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Data-Driven Controller Tuning for MIMO
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Abstract—Over time, Single-lnput Single-Output
systems have received significant attention in the field
of data-driven control. However, real-world applications
often involve Multi-lnput Multi-Output systems, where
the challenges associated with multivariable control are
considerably greater. This letter presents an innovative
extension of the Set Membership Data-Driven approach
from Single-Input Single-Output to Multi-Input Multi-Output
systems. Exploiting unknown but bounded assumptions on
process noise and fixed bases controllers parametrization,
an efficient batch algorithm for controller tuning is
developed, relying on low dimensional convex optimization
problems. Through a comparative analysis with Virtual
Reference Feedback Tuning, it is quantitatively demon-
strated that the Set Membership Data-Driven approach
significantly outperforms existing solutions, achieving
reductions in Integral Square Error and Integral Absolute
Error by up to 6% and 27%, respectively, thereby reducing
coupling errors. Furthermore, the designed controllers
exhibit faster rise and settling times, with improvements
of up to 20% and 39%, eliminating the overshoots. These
findings indicate that the SMDD approach effectively
enhances decoupling and error minimization, making it a
reliable solution for managing the complexities of MIMO
systems.

Index Terms—Data driven control, Ildentification for

control, uncertain systems.

[. INTRODUCTION

N THE field of control systems, Single-Input Single-Output

(SISO) systems have historically received significant atten-
tion. This is not only because their mathematical modeling and
analysis are less complex, but also because their simplicity
allows for testing new theories and control strategies without
the complexity of multiple interacting variables [1].

However, many real-world applications involve
multivariable systems, whose complexity poses significant
challenges for analysis and control. In these systems, each
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input variable can affect multiple output variables, demanding
an interactive approach to control tuning [2].

It is important to note that even SISO systems can be
difficult to model accurately. Factors such as time-varying
dynamics, time delays, parameter variations, and the intrica-
cies of system identification can complicate the development
of accurate models and effective control strategies. Given
these challenges in SISO systems, the transition to Multi-
Input Multi-Output (MIMO) systems, presents even greater
difficulties due to their inherent inter-channel interactions and
increased dimensionality [3].

In practice, comprehensive system behavior can often be
inferred from input-output data. The literature typically out-
lines two main approaches for controller design in such
scenarios. The first approach involves deriving a model from
the data and then developing a controller based on this model.
The second approach bypasses the modeling step and directly
synthesizes the controller from the data [4].

With the advent of direct data-driven methods, the neces-
sity for a precise dynamic model has shifted. These new
approaches can tune the controller using only input-output data
sets from the plant and a reference model, underscoring the
impact of the data-driven methods [5]. There are two main
types of data-driven approaches for offline tuning of con-
troller parameters: iterative methods, which involve conducting
experiments multiple times [6], and non-iterative methods,
which require only a single experiment [7]. Techniques such
as Virtual Reference Feedback Tuning (VRFT) and Fictitious
Reference Iterative Tuning (FRIT) have facilitated the design
of Two Degrees of Freedom (2DOF) controllers based on a
desired reference model constrained by a stability margin [8].
Additionally, Errors-in-Variables and Output-Error approaches
with Set-Membership formulations have been employed to
design 2DOF controllers [9], and extensions of the VRFT
method to continuous-time and deterministic settings have also
been explored [10].

When analyzing MIMO systems, where matrix commuta-
tivity does not hold, data-driven tuning approaches used in
SISO systems cannot be directly applied for controller design.
However, some methods have been extended for MIMO cases.
For example, the VRFT method has been adapted to MIMO
systems, with controller parameters obtained through a least
squares problem solution [11]. Similarly, Correlation-based
Tuning (CbT) has been applied to multivariable systems to
address load disturbance rejection [12]. Other methods for
tuning controller parameters in MIMO systems include using
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Taylor expansions with linear least-squares methods [13] and
decoupling matrices with measured data to estimate controllers
based on the VRFT method [14]. Additionally, restricting the
transfer function of the reference model to an identity matrix
multiplied by a scalar transfer function has been exploited
in [15] and [16].

A Set-Membership Data-Driven (SMDD) approach for con-
troller tuning in SISO systems was proposed in [17], showing
improved performance over existing methods, especially with
small datasets. In contrast to VRFT, which typically identifies
a single controller that best fits the data without providing
explicit robustness guarantees, and to CbT, which relies
on correlation-based estimators under stochastic assumptions,
SMDD adopts a deterministic framework that assumes noise
is unknown but bounded (UBB). This enables the computation
of feasible parameter sets that are guaranteed to be consistent
with the observed data, ensuring performance across the set.
This letter introduces a new approach to extend the SMDD
method to Multi-Input Multi-Output systems by exploiting
the Nakamoto method for matrix product commutativity [18],
as employed in previous works such as [19], [20], and by
incorporating a Taylor expansion strategy as in [13]. Our aim
is to address the inherent complexities of multivariable control
systems by leveraging the unique characteristics of the SMDD
framework to avoid statistical assumptions on the data. To
validate the proposed tuning strategy, a detailed comparison is
presented with the Virtual Reference Feedback Tuning (VRFT)
methodology described in [11].

This letter is organized as follows. In Section II, the SMDD
approach for MIMO systems is described. In Section III,
the process for applying the SMDD in the MIMO system is
summarized. Section IV explains the case of the study, along
with the analysis of results. Finally, the conclusions end this
letter in Section V.

II. SET-MEMBERSHIP MIMO DATA-DRIVEN
CONTROLLER TUNING

The Set-Membership Data-Driven (SMDD) approach is a
recent technique for tuning controllers directly from input-
output data. It avoids plant model identification, making the
tuning process faster, while meeting closed-loop performance
requirements [17]. This section outlines the SMDD framework
development for MIMO systems and summarizes the SMDD
tuning procedure. The problem setup and necessary assump-
tions for controller tuning are outlined first.

The assumed control system structure is shown in Figure 1.
Let P(z) € C™™ denote the square MIMO plant, invertible
over the frequency range of interest, C(z,0) € C"*™ the
controller parameterized by vector 6, capable of decoupling
the loop transfer function, and M(z) € C@*" the reference
model characterizing the desired behavior of the closed-loop
system. [ is the n x n identity matrix.

The available information about the plant consists of noisy
input-output measurements D = {u(k), y(k),k=1,2,...,N}.
The output noise v(k) is an Unknown But Bounded (UBB)
signal satisfying ||v(k)||cc < €, where € is the unknown
maximum noise bound.

The aim of the controller tuning problem is to minimize
the distance between the reference model M(z) and the actual

v(k)
PN 7 by
‘ l e (k)

M(z) T

Fig. 1. Control System Tuning Structure.
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Fig. 2. Original matching error.

closed-loop transfer function,
M@ - a+ PO POCEH|, O
1

min
C(z,0)eC
where C denotes the set of linear time-invariant (LTI) systems
from which the controller is chosen, and ||.||¢, is the induced
£1 system norm.
Let’s assume that there exists an optimal controller C°(z, 6°)
that internally stabilized the system and sets the cost in (1) to

zero, satisfying
M@ = 1+ P@IC @ 09) ' PoIC(2.0°)

Finally, it is assumed that for each controller C(z, ) in the
class C, close to the optimal C°(z, 6°), it holds that

(I + P(2)C(z,0)~" = (I + P(2)C°(z,0°)", which is
justified by the continuity of the closed-loop function with
respect to the controller parameters, assuming that the system
remains internally stable [4].

Given the previous assumptions, M(z) can be expressed as
M) = (I + P(z)C°(z,6°))"1PC°(z, 6°), and therefore, it is
possible to simplify the model matching error in Eq.(1) by

C(szlin CIIM(Z) — (I =M@)PR)C D, 2

0)e

=0.

1

The matching problem can be represented by the block
diagram in Figure 2.

Differently from the SISO case, the limitation caused by
matrix non-commutativity does not allow for separating the
plant in the cost function to transform the problem into
a data-driven estimation one. To overcome this challenge,
the approach described in [18] is exploited to address this
problem. The methodology considers performing n experi-
ments where n different signals are applied, resulting in n
output signals, that are later summed up, as illustrated in
Figure 3.

The following Lemma shows that for some specific input
signals u="> (k), it is possible to commute the product between
P(z) and C(z). This is known as the Nakamoto principle, as
presented in [18].

Lemma 1: Let P(z) and C(z) be square systems such that
P(2) - C(2) = L(z), with L(z) diagonal.

For the input signal

rk)y = [r' k), r k), ....F ®].
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Fig. 3. Commutation blocks.

Let the output of the series connection of P(z) and C(z) be

y(k) = P(z) - C(z) * r(k) 3)
and
Yk =Y vy k), )
i=1
where
y<i> (k) — C<i> (Z) . P(Z) * u<i> (5)
with

C= () = diag(Ci(2)),
where Cji(z) is the i column of C(z), given by

Ci1(z0) -+ Cri(z, 0) |-+ Cralz, 0)

C21(z,0) -+ | Coi(z,0) |-+ Conlz,0)
C(z,0) = . . . . .

Cr1(z,0) -+ | Cpi(z,0) |-+ Con(z, 0)

and u<%> (k) is a signal formed as (k) in the i"* component

and zero elsewhere,
u== (k) =[0,...,r k), ...,0]".
then,
y(k) = y* (k)

Proof: Starting from Eq.(3) and applying the superposition
principle, where the total response can be determined by
summing up the individual responses,

n
y(k) =" PR)CQ) xu~> (k)
i=1
where the product C(z) * u=<"> (k) picks out the i column
multiplied by 7/ (k),
C(2) % u~" (k) = Ci(z) * ' (k).
Then, the output becomes

n
y(k) =Y " PR)Ci(2) * 7' (k)
i=1
since L(z) is assumed diagonal, the product of P(z)Ci(z)
results in a vector with only one nonzero entry in the i
position, which is

P(2)Ci(z) = [0,0,..., > Pij()Cji(2),0,...,0]".

Thus, considering the previous equation that all the products
are scalar, it is possible to commute P;;(z) and C;;(z) and,
then, the total output can be expressed as

v(k)

1 k)

u(k) ILI %em(—k'e )
L@% 409

Fig. 4. Modified matching error.

> =1 Ci1(@DP1(2)
> =1 Ci2(@P2,(2)

y(k) = * 1 (k). (6)

S Cn@)Pa(2)

On the cher hand, from the definition in Eq.(5), the product
P(2) * u="> (k) picks out the i column of P(z) with scalar
input 7/ (k),

P@) % u~" (k) = Pi(2) ' (k)
where P;(z) is the i* column of P(z). Therefore,
Y = €T @) Pi@) x 1 (K)
considering that C<">(z) is defined as a diagonal matrix, it
follows that
Ci1(2)P1,i(2)
Ci2(2)P2,i(2)

<i>

yoo = * 1’ (k)

Cin()Pui(2)

and eq.(4) becomes

Y Ci1(2P1,i(2)
Y Cia(2)P2i(2)

¥ (k) = * 1 (k), @)

S Cin@Pi(2)

The claim follows equating (6) and (7). |

The previous result shows that, by decomposing the system
into individual components and leveraging the assumption
of the diagonal structure of L(z), the matrix commutativity
problem is effectively bypassed. One disadvantage of using
this method is the amount of experiments to carry out;
however, it is an effective way to handle non-commutative
systems.

Based on Lemma 1, the block diagram of the model
matching error can be redrawn as in Figure 4, and the model
matching error becomes,

n
e, (0, k) = M xu(k) — Y Cji(0)(I — M) * y;(k) + d(0, k),
j=1
(®)
resulting in n equations, one for each output, where to find
the controller, it can be stated that

(k) = (I = M) % y;(k),
the corresponding measured output is given by
Ye(k) = M s u(k)

and the UBB signal at the output, caused by the noise v(k),
is

d@, k) = C(z,0)I — M) % v(k)
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bounded as subject to
d(K)loo < n-1IC(z, )T — M)lle,€ =)
which depends on the number of experiments. Y C(k) Z Z Ojiidjiik)) =8
Considering that the controller is parameterized as a linear J=1 =1
combination of fixed basis functions, §>0 (14)
m
vV k={1,2,...,N
Ci ) =Y 60182 © =t }
=1 i={1,2,...,n}

where m denotes the highest complexity of the controller.
Note that the choice of the basis functions is fundamen-
tal under the assumption of the existence of the controller
C°(z,0°). The framework supports general fixed bases, such
as Laguerre, Legendre, or Hermite functions.

Let ¢; ; (k) be defined as

¢j.i1(k) = By.i1(2) * (k) (10)

resulting in

0,0 = y.00) = > Y Oiidyia k).

j=1 I1=1

(1)

From now on, the controller tuning problem can be analyzed
as an identification task, where the Feasible Parameter Set
(FPS) includes all parameters 6 that define a controller
compatible with both the experimental dataset D and the
desired reference model M(z). The FPS is defined as

FPS — {9i € R™: |y (k) — 30011 218 61,i09,0,1()| < 8, }
vV k={1,2,...,N}

12)

where 8;; is the noise bound for output i.

II. SMDD TUNING METHODOLOGY

This section describes the tuning procedure for applying
the SMDD approach in MIMO systems. The methodology is
summarized in the following steps:

1) Collect a data set D through experimental testing in
an open/close-loop operation of the system. Following
Lemma 1, the data is obtained from n experiments,
where the responses to each input 1< (k) are summed
up to build the complete system output y(k).

2) Select a diagonal reference model M(z) to ensure a
decoupling system with the required closed-loop charac-
teristics. This selection should consider factors such as
delay times, settling time, system responsiveness, signal
resolution, etc.

Mg 0 - 0
0 Myp -~ 0
M(z) = . . (13)
0 cee s My,

with M;; of the form z~ Dgz; where ko is the delay
time, N(z) and D(z) are the numerator and denominator
polynomials, respectively. Define the controller structure
as a set of basis functions B ; ; (P, PI, PD, PID structures,
etc).

3) Obtain the set of noise bounds 81‘; that guarantees a non-
empty FPS, i.e.,

8,’; = arg min
8,0€0

6; allows to evaluate if the reference model is achievable
with the selected basis functions with acceptable error.
4) For each component of 6 determine its uncertainty
iptervals and estimate the Chebyshev center of the FPS,

0, ie.,
m = arg max il
' 0eFPS
subject to
Yatk) — ZZ@, )| < 8 (15)
j=1 I=1
vV k={L,2,...,N}
i={1,2,...,n}
0;i; = arg min s
- 0€FPS
subject to
AR ZZ@, k)| < 8ha (16)
j=1 I=1
vV k={L,2,...,N}
i={L,2,...,n}

being « a tolerance gap typically around 10% [21]; and

~ 04+6
QZL

> a7

5) Implement the controller with the estimated parameters
6 taking into account that 6] il — 0] ;.1 1s an indicator of
uncertainty.

IV. RESULTS AND DISCUSSION

A comparative analysis is performed between the SMDD
and VRFT tuning methods for the MIMO system described
in [11]. The performance of both controllers is evaluated under
various conditions to assess their effectiveness in managing the
complexities of MIMO systems. Additionally, details of the
experimental setup, performance metrics, and the outcomes of
the comparative analysis are provided.

A set of noisy input-output data D with N = 500 is obtained
from the plant taken from [11], where the output noise is
bounded as ||[v(k)||oo < le — 4,

0.09516 _0.03807
P@2) = | Z06074 0.04758 (18)
z—0.9048 z—0.9048
and the reference model is given by,
0.2 0
M(z) = 2—8-8 04 |- (19)
z—0.6
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Fig. 5. Dataset D, input-output.

To apply the SMDD approach, the controller structure is
chosen as a PID, which is a combination of three basis

functions,
z z—1
=11 .
ﬂj,l(z) { —1 2 }

This choice aligns with [11] for comparative purposes.

The framework is developed in a simulation environment
using MATLAB/Simulink. A PseudoRandom Binary Sequence
(PRBS) was selected as the input to obtain sufficient frequency
information. The applied input (k) and the outputs obtained
from the plant are shown in Figure 5.

The Tuning process proceeds with obtaining the set of PID
parameters compatible with the data and the reference model.
First, the noise bounds are estimated as in step 3). Then, the
central controller is derived solving the optimization problems
in step 4). The PID controller corresponding to the central
estimate parameters is

1.636:2—2.814z41.204 —2.56422+4.411z—1.888
C*(x) = 21

(20)

¥z "=z
1.11422-1.95z40.853  6.462z2—11.31z+4.943

2

=z

22—z
On the other hand, a controller Cp(z) obtained through the
VRFT method from [11] is identified from a single experiment,
where the PRBS signal (k) is applied to both inputs in an
open-loop configuration. The resulting controller is
1.944z2—3.441241.523 —3.177%45.6312—2.506

2 2
— 77—z =z
Cr(2) = 1.006z2—1.812z+0.8195  6.186z2—11.1z45.001 (22)
ZZ—Z ZZ—Z

Once the controllers are obtained, their performance is
compared. Key performance indicators (KPIs) such as rise
time, overshoot, and settling time are identified to evaluate the
performance and responsiveness of the MIMO system, where
both controllers are subject to identical testing procedures with
the same reference signal, as shown in Figure 6.

As detailed in Figure 7 and Figure 8, both controllers
achieve a stable response that effectively tracks the reference
signals. However, upon closer examination, both controllers
exhibit overshoots and are not well decoupled. In this case,
the SMDD approach demonstrates better performance than the
VRFT methods. To further evaluate performance, the Integral
Square Error (ISE) and Integral Absolute Error (IAE) are
calculated to assess the cross-coupling response. The results
are presented in Table I, as well as in Figure 9. The SMDD

0 200 400 600 800
Time [Seconds]

Fig. 6. Input r(k), ri (k) Blue ra(k) red.

I U \

0 200 400 600 800 1000
Time [Seconds]

Fig. 7. Output yq(k): M(z) (Blue) SMDD (Red) VRFT (yellow).

1 | [7‘

0.2 |
N L. U

0 200 400 600 800 1000
Time [Seconds]

Fig. 8. Output yo(k): M(z) Blue SMDD Red VRFT Yellow.

TABLE |
DECOUPLING PERFORMANCE rj(k) TO y;j(k)

7'2<k) to yl(k) 1 (k) to y2 (k)

Method ¢ £ (1
et ISE | TAE | ISE | IAg | ‘o mom of O
VRFT 0.02 061 | 815¢—4 | 0.14 9.55
SMDD | 1.4dc —4 | 004 | 77e—4 | 0.1 341

TABLE Il
TRACKING PERFORMANCE r;j(k) TO y;j(k)

s r1(k) to y1 (k) ro(k) to y2(k)
Characteristic T | SMDD | VRFT | SMDD
Rise Time (s) 12.34 9.85 5.82 4.32

Settling Time (s) 22.41 17.56 12.76 7.72
Overshoot (%) 0.44 0 0.97 0

approach demonstrates superior performance, reducing the ISE
by up to 99.4% and the IAE by approximately 93% for
output yj (k). Similarly, for output y» (k), the ISE is reduced by
around 5.5% and the IAE by 26.8%. Additionally, the £; norm
between the reference model and the obtained closed-loop
response is also reported, showing that the proposed method
leads to a controller that is 3 times closer to the reference
model than the result of VRFT.

Table II describes the step-response characteristics of the
closed-loop systems, where it is evident that the SMDD
approach outperforms the VRFT method. For output y{ (k), the
rise time with the SMDD approach was reduced by 20.2%,
indicating a faster response. This is further supported by a
21.6% reduction in settling time compared to VRFT tuning,
with no overshoot observed. For output y,(k) the improve-
ments are even more pronounced, with a 25.7% reduction in
rise time and a 39.5% reduction in settling time.
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Fig. 9. Output y(k): M(z) (blue), SMDD (red), VRFT (yellow).

This comparative analysis was conducted using the method-
ology described in Section II, providing strong evidence
that the SMDD approach outperforms the VRFT method in
this evaluated case. The significant reductions in all KPIs
indicate that the SMDD approach not only handles decoupling
errors better than VRFT but also increases responsiveness and
stability in the studied MIMO system.

V. CONCLUSION

Throughout this letter, an innovative and successful
extension of the SMDD approach from SISO to MIMO
systems is presented, addressing the complexities inherent
in multivariable control. The proposed methodology allows
to estimate controller parameters for linearly parametrized
structures by exploiting information from properly designed
experiments (one experiment for each control input). The
estimation process is solved through linear programming and
directly provides information about the uncertainty on each
controller parameter.

Numerical results demonstrate that the SMDD approach sig-
nificantly outperforms the VRFT method in terms of Integral
Square Error and Integral Absolute Error, reducing them by
up to 5.5% and 26.8%, respectively. This improvement leads
to better decoupling and error minimization. Additionally,
achieves faster rise times and settling times for both outputs,
with reductions of up to 20%, and completely eliminates
overshoots.

Future work will focus on further validating these findings
across different MIMO system configurations, reducing the
number of experiments, improving noise handling, and evalu-
ating in real-world applications.
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