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Abstract.

This work explores the application of control theory to turbulent channel flow. We use
linear optimal control theory to design estimators and controllers that use real-time wall
measurements to either reconstruct the internal flow field or compute control inputs to
reduce drag. A peculiar feature of this study is the use of Wiener filtering, formulated
in the frequency domain, which provides a computationally efficient alternative to con-
ventional time-domain design approaches. The proposed framework integrates the best
possible (linear) description of both system noise, representing the effect of nonlinear
terms neglected by linearization, and linear model of the channel flow. Notwithstanding
the highly preliminary nature of this work, we already demonstrate with DNS an inter-
esting amount of drag reduction at Re, = 200, and discuss several avenues to further
improve control performance.

1 Introduction

Flow control for skin-friction turbulent drag reduction has long been a central goal in fluid mechanics,
driven by both fundamental interest and practical applications such as energy-efficient transportation.
Over the years, various strategies have been developed, including passive approaches based on geometric
modifications and active approaches using actuators. These strategies can be implemented in open- or
closed-loop configurations, with the latter driven by real-time flow measurements.

In the context of closed-loop flow control, the linear systems theory offers a rigorous and powerful
framework for the design and optimization of control strategies. Although a turbulent flow is highly
nonlinear, linear control strategies can be effectively used: suitable linearized models (e.g., the Orr—
Sommerfeld—Squire set of equations for parallel flows), while definitely unable to capture the entirety
of nonlinear turbulent energy transfer processes, may still be sufficient for effective control, as long
as they accurately represent how inputs influence outputs and the associated performance measures
[15]. Contrary to the traditional fluid mechanics perspective, a control-oriented model does not need
to reliably reproduce the detailed statistics of the uncontrolled flow; instead, it is required to capture
the key mechanisms of energy production that flow control for drag reduction seeks to target, as also
demonstrated in [5], where linearized equations were employed to explain the turbulence attenuation
mechanism induced by an intuition-based closed-loop control strategy. A linear approach to flow control
and drag reduction is supported by a substantial body of literature (e.g., [16, 11]), which demonstrates
the capability of linear models to control the essential dynamics of the wall turbulence regeneration cycle.

Numerous studies over the past 20-30 years, all based on the Direct Numerical Simulation (DNS) of
the Navier—Stokes equations, have been indeed devoted to the estimation and control of wall turbulence
within a linear framework. Estimation is the real-time reconstruction of the entire flow field starting from
(possibly noisy) wall measurements. Control is designing feedback laws based on wall measurements, and
using them to modify the flow dynamics and to achieve the desired objective, e.g. drag reduction (possibly
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leading to the relaminarization of the flow). The estimator/controller is based on a linear, time-invariant
dynamical system (usually called filter in this context) that provides real-time estimate/control input
through filtering the measured signals. The nonlinear terms neglected during the linearization of the
Navier—Stokes equations are typically represented via an additive noise.

The most suitable model problem in this context is the turbulent plane channel flow, where the simple
geometry makes for a drag entirely made by friction. A linear feedback approach was first presented by
[12] for the linear stabilization of two-dimensional laminar plane Poiseuille flow. The linearised model of
the flow, i.e. the Orr—Sommerfeld—Squire equations, allows each spatial wavenumber pair to be treated
independently: [2] considered a single wavenumber pair, while [9] extended the approach to a large
array of wavenumber pairs and applied it to transitional channel flow to stabilize perturbations. The
neglected nonlinear terms were substituted by a white noise, i.e., uncorrelated disturbances in time and
space, thereby ignoring the actual structure of the nonlinear dynamics. With this approach, in Ref. [§]
full-state information was assumed, and an actuation based on wall blowing and suction was shown to
successfully relaminarize a turbulent channel flow, although the Reynolds number was highly subcritical
at Re; = 100, and a gain-scheduling procedure was necessary, to change the controller along the way
while the flow evolves from the turbulent towards the laminar state. However, at Re, = 100 there is no
boundary layer separating the wall from the interior dynamics that support the bulk of the turbulence
at higher Re,. At higher Reynolds numbers the boundary layer masks the interior flow, making the
successful design of a controller based solely on wall-based measurements considerably more challenging.
Linear control theory is not the only way to develop controllers; intuition-based controllers, such as the
well-known opposition control introduced by [4], and, more recently, complex non-linear controllers based
on reinforcement learning techniques, in which the control policy is learned by an agent through trial-and-
error interactions with the turbulent channel flow (e.g. [27, 20]), have also been found to be successful in
providing drag reduction, as further discussed in 4.2.

As for the estimation, to improve the performance, in a transitional [10] and later a fully turbulent
channel flow [3], the true spatial structure of the nonlinear terms was accounted for. The state noise,
instead of being assumed a simple white noise, was measured from a DNS of the flow to be controlled
in terms of its dependency on the spatial coordinates. However, the noise was still considered white in
time, i.e. its time correlation assumed to be a delta function. Results showed that the linear filter could
accurately estimate the flow near the wall, but performance degraded quickly further away from it. A
more recent example is the work of [1], who designed a linear estimator accounting for the full space—
time structure of the disturbances, measured from DNS data. However, their estimator is non-causal
— meaning that measurements from the future are required to compute the current estimate — and is
therefore unsuitable for real-time applications such as flow control.

All the works cited above, except for [1], developed estimators and controllers using time-domain
techniques based on the Kalman theory [14]. While powerful, the time-domain approach is typically
formulated for systems driven by white-in-time disturbances and may become computationally demanding
for high-dimensional systems. Although colored noise can be accommodated through state augmentation,
this often increases the computational burden, motivating alternative formulations in certain settings.
Consequently, so far these limitations have prevented linear control from being fully exploited in flow
control applications.

Building on the past studies of [23, 24] the present work deals with Wiener filtering. This theory is
traditionally developed and applied in the frequency domain, and will be shown here to have the potential
to overcome limitations of the standard Kalman theory, thus representing a viable and computationally
efficient alternative to the state-space approach, particularly for under-sensed and under-actuated systems
such as wall-bounded turbulence, where the number of sensors and actuators is typically much smaller
that the number of state variables. The Wiener filtering theory is first briefly introduced in section
2 as the ideal tool to develop optimal linear estimators/controllers within a computationally efficient
framework, yielding the best possible linear, time-invariant (LTI) filters for the problem at hand, and
dispensing from any additional assumption beyond linearity. We will then focus on a turbulent channel
flow at Re, = 200, with the numerical setup described in section 3. The Wiener theory is applied to
the estimation 4.1 and control 4.2 of the channel flow. A brief concluding discussion on the obtained
performance is drawn in section 5.

In this work, the incompressible plane Poiseuille flow between two plane parallel infinite walls is
considered. The flow is governed by the incompressible Navier—Stokes equations (iNSE). Streamwise,
spanwise and wall-normal directions (velocity components) are indicated with = (u), z (w) and y (v),
respectively. Equations are made dimensionless with the bulk velocity U, and the half height of the
channel h, so that Re, = Uph/v is the Reynolds number, where v is the fluid kinematic viscosity.
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2 Theoretical framework
2.1 Wiener filtering for the estimation problem
An estimator for the state of the flow is designed starting from a linear model of the system, in which
modeling errors and uncertainties (here the nonlinear terms) are represented as additive noise entering
the state equations. For the turbulent channel flow, following previous work [9], linear estimators are de-
veloped using a linearized model obtained from the discretization of the Orr—Sommerfeld—Squire stability
equations.

In the following, we will first derive the linear model of the turbulent channel flow and subsequently
demonstrate how an optimal linear estimator can be designed efficiently by formulating the problem in
the frequency domain.

2.1.1 A linear model for the plant To derive the linear model of the system, the iNSE are rewritten in
terms of evolution equations for perturbations about a reference streamwise velocity profile @(y), function
only of the wall-normal coordinate, as done e.g. in Ref.[3]. In this work, the reference state is always
taken as the mean turbulent velocity profile.

The linearized equations can be written in terms of wall-normal velocity and wall-normal vorticity
[17] (namely v and 1 = Ju/0z — Ow/Ox); homogeneity in x and z allows a Fourier series expansion in
these directions, leading to:

~ ~ 1 4 ~
QA@ + jaulAd — jau" v — —AAD = h,
3 e W
&ﬁ + jBu'0 + jaimh — Ter i = hy.

In the above equations, j is the imaginary unit, o and [ are the streamwise and spanwise wavenumbers,
hats denote Fourier coefficients, and A = d?/dy? — x? is the Laplace operator, with k2 = o + 32. The

prime denotes a derivative in the wall-normal direction, and h, and En are the nonlinear terms, grouped
on the right hand side. The system (1) can be rewritten in matrix form, for each wavenumber pair, as:

d (A 0 v Los 0 AN
dt (0 1) (77) i (J‘ﬂa' ESQ> (n) = vep 2)

where Log = jouA — jou’ — AA/Reb and Lsg = jou — A/Reb are the linear Orr—Sommerfeld and
Squire operators. The system of equations (2) inherits the nonlinearity of the Navier—Stokes equations;
in fact, evolution equations for each wavenumber pair are coupled to each other via the nonlinear term h
on the right hand side.

To obtain a linear model, the procedure proposed by Chevalier et al. [3] involves, for each wavenumber
pair, dropping the nonlinear terms and replacing them with a noise 7 that possesses the same first- and
second-order statistics of h. In this way, the equations become linear, but the effect of nonlinearity is
partially accounted for as the effect of a noise on the state . More specifically, E {r} = E{iL} =0, and
the autocorrelation function of 7 is given by

Rer(y1,y2, 730, B) = B{h(y1,t + 750, B)A" (42, t; , B)}, (3)

where E{-} is the expectation operator, and the superscript H denotes the Hermitian transpose. Since
the wall-normal directions is non-homogeneous, the autocorrelation function explicitly depends on two
wall-normal positions; since the flow is statistically steady, only time separation 7 appears as independent
variable. However, in Ref. [3] the true structure of #, as given by eq. (3), was considered for the spatial
directions only; the time dependence of 7 was not measured, and was simplified by the assumption of
white noise in time. Here, instead, we will ‘colour’ the noise 7 by accounting also for its true full space-
time structure as given by eq. (3), which will be measured from DNS data. However, Martinelli [23]
shows, as also stated in Ref. [3], that dealing with the temporal structure in the time domain with
a Kalman filtering approach is quite inefficient, whereas, a technique based on the frequency domain
naturally accounts for it. This is the approach of the present work.

Once the noise 7 is introduced instead of the nonlinear terms, the final form of the linearized governing
equations reads

%M@ Y LG=7 VYa,B. (4)
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Figure 1: Block diagram of the Wiener filtering estimation problem.

It is a linear model of the system, expressed by a family of partial differential equations in the independent
variables y and ¢, parametrized by the wavenumber pair («, 8). Upon discretization in wall-normal
direction, eq. (4) can be recast, for each wavenumber pair, into the standard state-space form

¢ = Az + Br

y=Czx+d (5)
where the hat notation has been omitted for clarity, and the state ¢ has been renamed z following the
standard in control theory. The system matrices are given by A = —M~!L£ and B = M~!. Further we
introduce the state noise n = Br.

The system (5) also introduces the measurement vector y. In a channel flow, measurements should
be wall-based quantities, i.e. the two wall-parallel components of the shear stress and the pressure. The
measurement matrix C' defines how the measured quantities are obtained from the system state x. The
term d accounts for measurement noise (such as the electrical noise introduced by any real sensor) and in
all the following is assumed to be uncorrelated to the state noise n, as they belong to different physical
processes. Further, without loss of generality, the measurement noise will be assumed to be spectrally
white, in both space and time. The (large) dimension of the state vector « will be denoted by m, whereas
the (small) dimension of the output vector y will be denoted by p,.

2.1.2 Filter design (in the frequency domain) The estimator can be derived from the LTI system in
eq. (5). The filtering problem, illustrated schematically in figure 1, is formulated by following the Wiener
theory, i.e. in the frequency domain. As shown in figure 1, the state noise n propagates through the
system’s frequency response H(f), producing linear perturbations with respect to the reference state,
that are represented by the state vector z.

The system frequency response H (f) is the Fourier transform of the system’s impulse response function
h(t), which is mathematically defined as the matrix exponential of the system matrix A in eq. (5):

et >0,
hit) = {0, t <0. (6)

The function h(t) is by definition causal, since it is 0 for ¢ < 0. Physically, it describes how the system
responds over time to a unit impulse input at ¢ = 0, and as such characterizes the linear response of the
system to any external excitation. The response function is a building block for any linear system: it
links the generic input ¢ to the output o via the time-domain convolution:

+oo
oft) = / h(r)i(t — 7)dr. (7)

— 00

In the present problem, the impulse response describes, for each wavenumber pair («, 8), how the flow at
a given wall-normal location responds (linearly) to a forcing applied at another specific height and after
a certain delay in time.

From the state vector x, a set of measurements is obtained, which are possibly corrupted by additive
measurement noise d. By processing these noisy measurements y through a filter yet to be designed, and
whose frequency response is W(f), the objective is to reconstruct an estimate Z of the true state x.

In designing the filter W (f), the goal is thus to minimize the estimation error e = & — x, i.e. the
difference between the estimated and the true state. This can be expressed, in frequency domain, through
the following cost function:

+o00
I= [ el

— 00
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where ¢..(f) denotes the spectral density of the estimation error, defined as F {é(f)éH (f’)} = dee(f)O(f—

[

From here on, the explicit dependence on the frequency is dropped for clarity. By inspection of the
block diagram drawn in figure 1, the state estimation error can be then written as the output of a system
driven by n and d as:

e = (W,(WC - I)H) (i) .
Hence, the error spectral density can be recast in the form:
¢ee = W¢ddWH + WCHQSnnHHCHWH + H¢nnHH - H¢nnHHCHWH - WCH¢nnHH7

where ¢, (f) and ¢qqa(f) denote the spectral densities of n and d. Note that ¢y, is directly related to
correlation appearing in eq. (3), since ¢, is the Fourier transform of the correlation function R;;, and
¢nn = Bér.BT. The quantity ¢,, can be measured from DNS data obtained before the design stage,
as discussed in section 3, whereas the quantity ¢q44(f) will be considered as a tunable design parameter.
The optimal filter W is then one that minimizes the functional:

—+oo
J= / Te[WhaaW " + WCH ¢ H' CTWH + Hop HY — Hpo HCHWH — WCH ¢, HY ] df.

— 00

This expression highlights what is perhaps the main drawback of the frequency-domain formulation:
minimizing this functional yields a non-causal optimal filter, which necessitates future measurements to
produce the current estimate. While the filter is guaranteed to be optimal, its non-causality makes it
unpractical for real-time control, and usable only in post-processing, unless causality is explicitly enforced.
Causality, which is naturally guaranteed in a time-domain approach, translates into the requirement that
the frequency response of the filter is a plus function, i.e. that its counterpart in the time domain is
zero for ¢ < 0. This constraint is enforced by introducing, under the integral operator, an appropriate
Lagrange multiplier function A_(f) and by modifying the integral (by means of Parseval theorem) as

—+oo
J= / Te [WygaaW{ + Wi CHe, H'CTW + Ho HY —

Hopn H'CHTW — W CHéy H| + Tr[A_W.] df.
Setting to zero the gradient of J with respect to Wf yields:

W+(OH¢7L71HHCH + (bdd) +A- = H¢nnHHCH (8)

which can be compactly written as:
W E+A_=F, (9)

i.e. as a matrix Wiener—Hopf equation.

It is important to notice that the filter’s frequency response W, the Lagrange multiplier A_ and the
right hand side F' are matrix functions with dimensions m X p,, whereas the multiplicative coefficient £
has dimensions p, X p,. Importantly, in eq. (8) the noise spectrum ¢, appears explicitly. Therefore,
accounting for the true temporal structure of this noise becomes straightforward, and no assumption
is required beyond linearity, thus granting that the obtained estimator will be the best possible LTI
filter. Furthermore, as demonstrated in section 2.3, the frequency-domain formulation presents interesting
computational advantages. As a final remark, solving eq. (8) requires a model of the system in the form
of frequency response function H(f). Here H(f) is computed directly from the state-space form of the
discretized equation as in eq. (6).

2.2  Wiener filtering for the control problem
The Wiener theory can be applied to derive optimal linear controllers, where the frequency-domain
formulation reveals its full potential.

The complete derivation of the controller is omitted here for brevity; while a full paper on it is in
preparation, the interested reader is referred to [23], which to our knowledge is so far the only written
reference available. In this section, we intend to underscore the main advantages of the approach in
comparison to the more popular time-domain formulation; we will also briefly introduce the resulting
Wiener—Hopf equation, drawing parallels with eq. 9 obtained in the estimation problem.
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Figure 2: Block diagram of the Wiener filtering feedback control problem.

We consider a multiple-input multiple-output LTI system, with an input-to-state frequency response
function H(f) and an output matrix C. The system state and the measurements are respectively affected
by state noise n, which represents unmodeled dynamics, and measurement disturbances d. The noises
n and d are assumed to be uncorrelated and to possess known statistical properties. It is worth noting
that both n and H differ from those defined in the estimation problem shown in figure 1. In the control
configuration, the state noise n acts downstream of the system transfer function H, whereas in the
estimation problem it enters directly as an input to the dynamics. Here, H represents the flow’s response
at all wall-normal locations to an impulse of the control input u, whereas in the estimation setting, H
gives the response of the flow to the noise corresponding to the dropped nonlinear terms.

The goal is to determine the frequency response function K (f) of the control kernel that, based on
real-time measurements y, computes the real-time optimal control input u by minimizing the standard
Linear Quadratic Gaussian (LQG) cost functional

J = E{z" Qz + v Ru}, (10)

where the first term represents a weighted norm of the system state 2 (for instance, the turbulent kinetic
energy or dissipation in a channel flow), and the second term penalizes control effort. The trade-off
between these objectives is governed by the weighting parameter R. The classical block diagram for the
feedback control loop is illustrated in figure 2.

The Wiener—Hopf equation to be solved in the control problem is:

(HQH + R)K 4 (CpnC" + ¢ga) + A— = —HQ¢,,,, C*. (11)

Once this equation is solved for the modified kernel K |, the original kernel K can be easily recovered
viaK=K,(I+CHK,) '

The filter frequency response K, the Lagrange multiplier A_, and the right-hand side of eq. (11)
are matrices of size p, X py, where p, and p, are the sizes of the input vector v and the measurements
vector y. The matrix multiplying K, on the left has dimensions p, X p,, while the one on the right has
dimensions p, X py.

Again, as in the estimation problem, the controller derived here represents the best possible LTI con-
troller for the problem under consideration. Notably, unlike eq. (8), none of the matrices in eq. (11) scales
with the state dimension m, which is typically much larger than p, and p,. This offers a major compu-
tational advantage. The frequency domain formulation enables the direct design of the optimal feedback
controller in a single step, without invoking the separation theorem. In other words, the controller can
be constructed to directly map measurements to control inputs, whereas in the time domain framework
one must separately design an optimal estimator and a full-state controller, therefore having to deal at
both steps with matrices of order m. This is highly advantageous since, in wall-bounded turbulence the
system is typically severely under-sensed and under-actuated (m > p,,p,). The state-space system in
eq. (5) is proportional to the number of points discretizing the wall-normal coordinate, and generally
has a dimension m = O(102°3), while at the wall only up to three degrees of freedom are available for
actuation and measurement. In the single-input single-output case, eq. (11) reduces to a scalar equation,
whereas in the time-domain formulation one would need to solve two Riccati equations involving matrices
of size m. -

The matrix multiplying K ; on the right has the same structure as that in eq. (8). ¢, appears again
in its functional form, thus allowing the noise n to be easily given its true measured statistics rather than
being constrained by the controller dynamics, as in the time-domain approach. The term C'¢,,,, represents
the cross-spectrum between the state noise n and the corresponding measurements. Unlike the spectra
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in the estimation problem, which depend on the wall-normal coordinate twice, C'¢,,,, depends only once
on the wall-normal coordinate, making it cheaper to estimate. A final remark concerns the choice of the
frequency response function used in the control formulation. Time-domain approaches, such as those of
[9, 8], rely directly on the state-space formulation of eq. (5) to derive the controller. Consequently, they
implicitly assume a response function that does not account for turbulence fluctuations. In contrast, the
present frequency-domain formulation allows the use of any linearized, stable model of the flow system
expressed directly in terms of its impulse response function H(f), without the need to convert it into a
state-space representation, as required in time-domain methods. This makes it straightforward to employ
the averaged linear model of turbulent channel flow proposed by [22]. It consists in the time averaged
linear response of the flow to a velocity impulse at the boundary, which bears some similarity with the
principal oscillation pattern analysis by [25] and the linear inverse modeling by [6]. It represents the best
available linear representation of the turbulent channel flow, as it also accounts, on average, for the effects
of turbulent fluctuations and diffusion. Details of its measurements have been more recently provided by

[7].

2.8 The numerical solution of the Wiener—Hopf matriz equation

The Wiener—Hopf matrix equation arising in the estimation and control problems can be solved numer-
ically in time domain for the impulse response function of the optimal filter. In fact, inverse Fourier
transform of eq. (9) leads to the following system of integral equations:

+OOVV(T)E(I?—T)dT:.7:(t), t>0
" (12)
W(T)E(t —7)dr +D(t) = F(t), t<0

+oo
0

where causality and anticausality of the time domain functions W(t) and D(t) has been explicitly used.

The system (12) can be solved in two steps, namely, the first integral equation is solved for the
impulse response function W(t) of the optimal filter; upon substitution in the second equation, the
Lagrange multiplier (anticausal) response function D(t) can be recovered. In the present case, it suffices
to solve for the optimal filter impulse response function, which is the quantity of interest. The first
integral equation, time-discretized with resolution At and truncated on a time window of width NAt,
can be written, for a generic i-th row of the filter matrix W

N
ALY W, =FD, p=0,...,N. (13)
k=0

Taking its conjugate transpose, the previous equation can be rewritten as:

0 ()"
Sog E% ifN WO<H ]:O.H
At etoo&n o v | _ F
egogqd 0 &l vvﬁyi fxff
Hence, the filter’s impulse response matrix can be constructed row-wise, from the solution of a linear
system for each i-th row, i = 1,...,m. Note that, from the properties of the multiplicative coefficient F in

eq. (9), the matrix to be factored is Hermitian, positive-definite and block-Toeplitz. The factorization can
be performed once and for all at the beginning of the procedure, as the matrix does not depend explicitly
on the row index. The computational cost of solving the Wiener-Hopf equation scales as O(N?), and
in the single-input single-output case, an even faster algorithm based on the fast Fourier transform
(not discussed here) can be used, thus reducing the cost to O(NNlog N). This represents a significant
improvement compared to the time-domain Riccati-based approach, whose computational cost scales as
O(m3) (note that N ~ m).

3 Simulations

The Wiener-based estimation and control are tested on a fully developed turbulent channel flow. We
perform direct numerical simulations employing a well-known solver [21]. The code solves the incom-
pressible Navier—Stokes equations in the channel flow, projected in the divergence-free space v — n. It



6th Madrid Turbulence Workshop (MTW 2025) IOP Publishing
Journal of Physics: Conference Series 3230 (2026) 012010 doi:10.1088/1742-6596/3230/1/012010

Re, L, L, N N, N, Atlgm Aty O Bm  Ns  Ngp overlap
200 47 27 256 256 200 0.01375 0.4125 8 32 456 256 5%

Table 1: Parameters used in the channel flow simulations and in the construction of the database for the
state noise spectra for the stimation problem at Re, = 200.
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Figure 3: Magnitude of the spectra E{h,hH} (left) and E{ﬁnﬁff} (right) of the nonlinear terms in the

equations for v and 7, shown as a function of frequency for two wavenumber pairs: (¢« = 0,8 = 6) in
black and (a = 6, 8 = 0) in red. Here, 3y = yi = 15.

uses a pseudo-spectral approach, and discretizes the flow variables employing Fourier expansions in the
homogeneous streamwise and spanwise directions. Fourth-order accurate, compact and explicit finite
difference schemes discretize the differential operators in the wall-normal direction.

The computational domain has size (L, L,, L,) = (4wh, 2h, 2rh) and is discretized using N, =
N, = 256 Fourier modes in the streamwise and spanwise directions, and N, = 200 wall-normal points.
Simulations are run at constant mass flow rate (CFR) at a bulk Reynolds number of Re, = 3300, which
correspond to a friction Reynolds number of Re, ~ 200, using a constant time step Atg;,, = 0.01375.
Unless otherwise indicated, dimensionless quantities are expressed in terms of U, and h.

For estimation, a preliminary simulation is required to measure the statistics of the state-noise n.
Indeed, to solve the Wiener—Hopf equation 8 one needs the spectral density of the state noise ¢,.., i.e. the
Fourier-space counterpart of the correlation function defined in eq. (3) which represents the spectrum of
the nonlinear terms appearing on the right-hand side of eq. (1). Once ¢, is known, the corresponding
state-noise spectrum ¢,,,, appearing in eq. (8), can be computed as ¢,, = B¢,.B as described in
section 2.1. A

During the preliminary simulation, the time history of the nonlinear term h is stored with a time
resolution At; = 0.4125, which correspond to At; =~ 5, where the + superscript indicates scaling in

inner (viscous) units. To ensure statistical convergence of the computed spectra, the simulation is run
for a total time of Ty, ~ 10%. In order to keep the dimension of the database relatively small, data are
stored in the limited wavenumber range |a| < oy, = 8 and |5] < B, = 32, as also done in Ref. [1].

After the database of the nonlinear terms is available, the spectral density ¢, is estimated using the
Welch method [29]. The time history is divided into Ny = 456 segments of length N;p, = 256 and an
overlap of 75%, whose spectra are averaged together. Each segment is windowed using a Hanning function.
As pointed out in Ref. [28], estimation methods based on cross-correlation data require sufficiently long
sampling periods. Otherwise, they risk overfitting by ‘memorizing’ specific flow patterns, yielding good
performance within the sampled interval but poor generalization outside it. For this reason, we ensure
that the averaging interval used to compute the spectra was sufficiently long. Table 1 summarizes all the
simulation parameters employed.

As an example, figure 3 shows the magnitude of the spectra E{h,hf} (left) and E{h,hH} (right),
corresponding to the nonlinear terms in the equations for v and 7, respectively. This is shown as a
function of frequency for two wavenumber pairs, namely (o = 0,8 = 6) in black and (o = 6,8 = 0) in
red, with 4" = y&" = 15 (see eq. 3 for the definition of y; and ys).

For control, the quantities required to solve eq. 11 are the cross-spectrum C¢,, and the impulse
response H(f). Results presented in the following concern a single-input, single-output controller that
uses the streamwise component of the wall-shear stress as measurement and the wall-normal velocity at
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the wall as control variable. Accordingly, C'¢,,,, represents the cross-spectrum between the measurement
T, and the internal velocity components, computed similarly to the estimation problem. For H(f), we use
the linear model from [22], representing the average linear response of a turbulent channel flow to wall-
normal actuation at the wall, effectively the best possible linear model for this flow. The measurement of
this response, described e.g. in [7], requires a long simulation to ensure proper convergence. A thorough
description of the procedure to obtain C'¢,, and H is deferred to a future publication.

4 Results

4.1 FEstimation

The Wiener filter for estimation is first designed, for each wavenumber pair, by following the procedure
outlined in section 2.1, and then tested against a fully nonlinear simulation of a turbulent channel flow.
Note that all estimations are carried out using an independent database, distinct from the one used to
compute the spectra. Once eq. (8) is solved with the numerical procedure outlined in section 2.3, the
impulse response function of the estimation filter W(t) can be used to retrieve the estimated state & from
the measurements m with the convolution integral:

t
i B) = /O Wiy, 70, B) m(t — 300, B) dr.

The ability of the linear filters to estimate the flow field from wall measurements is assessed in both
physical and Fourier space as a correlation between the real and the estimated state. A unitary correlation
means perfect estimation of the flow field from wall measurements. Following [3], the correlation in
physical space between the true and estimated fields is computed as:

fOL”” fOLz ssdxdz

(foLx foLz s2dx dz> 1/2 (fOLm foLz 2 de dz) 1/

where § is the quantity estimated with the filter (i.e. the velocity components) and s is its true counterpart
(here obtained through DNS). The correlation is also evaluated in wavenumber space, as in [1], as:

[y, ta, B) 8 (y, t; , B) dt
(f §(y7t;a75)2dt)1/2 (f §(y,t;a,ﬁ)2dt)

corr(y) = 39 (14)

Corr(y;aaﬂ) = 1/2° (15)

where § and § are the temporal Fourier coefficients of the true and estimated signals at the wavenumber
pair («, ), respectively. This definition extends the physical-space correlation to the spectral domain,
making it possible to assess how the estimation error is distributed across streamwise and spanwise
wavelengths. The Wiener filters have been designed for an array of wavenumber pairs |a| < a,, and
|8] < Bm, for which ¢, was computed. Measurement noise is always assumed to be white, and tests
have been performed for different values of the noise intensity.

First, we present the results of the estimation capabilities of the multi-input linear filter, which uses
both streamwise and spanwise shear stresses (defined as 7, = Rleb %Z|wall and 7, = Rleb% wa) and
pressure at the lower wall of the channel as measurements.

Figure 4 shows the correlation coefficient for the three velocity components u (left), w (center), and
v (right) through the wall-normal extension of the channel. Solid lines denote filters designed using
the full space-time structure of ¢,,,, while dashed lines correspond to filters designed considering white
noise in time as done in Ref.[3]. The color scale indicates the level of measurement noise ¢qq4, set at
¢aq = 1071,1073,107°.

For filters using the full spectral structure, decreasing the measurement noise from 10~! to 1073
leads to higher correlations across all wall-normal distances, particularly near the wall. Further reduction
to ¢gq = 107° yields marginal additional improvement, with correlations approaching unity within the
viscous sublayer (yT < 10). However, regardless of the noise level, the estimator performance deterio-
rates rapidly away from the wall, and near the channel center the estimated velocities become almost
uncorrelated with the true state.

By considering the space-colored time-white filters (dashed lines), one realizes that accounting for
the full temporal structure of ¢,, consistently enhances estimator performance, especially under high
measurement noise and for the spanwise and wall-normal velocity components. Nonetheless, for low ¢qq,
the differences are minor. Overall, incorporating the full space-time structure of the noise n improves
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Figure 4: Correlation, computed from eq. (14), between state and wall measurements (two components
of wall friction and wall pressure), for different levels of measurements noise ¢44, indicated by the line
color. streamwise and spanwise stresses and pressure at the lower wall. Left: streamwise velocity; center:
spanwise velocity; right: wall-normal velocity. Continuous lines indicate filters which account for the full
space-time structure of the nonlinear terms, whereas dashed lines indicate the space-colored time-white
filters.

estimation quality but is not a decisive factor: accuracy remains poor far from the wall, consistent with
the observations put forward in Ref. [3].

We further compare filters accounting for the full space-time and for only the space spectra by ex-
amining instantaneous visualizations of the true and estimated streamwise velocity fields for the case
with ¢qq = 107°. This is presented in figure 5 for three wall-normal locations: top, y* =~ 1; middle,
yT =~ 15; and bottom, y/h ~ 0.4. The columns show (left) the true velocity from DNS, (center) the
estimate obtained using filters designed with the full temporal structure of ¢, and (right) the estimate
from filters where ¢,,,, is white in time.

Near the wall, both filters perform well, showing no visible difference from the DNS results. This
is expected, as the near-wall velocity structures closely correlate with the wall stresses used as filter
inputs. Moving away from the wall, the familiar low-speed streaks become apparent. At y+ ~ 15,
both filters successfully capture the overall shape of these structures, with the streak patterns accurately
reproduced in both cases, consistent with the strong wall signature of such motions. However, a clear
improvement is observed when the full temporal structure of ¢, is included: while the time-white filter
tends to overpredict velocity maxima, this behavior is corrected when the true temporal correlations are
accounted for.

Further from the wall, in the bulk region (y/h & 0.4), both filters fail to accurately reconstruct the
DNS state. Even though incorporating the full temporal structure of the nonlinear forcing noise does
enhance estimation, it remains insufficient for an accurate prediction. This result too is not unexpected,
as wall measurements are only weakly correlated with the interior flow, making it inherently challenging
for a linear estimator to recover the correct state. The estimated fields far from the wall show little
resemblance to the true flow, appearing more diffuse and lacking sharp spatial features. Nonetheless,
accounting for the true ¢,,, still helps recover significantly more realistic velocity magnitudes.

We conclude the discussion on the multi-input estimation filters by examining the correlation in
wavenumber space, eq. (15), to identify which Fourier modes are best estimated. Here, we consider
only the filter using the full temporal structure of ¢,,, with ¢4q = 107°. Figure 6 shows the absolute
value of the correlation coefficient for the streamwise velocity at two wall-normal locations: y+ =~ 15
(left) and y/h ~ 0.3 (right). Near the wall (y* &~ 15), most modes are accurately estimated, with
performance declining for short streamwise modes combined with relatively large spanwise modes, as well
as for modes approaching both «,, and S,,. In contrast, at y/h =~ 0.3, only relatively low modes (say
a < 4 and |f| < 10) are reasonably captured.

To determine which of the three wall measurements is most informative about the flow, we consider
single-input filters. Figure 7 compares the multi-input filter with these single-input filters for a fixed
measurement noise level of ¢gq = 107>, which yielded the best performance for the multi-input case. Ob-
viously, the multi-input filter outperforms all single-input filters across all wall-normal locations. Among
the single measurements, the streamwise shear stress 7, is most informative to estimate the streamwise
velocity, while the spanwise shear stress 7, is most informative for estimating both the spanwise and wall-
normal velocity components. As reported also in Ref. [1], wall pressure provides the least information
among the considered measurements.

Even though we have extended the work of Ref. [3] and designed the best possible LTI filters, by
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Figure 5: Instantaneous streamwise velocity component from DNS and estimates obtained with the multi-
input filter at ¢4q = 107°. Rows correspond to different wall-normal locations: y* ~ 1 (top), y™ ~ 15
(middle), and y/h =~ 0.4 (bottom). Columns show: (left) true DNS field; (center) estimate using the full

time structure of ¢y,; (right) estimate using ¢, that is white in time.

y/h = 0.30

1
0.8
0.6
0.4
0.2
0
0 2 4 6 8
o

Figure 6: Spectral correlation coefficient of the streamwise velocity (equation 15) for the multi-input filter
with ¢gq = 1075 at two wall-normal locations: y™ ~ 15 (left) and y/h ~ 0.3 (right).
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Figure 7: Correlation coefficient for the multi-input filter against single-input ones, for ¢gq = 107°. Left:
streamwise velocity; center: spanwise velocity; right: wall-normal velocity.
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Figure 8: Correlation analysis for a single-input filter using only the streamwise wall-shear stress 7.
Solid lines: correlation between the measurement 7, and the internal velocity components. Dashed lines:
correlation between the true and estimated velocity components.

accounting for the full space-time structure of the noise, it turns out that such filters are unable to
accurately reconstruct the velocity field far from the wall. This limitation is likely related to the fact that
the wall contains little to no information about the flow away from it, and the only strategy to possibly
circumvent it is to resort to nonlinear filtering.

To better understand this limitation, the correlation between the streamwise wall shear stress 7, and
the internal velocity components is plotted in figure 8: the correlation is very high close to the wall, but
deteriorates rapidly going to zero at the center of the channel. Comparing this to the performance of
the single-input filter that uses 7, as a measurement (dashed lines), we observe that the dashed lines
nearly always lie above the solid ones, except for uw near the wall, where the presence of noise in the
design procedure slightly degrades performance. This indicates that the filter incorporates dynamical
information beyond what is directly contained in the measurements. The effect is more pronounced for
the spanwise and wall-normal velocity components near the wall.

Near the wall, 7, is strongly correlated with the streamwise velocity u (correlation =~ 1), whose
estimate is only marginally lower. The filter is capable to exploit this accurate estimate of u to improve
the prediction of the other components. For instance, the estimated spanwise velocity correlates with the
true value at ~ 0.65, compared to only ~ 0.2 for the direct correlation with 7,. However, the estimated
correlation profile generally follows that of the correlation between 7, and the velocity components. As
this correlation approaches zero farther from the wall, the filter correspondingly fails to produce accurate
estimates.

4.2 Control

We have shown that even the best possible linear estimator can accurately reconstruct the turbulent
channel flow only for y* < 20, and fails to provide reliable estimates farther from the wall. Accounting
for the full space-structure of the state noise was indeed beneficial, but not game changing. However, this
does not preclude the potential success of linear controllers for wall-bounded turbulence. In fact, wall-
based control strategies typically do not require accurate state information far from the wall to achieve
drag reduction. This idea is supported by previous studies, such as Ref. [9], which showed that state-
feedback control kernels are spatially localized near the actuator region. Other successful, non-feedback
drag-reduction techniques, such as the spanwise-oscillating wall [13] and its spatially-inhomogeneous
variants [26], attest that significant drag reduction can be achieved by modifying the near-wall flow only.
In this section, a preliminary attempt at a linear controller design for drag reduction is presented.

The Wiener filter for the control problem is designed for each wavenumber, following the procedure
described in section 2.2. The objective of the control is to reduce viscous drag in turbulent channel flow,
and its performance is evaluated in a fully nonlinear DNS.

In this part, we focus on the single-input single-output configuration, where the streamwise wall-shear
stress 7, serves as the measurement, and the wall-normal velocity at the wall (vyq1;) acts as the control
input u. We use as control objective the turbulent dissipation, represented in the cost matrix @. The
choice of turbulent dissipation as cost function is not casual. As shown in [18], unlike the turbulent
kinetic energy, the relative contribution of turbulent dissipation to the total dissipation increases with
Reynolds number. This suggests that using dissipation as the cost function should provide a more robust
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Figure 9: Control kernel K for the single-input single-output case. Measurement is the streamwise wall
shear stress 7, and actuation is via wall-normal velocity imposed at the wall. Left: absolute value of the
control kernel in Fourier space at zero time separation, |f( (a, 8,0)|, only a fraction of wavenumbers is
shown. Right: control kernel in physical space, K(x, z,0), at zero time separation, illustrating its spatial
localization and structure.

metric with respect to an increase in the Reynolds numbers.

Results are presented here for a kernel designed with parameters R = 0.1 and ¢4q = 0.1. Future
work will need to include a parametric investigation to evaluate the effect of different cost functions,
measurement, and control inputs, as well as the influence of varying the parameters R and ¢44. Crucially,
such parameter study will be possible thanks to the computational efficiency of the procedure.

Differently to the estimation problem, where the filter was designed only for a subset of wavenumbers,
here the control filter is computed for all the wavenumbers pairs considered in the simulation. Once
eq. 11 is solved for the control kernel impulse response K (t), the wall-normal velocity to be imposed at
the wall is obtained from the measured 7, through the convolution integral:

t
Uwall(t;avﬂ):/o K(T;avﬂ)Tﬂ?(t_T;avﬁ)dT'

Figure 9 shows the control kernel obtained after solving eq. 11. On the left, the absolute value of the
kernel in Fourier space at zero time separation, | K (a, 8,0)|, is plotted as a function of the wavenumber.

Note that the plot does not show the range of large a and [ where |R’(a,,6’,t)| is very small. On the
right, the kernel is displayed in physical space, K(z, z,0), again for zero time separation.

Examining the kernel in Fourier space, we observe that it peaks at @« = 0,1 and 5 = 8. In inner
units, this corresponds to length scales of IJ7 = O(10%) and I} = O(10%), which are characteristic of
the structures of the well-known near-wall cycle. In physical space, the kernel is well localized, with
a large positive peak at the center flanked by two smaller negative peaks on either side. Overall, the
kernel exhibits all the desirable properties outlined by Kim and Bewley in Ref. [15]: it is well resolved, it
eventually decays at large separations and, if truncated, remains spatially compact with finite support.

The kernel is tested in a fully nonlinear DNS at Re, = 200 run for T§;, = 1000. The control action
is updated every At = 0.055 based on real-time measurements of 7,,. Given the preliminary nature of
this study, the results are more than encouraging: the turbulent dissipation is reduced by up to 25%,
corresponding to a drag reduction R = 11%. Here, R is defined as R = (Ct9 — Cy)/Cy,0, where Cy is
the skin-friction coeflicient of the uncontrolled reference flow, and CYy is that of the actuated flow.

It is interesting to examine what is the mechanism by which the present controller achieves drag
reduction. In particular, we examine how the control action v,,,;; at a given spatial location correlates
with the flow velocity components at various wall-normal heights directly above it.

Figure 10 (a) shows the correlation between the wall-normal control action v,,4;; and the three velocity
components: streamwise u (black), wall-normal v (red), and spanwise w (blue), up to y™ = 20. The wall-
normal actuation is essentially uncorrelated with the spanwise velocity. In contrast, it exhibits a strong
positive correlation with the streamwise velocity, peaking around y™ ~ 8 at approximately 0.9. This
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Figure 10: (a) Correlation between the control velocity vy,q and the three velocity components: stream-
wise (u, black), spanwise (w, blue), and wall-normal (v, red) as a function of wall-normal distance y™.
(b) Instantaneous distribution of the wall-shear stress 7,.. (¢) Corresponding wall-normal control velocity
Vwair- (d) Corresponding streamwise velocity fluctuations at y* ~ 8.

control strategy resembles that obtained by Sonoda et al. [27] with the aid of reinforcement learning,
although the wall-normal distance at which the wall blowing relates most to the streamwise fluctuations
is different. The imposed v, also correlates with the vertical velocity component. Near the wall, this
correlation is naturally close to 1, since v,qy basically correlates with itself. Further from the wall at
y+ =~ 14 a negative correlation of about —0.5 emerges, and this suggest that the kernel is deploying an
actuation strategy that is reminiscent of the opposition control introduced by Choi et al. in Ref. [4].

Comparing the instantaneous distribution of 7, at a given time, shown in figure 10(b) with the
corresponding wall-normal velocity distribution vyqy at the wall in figure 10(c), we observe that the
two fields differ significantly (their average correlation coefficient is approximately 0.32). Note that the
typical elongated shape of 7,, which reflects the wall imprint of the streaks, is completely disrupted by
the control. However, when comparing v,,,; with the instantaneous streamwise velocity fluctuations '’
at y* ~ 8, we find a much stronger resemblance. The control field closely follows the spatial structure of
u/, but presents smoother features, and lacks short-scale features.

Overall, the optimal linear controller presented here combines features of the opposition control [4] and
the reinforcement-learning study by Sonoda et al. in Ref. [27]. The lower drag reduction R observed here
is primarily due to the smaller magnitude of v,,,; compared to previous works. Manual tests increasing
the controller intensity showed that larger v,,q; values distort the expected 7, distribution, degrading
performance and even triggering flow instabilities.

To put these results in perspective, one should start with the observation that feedback controllers
which assume that measurements can be taken within the flow achieve larger drag reduction. For example,
the so-called opposition control [4], where the wall-normal velocity at the wall is made to oppose vertical
velocity fluctuations measured at y™ = 10, achieves drag reductions up to 30%. However, once the
restriction that sensors are limited to the wall is introduced, R shrinks to 6% only. More recently
[27] achieved R ~ 37% using reinforcement learning with a highly nonlinear control policy based on
streamwise velocity fluctuations at y* = 15 for Re, = 150. The resulting controller exhibits an almost
binary behavior, applying maximum blowing when the local streamwise velocity fluctuations are positive,
and switching sharply to maximum suction when they become negative.

If, instead, we opt for a fairer comparison with feedback control strategies based on wall information
and wall control only, the present values of R are only marginally lower than the best results achieved
so far. For instance, [19] achieved R &~ 20% using suboptimal linear control theory but at the lower at
Re, = 110. More recently [20] employing reinforcement learning algorithms up to Re, = 360 obtained
comparable results with that of [19], at R & 20%. It should be recalled, though, that the present result
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is highly preliminary: exploring alternative cost functions, selecting different measurements, and tuning
the design parameters, have all the potential for significant improvement of the current performance.

5 Conclusion

In this work, we have designed the ultimate linear estimator and controller for the turbulent channel
flow problem. Unlike most previous studies, which relied on time-domain approaches, the present work
develops filter and controller design in the frequency domain, using a methodology that is grounded in
the Wiener theory.

Formulating the problem in the frequency domain enables a computationally efficient design of the
filters that naturally includes all the available flow physics. As discussed in section 2, this approach leads
to the best possible optimal linear filter in the sense that, under the assumption of linearity, no further
improvement is theoretically possible.

In the first part of this work, we have focused on the estimation problem, i.e. reconstructing the
flow field in a turbulent channel through real-time filtering of wall-based measurements. Building upon
the previous work by Chevalier et al. [3], who designed a linear estimator considering only the spatial
structure of the nonlinear terms, we have extended their approach to incorporate the full space-time
structure of these terms. As shown in section 4.1, accounting for the temporal correlations leads to a
significant improvement of the estimation performance. Nevertheless, even in this configuration, which
represents the best achievable linear estimator, the reconstruction remains accurate only in the near-wall
region, and rapidly deteriorates farther from the wall.

In the second part, we have addressed the control problem, where the objective is minimizing friction
drag in a turbulent channel flow. In this framework, the designed filter processes in real-time wall
measurements to provide an optimal wall distribution of a control variable that minimizes a prescribed
cost function. As a preliminary test, we have designed a single-input single-output controller, using
the streamwise wall-shear stress as the measurement input and wall-normal blowing and suction as the
control output. This configuration achieved a promising friction drag reduction of approximately 11%.
Further work is needed on the control side, including the exploration of alternative cost functions, design
parameters, and the extension to multiple-input and/or multiple-output configurations.
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