 > 0 will be exploited to address the design of
composite elements. The adoption of an infill with given layout and
orientation is sub-optimal in terms of structural performance, but can
be beneficial especially to prevent manufacturing issues.

3.2. Short beam with fixed ends

A further assessment of the formulation considering uncertainties in
the loading amplitude is given through elaborations on Example 2, see
the short beam with fixed ends shown in Fig. 3(b). The setting 𝑤𝑓 = 0
is used throughout this investigation, meaning that no porous phase
is required. Assuming that two forces with deterministic amplitude
𝑓1 = 𝑓2 are applied at midspan at the top and at the bottom of the
specimen, respectively, the optimal 0-1 design is that shown in Fig. 7.
It consists of a straight tie whose cross-section provides the required
stiffness. The weight at convergence of this self-equilibrated solution is
𝑊 ∕𝑊0 = 0.079.

Probabilistic loading is subsequently addressed, assuming that the
average value for both point forces is unitary.

At first, the case of uncorrelated forces with coefficient of variations
𝐶𝑉1 = 𝐶𝑉2 = 0.05 is considered. The solutions found for two different
values of the accepted failure probability of the displacement con-
straints are shown in Fig. 8. A heavier completely constrained statically
determinate structure arises that can handle scenarios in which the
upper and the lower forces are not equal in magnitude. To this goal,
the middle vertical bar is connected to the ground by means of inclined
elements converging to the corners of the design domain. Accepting a
𝑃𝑓𝑎𝑖𝑙 = 0.01, instead of 𝑃𝑓𝑎𝑖𝑙 = 0.1, does not affect the layout of the
solutions, but requires a weight increase of around 25%. The setting
𝑃𝑓𝑎𝑖𝑙 = 0.1 will be used throughout the numerical section.

Additional investigations are performed with respect to the case of
uncorrelated forces, considering different assumptions for the coeffi-
cient of variations of the magnitude of the two forces. Assuming that
𝐶𝑉1 = 𝐶𝑉2 = 0.15, the design represented in Fig. 9 is achieved. The
increased standard deviation calls for an heavier design with respect
to that shown in Fig. 8(a), with thicker members and no inner cavity.
Assuming that 𝐶𝑉1 = 0.15 and 𝐶𝑉2 = 0.05, the symmetry of the
optimal solution is broken, see Fig. 9(b). Only the inclined members
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Fig. 5. Example 1. Optimal design in case of a force 𝑓1 with 𝐶𝑉1 = 0.15 prescribing: 𝑤𝑓 = 0, 𝑊 ∕𝑊0 = 0.300 (a); 𝑤𝑓 = 0.125 with an infill of diamond lattice (D), 𝑊 ∕𝑊0 = 0.318
(b).
Fig. 6. Example 1. Optimal design using the code in [5] for rank-2 material, achieving
𝛼 = 2.52, 𝑊 ∕𝑊0 = 0.268.

Fig. 7. Example 2. Optimal design in case of deterministic forces, 𝑊 ∕𝑊0 = 0.079.

connecting the load with higher variability to the ground survive in the
optimal solution. As expected the relevant weight ratio is in between
that of the layout found for 𝐶𝑉1 = 𝐶𝑉2 = 0.05 and that of the case
𝐶𝑉1 = 𝐶𝑉2 = 0.15.

The effect of correlation is further explored considering two addi-
tional scenarios, i.e. perfectly positive correlation and perfectly nega-
tive correlation. When 𝑟12 = 1 any change in value of 𝑓1 is exactly
proportional to the change in value of 𝑓2, occurring in the same direc-
tion. The relevant optimal design, which is represented in Fig. 10(a)
(𝑊 ∕𝑊0 = 0.088), has the same layout of the self-balanced solution
depicted in Fig. 7. With respect to the deterministic solution, the
increase in weight is needed to account for the (perfectly correlated)
variability of the amplitude of the two forces. When 𝑟12 = −1, the
change in value of 𝑓1 and 𝑓2 are exactly proportional, but an increase in
𝑓1 means a decrease in 𝑓2 and viceversa. The optimal layout found for
perfectly negative correlation is that given in Fig. 10(b). This resembles
the layout found in case of uncorrelated load, see Fig. 8(a), but requires
an increase in weight of around 12%.

3.3. Simply-supported beam

Example 3 addresses the simply-supported beam with overhangs
represented in Fig. 3(c). Four point forces are symmetrically applied at
the lower edge of the rectangular design domain. The optimal design
found for 𝑤𝑓 = 0 when considering the amplitude of the forces as
deterministic and equal in value is represented in Fig. 11. Two indepen-
dent structures arise around the supports, whose rotational equilibrium
requires 𝑓1 = 𝑓2 and 𝑓3 = 𝑓4. No porous phase is found.

Assuming that the forces are uncorrelated, all with the same av-
erage value and coefficient of variation equal to 0.25, a completely
constrained statically determinate structure arises, see Fig. 12. The
7

weight at convergence of this 0-1 solution is 𝑊 ∕𝑊0 = 0.497, with an
increase not far from 60% with respect to the layout found in case of
deterministic loads.

When looking at correlated forces, four cases are considered, which
are:

case𝐴: 𝑟12 = 𝑟23 = 𝑟34 = 0.5, 𝑟13 = 𝑟24 = −0.5, 𝑟14 = −1,
case𝐵: 𝑟12 = 𝑟13 = 𝑟14 = 𝑟23 = 𝑟24 = 𝑟31 = −0.33,
case𝐶: 𝑟12 = 𝑟13 = 𝑟24 = 𝑟34 = −1, 𝑟14 = 𝑟23 = 1,
case𝐷: 𝑟12 = 𝑟14 = 𝑟23 = 𝑟34 = −1, 𝑟13 = 𝑟24 = 1.

The achieved optimal layouts are reported in Fig. 13. In case 𝐴, the
correlation of any force is positive with forces whose application point
is not farther than 𝐿, otherwise negative. It is recalled that, for positive
correlation two variables tend to change in the same direction, whereas
negative correlation describes variables that tend to move in opposite
direction from one another. The relevant design, see Fig. 13(a), is
lighter than that found in case of uncorrelated loads, exhibiting a
slightly different design only in the central region. In case 𝐵, addressing
negative correlation for all the forces, the optimal layout, see Fig. 13(b),
has the same topology of that represented in Fig. 12, with a minor
increase in terms of weight. Case 𝐶 addresses perfectly positive correla-
tion between the forces applied at the tip of the overhangs and between
those applied in the central span, whereas perfectly negative correlation
is prescribed between forces of the former and the latter group. The
relevant optimal design is that represented in Fig. 13(c). In the central
region of the specimen only horizontal bars arise, since no shear is ex-
pected. However, the overall weight is 10% larger than for uncorrelated
forces, due to the increased bending moments the specimen is likely to
undergo. In case 𝐷, perfectly positive correlation is assumed between 𝑓1
and 𝑓3, and between 𝑓2 and 𝑓4, whereas perfectly negative correlation
for the remaining combinations. The relevant optimal design, which
is represented in Fig. 13(d), is characterized by a cross-shaped layout
in the central region that provides bracing according to the expected
shear internal action. In this case, the optimal layout is much lighter
(nearly 20%) than that found when no correlation is assumed among
the forces.

Further numerical investigations are performed, focusing on uncor-
related forces and enforcing a minimum weight of the porous phase.
The setting 𝑤𝑓 = 0.25 is used in the simulations that follow. At
first, it is assumed that the density of the porous material can range
between 0.25 and 0.65, due for instance to manufacturing constraints.
The optimal layouts are represented in Fig. 14, considering the three
infills introduced in Section 2.1, plotting maps of the overall density
𝜌1,𝑒 + (1 − 𝜌1,𝑒)𝜌2,𝑒𝜌𝑔,𝑒. Black regions stand for full material, i.e. 𝜌1,𝑒 = 1,
whereas gray scale gives information on the density of the porous phase
0.25 ≤ 𝜌𝑔,𝑒 ≤ 0.65. Indeed, where a porous phase arises, 𝜌1,𝑒 = 0 and
𝜌2,𝑒 = 1, meaning that the overall density correspond with 𝜌𝑔,𝑒, see
Section 2.1. When using an isotropic microstructure consisting of an
HCP arrangement of graded circular holes, the optimal design is that
represented in Fig. 14(a). It consists of a coated structure, in which
solid material encloses an inner region of infill whose density is not
homogeneously distributed. In Fig. 14(b), the optimal layout found
when adopting the orthotropic diamond infill is represented. Solid
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Fig. 8. Example 2. Optimal design in case of uncorrelated forces for different values of the accepted failure probability (𝐶𝑉1 = 𝐶𝑉2 = 0.05) : 𝑃𝑓𝑎𝑖𝑙 = 0.1, 𝑊 ∕𝑊0 = 0.305 (a);
𝑃𝑓𝑎𝑖𝑙 = 0.01, 𝑊 ∕𝑊0 = 0.384 (b).
Fig. 9. Example 2. Optimal design in case of uncorrelated forces for different values of the coefficient of variation (𝑃𝑓𝑎𝑖𝑙 = 0.1): 𝐶𝑉1 = 𝐶𝑉2 = 0.15, 𝑊 ∕𝑊0 = 0.516 (a); 𝐶𝑉1 = 0.15,
𝐶𝑉2 = 0.05, 𝑊 ∕𝑊0 = 0.440 (b).
Fig. 10. Example 2. Optimal design in case of correlated forces for different values of the correlation (𝐶𝑉1 = 𝐶𝑉2 = 0.05, 𝑃𝑓𝑎𝑖𝑙 = 0.1): 𝑟12 = 1, 𝑊 ∕𝑊0 = 0.088 (a); 𝑟12 = −1,
𝑊 ∕𝑊0 = 0.342 (b).
Fig. 11. Example 3. Optimal design in case of deterministic forces, 𝑊 ∕𝑊0 = 0.315.

Fig. 12. Example 3. Optimal design in case of uncorrelated forces (𝐶𝑉 = 0.25 for all
forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1), 𝑊 ∕𝑊0 = 0.497.

material is used to build the upper and the lower chord, in addition to
vertical elements that divide the layout in square bays. Some of them
are completely filled with the porous phase, whereas some others are
braced by inclined members oriented along the direction of maximum
stiffness of the infill, i.e. ±45◦ with respect to the vertical axis, see
Fig. 2. The optimal layout found in conjunction with the orthotropic
elongated diamond infill is presented in Fig. 14(c). The upper and lower
chord of solid material still exist, but bracing is given by elements
of porous material inclined of ±30◦ with respect to the vertical axis,
i.e. along the direction of maximum stiffness for the adopted porous
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structures, see again Fig. 2. Some connections with the lower chord
are made in full material.

The enforcement of 𝑤𝑓 > 0 comes with an increase in terms of the
final weight with respect to the solution given in Fig. 12 that reads
9%, 7% and 6% for the hexagonal close-packing of circular holes, the
diamond lattice, and the elongated diamond lattice, respectively.

The material law in Eq. (1) allows for a direct control of the
minimum and maximum density of the porous phase that arise in the
optimal design. Indeed this is implemented by means of side constraints
in Eq. (5). A further set of simulations is performed for 𝑤𝑓 = 0.25,
assuming that the density of the porous material can range between
0.25 and 0.45. The achieved optimal layouts are presented in Fig. 15.
For all of them the increase in terms of weight is negligible with
respect to the relevant composite structures given in Fig. 14. The layout
found for the hexagonal close-packing of circular holes is made of a
solid coating, which is almost entirely filled by a region of porous
material with homogeneous density, see Fig. 15(a). The reduction
in the maximum density of the infill calls for the adoption of solid
elements crossing the porous phase to connect the chords and provide
the requested stiffness to fulfill displacement constraints. Concerning
the orthotropic infills, in the optimal layout of Fig. 15(b) almost all
the squared bays originally observed in Fig. 14(b) are completely filled
with porous material. The solution presented in Fig. 15(c) preserves the
same layout of the axes of the bracing elements already commented on
when addressing Fig. 15(c), whereas the geometry of the solid elements
connecting the lower chord to the inclined bar is affected by major
modifications.
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Fig. 13. Example 3. Optimal design in case of correlated forces for different values of the correlation (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1): case 𝐴, 𝑊 ∕𝑊0 = 0.478 (a); case 𝐵,
𝑊 ∕𝑊0 = 0.514 (b); case 𝐶, 𝑊 ∕𝑊0 = 0.551 (c); case 𝐷, 𝑊 ∕𝑊0 = 0.407 (d).
Fig. 14. Example 3. Optimal design in case of uncorrelated forces (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1) enforcing 𝑤𝑓 = 0.25 and 0.25 ≤ 𝜌𝑔 ≤ 0.65, using an infill of: hexagonal
close-packing of circular holes (HCP), 𝑊 ∕𝑊0 = 0.542 (a); diamond lattice (D), 𝑊 ∕𝑊0 = 0.532 (b); elongated diamond lattice (E), 𝑊 ∕𝑊0 = 0.526 (c).
Fig. 15. Example 3. Optimal design in case of uncorrelated forces (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1) enforcing 𝑤𝑓 = 0.25 and 0.25 ≤ 𝜌𝑔 ≤ 0.45, using an infill of: hexagonal
close-packing of circular holes (HCP), 𝑊 ∕𝑊0 = 0.560 (a); diamond lattice (D), 𝑊 ∕𝑊0 = 0.529 (b); elongated diamond lattice (E), 𝑊 ∕𝑊0 = 0.547 (c).
Notwithstanding the (moderate) increase in terms of weight, the
adoption of composite solutions may provide peculiar advantage over
a 0-1 layout, including redundancy of load pathes and high bending
stiffness-to-weight ratio. In particular, the adoption of a support-free
infill can solve overhang issues when manufacturing blueprints of the
layout achieved through optimization via layer-by-layer 3d-printing. In
the optimal solution given in Fig. 12 several elements of the upper
chords call for ad hoc supports, since their orientation with respect
to the vertical axis is not compatible with the admissible overhang
angle, typically ±45◦. In the layouts presented in Fig. 15, the need
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of additional supports is remarkably reduced and only few limited
portions of the upper chord remain unsupported by the infill, see in
particular Fig. 15(b) and (c). To avoid the arising of any unsupported
region, one may leverage on the material law in Eq. (1) by specifying
‘‘passive’’ domains for the variable 𝜌2,𝑒, see e.g. [2]. Indeed, by setting
𝜌2,𝑒 = 1 in a certain domain, either a solid phase or an infill region may
arise there. In Fig. 16 optimal layouts found prescribing passive do-
mains in the region between the upper and lower chord are presented.
Minor modifications affect the topology of the solid material, when
compared to the layouts of Fig. 15. The increase in weight to achieve
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Fig. 16. Example 3. Optimal design in case of uncorrelated forces (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1) enforcing 𝑤𝑓 = 0.25 and 0.25 ≤ 𝜌𝑔 ≤ 0.45, using passive regions for 𝜌2,𝑒 and
an infill of: hexagonal close-packing of circular holes (HCP), 𝑊 ∕𝑊0 = 0.563 (a); diamond lattice (D), 𝑊 ∕𝑊0 = 0.530 (b); elongated diamond lattice (E), 𝑊 ∕𝑊0 = 0.549 (c).
Table 2
Example 3. 𝑃𝑓𝑎𝑖𝑙 computed for the optimal layouts represented in Figs. 12 and 16,
considering different cases of correlation of the forces.

Case𝐴 Case𝐵 Case𝐶 Case𝐷

0-1 design, Fig. 12 0.078 0.128 0.214 0.140
HCP-based design, Fig. 16(a) 0.100 0.125 0.240 0.101
D-based design, Fig. 16(b) 0.107 0.126 0.247 0.079
E-based design, Fig. 16(c) 0.108 0.125 0.245 0.087

this print-ready layouts is negligible with respect to the previous set of
solutions.

The optimal layouts represented in Figs. 12 and 16 are further
investigated addressing their structural response in case of correlated
loads. In Table 2, maximum values of the probability of failure for
the considered displacement constraints are reported, addressing the
four different cases already introduced. These have been computed by
entering the displacements given by Eq. (5b) for different sets of density
variables, and solving Eq. (10) for 𝑃𝑓𝑎𝑖𝑙. The 0-1 layout achieved in case
of uncorrelated forces exceeds the reference value (0.01) by a certain
amount in the cases 𝐵, 𝐶, and 𝐷. For composite beams this happens
only in the cases 𝐵 and 𝐶, thus confirming the effective structural
contribution provided by the graded porous phase when dealing with
the shear-dominated case 𝐷.

3.4. L-shaped cantilever beam

Example 4 is concerned with the L-shaped cantilever shown in
Fig. 3(d). The specimen is fully clamped along the top edge and is
subjected to a vertical force with amplitude 𝑓1, and a horizontal one
with amplitude 𝑓2. Both are applied at the middle point of the right
edge of the domain. The optimal design found for 𝑤𝑓 = 0, when
considering the amplitude of the two forces as deterministic and equal
in value, is represented in Fig. 17. The direction of the bar receiving the
load is that of the resultant of the two forces. No other load combination
can be effectively handled by such a layout. The weight at convergence
is 𝑊 ∕𝑊0 = 0.479.

Concerning probabilistic loading, two scenarios are dealt with in
the numerical simulations that follow. In both cases, forces with the
same average amplitude and equal coefficient of variation 𝐶𝑉 = 0.25
are considered. In Fig. 18(a), the optimal layout found in case of
uncorrelated load is depicted, whereas Fig. 18(b) addresses forces with
perfectly negative correlation. The former solution is heavier than the
latter. The increase in weight with respect to the layout found for
deterministic load is approximately 35% and 20%, respectively. Both
layouts consist of a branched horizontal ‘‘beam’’ and a stiff corner
region, but the ‘‘column’’ is lighter when using 𝑟 = −1. Indeed, the
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12
Fig. 17. Example 4. Optimal design in case of deterministic forces, 𝑊 ∕𝑊0 = 0.479.

case of uncorrelated loading is expected to maximize the actions across
the structure.

For the same probabilistic loads, optimal layouts are investigated
enforcing 𝑤𝑓 = 0.125 and using porous phases with density in the range
0.25 ≤ 𝜌𝑔 ≤ 0.45.

At first, the case of uncorrelated loads is considered, see Fig. 19.
Independently of the type of lattice that is used to design the porous
phase, (i) the corner region is made of full material and, (ii) both in
the beam and in the column, some solid elements fully or partially
enclose a region of infill whose density is smoothly distributed. No
additional bracing crosses the porous zones. It may be also noticed
that the interface between any orthotropic infill and void is parallel to
the direction of maximum stiffness of the porous material. Adopting
the considered layouts, no additional support is needed within the
chords to build the specimens. This comes with a weight increase
with respect to the solution given in Fig. 18(a) equal to 4%, 1% and
2% for the hexagonal close-packing of circular holes, the diamond
lattice, and the elongated diamond lattice, respectively. Although the
optimal layouts represented in Fig. 19 share a similar overall topology,
minor differences remarkably affect the mechanical response of the
specimens. A cross-check is performed evaluating the maximum value
of 𝑃𝑓𝑎𝑖𝑙 when each one of the optimal material distributions represented
in Fig. 19 is used in conjunction with the elastic properties of the
other porous microstructures. Variations in the range 10% − 200% are
reported, see Table 3. It must be also remarked that convergence to a
global minimum cannot be guaranteed for the herein addressed non-
convex problem, see in particular [2] and [4]. In each row of the table,
𝑃𝑓𝑎𝑖𝑙 is minimum (and equal to 0.01) when the analysis is performed
considering the material for which the layout has been designed. This
confirms that, among the analyzed solutions, no better local minima
exists.
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Fig. 18. Example 4. Optimal design in case of forces (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1) which are: uncorrelated, 𝑊 ∕𝑊0 = 0.641 (a); correlated with 𝑟12 = −1, 𝑊 ∕𝑊0 = 0.572 (b).
Fig. 19. Example 4. Optimal design in case of uncorrelated forces (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1) enforcing 𝑤𝑓 = 0.125 and 0.25 ≤ 𝜌𝑔 ≤ 0.45, using an infill of: hexagonal
close-packing of circular holes (HCP), 𝑊 ∕𝑊0 = 0.667 (a); diamond lattice (D), 𝑊 ∕𝑊0 = 0.644 (b); elongated diamond lattice (E), 𝑊 ∕𝑊0 = 0.652 (c).
Fig. 20. Example 4. Optimal design in case of correlated forces with 𝑟12 = −1 (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1) enforcing 𝑤𝑓 = 0.125 and 0.25 ≤ 𝜌𝑔 ≤ 0.45, using an infill of:
hexagonal close-packing of circular holes (HCP), 𝑊 ∕𝑊0 = 0.597 (a); diamond lattice (D), 𝑊 ∕𝑊0 = 0.574 (b); elongated diamond lattice (E), 𝑊 ∕𝑊0 = 0.576 (c).
A further set of simulations is performed accounting for the case
in which perfectly negative correlation applies. The achieved optimal
layouts are shown in Fig. 20. The enforcement of 𝑤𝑓 > 0 comes with
an increase in terms of the final weight with respect to the solution
given in Fig. 18(b) that is around 4% for the hexagonal close-packing
of circular holes and less than 1% for both the orthotropic lattices.
The topology of the corner region is highly affected by the selected
type of lattice. Full material is extensively used in the design when
the hexagonal close-packing of circular holes is considered. A region
of infill enclosed by solid members arises when using the diamond
microstructures. A feature similar to that already seen along the lower
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chord of the composite design in Fig. 16(c) is retrieved in the optimal
solution implementing the elongated diamond infill. While the optimal
design in Fig. 20(c) has no cavity within the infill regions, the solutions
depicted in Fig. 20(a) and (b) present some inner voids. To get rid of
these features, passive regions could be introduced for 𝜌2,𝑒, as done
in Example 3. Alternatively, the value of the filter radius for 𝜌2,𝑒 is
herein increased to 𝑟2,𝑓 = 3 × 𝐿∕10. The achieved layout are those
represented in Fig. 21. As already found for the optimal solution in
Fig. 20(c), no additional support is needed to manufacture the infill
inside the coating. This modification has a negligible cost in terms of
final weight.
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Fig. 21. Example 4. Optimal design in case of correlated forces with 𝑟12 = −1 (𝐶𝑉 = 0.25 for all forces, 𝑃𝑓𝑎𝑖𝑙 = 0.1) enforcing 𝑤𝑓 = 0.125 and 0.25 ≤ 𝜌𝑔 ≤ 0.45, using 𝑟2,𝑓 = 3×𝐿∕10
and an infill of: hexagonal close-packing of circular holes (HCP), 𝑊 ∕𝑊0 = 0.601 (a); diamond lattice (D), 𝑊 ∕𝑊0 = 0.575 (b).
Table 3
Example 4. 𝑃𝑓𝑎𝑖𝑙 computed for the optimal material distributions represented in Fig. 19,
considering different porous microstructures.

Analysis performed with:

HCP infill D infill E infill

HCP-based design, Fig. 19(a) (0.100) 0.112 0.121
D-based design, Fig. 19(b) 0.235 (0.100) 0.133
E-based design, Fig. 19(c) 0.166 0.107 (0.100)

Table 4
Example 4. 𝑃𝑓𝑎𝑖𝑙 computed for the optimal material distributions represented in Figs. 20
and 21(c), considering different porous microstructures.

Analysis performed with:

HCP infill D infill E infill

HCP-based design, Fig. 21(a) (0.100) 0.108 0.140
D-based design, Fig. 21(b) 0.968 (0.100) 0.420
E-based design, Fig. 20(c) 0.910 0.126 (0.100)

A final cross-check is operated comparing the mechanical response
of the optimal layouts of Figs. 21 and 20(c), when adopting the elastic
properties of different microstructures for the same optimal distribu-
tion of minimization unknowns. As expected, the outlined differences
in terms of topology remarkably affect the computed values of the
probability of failure for the considered displacement constraints, see
Table 4.

4. Conclusions

A numerical method of homogenization-based topology optimiza-
tion has been proposed, accounting for uncertainty in loading ampli-
tude. Under the assumption of a joint normal distribution function
to describe the uncertainty, stochastic displacement constraints can
be re-written as a set of deterministic enforcements. This allows for
the design of minimum weight structures for any accepted value of
the probability to exceed a given displacement limit. A two-phase
material law with void has been adopted to sketch composite structures
made of a solid phase and a given fraction of graded infill with a
prescribed layout. Numerical homogenization has been used to derive
the macroscopic elastic constants of an isotropic and two orthotropic
infills that are commonly used in additive manufacturing, i.e. an hexag-
onal arrangement of circular holes with high stiffness-to-weight ratio,
and two self-supporting diamond lattices. Leveraging on the adopted
material law, the admissible density range of the porous phase is effec-
tively enforced by means of side constraints, whereas the optimization
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problem has been endowed with an additional enforcement to control
the amount of graded infill to be distributed. Filtering procedures have
been used to promote smooth variations in the spatial distribution of
the infill and to control (heuristically) the size of the features arising in
the optimal design. When combined with projection approaches, they
have been used to achieve full separation of the phases. Sequential
convex programming has been selected to solve the arising multi-
constrained problem, resorting to the adjoint method for an efficient
computation of the sensitivity.

Simulations have been performed to assess the proposed numerical
method and to highlight peculiar features of the achieved optimal
solutions in case of uncorrelated or correlated forces. When the con-
straint prescribing a minimum fraction of infill has been disregarded,
the proposed formulation has retrieved 0-1 layouts characterized by a
crisp solid-void interface. It has been shown that partially constrained
layouts that may arise among statically determinate solutions in case of
deterministic forces are generally replaced by completely constrained
ones when uncertainties are accounted for. The cases of perfect corre-
lation should be carefully regarded, see in particular Example 2. When
a fraction of graded infill has been prescribed in conjunction with
low values of 𝜌𝑔,𝑚𝑎𝑥, coated structures have been retrieved at the cost
of a minor increase in terms of the overall weight. Sandwich struc-
tures embedding a self-supporting infill can be effectively exploited
in layer-by-layer additive manufacturing to overcome overhang issues.
The adoption of passive regions and a proper setting of filters have
been tested as simple methods to preserve continuity of the infill, see
Example 3 and 4 respectively. Numerical simulations have shown that
the type of lattice to be graded remarkably affects the topology of the
optimal results, as well as the structural performance in case of load
uncertainties. Indeed, shape and locations of the solid features and of
the infill have characteristics that are peculiar to the adopted porous
microstructure.

It is finally remarked that the proposed method may be straight-
forwardly applied to constraints on the stress field arising in any
linear elastic structure under the effect of probabilistic loading. The
ongoing research is mainly involved in stating and testing equivalent
deterministic local strength enforcements to deal with uncertainty in
loading amplitude, see in particular [23].
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